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Abstract

Estimation of a regression function from data which consists of an independent and identi-
cally distributed sample of the underlying distribution with additional measurement errors
in the independent variables is considered. It is allowed that the measurement errors are
not independent and have nonzero mean. It is shown that the rate of convergence of
suitably defined least squares neural network estimates applied to this data is similar
to the rate of convergence of least squares neural network estimates applied to an inde-
pendent and identically distributed sample of the underlying distribution as long as the

measurement errors are small.
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1 Introduction

Let (X,Y), (X1,Y1), (X2,Y3),... be independent identically distributed IR? x IR - valued
random vectors with EY? < oco. In regression analysis we want to estimate Y after having
observed X, i.e., we want to determine a function f with f(X) “close” to Y. If “closeness”

is measured by the mean squared error, then one wants to find a function f* minimizing

the so-called Lo-risk E {|f*(X) - Y|2}, i.e., f* should satisfy
* _ 2 — i - 2
{170~ YP} = minB{|7(X) -V} (1)

Let m(z) := E{Y|X = z} be the regression function. The well-known relation which

holds for each measurable function f

E{|f(X) - Y[’} = E{|m(X) - Y|’} + /I f(@) = m(z) [ Px(dz) (2)

implies that m is the solution of the minimization problem (1), E{|m(X) — Y|?} is the
minimum of (2) and for an arbitrary f, the Lo error [ | f(z) — m(z) |* Px(dz) is the
difference between E{|f(X) — Y|?} and E{|m(X) — Y|?}.

In the regression estimation problem the distribution of (X,Y’) (and consequently m)
is unknown. Given a sequence D,, = {(X1,Y1),...,(X,, Y,,)} of independent observations of
(X,Y), the goal is to construct an estimate m,,(z)=my(x, D,,) of m(z) such that the Lo
error [ |my(z)—m(z)*Px(dz) is small. For a general introduction to regression estimation
see, e.g., Gyorfi et al. (2002).

Sometimes it is possible to observe data from the underlying distribution only with
measurement errors. In this context usually the problem is considered that the indepen-
dent variable X can be observed only with additional random errors which have mean
zero. More precisely, instead of X; one observes W; = X; + U; for some random variables
U; which satisfy E{U;|X;} = 0, and the problem is to estimate the regression function
from {(W1,Y1),...,(Wp,Y,)}. In the literature in this context often estimates of the dis-
tribution of U; are constructed and estimates of the regression function are defined by
using the estimated distribution of U; (see, e.g., Fan and Truong (1993), Caroll, Maca
and Ruppert (1999), Delaigle and Meister (2007), Delaigle, Fan and Caroll (2009) and the

references therein).



In this paper we consider a setting, where basically nothing is assumed on the nature
of the measurement errors. In particular, the measurement errors do not have to be
independent or identically distributed, and they do not need to have expectation zero. The
only assumption we are making is that these measurement errors are somehow “small”.

More precisely, we assume that we have given data

Dn == {(Xl,n7Y1)a ey <Xn,n7Yn)} ;

where the only assumption on the random variables )_(1,”, ..., Xy is that the average
measurement error
1O .
— D 11X~ Xillz 3)
n -
=1
is small, where || - |2 denotes the Euclidean norm. In particular, D,, does not need to be

independent or identically distributed, and E{Y]|X;, = z} does not need to be equal to
m(x) = E{Y|X = x}. For notational simplicity we will supress in the sequel a possible
dependency of X; = X@n on the sample size n in our notation.

It is not clear how the Ly error of an arbitrary regression estimate is influenced by
additional measurement errors. Due to the fact that we assume nothing on the nature of
these errors, in contrast to the classical setting described above there is now no chance to
get rid of these errors, so these errors will necessarily increase the Lo error of the estimate.
Intuitively one can expect that measurement errors influence the error of the estimate not
much as long as these measurement errors are small. In this article we show that this is
indeed true for suitably defined least squares neural network estimates.

