Proof of Lemma 1. We prove equation (3) in Lemma 1 by induction. The assertion is

trivial for ¢ = L because in this case we have
77_1=L and 7=1L

for any 7 € T(L).
Let t € {0,...,L — 1} and assume that

Va(zhoo) = B {gm (27|25 = 220}

holds for s = ¢t + 1. In the sequel we prove equation (3) in Lemma 1. To do this, let
T€T(t,...,L) be arbitrary. On {7 > t} we have 7 = max{r,t+ 1}, hence

9-(Z7) = g:(Z])- 1{T:t} +9-(Z7) - 1{7->t}
max{7,t+1
= gt(Zf) ) 1{7:1&} + gmax{‘r,t-i—l}(Zl i+ }) ) 1{T>t}-

Since 1(;—y and 1(;~4 =1 — 1«4 are measurable with respect to Zt . we have

E{g:(2])|ZL s}

max{7,t+1

= 0i(Z1)  Lrmty + Loty Elgmac(rasn (270 2L )

Using the definition of Vi) together with max{7,t+ 1} € T(t+1,...,L) we get
E{gmaX{T,t-l—l}(Zirlax{T’t+1})‘Zt—oo}

= B{B{gnairary (2728120 )

from which we can conclude
E{g-(2])|Z" .}

< gi(Z])  Lpery + Lsny - BV (Z55)12° .}

< max{gy(Z1), B{Vi41(Z250)1 2" .o }}- (1)
Now we make the same calculations using 7 = 7;° ;. We get
T
Blgr (27120}
max{7;_{,t+1}
= gt(Zf) ’ 1{7}*71:15} + 1{7}*71>t} : E{gmax{frz‘il,t—i-l} (Z1 tl )|Zt_oo}

1



By definition of 7;* we have on {7 ; > t}
max{r;_,t + 1} =7/.
Using this and the induction hypothesis we can conclude
T
E{gr (2, )|ZL .}
= 9!(Z1)  1(rp =1y
e sty - B{B{g (2] 21} 20 )
=9:(Z21) Yy =1}
+1{Tt*—1>t} ’ E{‘/H-l(Zt—H)’ZEoo} (2)

Next we show
E{Vi (25028 Y = (2L ). (3)

To see this, we observe that by the induction hypothesis and because of 77" € T (t +
1,...,L) we have

E{Vi1 (250|278 )
= B{E{g-; (2] )| 25} 2 .}
= B{g; (]2}

< qt(ZEOO)
Furthermore the definition of V41 implies
E{Vi41(250)| 28}

=E {ess sup E {g:(27) |Zt+1} 44 }
TeT

(t+1,...,L)
> ess sup E{E {g4-(Z]) |Zt+1} 2L o}
€T (t+1,...,L)
= qt(Zioo)’

which concludes the proof of (3). Using (3) and the definition of 7;* ; we get
9i(Z8)  Lrr iy + Lre sty - B{Vinn(Z750)1 2"}

=0:(Z21) L=ty + Loy (ZL50)
= max{g:(Z1), ¢:(Z" ) }- (4)



Summarizing the above results we have

Vil o)

= ess sup E{g-(Z])|Z o = 2L o}
T€T (t,t+1,...,L)

€]
< max{g(z1), E{Viy1(Z500)| 28 o = 2L })
3

(:) max{gt(zi)7Qt(ziw)}

(2),(4) T
XY By (2|2 = 2 o),

from which we conclude

Vi(2lo)
= max{g;(2}), ¢ (2" o)}

T
= E{th*—l(th 1)|Zt—c>o = Zt—oo}’ (5)

which completes the proof of equation (3) in Lemma 1. In order to prove equation (4) in

Lemma 1 we observe that
Vo = sup  E{g.(Z])}
T€7(0,...,L)

max{7,1}
- sup E {90 - l{r=0} + 9max{r,1}(Z 1y
7€T(0,....L) { 0" H{r=0} ax{r1}(Z1 )1y >0}}

v

E {90 Lgozao(z0, 0} T 975 (Z1°) - 1{90<!I0(Z900)}}

—
=

= E{QO : 1{gquo(Zgoo)}

0
—o0

+E{‘/1(Zloo)|zgoo} ’ 1{go<q0(Z )}}

= B {0 sz T 0(200) Lgpcm(zo )}
= E{max{go,q(2%)}}

© E{ sup E{gT<Zf>\ZSOO}}

T€7T(0,...,L)
> sup  E{g(Z])}
T€T(0,...,L)
frd %*7
which yields equation (4) in Lemma 1. O



Proof of Lemma 2. Equation (5) in Lemma 2 is implied by (3) and (5).

prove equation (6) in Lemma 2 we observe that we have by (3) and Lemma 1

Qt<Zt—oo)
= E{Vin1(Z))12L .}
= E{E{g-+ (21" )12} 2 o}

—00

= E{g; (2" )1Z" o}

In order to



