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Abstract

Static forecasting of stationary and ergodic time series is considered, i.e., inference of the
conditional expectation of the response variable at time zero given the infinite past. It
is shown that the mean squared error of a combination of suitably defined localized least
squares estimates converges to zero for all distributions where the response variable is

square integrable.
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1 Introduction

In this paper we study the so-called static forecasting problem. More precisely, let
((Xn, Yn))nez be a stationary and ergodic sequence of IR? x IR-valued random variables

with E {Y02} < 00. Given the data set

D:}L = {(X—nyy—n)7 M) (X—la Y—l)}
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and X, we consider the problem to construct estimates m,,(Xj, D:,ll) of

E{Yp|X° .,V L}

such that
E {‘mn(XO,D:}L) —E{Y,|X° Y_—;,}\Q} 50 (n— o).

—00)

For simplification, we have introduced the notation
lec = (Zk, Ziky1,---, 21), k<l

for arbitrary random variables Z,, (n € Z). Both the static forecasting problem and the
related, but more complicated dynamic forecasting problem (including the special case of
autoregression, cf., e.g., Chapter 27 in Gyorfi et al. (2002)) have evolved from the striving
for generality in the estimation of dependent series.

Most of the results in the existing literature provide consistency in some way under the
assumption of more or less strong mixing conditions on the data (see, e.g., the monograph
by Gyorfi et al. (1989) for a review). Although there exist models where these conditions
are met, they are very hard to verify - no satisfactory statistical tests are known. Therefore
the question arises, whether there are estimates which are consistent under considerably
weaker assumptions, e.g. stationarity and ergodicity of the data. As for the dynamic
forecasting problem, there are several negative findings, see for example Bailey (1976) or
Ryabko (1988), a summary can be found in Gyorfi, Morvai and Yakowitz (1998).

Concerning static forecasting, based on works of Ornstein (1978) and Algoet (1992),
Morvai, Yakowitz and Gyorfi (1996) proposed an estimator, a modification of which can
be shown to be strongly consistent for all stationary and ergodic data in the above de-
fined sense (see Gyorfi et al. (2002), Section 27.3). For more results in this respect and
concerning related problems, we refer to the works of Gyorfi, Lugosi and Morvai (1999),
Gyorfi and Lugosi (2000), Gyorfi and Ottucsak (2007), as well as Morvai, Yakowitz and
Algoet (1997).

Although the idea of the estimator of Morvai, Yakowitz and Gyorfi (1996) is natural
and although it is easy to define, it can be expected to require large amounts of data, the
same applies to the estimates of Algoet and Ornstein. This drawback makes the algorithms

hard to apply, to the knowledge of the authors none of them has ever been applied to any



data sets yet, neither real nor simulated. This motivates to try to derive estimates which
can be computed easily, like the partition estimate for example. Unfortunately, there are
negative findings in a static forecasting setting similar to the one studied in this paper:
Gyorfi, Morvai and Yakowitz (1998) showed that a partitioning estimate which is strongly
universally consistent in the case of mixing assumptions fails to be consistent when the
data is only stationary and ergodic. It can therefore be assumed that one cannot expect
to find a “simple” estimate which is strongly universally consistent.

In many applications, it is sufficient, that weak universal consistency holds. Kohler
and Walk (2010) for example derived an optimal rule for exercising an American option by
estimating conditional expectations assuming only that the returns of the underlying asset
are stationary and ergodic. In the definition of the estimate, they use techniques from the
theory of the prediction of individual sequences (cf., e.g., Cesa-Bianchi and Lugosi (2006)),
which have already been successfully applied in connection with portfolio optimization (cf.,
e.g., Gyorfi, Lugosi and Udina (2006) and Gyorfi, Udina and Walk (2008)). In this paper
we will adapt the ideas of Kohler and Walk (2010) in order to derive an estimate which is
universally consistent for all stationary and ergodic data.

One of the main tricks in the proof is an averaging of estimates of different sample
sizes, which enables us to derive weak consistency results from Cesaro consistency of
the original estimates. Cesaro consistency of regression estimates in case of stationary
and ergodic data was already studied in Morvai and Weiss (2005), where local averaging
estimates in case of a finite alphabet were analyzed. In contrast, in this article we apply a
different estimation principle and use a combination of simple estimates in order to choose
the smoothing parameters of our procedure.