The basic idea behind the definition of our estimate is as follows: Since we assume
that (3) is small, it is reasonable to estimate the Lo risk of a Lipschitz continuous function

f by the so-called empirical Loy risk
1 n
- Z £ (Xi) — Yil?
i=1

computed with the aid of the data with measurement error, and to define least squares

estimates as if no measurement errors are present by

1 — _
mn(+) :arg}g%n;’f()(i) -v? (4)



for some set F,, of Lipschitz continuous functions f : IR? — IR. Here z = arg minge 4 G(z)
is an abbreviation for z € A and G(z) = mingea G(z) and we assume for simplicity that
the minima in (4) exist, however we do not require them to be unique.

In this article we will use for F,, suitably defined sets of neural networks. Our main
result is that if we restrict the weights of the neural networks such that the resulting
functions are Lipschitz continuous with respect to some Lipschitz constant depending
on the sample size, then the Ly error of the corresponding least squares neural network
regression estimates applied to data with additional measurement errors in the independent
variables is basically the sum of the usually error bound for such an estimate applied to
data without measurement errors and the product of the measurement error (3) and the

Lipschitz constant.

1.1 Notation

The sets of natural, real numbers and d-dimensional real numbers are denoted by IN, IR
and R, respectively. For z € R? we denote by ||z||2 the Euclidian norm of z. The least
integer greater than or equal to a real number x will be denoted by [x]. For a function
f:R >R

| lloo = sup |f(z)|

z€R4

denotes the supremum norm. I, is the indicator function of a set A, and |Q] is the

cardinality of a set Q. For z € IR and 3 > 0 we define

T3z = min{max{z, —3}, 5}.

1.2 Outline

The definition of the estimate is given in Section 2, the main result is formulated in Section

3. Section 4 contains the proofs.



2 Definition of the least squares neural network regression

estimates

A feedforward neural network with one hidden layer and k& hidden neurons is a real-valued

function on IR? of the form

k
fl@)=> e oaz+b)+co (5)
i=1
where o : IR — [0,1] is called a sigmoidal function and ai,...,a; € R?, by,..., b,
co,C1,--.,c; € IR are the parameters that specify the network. For the sigmoidal function

o one often uses so-called squashing functions, i.e. a function which is non-decreasing and
satisfies

lim o(z) =0 and lim o(z)=1.

It is well-known that feedforward neural networks with one hidden layer are dense on
compact sets with respect to the supremum norm in the set of continuous functions.
In other words, every continuous function on IR? can be approximated arbitrarily close
uniformly over any compact set by functions realized by neural networks, see, e.g., Cybenko
(1989), Hornik, Stinchcombe and White (1989), and Funahashi (1989). For a survey of
such denseness results we refer the reader to Barron (1989) and Hornik (1993).

Motivated by these approximation results neural networks have been applied to various
estimation problems, see, e.g., the monographs Hertz, Krogh and Palmer (1991), Devroye,
Gyorfi and Lugosi (1996), Ripley (1996), Anthony and Bartlett (1999) and Gyorfi et al.
(2002). The papers Barron (1991, 1993), Mielniczuk and Trycha (1993), McCaffrey and
Gallant (1994), Lugosi and Zeger (1995), Kohler and Krzyzak (2005) and Hamers and
Kohler (2006) contain various theoretical results concerning regression estimation with
neural networks in case that measurement errors do not occur. In particular it follows
from Barron (1993) that in case of regression functions for which the Fourier transform has
a finite first moment the Lo error of suitably defined neural network estimates converges
(up to some logarithmic factor) to zero with rate n=1/2 (cf., e.g., Section 16.3 in Gyorfi et
al. (2002)).

The aim of this paper is to show a similar result in case of “small” measurement errors.



To do this we will use as sigmoidal function the so-called logistic squasher

o(x) !

1y exp(—x) (@< R).

We have

exp(—x) B 1
(1+exp(—z))2  exp(x) + 2 + exp(—x)
hence (5) satisfies for any z, z € IR?

0"(;1;) = S [O, 1],

k
f@) = f)] = D ci-(o(a]z+b) —o(al 2+ b))
i=1

k
> el -lalx + b — (a] 2 + b))
=1

IN

k
< D el max lajlz- |z = z]2.
i=1 J=L
Choose ay,, 3, > 0 and define for k& € IN

k k
Flon = {Z ci-alalz+b)+co: ai €RE by, € ]R,jlriaxk llajll2 < am, Z lei| < ﬂn} .
gt =1,..., —

Then the functions in Fj,,, are all Lipschitz continuous with Lipschitz constant bounded
by oy, - 3,. Furthermore, since o is bounded in absolute value by 1, the functions in Fy
are bounded in absolute value by G,.

