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ABSTRACT. Pricing of American options can be achieved by solving optimal stopping problems.
This in turn can be done by computing so-called continuation values, which we represent as
regression functions defined by the aid of a cash flow for the next few time periods. We use
Monte Carlo to generate data and apply nonparametric least squares regression estimates to
estimate the continuation values from these data. The parameters of the regression estimates
and of the underlying regression problems are chosen data-dependent. Results concerning
consistency and rate of convergence of these estimates are presented, and the resulting pricing
of American options is illustrated by the aid of simulated data.

1. INTRODUCTION

Many financial contracts allow for early exercise before expiry. Most of the exchange traded
option contracts are of American type which allows the holder to choose any exercise date before
expiry, or Bermudan with exercise dates restricted to a predefined discrete set of dates. Mortgages
have embedded prepayment options such that the mortgage can be amortized or repayed. Also
life insurance contracts may allow for early surrender. In this paper we are interested in pricing
options with early exercise features. For simplicity we restrict ourselves to Bermudan options,
which can be considered as a discrete time approximation of American options. It is well-known
that in complete and arbitrage free markets the price of a derivative security can be represented
as an expected value with respect to the so called martingale measure, see for instance [17]. More
generally the price of a Bermudan option can be represented as an optimal stopping problem

Vo= sup E{do-fr(X:)}, (1.1)

T€7(0,...,T)

where f; is the payoff function, Xg, X1, ..., X7 is the underlying stochastic process, 7(0,...,T)
is the class of all {0,...,T}-stopping times, and d, ; are nonnegative F (X, ..., X;)-measurable
discount factors satisfying do: = dos - ds for s < t. In practice, the stochastic process
Xo,X1,..., X might be, e.g., determined by Black Scholes model or by nonparametric esti-
mation of a time series from observed data. In the sequel we assume that Xy, Xq,..., X7 is a
[~ A, A]%-valued Markov process recording all necessary information about financial variables in-
cluding prices of the underlying assets as well as additional risk factors driving stochastic volatility
or stochastic interest rates. Neither the Markov property nor the form of the payoff as a function
of the state of X, is restrictive and can always be achieved by including supplementary variables.
For instance in case of an Asian option we add the running mean as an additional variable into
X;. Usually in Black Scholes models or nonparametric estimation of time series from observed
data the underlying stochastic process will be modelled by an unbounded stochastic process. If
the Markov process X; is not localized to the bounded set [—A, A]¢ we replace it with the process
XA = Xiar, killed at first exit from [—A, A]?, where 74 = inf{s > 0| X; ¢ [~A, A]}. It can
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be shown that the Markov semigroup of X! converges for A — 0o to the one of X; in a suitable
sense. We refer to [12] for details. Moreover, the corresponding solutions of the optimal stopping
problems converge as well, see [19].

The boundedness assumption X; € [~ A, A]? enables us to estimate the price of the American
option from samples of polynomial size in the number of free parameters, in contrast to Monte
Carlo estimation from standard Black Scholes models, where Glasserman and Yu [14] showed
that samples of exponential size in the number of free parameters are needed.

The computation of (1.1) can be done via determination of an optimal stopping rule 7* €
7(0,...,T) satisfying
Vo = E{do - fr- (X;-)} (12)

qi(z) = sup E {d: . f-(X;)| X, =z} (1.3)
T€T (t+1,...,T)
be the so-called continuation value describing the value of the option at time ¢ given X; = x and
subject to the constraint of holding the option at time ¢ rather than exercising it. The general
theory of optimal stopping for Markov processes, see for instance [4, 22, 26, 11], implies that

" = inf{S >1: QS(XS) < fé(Xé)}

is an optimal stopping time, i.e., 7* satisfies (1.2). Therefore, computing the continuation values
(1.3) solves the optimal stopping problem (1.1).

Explicit solutions of (1.1) do not exist, except in very rare cases, but there are a variety of
numerical procedures to solve optimal stopping problems, each with its strength and weaknesses.
In this paper we study a concrete simulation algorithm. The first attempts to use simulation are
[1, 28, 2]. Longstaff and Schwartz [21] introduce a new algorithm for Bermudan options in discrete
time. It combines Monte Carlo simulation with multivariate function approximation. Tsitsiklis
and Van Roy [29] independently propose an alternative parametric approximation algorithm
using stochastic approximation to derive the weights of the approximation. Both algorithms
approximate the value function or the early exercise rule and therefore provide a lower bound
for the true optimal stopping value. Upper bounds based on the dual problem are derived in
[24, 16]. More details and further references can be found in [3] and [13]. Also, the article [20]
compares several Monte Carlo approaches empirically.

In this paper we enhance the approach of [21] and its generalization presented in [10]. We
construct estimates §; of ¢;, approximate the optimal stopping rule 7* by

7 =1inf{s > 1:§s(Xs) < fo(Xs) (1.4)
and estimate the price Vj of the American option by the Monte Carlo estimate of

E{do s f+(X?)}. (1.5)

To estimate g¢, we represent g; as a regression function of a distribution (X, Y:), where Y;
depends on the partial sample path X;i1,..., X¢yw+1 and geg1,. .., Grwr1 for some tunable
parameter w € {0,1,...,T —t — 1}. This distribution will in turn be approximated by (X, Y:),

where Y; depends on X¢41,. .., Xttwr1 a0d Geg1, .-+, Gi4wr1. We construct an estimate ¢ of g
with nonparametric regression techniques applied to a Monte Carlo sample of the distribution
(X¢,Y:) and use this estimate together with Gi11,...,G+w to compute recursively estimates of

Gt—1,---,qo. All parameters of the estimates and the parameter w of the distribution of (X, Y;)
are chosen data dependent. We present results concerning consistency and rate of convergence
of the estimates, and illustrate them by the aid of simulated data.
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In Section 2 we describe in detail the connection between discrete time optimal stopping
problems and recursive regression. The dynamic look-ahead Monte Carlo algorithm for solving
optimal stopping problems is introduced in Section 3. The main theoretical results are presented
in Section 4, and the finite sample properties of the proposed algorithm are illustrated in Section
5 by the aid of simulated data. Section 6 contains the proofs.