More precisely, we use local modeling combined with techniques from the theory of
the prediction of individual sequences in order to define forecasting rules applicable to
arbitrary stationary and ergodic time series. We show that the resulting estimate is
consistent whenever the response variable is square integrable.

We consider several function spaces for our localized least squares estimate. Piecewise
constant functions will lead to an estimate similar to the well-known kernel estimate. In
addition, we consider estimates based on polynomial splines.

The definition of the estimate is given in Section 2, the main results are formulated in



Section 3, the proofs are given in Section 4.

2 Definition of the estimate

First of all we choose an elementary estimate (so-called expert) for our problem, which will
be a localized least squares estimate. The idea is to select via the principle of localized least

squares the function, that would have performed best in the past at the task of predicting

Y; only with the knowledge of the string Xf_ 10 1/;,7/—_‘71—‘,—1 and then to predict Y according
to this very function and the arguments ng 115 Y:jlﬂ. The parameter j quantizes how

far we look back for our prediction. We then define our prediction strategy as a convex
combination of these experts, where the weights depend on their performance in the past:
The better the performance of the expert in the past, the more reliable it seems and thus
the higher (with respect to the other experts) is the weight we assign to it.

In order to be able to show consistency of the estimate, we will at some point require
boundedness of the estimate and the response variable, which is why we will also use some
truncation techniques.

For j,k,r,s € IN let Fj . be a set of functions f : (]Rd)j xR/7! 5 R (with an obvious
meaning in case j = 1). Let K be a kernel function with corresponding bandwidth h,

(which both will be specified later), and choose 0 < ¢t < % Given observed data

d:}:, = {(m—nay—n)a SR (.%'_173/_1)} )

define the corresponding localized least squares estimate by

"M, (j.k.,5) ()= mm(ik,ns) () d:%)

—j—s—1 i i1 2 (G RV E G R
Zi:—n+j+s f(l‘if]#l’ yi—j—i—l) —Tp, (yi)| - K Ry

T atg 4 i i R ,
€k —j—s—1 K (TG s¥igos) (@ Gy )
7

i=—n-+j+s

T

where the truncation operator is defined as

x if |z] < L,
TL(l‘) =

Lsign(x) else.



This definition only makes sense, if —n+j+ s < —j — s — 1, so we set

1 Lyt (mn,(j,k,r,s) (@241, y:gl'+17d:£z>> ifn>2j+2s+1,
mn,(j,k,r,s) (IL‘(), dfn) -
0 else
(with d~) = {(@_n,y_n), - ., (x—j,y—;)}). Forevery (4, k,r, s), this gives us an expert who
guesses the outcome of the next observation with knowledge of the observations of the past
and the current value of the variable X. Here j quantizes how far we look back for our
prediction, k£ is the number of the function space considered, r describes the bandwidth
which we use and s quantizes how far we look back in the localized least squares problem.

The last truncation ensures that for fixed sample size all estimates are bounded by the

same constant. After a certain rounds of play, we consider for n > 2 the “cumulative loss”

n—1

> (MiGiks) @nti ) = Toe (Y-nt))
=1

1
n—1

2

Ln(j,kyr,8) = Ln((4, ky 7, 8),d_ ) =

—-n

The cumulative loss quantizes how well our prediction strategy performed in the past.
Let (q(jk,r,s))jkrseN be a probability distribution such that g4 ,s > 0 for all j,k € IN.

Set ¢, = 8n? and define weights (depending on the cumulative loss)

—(n—1)-Ln(j,k,r,s)/c
Wn,(kirs) = Ak € T IR e,

and their normalized values

v . W, (5,k,r,s)
n7(j7k77‘78) - OO :
ZQ,IB,’Y,(S::L wnﬂ(avﬁv’}/?é)
Set
o
_ -1 -1
M (@0,d=3) = D U (kins) * M, (rs) (@0, 70,
Jikyrys=1

which is a convex combination of the experts with weights v, (; x ). The final estimate my,
is defined by the arithmetic mean of these convex combinations extending their “backsight”
with growing index i:

A I L _
1nn (X0, D-}) = - > mi(Xo,DZ}).
=1

3 Main Results

In order to formulate our main result, we need the notion of sup-norm covering numbers,

which we introduce in the next definition.