We define our regression estimate as a truncated version of the corresponding least
squares estimate, where the number k of neurons is chosen by splitting of the sample.
More precisely, set

Pn=1{1,2,...,n}.

We subdivide the given data in a learning sample of size n; = [n/2] and a testing sample

of size n; = n — n; and define for a given k € P, = {1,...,n} our regression estimate by
1 &

= in [ — X)) -Yil?). 6

My (") = arg min (nl ; |f(X:) - Vil ) (6)

Then we minimize the empirical Lo risk on the testing sample in order to choose the value

of parameter k. So we choose

. 1 <& >
i 1 Z X)) Y2 7
are l?elgylz ne i=n;+1 ’mm’k( z) Z‘ ( )

and define our final neural networks regression estimate by

mp(z) =m, i (z) (v € RY). (8)



3 Main results
Our main result is the following theorem.

Theorem 1 Set 5, = c; - log(n) for some ¢ > 0 and define the estimate m,, as in
Section 2. Assume that Dy, is independent of (X,Y), (Xny+1, Yng41)s - - 5 (Xn, Ya), that Y

15 sub-Gaussian in the sense that

E {ec2y2} < oo (9)

for some ca > 0 and that the regression function is bounded in absolute value by some

0<L<pB,. Then
/\mn —m(z)]*Px(dz) < c3- (an log(n { ZHX X, }

. k -log(n 2
f Px(d
e (FRE e [1560) i) X“’)))

for some constant cg > 0.
Remark 1. The sub-Gaussian condition (9) is in particular satisfied if
Y =m(X) +e,

where m : R? — IR is bounded, X and ¢ are independent and e is normally distributed

with mean zero.

Theorem 1 implies a rate of convergence result as soon as we impose some smooth-
ness condition on the regression function. For neural networks usually such smoothness
conditions are defined by imposing conditions on the Fourier transform of the regression
function. The Fourier transform F' of a function f € L;(IRY) is defined by

Flw) = — / e f(p)dr  (w e IRY).
(2m)4/2 Jia

If F € L1(IRY) then the inverse formula

Fz) = 7r1W2 /IR () (10)



holds almost everywhere with respect to the Lebesgue measure. Let 0 < C' < oo and

consider the class of functions F¢ for which (10) holds on IR? and, in addition,

/ . lw]l2F(w)dw < C. (11)
R

A class of functions satisfying (11) is a subclass of functions with Fourier transform having
first absolute moment finite, i.e., R |w|[2F(w)dw < co (these functions are continuously

differentiable on IRd). The next corollary provides the rate of convergence of the estimate.

Corollary 1 Assume that || X ||2 is bounded almost surely, that'Y is sub-Gaussian in the

sense that (9) holds, that m € F¢ for some C > 0 and that

[m[loc = sup |m(z)| < L < oo
z€R?

for some L > 0. Define the estimate m, as in Section 2 with

1/4

Op =C4°M and B, = cs5 - log(n).

Assume that the measurement error satisfies

1 & _ B
E{nZ X3 —Xz‘,nH2} <cgon P (12)
=1
Then

log(n)®
n

E [ ma(o) - m()?Px(do) < -
for some constant c; > 0 for n sufficiently large.
Proof. Application of Theorem 1 yields

07’L2
/Wm — m(@)? Px(dr) < %(?ﬂﬁ

k log
nf f(x 2P (da

for any k € P, and for sufficiently large constant cg > 0. Let r > 0 such that ||X|, <7

a.s. Theorem 3 of Baron (1993) gives us that there exists f € Fj , such that

8¢ﬁ<1+u+m%mmf>

/uu>7mwfmm>

IN

k a2
2
_ ge? 1 N (14 2log(cs - nt/4)) |
k c-nl/?