2. DISCRETE TIME OPTIMAL STOPPING AND RECURSIVE REGRESSION

Let X = (X¢)¢=0,..., v be a discrete time [—A, A]d—valued Markov process, u; the law induced
by X; on R, and F = (F;) be the induced filtration where

Fr=F(Xo,...,Xs) = \/ o(X,), (2.1)

s<t

is the sigma algebra generated by the random variables { X | s < t}. The solution of the discrete
time optimal stopping problem for nonnegative reward or payoff functions f; is given by the value
function

ve(x) = SupTET(t,.A”T)EI:fT(XT) | X¢ = x} : (2.2)
The supremum runs over the class 7 (t,...,T) of all F-stopping times with values in {¢,...,T}.
By definition, each 7 € T (¢t,...,T) satisfies {7 = k} € F(Xo,...,X) for k € {¢,...,T}. Here
and in the sequel we assume for notational simplicity that f; contains already the discount factor

occurring in (1.1). Once the value function has been determined, the smallest optimal stopping
time can be derived as

7 =inf{s > t | vs(X;s) < fs(Xs)} (2.3)

The optimal stopping problem can also be characterized in terms of the so called continuation
value, which is given by

0(x) = suprerir,.. ) E[fr(X:) | Xe = 2] = E[fr;, (Xrp,,) | Xo = 2] (2.4)
The value function and the continuation value are related by
v (Xy) = max (fi(Xe), q(Xy)), @(Xy) = E[ves1(Xeg) | Xe- (2.5)

From now on we primarily consider g;. The continuation value satisfies the dynamic programming
equations

gr(z) = 0,
q(x) = E[max(fip1(Xe1), qei1(Xe1)) | Xo = ). (2.6)

The recursion for the optimal stopping rules is given by

m = T,

T = thg<heay T T e o> oy (2.7)

The dynamic programming equations (2.6) show that the optimal stopping problem in discrete
time is essentially equivalent to a series of regression problems. Equation (2.4) provides a different
regression representation of the continuation value, once the optimal stopping rule of the next
future period is known. These representations are in a sense extreme cases as we will explain in
the following. Let hy € Li(u:) with hp = fr and introduce the indicator functions

O.e(h) =0(fr — he) = Lp,—n,>0y, 074(h) =1—0(f — he) = 15,n, <0} (2.8)
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Then define on R(w+1d — X w4+1R? the function

ﬁt:w(fv htv .. whter)(mta o ;xt+w) -

t+w s—1 t+w
D fsl@s) 0ps(h)(s) [T 07, (W) (@) + hesw (@) T ] 07, (B) (), (2.9)

where we follow the convention that the product over an empty index set is equal to one. In the
following, to reduce notational overhead, we simply write

ﬁt:w(fy h) = ﬁt:w(fy ht, ey ht+w>7 (210)
thereby implicitly assuming that ¥;.,(f, h) is solely depending on hy, ..., hiqqp.

In a financial context the function ¥, (f, h) has a natural interpretation as the future payoff
we would get by holding the Bermudan option for at most w periods, applying the stopping rule
7¢(h) which is defined recursively by

TT(h) = T7
Tt(h) = teﬁt(h) (Xt) + Tt+1(h) Hzt (h) (Xt), (211)
and selling the option at time ¢ + w for the price h¢i(Xitw), if it is not exercised before.

We now come back to the generalization of the regression representations (2.4) and (2.6). First
note that max(fiy1,q+1) = Ye+1.0(f, ¢) and therefore

¢ (z) = E[Or41:0(f, 0)(Xe11) | Xo = . (2.12)

On the other hand the recursive formula (2.7) for the optimal stopping rule 7;* shows that

th*+1 (X'rt*+1) = f"'t+l(‘1) (X"'t+1(f1)) = 19t+1:T—t71(f, Q)(XtJrh s 7XT)7
such that we also have (cf., (2.4))

qi(z) = E[ﬁtH:T,t,l(ﬁ Q) (Xig1,-., X7) | Xt = x] (2.13)
More generally, we have for any 0 < w < T —t — 1 the representation
@t(2) = E[Ys10(f, ) (Xeg1s - - o Xegws1) | Xe = 2], (2.14)
To prove (2.14) we start with
@(Xy) = E[max(fii1(Xet1), g1 (Xegr)) | Xi

= BElfir1(Xep1)0r041(0)(Xew1) + @1 (Xey1)07,1 (@) (Xegr) | F], - (2.15)
where we have used the Markov property in the second equality. Then we expand ¢s41(X¢41) in
(2.15) by

E[fryo(Xer2)0f42(0)(Xiva) + qro(Xey2)07 4 o(0) (Xeya) | Fiqa]
and proceed recursively up to t + w 4+ 1. Equation (2.14) follows from the projection property

E[E[- | Fis1] | Fi] = E[- | ] of conditional expectations and by another application of the
Markov property.

3. MONTE CARLO ALGORITHMS FOR OPTIMAL STOPPING

Equation (2.14) shows that the continuation value g; at time ¢ can be obtained as the regression
function of V4114 (f, q) for some 0 < w < T—t—1. Least squares Monte-Carlo methods pioneered
by [21], and extended in [10] to arbitrary w, recursively estimate the regression function ¢; from
independent sample paths of the underlying Markov process X;. Let

Xittiw = (X150 Xepwt1) (3.1)
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be the partial sample path of length w starting at ¢ + 1. When it comes to estimation of the

continuation value ¢y, these algorithms use the previously determined estimates ¢i+1, - - -, Getw+1
for qt41,-- -, Qt+w+1 to construct
Y:f = qgt—i—l:w(f; d)(Xt+1:w) = ﬂt-‘rl:w(.ﬁ (jt—i-l) ce. 7dt+w+1)(Xt+1:w)7 (32)

which takes the role of the dependent variable of the regression problem for time step t. The
random variable Y; is a estimate of the unknown optimal reward

Y = D10 (f, @) (Xev1:w) = e (fy @1 - -5 Gt 1) (Xt 1:w)- (3.3)

Given independent sample paths
Xi = (Xi,t)t:O,...,T7 1= 1,...,7’?, (34)

of the underlying Markov process X, the least squares estimate of ¢; is obtained as

X R .
Gnt = argmin — > [A(X;,) = Yiul?, (3.5)

n
he€Hn, ¢ i=1

where

Yii =% 110(f, O)(Xitt1:w),  Xigrtw = (Xittr1,- s Xit4wr1) (3.6)
and H, ; is a set of functions h : R¢ — R.