Definition 1. Let e > 0 and let G be a set of functions R? — IR. Every finite collection
of functions gi,...,gn : RY — IR with the property that for every g € G there is a j =
j(g) € {1,..., N} such that

lg — 9l :==sup|g(z) — g;(2)| <e,
z

is called an e-cover of G with respect to ||-|| . Let N (g,G,||||l) be the size of the small-

est e-cover of G w.r.t. take N (£,G, |I'|l.) = oo if no finite e-cover exists. Then

B[P

N (e,G, |Ils) is called the e-covering number of G w.r.t. ||-||., and will be abbreviated

to Noo (£,G).

Our main theorem is valid for all (strictly) stationary and ergodic sequences
((X;,Y))),cg- Here a sequence of R!-valued random variables (Z;)jcz defined on the
same probability space is (strictly) stationary and ergodic if for each B € By (where By
is the Borel o-algebra in (IR!)%) and each k € Z

P{(Z))jez € B} = P{(Zj4+)jcz € B},
and if for each B € By with the property that the event
A= {(Zj+k)jez € B}
does not depend on k € Z one has
P(A) € {0,1}

(cf., e.g., Breiman (1968), pp. 118, 119, Doob (1954), Section X.1, or Gyorfi et al. (2002),
p. 565).

Theorem 1. For j,k € IN let F; ;. be a set of functions such that the following conditions
are satisfied:

Noo (6, Fjk) < 0o for all e > 0, (1)
and there exists a finite e-cover consisting of piecwise constant functions with respect to a
finite partition.
There exist By € IR (k € IN) with

sup || fll,, < Bi <00 (2)

fE€EFjk



for all j and
lim By = oo. (3)

k—o0

Furthermore for all j suppose that for any probability measure p on (IRd)j x IR~ and
for every g € Lo ((]Rd)j X IRj_l,u)

hmlnf 1nf /]g fI? du=0. (4)

k—o0

Assume that ((X;, YJ))jeZ is a stationary and ergodic sequence of IR? x IR—valued random
variables with E{Yoz} < o0. Define the estimate m,, as in Section 2, where the kernel

function K : RGSHD(d+1) R is given by
s+1)-(d+1
K(v) = H (o] §H )

with a nonincreasing and continuous function H : IRy — IRy satisfying
H(0)>0 and t-H(t)—0 (t— o).
Suppose that the bandwidth satisfies

lim h, = 0.

r—00
Then

{\mn Xo, D71y - (YOyX_OO,YC}O)\}%o (n — o0).

Next we apply Theorem 1 to piecewise constant functions. In this particular case, the
local modeling estimate is given by a truncated localized kernel estimate which solves the
localized least squares problem in case of bounded piecewise constant functions. Applica-

tion of Theorem 1 yields

Corollary 1. For every j € IN let {Pj,k = {A]k,Afk,...,Ajvé’k}}k N be a sequence of
. * ) ke
partitions of (IRd)] x IR~ consisting of Borel sets Aj e (]Rd)j x IR~ which satisfy

lim sup diam(Aé}k) =0, (5)
k—o0 1<ISN; j: AL NS#D

for every sphere S centered at the origin, where diam(A) denotes the diameter of A C IR'.
Set

Fik = Z“l]lAg,k rap € R, ag| < By



Let By, > 0 (k € IN) be such that
lim B = oo. (6)

k—00
Let ((X;,Y))) ez be a stationary and ergodic sequence of R? x R-valued random variables

with E{Y§} < co. Define the estimate 1mn(Xo, D) as in Section 2. Then

E{\mn(XO,D:}Z) - E(WXQOO,Y_—;)\Q} S50 (n— oo).

Proof. It is easy to see that we have for the e—supremum norm covering number
N.
2 gk
Noo (e, Fjk) < ({fk-‘ + 1> < 00,

where [z] denotes the smallest integer greater than or equal to z. Here the functions of
the e-cover can be chosen as piecewise constant with respect to P; . Furthermore

o 1flloe = B =t Bi,
with limg_,o, By, = 00, so (1), (2) and (3) hold. It remains to check the denseness condition.
Let u be a probability measure on (IRd)j x IR7~!. As the continuous functions of bounded
support are dense in La(u) (cf., e.g., Theorem A.1. in Gyorfi et al. (2002)), it suffices to
show that for each £ > 0 and for each continuous function g of compact support and for

each K € IN there exists f € {f: f € Fjx, k> K} such that

[ 17~ ot i) < <

Choose k such that ||g||,, < Bk. Set

N,k

Fa) =3 gt )y (@)

=1
for some fixed l‘ék € Aé.’k, l=1,..,N,i. Then || fll < l9lloc < Brsso f € Fjp Lete >0
be arbitrary and let C' be the support of g. Choose a sphere S centered at the origin with