8



1/2

By setting k = {W1 we get the assertion. d
Remark 2. In Corollary 1 we show for “small” measurement errors up to a logarithmic
factor the same rate of convergence as follows from the approximation result in Barron
(1993) for regression estimation from data without measurement errors (cf., e.g., Section
16.3 in Gyorfi et al. (2002)). It is clear from the proof, that the rate of convergence will
change as soon as the measurement error will be larger than in (12). In this situation
it makes sense to change the definition of o, in order to optimize the resulting rate of
convergence. It is an open problem how to choose this parameter in a data-dependent
way such that it achieves the best possible rate of convergence in view of the magnitude

of the measurement errors.

4 Proofs

The following lemma is an extension of Lemma 1 in Bagirov, Clausen and Kohler (2008)
to data with measurement errors. It is about bounding the Lo error of estimates, which
are defined by splitting of the sample. Let n = n;+ny, let Q, be a finite set of parameters

and assume that for each parameter h € Q,, an estimate

mil)() = m{) (., Do)

ny ny

is given, which depends only on the training data D,, = {(X1,Y1),...,(Xp,, Yn,)}, and

which is Lipschitz continuous with Lipschitz constant L,,. Then we define
mp(z) =miD(x)  for allz € RY, (13)

where H € Q,, is chosen such that
1 < 1 <
— > m{(X) -V = min— Y |ImP(X;) - Vi (14)

n h n
timn41 €Qn Mt Sy

Lemma 1 Assume that Dy, is independent of (X,Y),(Xn,4+1, Yny+1)s- -+, (Xn, Yn). Let
Bn = c1-1log(n) for some constant ¢y > 0 and assume that the estimates mg;) are bounded
in absolute value by B, for h € Q,. Assume furthermore that the distribution of (X,Y)

satisfies the Sub-Gaussian condition (9) for some constant ca > 0, and that the regression



function fulfils ||m||ec < L for some L € Ry, with L < (,,. Then, for every estimate m,,
defined by (18) and (14) and any 6 > 0,

E [ ma(e) - m()Px(da)

1+1o log(n
g\inﬂw gTE )

< (1+96) minE/ im{ () — m(z)*Px (dx) + co - B2 -
heQ n¢

1 < .
+8ﬂn.(1+6).Ln-E{n > HXi—Xi,n”2}

(R

holds, with cg = 16/6 + 35+ 190 and a sufficiently large constant c19 > 0.

In the proof we will need the following lemma, which follows from the proof of Lemma

1 in Bagirov, Clausen and Kohler (2008).

Lemma 2 Let 5, = ¢; - log(n) for some constant ¢; > 0, let (X,Y) and Z be random

variables and assume that Y satisfies
E{exp(c2|Y ")} < o0
and that |Z| < (3, a.s. Set
m(X) =E{Y|X} and mg,(X)=E{T3 Y|X},

where
Ts,Y = min{fB,, max{—0G,,Y }},
and assume |m(X)| < L a.s. for some 0 < L < [3,,. Then

log(n)

[B(Z - YP) ~E(Z - T5,Y]*)| < e -

and

‘E(|m(X) - Y‘z) - E(|m5n (X) — TBnY|2)‘ < el - log(n)

for some sufficiently large constant c11 > 0.

For the sake of completeness we give the proof of Lemma 2 in the appendix.

10



Proof of Lemma 1. We use the following error decomposition
p)
@m)

B ( [ @) - m)PPx(de)
E (|m{f(X) = Y| Do) ~ E (jm(X) - YI?)

B ([ lmale) - m@)PPx(a)

—E (|m{{"(X) = T3, Y | D, ) — B (jmy, (X) = T, YT?)

+|E (Im{ (X) = T5, Y 2| Duy ) = B (I, (X) = T, Y ?)
(148 Z+ (1m0 (x0) = 75, Yil? = I, (X) - T, YiP)
i=ny
Has) > (1m0 = TP = s (X0 - T P)
1=ny
~(1+4) n2+ (Iml(X0) = T, Yil? = I, (Xi) = Tp, Vil?)

n 5
- <1+6>~§t > (DX = YiP = m(X0) = Yil?) | = 3 T,
] =1

where T3, Y denotes the truncated version of Y and mg, (z) = E{T,Y|X = z}.