With w = 0 the above algorithm corresponds to the Tsitsiklis—-Van Roy algorithm [29], while
the use of w = T —t — 1 was proposed by [21]. The idea of using an intermediate value
w € {0,1,..., T —t—1} in order to “interpolate” between these two algorithms was introduced
in [10]. There results concerning consistency and rate of convergence of the above algorithm were
derived for fixed w and fixed convex and uniformly bounded function spaces H,, ;.

The boundedness assumption on H,, ; makes computation of the least squares estimate in (3.5)
difficult because it leads to constrained optimization problems, see for instance [15, Section 10.1].
In addition, the convexity assumption excludes promising choices like spaces of polynomial splines
with free knots or spaces of artificial neural networks, which require restrictions on the number of
knots or the number of hidden neurons, respectively, to control the “complexity” of the function
spaces. The resulting function spaces violate the convexity assumptions. Taking the convex
hull instead is not an option because it would lead to function classes with a complexity that is
much to high. Furthermore, in view of applications it is desirable to choose parameters of the
functions spaces and also the parameter w of the underlying regression problems data dependent.
In this paper we modify the above algorithm such that this is possible. For simplicity we restrict
ourselves to function spaces, which are linear vector spaces, however, it is straightforward to
derive similar results for spaces of polynomial splines with free knots or spaces of artificial neural
networks.

The main problem in analyzing the estimates g, ; is the control of the error propagation, i.e,
to answer the question how the errors of ¢y +41, - - -, Gn,t+w+1 influence the error of §, . It is this
point were the convexity assumption on H, ; was used in [10] to bound the Ls-error in terms
of the approximation error and a sample error derived from a suitably centered loss function.
The difficulty for obtaining error estimates is the fact that §;y1,...,G+ws+1 depend on a single
set of sample paths (3.4) and are thus dependent. Clément, Lamberton, Protter [5] face the
same difficulty while deriving a Central Limit Theorem for the Longstaff-Schwartz algorithm
with linear approximation.

In the sequel we use a trick to simplify the analysis of the error propagation. Instead of

using the partial sample path X;i1., of our training data, which was used in part already in

. . ~ A~ t,ne .
construction of the estimates G ¢41, - - -, n,t4+w+1, We generate new data X;\\7 for Xy 1., which
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are conditionally independent from all previously used data of time s > ¢ given X; at time point
t. We then construct samples of the distribution of (X, Y;""“") where

VT = 0yt (Gt - - s Qw1 (X ).
Since for given X; the random variable Xtt ff% is independent from all previously used data from
time periods s > ¢, it is in particular independent from the data used in the construction of
Gnt+1s - Gnttwt1. Set

G ) = BT = o),
where in E*{-|X; = z} we take the conditional expectation with respect to fixed X; = x and

with all the data fixed which were used in the construction of ¢p t41, ..., ¢n t4w+1. Proposition
6.4 in [10] implies

JiGSCE qt<x>|2ut<dm>}l/2 3 {[linat) - qs<x>|2us<dx>}1/2. (3.7)

s=t+1

This allows us to control the error propagation. By induction, assume that we have

{ [liate) = o tae) > 3 (ur ot i [ |h<m>—qr<x>|2ur<dx>)}

=S8

(n — o) (3.8)
forse {t+1,...,t+w+1}. Assume in addition, that we are able to show

{/|qm )= ) Panlde) > e (st min [ hGe) = a2 @) Pt ) |

(n — o0), (3.9)

which is for suitable d,, ; (depending on the “complexity” of the function spaces H,, ;) a standard
rate of convergence result for least squares estimates from a sample of size n where in the sample
the response variables are independent given the predictor variables and where the predictor
variables are independent, see [30] or [18].

It can be shown that (3.7)—(3.9) imply

P{/Wn,t(x)—Qt($)|2ﬂt(dx) >5'iz_:: ( ns +, min /'h )~ @:(2)] ,us(dx))}

—0 (n— o00)
(details concerning related arguments can be found in the proofs of Theorems 4.1 and 4.3 below).

The main difference between our work here and the algorithms used in [21] and [10] is that we
generate new data to construct samples of ¥;*""““. Because of this the data used for estimation
of ¢;”"" is conditionally independent given the sample of X;, which enables us to to conclude
(3.9) from standard rate-of-convergence results in nonparametric regression. The generation of
the new, independent data is similar to the data generation in the random tree method (see,
for instance, Section 8.3 in [13]). However, in contrast to the random tree method we use
nonparametric regression techniques to estimate the regression function, while in the random
tree method simple averages are used to estimate the regression function point by point. As
a consequence, the number of data points needed grows exponential in 7" in the random tree
method, while for our method it grows only linearly in 7.

In the sequel we explain the definition of the estimates in detail. Let n be the size of the
samples which we generate for our regression estimates, and let w4, € {0,1,...,T — 1} be the
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maximal look-ahead which we use. We start with generating n independent sample paths
Xi=(Xit)=o,..7 (i=1,...,n)
of the underlying Markov process X. Then we set

[jT = (jn,T =0
and construct successively estimates of gr_1, ..., qo as follows: Fix t € {0,1,...,7 — 1} and
assume that estimates ¢ ¢11, ..., gn,7—1 Of @¢41, ..., gr—1 are already constructed. Let

Winae (t) = min{wge, T —t — 1}
be the maximal look-ahead of time period ¢. Generate independent sample paths

t,new _ t,new .
Xivt:w7naw(t)+1 - (Xi,s )s=t, ot Womae (B)+1 (Z =1... ,n)

starting at Xf;tnw = X, for every ¢ € {1,...,n} such that for all ¢, the partial sample paths

t,new

Xi7t:wrnam (t)+1 (3.10)
have the same distribution as Xj t.,,..(1)+1, and such that, given Xy 4,..., X, ¢, this data is
independent from all previously generated data points for time periods s > t. Then set for every

w e {0, .. .,wmaz(t)}

rw, . . t, t,
Yvﬁt) e = ﬁt+1:w(f7 qn,t+17 ey qn,t+w+1)(Xi7tn_fivv .. Xz fjrf$+1)
and apply a nonparametric least squares estimate to the data
((Xz B Yy "”")) (3.11)
i=1,...,n

to construct estimates ¢y, , of g;. Finally choose

@t S {0, ]., - 7wmax(t)}
and set

qAn,t = qulfft
Next we explain how to define the nonparametric least squares estimates applied to the data
(3.11), and how to choose w; in a data dependent way. To do this we split our sample in three
parts: a learning sample of size n;, a testing sample of size n;, and a validation sample of size n,,
where n = n; +n; + n,. Furthermore we assume that we have given a finite set P,, of parameters

and sets H,, , of functions h : R? — R for each p € P,,.