C C S and pu(S°) < SH;HQ . Then

/ |f(z) - g(2)|? u(dz) < /S |F(x) — g(2)|? p(d) + 4 gl|% - 1(S°)
<

2 E
sup sup [g(z) — g(y)| +3
1§1§Njyk;A§.Ykms7é® x,yeAé’k



By uniform continuity of g on S and by (5) we can now increase k until

DO | ™

sup sup [g(x) — g(y)|* <
I<ISN; AL NS#D aye Al |

O
The estimate above locally fits a piecewise constant function to the data. As we will see
from the proof of Theorem 1, these piecewise constant functions are used as approximation
of various multivariate regression functions. In case that some of these regression func-
tions are smooth, a smooth approximation might achieve a much smaller Ly error than a
piecewise constant function. Therefore we will define next an alternative estimate based
on function spaces consisting of polynomial spline functions (i.e., piecewise polynomials

which are globally smooth).

Depending on some parameters k € IN, L, € IR and M € INg, we will define a space
of tensor product spline functions f : IR? — IR. Let Bil’ a be the univariate B-spline with

degree M, knot sequence {—Lk + %} ez and support

7 i1+ M+1
—L R cremr-
k—f-k, kT 2

(cf., e.g., de Boor (1978), Chapter IX or Gyorfi et al. (2002), Section 14.1). For ¢ =

(i1, ...,1q) € Z* define the tensor product B-spline
BZM (ml, ...,1‘d> = Bzth (1'1) et Bldd,M <$d) .
The tensor product spline space Sys ([—Lk, Lk]d> is then defined as
d) _ d_ . d d

We will now impose some conditions on the parameters of the tensor product space which

will assure that we can apply Theorem 1 to the resulting set of functions.

Corollary 2. For every j € IN put l; = d-j+ j — 1 and consider the following set of
functions on IRY (where we identify (IRd)j x IRI™! and RY ):

l.
Fik = Z ai By v lail < Bk ¢

. l; ;
Z’ele ;Supp<Bi,Jlu) ﬂ[—Lk,Lk]l] #0



where the parameters fulfil M < Myqz(k) for Mz (k) € No and where

Br — oo (k — o00), (7)
Ly — oo (k— 00), (8)
Minar (k) + 1 -0 (k— o0). (9)

k
Let ((Xj,Y5))
with E{Y$} < co. Define the estimate M0 (X0, D)) as in Section 2. Then

B

Proof. Consider the set of functions

jez be a stationary and ergodic sequence of IR% x IR ~valued random variables

i (Xo, D=1) — E(Yp| X° Yfl)f}—m (n — o0).

—0o0) T —00

_ ) 2
Fik = Z a; BifMiaiG {_6ka_5k +ée e, =B+ {ka '6}

. l ,
i€ Zb :supp (BiJM) ﬁ[*Lk,Lk]l] #0

where |z]| denotes the largest integer less than or equal to z. Using the fact, that the
B-splines are nonnegative and sum up to one (cf. de Boor (1978), p. 109, 110), it can

easily be seen that ]:'j,k is an e-supremum norm cover of F; . Thus
Noo (E,.ka) < ‘Fj’k‘ < 00,

where |-| denotes the cardinality of a set. Furthermore ]:']k consists of piecewise polyno-
mials with bounded coefficients. These can be approximated arbitrarily well in supremum
norm by piecewise constant functions and hence (1) holds. By construction of Fjy, (2)
and (3) hold. As for the denseness condition, let x4 be an arbitrary probability measure
on IRY. As in Corollary 1, it suffices to show that any continuous function g of bounded
support can be approximated arbitrarily well with respect to the lim inf-condition (4).
Because of (7) and (8), we may further assume that ||g||,, < 85 and that the support of g
is contained in [—Lg, Ly]7.

Set I = {(il,...,ilj) e Zb : supp <Bé;1,...,ilj),M> N [—Lk,Lk]lj # @}. For i € I choose
u; € supp (BZZJM) and set

f =3 g(w) By

el

10



Because of the fact that the B-splines sum up to one and are nonnegative, we have that

1 flloo < ll9llo and f € Fj k. This implies

[ lot) — F@F uds)
R

< gl (RO Lo L) + [ Jgla) - £(e) P uldo)
(—Lg, L]
<4lglZ - p (RON Lo ")+ sup gl@) — f(@)]
By (8) we have that
i <IRZJ' \ [—Lk,Lk]lj) 0 (k — o0).