Since the estimates are Lipschitz continuous with Lipschitz constant L,, and bounded

by 3, we get
TS,n
1 « _
=48 = > (im0 ~ To, i — mli) (%) — T3, i)
1=n;+1
1 <& _ _
<o) S I = mlD (X0)] - mlD(X0) = T, Y + mif (%) = Ty, Vi
i=n;+1
1 < _
<(1+6) 40 Ln- — > 1Xi = Xinlo: (15)

11



By Lemma 2 we get furthermore

log(n)

n .

Tl,n + E{Tll,nujnl} <cnn

And by bounding T3 ,, as in the proof of Theorem 7.1 in Gyérfi et al. (2002) we get

D 1+1log|Q
E{T2n|Dp, } < Cg'ﬂ’%'n‘?n"

So it remains to bound 75 ,. By definition of the estimate we have for any h € O,

n

1 _
Tin < (40) o 3 (Im) (X0~ i — m(X0) - Vif?)
1=n;+1

(148 3 (Imi (%)~ ¥if — m(X0) - Vi)

148 Y (im0 - T, Yl — m(X) - YiF)

S0 3 () - Vil (X)) - Yi?)

" i=n;+1
1 n
Fa40)— > (Iml)(X0) — Vil — (X)) - YiP)
ng .
i=n;+1
9
i=6
As in (15) we get
1 < _
Trn <(140) 430 Lo — > X — Xinla
nt .
1=n;+1

Bounding 7% 5, and T3, by Lemma 2 we get

— _ log(n
E{Ts 0Dy} + B{T5 0Dy} < 11 25

n

12



Finally we get
E{Tp.0[Dy} = (1 + 6)E / m® () — m ()P x (da).

Summarizing the above results we get the assertion. O

Proof of Theorem 1. By Lemma 1 we get

_ 2 . _ 2 (log n)?
|, (z (x)|"Px(dz) < 2min E [ |my,i(x) — m(z)|"Px(dz) + ci2
kePn n
1 n
+16-an-5,3-E{ > HXi—XZ-,nHZ}.
(L ——

Hence it suffices to show:

E/ |, k() — m(x)\ZPX(dz) < c3- (an . ﬁi -E {il Z I|X; — Xi7n||2} (16)

k log )2
f Px(d
L it [ 17@) = m(@)PPx( :c>>

In order to prove (16), set
mpg, (v) = E{Tp,Y|X =z},

choose an arbitrary f € Fj , and consider the error decomposition

E/ [ (2) = m(@) PP x (dz) = E{jmp, x(X) = YD } — B{|m(X) - Y]*}

where

TNy = E{lm,x(X) =YDy} — E{m(X) - Y|*}

—(E{|mn, x(X) = T, Y *[Dn,} — E{|mg, (X) = T5,Y|?}),
T = E{|mu1(X) = T,Y* Do} — E{|mp, (X) = Tp,Y [’}
2 o
o > (1 (Xi) = Tp, Yil? = [mg, (X)) — Tp,Yil?)
Tz = 1”712 [y k(Xi) = T, Yal* = [m, (X)) — T, Yil?)
o Z(!mm,k()_( — Tp,Yil?> = [mg, (Xi) = Tp,Yi[?)
=1

13



PR _
Ty = EZ(|mnl,k(X — T3, Yi|* = |mp, (Xi) — Tp, Yil*)
_z —Yi? = m(Xi) = V)2
Z [y 1 (X | Im(X;) il%)
ny 4
P _
T = EE}mmmm—mF—mua—m%
=1

ny

_sl D (F(X) = Vi = Im(Xs) = Vi)

=1
Topn = ;Zﬂf(Xi) —Yi? = |m(X;) = Yi]?)
=1
—jl > (F(Xi) = Tp, Vil — Im(X;) - Yi]?)
=1

ny

9 _
Trm = mZ;(If(Xz-)—TﬁnYiIQ—Im(Xi)—Yz-lz>
2
—EZWMWJMWﬂM&%EW
=1
2 &
Tgn = m;(\f(Xi)—TﬁnYiIQ—Im(Xz)—Yz-IZ)

_sz >_(F(X0) =Yl = m(Xs) = Yif?)
=1

=3 () = Vi — m(X0) - Vi),
=1

By Lemma 2 we get
log(n)

E{irz,n} <cy1 -

for i € {1,4,6,8}. Furthermore we get by Lipschitz continuity of the functions in Fj,,

)

for j € {3,7} (cf. proof of (15)), and f € Fy,, and the definition of the estimate implies

E{Tj.} < clg-an.ﬁg-E{ ZHX X

T5,n < 0.