We start with explaining the definition of ¢, for fixed w. For p € P, let

~w,p _ h : }}vw,new 2 3.12
b () = arghénlf}meI 1) = Y| (3.12)

be the least squares estimate of ¢;”"“" in M, ,, which we use as an estimate of ¢;. Here we

assume for notational simplicity that the minimum exists, however we do not require that it is
unique. Depending on a truncation parameter 3, > 0, which we will choose later such that ¢; is
bounded in absolute value by 3,,, we set

it () = Tp,0, 7 (x) (z€R?), (3.13)

where Tp,z = max{—L,min{L, z}} for z € R and L > 0. Next we use splitting of the sample, see
for instance Chapter 7 in [15], to choose the parameter p. We set

Q@) = ayit (@) (v eRY, (3.14)
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where py’ € P, satisfies

1 ny+nt 1 ni+ng

- Z lan " (Xie) = Vi) = 12%,“ n, Z |G (Xig) = Vi 2.
timn+1 pefn it
Finally, we explain our choice of w. For each w € {0,1,..., W4 (t)} we have already defined

an estimate gy, of ¢;. The idea is to compute from these estimates an approximately optimal
stopping rule which provides a lower bound on the solution of the optimal stopping problem at
time ¢t. We then choose w such that this lower bound is maximized, i.e., we set

1 . ’
Wy = ar max — o y bnew XOnew , 3.15
K gwe{o’l,,..,wmaz(t)} My i H;L +1 th (X;:t:Titil)( Z’Ttw(X:,‘t:/T—t_l ) ( )
=ny t
where for w € {0,1,..., Wna(t)} the approximately optimal stopping rule 77 is defined via
7" = 7t(Gn ts Gnt415 - - s Gn.7—2,GT-1) (3.16)

where 73(h) is recursively defined by (2.11). With this choice of w we define our estimate of ¢;
by
Gnt = Q- (3.17)

4. MAIN THEORETICAL RESULTS

In the sequel we derive results concerning consistency of our estimate under the assumption
X, €[-A, A1 as. (t€{0,1,...,T}). (4.1)

In addition we assume that the payoff f, is bounded on [—A, A]¢ by some constant L > 0, i.e.
we assume

|fs(x)| < L forazec[-A A% and s € {0,1,...,T}. (4.2)
Observe that (4.2) implies |g;(z)| < L for z € [-A, A]¢ and t € {0,1,...,T}, therefore we use in
the sequel 3, = L as truncation parameter of the estimate.

Because of boundedness of X, this assumptions is, e.g., fulfilled (for some L depending on A)
if f;(z) = f(x) for some f : R? — R satisfies
()] < const - |lu]" (u € RY)
for some r > 0.

In the sequel we use polynomial splines to define the function spaces ‘H, , = H,. Here H, ,
will depend in an application on the sample size n via the parameter p = (M, «) € Ny x (0, 00)
which we will choose in a concrete application depending on the sample.

Depending on these parameters set uy, = k-a (k € Z). Fork € Zand M € Ny let By p : R — R
be the univariate B-spline of degree M with knot sequence (u;);ez and support supp(By ar) =
[k, Up+nr+1]. In case M = 0 this means that By is the indicator function of the interval
[, ugs1), and for M =1 we have the so-called hat-functions

T—UL
T Uk ST S Ugy,
— Uk4+2—T
Bi1(x) = ey Uk <z < Ugga,
0 ,else.

The general definition of By, js can be found, e.g., in [7], or in Section 14.1 of [15]. These B-splines
are basis functions of sets of univariate piecewise polynomials of degree M, which are globally
(M — 1)-times continuously differentiable and where the M-th derivative of the functions have
jump points only at the knots u;.
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For k = (ky,...,kq) € Z¢ we define the tensor product B-spline By - R? — R by
Bz, 2 D) = B, (2 - By (2 D) (2D, 2D e R).

With these functions we define H,, ;, as the set of all linear combinations of all those of the above
tensor product B-splines, where the support has nonempty intersection with [—A4, A]¢, i.e., we
set

Hn’p = Z ak - Bk’]\/[ ax €R
keZ4:supp(Byx,pm)N[—A,A]4A£0D

It can be shown by using standard arguments from spline theory, that the functions in H,, ,, are in
each component (M —1)-times continuously differentiable, that they are equal to a (multivariate)
polynomial of degree less than or equal to M (in each component) on each rectangular

[ukuukr‘rl) XX [ukdvukd-‘rl) (k = (]61, R kd) € Zd)7 (43)
and that they vanish on all of those rectangles (4.3) where k € Z? satisfies for some j € {1,...,d}

kj >0 and Uk;—M > A
or
k]‘ <0 and Uk +M4+1 < —A.

So H,,p is a set of functions which are piecewise polynomials with respect to a equidistant
partition of R? in cubes of side length o and which vanish outside a compact set.

For the set P,, of parameters p of the functions spaces we use
Pn = {(M,a) : M € Ng, M < [log(n)],a = 2* for some k € Z, |k| < [log(n)] }

Here log denotes the natural logarithm, and for z € R we denote by [z] the smallest integer
greater than or equal to z.

Let ¢, be defined as in Section 3 with P, and H,, , as above and with n, = n;, = |n/3] and
ng=mn-—n, — Ng.
Our first result concerns consistency of the estimate.
Theorem 4.1. Assume (4.1), (4.2) and let the estimate G, be defined as above with 3, = L.
Then
E [ ldns(e) = a@)Ppuds) =0 (n— o)
for allt €{0,1,...,T —1}.

Next we study the rate of convergence of our estimate. It is well known in nonparametric
regression, that without smoothness assumptions on the regression function the rate of conver-
gence can be arbitrarily slow (cf., e.g., [6], [8] or [15, Chapter 3]. In the sequel we assume that
the continuation values ¢; are (p, C')—smooth according to the following definition.

Definition 4.2. Let p = k+ 3 for some k € Ny, 3 € (0,1], and let C > 0. A function f : R? — R
is called (p, C')—smooth, if all partial derivatives
of
forg() | Goag(d)
of total order oy + - - - + ag = k exist and satisfy
of of
oz graa® ") T Gaig g @

()| < C-llz —2||”

for all x,z € RY.