By using once more the fact that the B-splines sum up to one and are nonnegative we

have that, for given z € [—Ly, Lk]lj,

l9(z) — F(@)] < 3 Jg(w) — g(2)| - By (@)

el

< suwp o [g(ui) - g(2)|
i:xEsupp(BifM)

< sup g(u) — g(v)].
uvERY, [|u—vl| (o <(Mrmaz (k)+1)/k

Because of (9) and the fact that g is continuous and of bounded support we can conclude

sup  |g(z) — f(2)* = 0 (k — o0).

4 Proof of Theorem 1

In the proof of Theorem 1 we will apply Lemma 27.3 in Gyorfi et al. (2002), which we

reformulate here as

Lemma 1. For a prediction strategy g based on the sequence of decision functions {g;};,
with
. d\* i—1
gi: [IRY) xIR"" — 1R,

11



define the normalized cumulative prediction error on the string x7,y? as

n

L) = 23 o etk — )"

=1

Let hy, hy, ... be a sequence of prediction strategies (experts), and let {ar}, be a probability
distribution on the set of positive integers. Assume that hi(z7,y"~") € [-B, B] and
y! € [-B, B|". Define

wt,k = qk - e_(t_l)Lt*I(;lk)/c’

with ¢ > 8B2, and
Wy k

Ut,k = = -
Doy Wt

If the prediction strateqy ¢ is defined by
mg:yl thkhk wiv )7

then, for everyn > 1,

~ 1
Ly(§) < inf <Ln(hk) - < nq’“) .
Here —1In(0) is treated as oo.

Proof. See proof of Lemma 27.3 in Gyorfi et al. (2002). O
Proof of Theorem 1. The proof will be divided into several steps. In the first step

of the proof we show that the assertion follows from

1< 142
limsupE { — Y; —mi(X;, D! <L 10
n—>oop {nzzl{ ' Z( ' ‘ )| }_ ( )
where
L*=E {}Yo - E(Y6|X9ooaY5olo)|2}~
Because of

o0

E {\mn(Xo,D:}L) —E(Yp|X°, Y )}2}
=B {[Yo — (X0, D=1} ~ B {[¥o - B(IX°, L)} (1)
the assertion of Theorem 1 follows from
E{}Yofmn(Xo,D:}L)f} S L (n— o). (12)

12



By (11) we have that

The definition of the estimate, the inequality of Jensen and the stationarity of the data

imply

E{[Yo — (X0, D))"} = E

1 n
%—5277%%,@ !

IN

1
fZE{‘YO—mZ (X0, D |2

n

1 & 2
:fZE{\Y mi(X;, Dy Y|

n

I}
}
i nonnr)

o (12) follows indeed from (10).

In the second step of the proof we show that (10) follows in turn from

Jikrs€EN n—oo

inf limsupE{‘mn,(j,k,r,s)(X9j+17Y_]+17D 7) — YO‘ }SL*, (13)

Let 6 > 0 be arbitrary. By using the inequality

1
(a+b)2§(1+5)a2+(1+5)b2 (14)
for arbitrary a,b € R, § > 0 we get
li (X3, D) - Y|
n & 7o
(1+0)— Z|ml (Xi, Dyt — } +1+ Z|Y T, (Y5)

From Y{ being square integrable, Lebesgue’s dominated convergence theorem and the
stationarity of the sequence we conclude

lim sup ( 1+ { Z|Y T, (Y;) }—hmsup 1—|— ZE{|Y Tt ( z)|}

n—o0 n—oo

=(1+ 5) limsupE{|Y0 — Tyt (Yo)] }

n—oo

1
<(1+ 5) limsup E {YOQ ]l{‘yo|>nt}} =0.

n—oo

13



By Lemma 1 (applied in an obviously modified version for a finite sequence of prediction
strategies) we have
i—1 2
- Z [i(Xi, D) = Toe (¥3)]
=1

i— 2 Ing;
e ( Z‘m”’”s (X5, D5 1) = T (Vi) —cak)

],k r,s€IN n

which implies (noting lim,, o < = 0)

1 ¢ :
limsup E {n E !mi(Xi,Dé_l) =T (Yi)|2}
i=1

n—00
. . 1 2 In q4j.k,rs
< hrrzri)SoLo}pE {j,k}?{lsfell\l < Z ‘m (4,k,r,s) (Xz7 D(Z) ) - nt (Y;” —Cp n) }