14



Thus it remains to bound 75, and Ty ,. For Ty, we get

E{Ton) =2 [ 1£(z) = m(a) "Px(do).
In order to bound 75, choose s > 0 and consider

P{Tgm > S}

: P{Hf € Fi  BS(X) = T5,Y "} = B{lmp, (X) — T, )
L S 06) ~ T P i, (X0 — Ty, )
=1

> 5 (5 + BUFX) ~ T, YP} ~ B{lmg, (X) — T, V) }

The last probability can be bounded by Theorem 11.4 in Gyorfi et al. (2002). With the
usual bounds for covering numbers of classes of neural networks (cf. Lemma 16.6 in Gyorfi
et al. (2002)) we get
P{Ty, > s} < ciskn . s )
{Ton > s} < (c1amy) eXP< cro log(n)!
Using

o

ETQ,n <u +/ P{Tgm > S} ds

u

and minimizing the above bound with respect to u > 0 we get after some tedious calcula-

tions
k -log(n)®

ETZ,n <
n

Summarizing the above results, the proof is complete. ]

A Proof of Lemma 2
By using a? — b = (a — b)(a + b) we get
T, = ‘E(\Z YR -|Z- TﬁnY|2>‘ - ’E((TgnY Y)2Z -V - Tﬁny)) ‘ .

With the Cauchy-Schwarz inequality and

Lo o ep(ea/2:[VP)
R YR

15



the last term can be bounded by

VE(T5,Y — Y[2) - \/B(2Z Y - T5,Y )

VEWYE Iyssy)  JEQ- 22 = Ty, Y2+ 2. [V ])

E<|Y|2 R ,';Z'?) 20387 + 2B(YP)

IN

IN

e 32

< \/EOYQeXp(cQ/Q - |Y\2)> exp (— y > V/2(36.)2 + 2B(|Y[2),
owing to the boudedness of Z. With x < exp(z) for z € R we get
2
YP <= exp (ZIVP)
Co 2
and hence E(!Y!z -exp(cg/2 - ]Y!Z)) is bounded by
3 2 2 2 2
B( 2 exp (/2 [VE) -explea/2: V) ) < B (2 exp(eaIVP) ) < arn

which is less than infinity by the assumptions of the theorem. Furthermore the third term

is bounded by /1832 + 2 - ¢13, because
E(|Y[*) <E(1/cy - exp(ca - [Y[?) < c1g < 00,

which follows again as above. With the setting 3, = ¢1-log(n) it follows for some constants

€19, €20, C21,C22 > 0

log(n
ITh,| < +/cig-exp (—020 . log(n)Q) . \/(18 -2 -log(n)2 + 2c21) < cag - & )

Arguing in the same way we get from the Cauchy-Schwarz inequality

Doy = [E(m(X)=Y[*) —E(lmg, (X) - T5,Y?)]

< 2E(|<m<x> — ms, (X))[2) +2B(|(T5,Y - Y>|2)

E(‘m(X) +mg, (X) =Y — Tﬂan),

where we can bound the second factor on the right hand-side in the above inequality in the

same way we have bounded the second factor from 77 ,,, because by assumption |m(X)] is

16



bounded a.s., and |mg, (X)| is clearly also bounded, namely by 3,. Thus, we get for some

constant cog > 0,

2
E<‘m(X) +mg, (X)—Y — TﬁnY) ) < ca3 - log(n).
Next we consider the first term. With the inequality from Jensen it follows

E(\m(X) - mﬂn(X)yQ) < E (E(]Y - TgnYP)X)) - E(]Y ~ TgnYyQ).

Hence we get,

Tow < \AE(Y —T5,Y[2) - c35 - log(n),

and therefore the calculations from T3 ,, imply T5, < ca4 - log(n)/n, which completes the

proof. O
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