10 DANIEL EGLOFF, MICHAEL KOHLER, AND NEBOJSA TODOROVIC

The next theorem contains our main result concerning rate of convergence of the estimate.

Theorem 4.3. Let p =k + 3 for some k € Ny, 8 € (0,1], and let C > 0. Assume k < Mpaz,
(4.1), (4.2) and
@ (p,C) — smooth

for allt € {0,1,...,T —1}. Let the estimate §, be defined as above with 3, = L. Then for
every t € {0,1,...,T — 1}

2p
logn\ 2p+d
- .

E/ |Gn 1 (2) — @1 (2)Ppe(dx) < const - Omia . (

Remark 4.4. We would like to stress that in the theorems above there is no assumption on the
distribution of X besides the assumption (4.1). In particular it is not required that X has a
density with respect to the Lebesgue-Borel-measure.

Remark 4.5. Tt is well-known that for estimation of (p,C')-smooth functions n=2P/(27%4) is the
optimal rate of convergence (see, e.g., [27] or [15, Chapter 3]). So the rate of convergence in
Theorem 4.3 is optimal up to a logarithmic factor.

Remark 4.6. The definition of the estimate in Theorem 4.3 above does not depend on (p,C),
however the estimate achieves nevertheless the optimal rate of convergence for this particular
smoothness of the continuation value. In this sense the estimate is able to adapt automatically
to the smoothness of the continuation value, in contrast to the estimates in [10].

Remark 4.7. Assume Xo = x¢ a.s. for some xg € R. We can estimate the price

Vo = vo(o) = max{ fo(zo), qo(z0)}
(cf., (1.1), (2.2), (2.5)) of the American option by

Vo = max{ fo(20), 4n,0(20)}-

Since the distribution g of X is concentrated on xg, under the assumptions of Theorem 4.3 we
have the following error bound:

E{[Vo — Vo/*} = E{| max{fo(0), qn,0(z0)} — max{ fo(z0), qo(0)}*}
< E{|gn,0(z0) — qo(z0)*}
1ogn)z§% .

2d
< const - C'2Zr+d . (

5. APPLICATION TO SIMULATED DATA

In this section, we illustrate the finite sample behaviour of our algorithm by comparing it with
the Longstaff-Schwartz [21] and Tsitsiklis—Van Roy [29] algorithm.

For a comparison we apply all three algorithms to 100 independently generated sets of paths.
We compute for each algorithm 100 Monte Carlo estimates (MCE) of the price (1.5) of the
approximate optimal stopping rule (1.4) with a sample size of 4000. Figure 2 and 4 show boxplots
of the MCE of the price (1.5) for an ordinary put and for a more complicated strangle spread
payoff. Because all three algorithms provide lower bounds to the optimal stopping value, and
since we evaluate the approximative optimal stopping rule on newly generated data, a higher
MCE indicates a better performance of the algorithm.

We simulate the paths of the underlying stocks with a simple Black-Scholes-model. The time
to maturity is assumed to be 1 year. We discretize the time interval [0,1] with m time steps.
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FIGURE 1. Put-payoff with exercise price 90

The prices of the underlying stocks at the time points 0, %, e mT_l, 1 are then given by
m
where
X, -:Xo'exp<(7"7102)'l‘+i~wl ) (i=1,....,n,j=1,...,m). (5.1)
©,] 2 m \/TTL 2,7 ) ) ) ) )

Here, Xg is the initial stock price at time 0, r is the risk-free interest rate, o the instantaneous
volatility, and W; ; is discretized Brownian motion

J
Wi = Z Zig
=1

where Z;; (i = 1,...,n,l =1,...,m) are independent standard normally distributed random
variables. For all of the subsequent simulations we choose Xo = 100, r = 0.05, m = 12, a sample
size of n = 10000, and discount factors given by do = e~

We set for our algorithm the number of learning, training, and validation samples to n; = 6000,
ng = 2000 and n,, = 2000, respectively. To simplify the implementation we select the degree M,
the knot distance «, and the look-ahead parameter w in a data-dependent manner as described
in Section 3 from the sets M € {0,1,2}, o € {192, 190 180 100} "and w(t) € {0,4,T —t —1}. For
the Longstaff-Schwartz and Tsitsiklis—Van Roy algorithm we use polynomials of degree 3.

We first analyze a standard put-payoff with exercise price 90, illustrated in Figure 1, and
simulate the paths of the underlying stock with an instantaneous volatility of o = 0.25. As we
can see from Figure 2, our algorithm is slightly better than the Longstaff-Schwartz algorithm
and comparable to the algorithm of Tsitsiklis—Van Roy. This is not surprising, since it is well
known that for simple payoff functions the Longstaff—-Schwartz as well as the Tsitsiklis—Van Roy
algorithm perform very well.

Next, we make the pricing problem more difficult. We consider m = 48 time steps, a strangle
spread payoff with strikes 50, 90, 110 and 150 as illustrated in Figure 3, and a large volatility of
o = 0.5. This time our algorithm is clearly superior to Longstaff-Schwartz and Tsitsiklis—Van
Roy algorithm. Figure 4 show that our dynamic look-ahead algorithm provides a higher MCE
of the option price.

6. PROOFS

In the proofs we will need an auxiliar result concerning properties of the splitting of the sample
method, which we formulate and prove for the sake of generality in a fixed design regression model.



12 DANIEL EGLOFF, MICHAEL KOHLER, AND NEBOJSA TODOROVIC
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> > >
3.8t . 3.8t | 1 3.8t [ .
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1 1 1
price LS price TR price EKT

FI1GURE 2. Boxplots for realized option prices for the put-payoff of the Longstaff—
Schwartz (price LS), Tsitsiklis=Van Roy (price TR), and our algorithm (price
EKT). In the boxplots the box stretches from the 25th percentile to the 75th
percentile and the median is shown as a line across the box.