. . 1 i—1 2
= j,k,lr*l}jeN h:lsolip E {n Z ‘mi,(j»km@ (Xi, Dy ) = Tt (Yi)} }

— inf limsup~ ZE{ym G (Xi D) = T ()]}

Jkrs€EN posco N

< inf limsupE{’mnv(ﬁk’T’S) (Xn, Dy~ t) — Tyt (Yn)|2}

J.k,rs€EN oo

= inf lim supE{‘mn’(j,kms) (X0, D=L) = Ty (YO)‘Q} . (15)

j,k,T,SEN n—oo
The last equality is due to the stationarity of the sequence. We observe that in the
analysis of the limes superior of m,, (; 1 s We can assume without loss of generality that

n > 2j 4+ 2s + 1, thus by definition

M, (5 kors) (XO’D:}z) =Ty (mn,(j,k,r,s) (ng—i-l’ Y. 31+1an7')> .

Now by |75 (2) —y| < |z — y| for |y| < 5 and inequality (14) it holds for arbitrary a > 0
that

E { | (1, (j,9) (X0, D3)) = Tt (Yo) !2}
, 2
< E{ P, (k) (X1 Y, D) = Tt (YO)‘ }

I 2 1
<(1+a)E {‘m Gy (X% 0, YA DT 7)—Y0‘ }—i—(l—i—a)E{\Yo—Tnt(Yo)]?}.

Similar reasoning as before yields

. _ 2
lim supE{’mn’(j,k,r’s) (X0, D=}) — T (YO)‘ }

n—o0

14



glimsup(l—l—a {‘m ]krs)(ijJrl?Y__]_«_lvD ) }/0’ }

n—oo

for arbitrary o > 0 and hence

. _ 2
limsup E {}mm(jvk,r,S) (X0, D=}) = T (YO)‘ }

n—oo

: 2
< 1imsupE{‘m ]krs)(X_]H,Y_jH,D_J) — Yb‘ }

n—oo

From this and (15) we see that (10) is indeed implied by (13).
In the following steps of the proof we will show

inf hmsupE{‘mn (i orys) (X 7]+1,Y__]+1,D ) YD‘ }

Jk,ms n—oo

< I ‘f‘fE‘ Y‘. 16
= N JREN e, {f “e0 Vo) = Yo } (19

Let 6 > 0 be arbitrary. By using inequality (14) we get

’mn (jkrs)(X—]+17Y;+17D ) YE]’

_ 1
< (14 0) i ity (X410 Y1 D) = T ()| 4 (14 5) [T, (90) = Yol (17)

For simplification put z;"* := (z}*,y;") for | < m and define
0 0 ~1 2
97 j1) = |10 h0) = T, (w0)

for f: (IR%)7 x IR”~! — IR. We notice that M, (j.k,r,s) depends on 27 and write in this

—-n

context

R 2

0 —J 0
gm"v(]‘vkw"”vs) (Z_]J'_l’ Z_gl) = mnv(jzsz)s)( —Jj+1 y ]+1’ d g ) TBk (yo)

For the same reason we will use below also the notation g f(29 413 z:fL)
Let € > 0 be arbitrary. In the third step of the proof we show that for arbitrary
J.k,r,s€Nand e >0

limsup E {gmn (G krs) (Z9j+1; Z:i)}

n—o0

Shrﬂsup//gm Jkrs) —]+17 fn) dP _]+1|Z Jo=p (zo—]-‘rl) dP ( n)

n—00 —j=s” “=j=s

+3e+TW (18)

jkse?

15



where

limsupT( ) —o.

k
5—+00 Jhse

First of all we note that
E {gmn,(j,k,r,s) (Zgj-i-l’ Z:le)}
{E{gm Jkrs)(Zgj—f—le ) }}
= [ [ St s AP s s (i) APy ()

Put €, := W and denote by F ,; a corresponding smallest £;—supremum norm cover of

Fji. consisting of piecewise constant functions. Without loss of generality we can assume
that SUDpe ) |hllo < Bg, so for f € Fjg, f € F’;]; we have by a2 — b2 < |a + b| |a — b| for
a,b € R that

los = 97ll . < 4Bx [ = Fll

Choose (depending on z n) f € F‘El with Hf M (G, k,r,s) < e1. Then

0 20
/gmn,(j,kms)( Z_j+13 % )dP 20,1270 =2 :gl( Zjt1)

0
/gf( R_j4+13 % )dP ]+1|Z:£:z:i(zfj+1) te
_ ) 0
— [0 Py g (i) e
0
+/gf( Z_j+15 7 )dP J+1|Z 7;(Z—j+1)

0
/gf( —j+15° )dP ]+1|Zﬂ . Z:;fs(z—j—&-l)

As Tp, (Yp) is bounded and F;,; consists of piecewise constant functions, there exists a
finite partition .A;k such that g 7 can be approximated in supremum norm up to an error
of at most € by a function which is piecewise constant with respect to Ajk. Using this

result we see that the latter difference above can be bounded in absolute value by

—j (A) +e.