FI1GUrE 3. Strangle spread payoff with strike prices 50, 90, 110 and 150

Let z1,...,2, € R? and let Y7,...,Y, be independent square integrable random variables
which satisfy
EY, =m(z;) (i=1,...,n)
for some function m : R — R. Let P, be a finite set of parameters and assume that for each
p € P, an estimate m,, : RY — R is given. Choose p* € P,, by minimizing the empirical L risk
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FIGURE 4. Realized option prices for the strangle spread-payoff of the Longstaff—
Schwartz (price LS), Tsitsiklis-Van Roy (price TR) and our algorithm (price
EKT)

on the sample (z1,Y7), ..., (zn,Ys), i.e., assume

1 n
EZ|mp(mz) -YI°= mln 72|mp z;) — Yi|?.
i=1

Then the following bound on the error

7Z|mp z;) —m(z 1)|2

of mp+ holds:

Lemma 6.1. Under the above assumptions we have for each € > 0

1 n
P{n;mpwm ma)? > e+ 18- ;g%Dmp ;) m?}
Pl

i=1,..., n €N

for some constant c¢; which does not depend on n or e.

13
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Proof. Set

m'=arg 1 pep}nZux, (z:)]?.

By Lemma 1 in [18] (or standard results from the book [30], see proof of Theorem 10.11 in [30])
we have

1 n
P {ng My« (z;) — m(x;)]* > e+ 18- prg%jn Z|mp x;) —m xz)|2}

<P {2 < S e - @l < S e ) ) - (v m(mm}

=1
< Pul max P < 13 ) -t @) < 105 () — (@) - (% — mie)
= n pe'Pn 2 n 71:1 p 1 1 —_ n 1:1 p 1 1 K (3
o0 1 n
< . P 2371 - N * N2 <25
< [Pn] - max 2 { €< nZImp(xz) m* (z;)|? < 2%,

% D Imy (@) —m* (@) * < % D (mp(a) —m* (7)) - (V; — m(afz‘))}
i=1

i=1

> Ly 2%€
< |Pul - Z 3?%3? {n Z mp x;) —m*(z;)) - (Vi —m(x;)) > = }
s=0 % X [mp (z;)—m* (x;)[2<25¢ i=1
Using
1 n

we can bound the right-hand side above via Chebyshev 1nequahty by

3

Pl - i 52 emaxioy W BY? [Py| maxiy,. . BY? o 32°

“~ (25¢/32)2 on € 20
O
Proof of Theorem 4.1. Because of
wnLaT(t)
B [ linae) ~ 0Pt < 32 B [ 16700 - o) et
it suffices to show
E [ 1q2,(2) = a@)pi(d) 0 (0 o0) (61)

for every t € {0,1,...,T — 1} and every w € {0,1,..., Wma(t)}.

Fixt € {0,1,...,T—1} and assume (by induction) that we have for every s € {t+1,...,T—1}
and every v € {0,1,..., Wnaee(s)}

E / 162.4(2) — gs(2) Ppn(dz) — 0 (n — 00). (6.2)

Fix w € {0,1,...,Wnq(t)}. In the sequel we show

E / 162 (1) — qu(@) Pe(d) — 0 (n— oo). (6.3)
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To do this, we use for fixed p,, € P, the error decomposition
[1a:0) = ao)Pauas)
1 ny+ng
/lfiiﬁt(l”) — () e (dz) — - Do law(Xie) = ae(Xi)?
[ a—
1 ny+ng 9 ng4ng
o D N Xae) = aXan)P = o DT 1K) — g (X P
timn+1 L ——
2 np+ng 36 ny+mng
o 30 G Xe) = X = ST (X — g (X )P
t 1=n;+1 t i=n;+1
36 ny+ng 79 ny+ng
+ St (Xig) — ¢ (X )P = = D an P (Xia) — e (Xi)
P R—— QP R—.
79 ni+ne R
TN (Xe) — @Ko
ti=n+1
5
= > Tin
j=1
and observe that it suffices to show
limsup ET;,, <0 (6.4)

for j € {1,2,...,5}.

n— o0

In the sequel we denote by Df,t 41 the set of all data used in the construction of the estimates

gy? for s > t, w e {0,1,...,

Winaz(8)} and p € P,,.

Using boundedness of ¢y, and ¢; by L we can conclude from Hoeffding inequality (see, for

instance, Lemma A.3 in [15])

Gt Wmaqe (B)+1

< |Pn|-gé%§P{/|q:ff

P {Tl,n > ¢ XL

() — qu(o)Ppeldr) — = S|P (i)

s T
(’L =1,... anl)7Dn,t+1}
ni+ng

— a(Xig)]* > €

[ a—
t,new T
‘Xz t+wma1(t)+1( L... ’"l)’Dn,tH}
2n€2 2n€2
< |Pnl - exp (— (4L2)2> = exp (log('Pn) ~ 16 )
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thus
ETl,n < / P{len > s}ds
0
= /0 E{P {Tl,n > S|X¢t:tn_f:5maw(t)+1 (Z = 1a'~'7nl)aDZ,t+1}}dS
[e%s) 2
neS
< 4L2*\/1og(|P,|)/n: +/ exp (—) ds
112\ flog(Pal) /e 16L*
<

-AL2\/log([Py]) /ns
AL iog([Pul e + | oxp [~ ALV OBPD e
4L24/log(|Pnl)/ns 16L
412

T e/los (Pl e

Furthermore, by a? = (a — b+ b)? < 2(a — b)? + 2b% we get

< 4L%\/log(|Pul)/ne ~exp(—log(|Pu)) = 0 (n — 00).

ni+ng
T < - Z g (Xip) — a(Xi0) [,
t i=n;+1
from which we conclude by (3.7) and (6.2)
BL, = B{E{n, X0 o (=100 ))

IN

2B [ 67" () = (@) Pus(d) — 0 (= o).
Similarly we get

ET, < 72E / 162 (2) — qo(@)Ppue(dx) — 0 (n — o0).
To bound T3, we use Lemma 6.1, which shows

P {Tg,n > e Xt (=1 ,m),DZ,tH}

5t Wmax

ny+ng ¢ ny4ng
~ s . W, s 2
< P{nt ) a0 > 18 i T 3 () —a ()
=Ny =Ny

t,new . T
’Xi,t:wmam(t)Jrl (t=1,...,m), Dn,t+1}

[P

€~nt.

<cg-
From this we get for u > 0

ET;,, < / P{T5,, > e}de
0

S / E{P {Tgm > 6|X7;t-$t’r:lz)’l:)naz(t)+1 (Z = 17"'3”!)7D77:,t+1}}d6
0 )
const
< us / ey 1Pl g
u € 1y

|Pn|

Tt

= u+co- - (log(const) — logu),
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where we have used that (3.13) and boundedness of f (which implies boundedness of ¢;”"")
yield
ny+ng
Ty < . > 6 (Xig) = g (X)) ? < const.
i=n;+1
For u = |P,|/n, we get
limsup ET3 , <0.