—J+1‘Z—] s=%j—s

AB? . ‘P
A€AS,

ZI=2"7 (A4) =Py

2254

Here we have used that for a piecwise constant function h with respect to a finite partition

A and measures v, p it holds that

’/hdu—/hdy

< Nhlloo - Y 11(A) = v(A)].

AeA
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We conclude by the martingale convergence theorem (cf., e.g., Theorem 11.10 in Klenke

(2008)) and dominated convergence

limsup E {gm ok TS>(Zgj+1; Z:gz)}

n—oo
Sliﬂsogp//gf 25 5200) dP PINY e B R C Y1) dP 4 (275) + 2¢
+4B3 - Z hmsupE{‘E{]lA(Z_j_H ‘Z:ﬂ;}—E{]lA( i1 ‘Z_] SH}

n—o0
€
AcASy

zlimsup//gf 4% )dP ]+1|Z_j S_Z:;j S( g+1)dPZ fL( :;71)“—26

n—o0

+4B7- Y E{‘E{]IA (2°,.1) Z:g'o}—E{llA (ZEjH)\Z:j_SH}-
Ae .AE
Shzn_)sogp//gm (]krs) *j+17 —n) dP ]+1|Zﬁ 5_2:5:7 (2 ]+1) dPZ jL( :51)4‘35
w4t > B{|B{1a(2%0) |75} - B {14 (2%) |72}
AcASy

thus (18) holds.
In the fourth step of the proof we show that for arbitrary j,k,r,s € IN and £ > 0

limsup//gm (ka> —]—‘,-17 —n) dP Hl\zﬂ é—z:j.;( J+1)dPZ i( ”)

n—o0
—J i—J
—j—s—1 i .7 Z_j-sZi—j-s
sz—n-I—]—i-s gm ,(4,k,7,8) (ZZ—]+17 Z_n) ) K < hr

< lim sup E - j i—j + T(k'l)‘se + 26’
n—00 Z,_]_S_l, K <Z] s Zijs)
1=—n+J+Ss hy
(19)
with

(2
hmsukars6 =0.

r—00

We return to f at the expense of ¢ and proceed with

0
/gf( —j+15 % )dP ]+1|Z,] . Z:§75(37j+1)

. 2 —J
j —j—s U G s 0
fgf —j415 % ) K ( = hor . ) dPZ?jfs(u*jfs)

R 0
IK hir dPZEj,S(u_j_S)

17



+‘/gf( ]+17 - )dP J+1‘Zﬁ S—Z_J,' (29j+1)

—j—s
—J

. R
fgf —j+13 % J)'K<Jhr> dP o (ul;_,)

—j—s

zij.. _1[1
fr (s )

—j—s

where the latter term can be bounded by

y } E{gf(ZOjH)'K(_;ng_Jj_S)} ‘

SU.p E{gf(Z—j+1 |Z7] s zfjfs B I g
fEF E {K < - Sh _j_s> }
This expression tends to 0 as r tends to infinity P,-; -almost surely by Lemma 24.8 in
i

Gyorfi et al. (2002) as Fj,; is finite. Furthermore dominated convergence can be applied
since we deal with bounded random variables. We continue with the analysis of the

remaining term, which can be rewritten as
—] s—1 . —j Z—'—S_ZZ'L:J:—S
Zz—fnJr]Jrsgf( i— j+1’zn)'K< : P : >
j s—1 Z:jfsizf:jfs
ZZ*—n—&-J-i-s < : hr ’ )
; P T W0
a5 J»-K(f LTI
[K(HEre )i, W)
ZO_J s UZj_s
Z—j s—1 ( j) K <Z_]-_S_Z§_§—s>
z—fn+]+sgf i— j+17 -n Ao
- — Ay 3
j—s—1 ij'fsizifj'fs
ZZ——TL+J+S ( ’ h : >
where an upper bound for the last difference is given by