Furthermore
ETl5, =E {E {T5,n|XfZL$,UMT(t)+1 (i=1,...,m),D} t+1 =72 E/ |G " (@ (@) |* e (dex).
So it remains to show

E [ 127 (0) - a@)Pptdn) =0 (n— o) (6.5)

for some p,, € P,,.

To show this we set p,, = (0,27 11°82()/+DT) (where log, denotes the logarithm with base 2)
and consider the error decomposition

1z @) - ate)Pustao)
= [l @ - @) (o) f—zw“’n — (X

2 o~ n =~ n
+m2|q;”tp (Xit) — au *fZIqZ;”t” Xia) — (X0
2 ZITSE’" ) (X ——er “(Xid) — g (X )P
+ Z|q~:ft" zt 7qgunew(Xi,t)|2

= Z Ty
j=6

Because of boundedness of ¢; by L we have
T7,n < 0 and ET77n < 0.
Furthermore, as for T5 ,, we get by (3.7) and (6.2)

]' - w,new
Elsn = 4'E{E{WZQt(Xi,t —q’ (Xi,t)|2‘pg,t+1}}
i=1

- 4-E/\qt< )= 2 (@) Py (dx) — 0 (n— oo),

i (@)

where the last equality follows from the fact that the conditional expectation ¢ does not

depend on data from time t.

W,Pn

Next we bound T ,. The functions ¢, ;" and ¢; are bounded in absolute value by L, and
~Ww pTI

dy: " belongs to the linear vector space H,, ;, , whose dimension D), is bounded by some constant
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(depending on A) times n%/(?*9_ Ag in the proof of Theorem 11.3 in [15] (see there proof of

inequality (11.6)) this implies
(logn; + 1) - nd/(2+d)

n

=0 (n— o).

ETsn = E{E{Ts,, |Dr,1;,t+1 }} <esl?

Finally we bound Ty ,,. With
o? = sup E* {|Yf;’new|2|XLt = x} <412 < o
z€R4
we can conclude from Theorem 11.1 in [15]

E{Ton|Xsy (i=1,...,m), Drth-H}

, cand/C@+d)

4 h i _ w,new Xz 2’
4, min mZ\ =g (X
SO
ETQ,n
=E{E{Ton|X;x (i=1,....m), D}, 1}}
d/(24+d)
02L+4 nin E/\h — g ()P (da)

ny Hn,pn
c4nd/(2+d)

< 10" B [ 1 (@) - ale) o) +8, min [ o) = ()Pl o)

n

‘"I’n

Because of (3.7), (6.2) and
[ @) < 1* < o

which implies that ¢; can be approximated arbitrarily closely by functions from H,, p,

(which

follows from Theorem A.1 in [15] and the fact that any continuous function can be approximated
in supremum norm on the compact set [—A, A]¢ arbitrarily closely by the piecewise constant
functions in M, ,, for n — o), the right hand side of the above inequality tends to zero for

n — oo.
The proof is complete.

Proof of Theorem 4.3. Because of

Wnax(t)

E [ lina(o) - (o) Pu(de) < 3o [ 1) - ala)Pra(ao)
it suffices to show

2p
logn '\ 2»+4
n

E/ |G () — qi(z) 2 pe(dz) < const - C=ta . (

for every t € {0,1,...,T — 1} and every w € {0,1, ..., wWna(¢)}.

Fixt € {0,1,...,T—1} and assume (by induction) that we have for every s € {¢t+1,...

and every v € {0,1,..., Wnax(s)}

2p
logn 2P+
- .

B [ 1) — .(0) Prtee) < const - € -

O
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Fix w € {0,1,..., Wna(t)}. In the sequel we show

_2p
2 1 2p+d
E/ |Gy 4 (%) = qe (@) [P pe(da) < comst - Cwia . ( oin) . (6.8)
To do this, we use for fixed p,, € P,, the error decomposition
J1z@ - a@)Punlae)
9 ny+ng
Jlaz@ - @ Putde) = = 37 162,(X0) - X0
t 1=n;+1
9 ny+ng 4 ny+ng
For 2 M (Xa) = @Kl == D 140 (Xee) = g (Ke)P
b1 L]
4 aag AW w,new 2 72 oy AW, Py, w,new 2
+;t Z |Gy (Xit) — a (Xi)l” — e Z |G (Xit) — a (Xit)l
1=n;+1 i=n;+1

79 ny+ne . womew ) 144 ny+ne o )
F= 3 (X)) =@ (X)) P = — Y and " (Xar) — ai(Xi))|

Ny

e=mitl i=m 41
144 n;+n¢
+n7 Z Qo™ (Xie) — @ (Xi0))?
L ——]
5
= > Tin
j=1
and observe that it suffices to show
1 _2p_
ogn \ 2rtd
ET;,, < const - C’% . < g > (6.9)
n

for j € {1,2,...,5}.

We can conclude from Bernstein inequality (see, for instance, Lemma A.2 in [15]) by using
boundedness of ¢, and ¢; by L together with

o’ = <|qn t ( 7ll+17t) - Qt(XnL+1,t)| ‘th Zlqit:wx(t)-kl (7’ =1,... 7nl)’ Dg;,t+1)
AW, t,new .
< (lqnt (Xni+1,6) _qt(anJrl,t)‘ ‘X”wmm( £)+1 (i=1,....m), Dn t+1>

IN

hnew (i = 1,...,nz),D£t+1>

1t Wi aq (£)+1

ALB (|6 (X +10) = @ (X 1.0)

_— / 67 (@) — qu(o)Pae(d)
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Gt Wi aq ()41

P{T1n>€|th€w (i:17"'7nl)7pg;,t+1}

» 9 ni+mng »
S|7’n|'maxP{/|qn’f = (@) (dz) — — o an (Xip) — ar(Xio)* > €

€Pn
p n t i=n;+1

t,new < T
‘Xiyt:w7naz(t)+1 (Z - 1’ e ’nl)7 Dn7t+1}

» 1 ny+ny »
= |Pul -;Iel%xP{/an,’f(x)—qt(w)zm(dm)—n > lant(Xin) — a(Xig)?
" i=n;+1

€ 1 ~ ) -
>5+5 / |Gt () = qe(2) | pe(de) ’Xff;lw(ml (i=1,... ’”l)’Dz;Hl}

w 1 ny+ny »
SIPnI-;naxP{/an,’f(x)—qt(w)zm(dm)—n > G F(Xig) — a(Xia)?

t i=n;+1

e 1 o2 xtnew =1 DT
> 5+ 57 15 | Kitwmartipr (= L), Dy
2
ne (& 4+ 2)2
< 1Pl exp (_ il 5f) >
20° +2(5 + §=) - 5
2
nt(g 4 L)Q
S |Pn| - exXp <_ 2 28[/2 . 52 o2
(16L + T)(ﬁ + 872)
1 L€ 3 nue
ET,, < / P{T1,, > s}ds
0

/ E {P {Tm > s Xier =1, ,m),D,{m}} ds
0

° 3711;
< |Pn|'/0 exp (_112L2'S> ds
2 mha
< 11217 [Py < const- O . <logn> .
3 ¢ n

Furthermore, by a? = (a — b+ b)? < 2(a — b)? + 2b* we get

ni+mne

Ton< 2 3 |0 (Xe)) - au( Xl
LS.l
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from which we conclude by (3.7) and (6.7)

BT, = E{E{Dn X1 o (=1....m),D%}}

< 4B [ 167 @)~ o) Prelds)
2pd
2+
< const - C%4a - <logn) ’ .
n

Similarly we get
2p
logn\ 2 +d
ETy ,, < const - ok == <g> .
n

To bound T3, we use Lemma 6.1, which shows

S

ni+ng p ni+ng
SP{n D G (Xi) =" (Xa) P> 418 min o= Y g (K) — " (Xl
bisnit1 C i=ng 4

t,new . T
’Xi,t:wmw(t)ﬂ (i=1,...,m), Dn,t+1}

|Pn

€Ny

From this we get for u > 0

ETgyn < / P{Tg’n > G}dG
0

IN

[T R (P (T > dX i G L) D
0

const P
u +/ cs - Mde
u €Nyt

[P

t

IA

= u+cs- - (log(const) — logu),

w, new)

where we have used that (3.13) and boundedness of f (which implies boundedness of ¢,
yield

ny+ng

Ty < — D 40,(Xig) = ¢ (Xi)|? < const.
i}
With u = log(n)/n we get

2p
1 1 1 Zp+d
ET;, < os ™ (1 + cg <log(const) — log(Ogn)>> < const - Cﬁid . (ogn) .
n n

n
Furthermore
BTon = B{E {Tal X700 pur (= 1ooon). DE oy} = 1448 [ 1300 (@) au(o) s (o).
So it remains to show
2 1 2p+d
/\(ﬁtp” — qu(@)Ppe(de) < const - Cz5a - < 0gn> (6.10)
n

for some p,, € P,,.
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To bound ET5 ,, we use the error decomposition
[ 15 @) - aa) Pt

- / 16297 () — qo(a) Ppe () — —ZI”’””” (X2
+ Z|Aw7pn —(It _7Z|~wpn —qt(X )‘2
+— Z |GP (X)) — qu( -— Z |G P (Xie) — @™ (X))

+- Zm::f" ) — g P

with
pn = (k,2") where [= ﬂog2 (072/(2”*‘{) (n/ log(n))*l/@”d)ﬂ.
Because of boundedness of ¢; by L we have
T7,n S 0 and ET’?,n S 0.

Furthermore, as for T5 ,, we get by (3.7) and (6.7)

ETy, < { { Z|qt it) ’”"w(Xi,t)|2’DZ,m}}

= 4 [ lale) - 4" @) (o)
2p+
< const-C’L’;i%(logn) ;
n

where the last equality follows from the fact that the conditional expectation g does not

depend on data from time t.

’LU’I’LCU)( )

Next we bound Ts,. The functions g, "

and ¢; are bounded in absolute value by L, and
q,f" belongs to the linear vector space H,, p, , whose dimension D,, is bounded by some constant
(depending on A and k) times C?%/(p+d) . (n/log(n))? ?P+4)  As in the proof of Theorem 11.3

n [15] (see there proof of inequality (11.6)) this implies

2 (logm +1) - C*Y D - (n]log(n) " r+D

ng
_2p

logn \ z+d
p .

ETsn = E{E{Ts.,|D} ,11}}

IA

IN

2d
const - C'2p+d . (

Finally we bound Ty ,,. With

o? = sup E* {|?11“t’”ew|2|X1,t = a:} <4L? < o0
z€ER4 ’
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we can conclude from Theorem 11.1 in [15]

E{Tg,n|Xi,t (i=1,..., ”) Dgt—&-l}

Dn w,new
<406% =~ 44 min ZIh i) —ar " (X )P

ny h€EHn, p, N
2 M2d/(2p+d) | C8 w new N2
<4o*-C 2RI d) Tog ()4 ot d) +4 mljﬂpn o Z |h(Xi) (Xi0)",
SO
ETy,,
=E{E{To.|Xiy (i=1,...,m),Df,1}}

n

2p/(2p+d)
< 1202 . 024/ @ptd) (logn)

+4 mln E/|h a"" " ()| e (dw)

Hon, ,Pn

2 2 d
. o) logn p/(2p+d) - wnew, 2, i
1202 +8E [ |g,""" (x) — qi ()| e (da)

+8 HllIl /|h — (@) e (d).

"" Pn
Notice, that for the last term in the last inequality (without the factor 8) we get

hg;;gp/lh(x) — qe(2) P pe(dx) < poin IE[SILPA]dIh(I) — ().

Because we have assumed the (p, C')-smoothness of ¢;, there exist a h € H,, , with

sup  |h(z) —qu(x)| < co- C- 07
z€[—A,A]d

where d,, = C~2/Cr+d) . (n/log(n)) =1/ (2Pt is the side-length in the cubic partition used in the

definition of the spline space, see Theorem 12.8 in [25]. From this we can conclude

min / () — g1 () Ppr (d)

hEHn p

IA
o
[ ¥

R

= &-C?-C =% - (n/log(n))=ra

2p
log n) 2p+d

2d
< const-(C2+d . (
n

With (3.7), (6.7) and the above inequality we get that the right hand side of ETy ,, has the
required property.

The proof is complete. O
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