2779 1 2 -5,
E{gf(Z j+1) K (W)} Zz—J—Z+]+sgf( i— j+1)'K< ’ P ’ >
sup

£ - - o . - iy
e} R —j—s—1 G T
f jk E {K < P Zi:—n-i-j-‘rs K hr

From this we conclude that the left-hand side of (19) is bounded from above by

_l’_

j—s—1 i i 23 =%,
Zz——n+]+s iy, (ke rs)(ZifJ?H’ Z*n) K - hr
limsup E

J i—J +2
n—00 Z Jj—s—1 ng s Zz’—j—s
z*—n+3+s hy
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E{gf(Z*]Jrl ‘Z—] 5_2:5—5}

0 2] —27)_,

E {gf(Z_j+1) K (thrj> }
223 —z73_,

E {Qf(ZJH) K (Jhrj)}

- 1 Z:J:fs_z’j:]:fs
S () K (W)
B —j—s—1 z:]:—s_zf:j—s
D s K (Jh]>

In order to complete the proof of (19) we are reduced to verifying

I~z
£ {gf(Z9j+1) K (J e J)}
(]
Zz_j—fwr}ﬂ gr (% j+1) K (ZJ;:;>
S i ()

Because of K > ¢ I, . for suitable ¢ > 0, ¥ > 0, where Sp r is the ball in (IE{d)5+1 R+

—i—/ sup
feF}

k

+ lim sup / sup

n—oo el
fEFS}

P, (273).

lim sup/ sup
o)
n—oo feij

centered at 0 with radius 7, we have

2~z :
E{!{K % >c- PZ,]]: (z:g_s + S()f.h,«) >0 (21)
. —j—s

-almost everywhere (cf., e.g., Gyorfi et al. (2002), pp. 499, 500). Let €5 be arbitrary

L d s+1 Z:g—s — Z:j—s
Sey = _]SE(]R x IR) : EXK — >e9 0.

The boundedness of the considered functions yields

P__.
z73_,

and set

19



z:i_s—Z:j_S
E{gf(Z ;+1) K(yhrj)}
i ()
Zf'fsiz;‘:]:fs
zj—n+]+sgf( ; j—i—l)'K( B )

e
i=—n+j+s A

/ sup
feF;}

y
Sey x(RY)n—d=sxR"=I—$ feF}

—j— K 2,
z*—n—i—y—&-s gf( i— j—i—l) ’ B

— . — P, (277
—j—s—1 Z:ﬁ;%:ﬁﬂ Z_J( —n)
Ditmjps K| =
ta 'PZ*J.' (8662)
-
for some ¢; € IR;. By (21) we know
PZ:j—s(ng) —0 (82 — 0).
In addition it holds that
P A
B{o22, ) (F ) |
/ . __sup = =
I E {K <h st) }
_.7 s—1 K Z:j:fs_zz?:j:fs
Zz_—n+g+s 95 (% j+1)' I S ‘
- = i dP ;-5 (223)
t=—n+j+s hy
27 _z73
E{gf(Z g+1) K (W)}
S
- 1 2 =7,
Zz—]—z—i-j-O—s gf( i— j+1) K <Jhrj> »
— dP 7] S|Z j—s—1 Z:i—s—l(z_g_s)

Z—j—s—l K 2:5—3_'2;:5—3
i=—n+j+s hr
—i_s—1
dPZ Jj—s— 1(2’ I8 )

-n
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0 22l -z7
E {gf(Z—j—i—l) K <]h,]> }
o ()
1 Z—'—S_Z::J:—s
Zz—J—rsL—i-j—‘rS gf( R j+1) K (W)
—j—s—1 2 -1,
i:j—2+j+sK (Jhrj>
0 22)_—z73_
E {gf(Z—j+1) K (W) }
(s ()
1 —j—s—1 ) Z:j—s_Z':]'—s
mzizj—s+j+s gf(ZZj+1)'K< B ) |}
1 —j—s—1 —j s ZZ:st '
3T Dimntits K <th)

Because of the fact that K is continuous and vanishes at infinity nominator and denomina-

§/ sup sup
I ESe, fEF

z25

= E{ sup sup
z:5756352 fEFjskl

S0,

tor of the second term above almost surely converge uniformly with respect to z:jjf s €5,
by the ergodic theorem and the circumstance that the e-cover is finite (cf., e.g., Krengel
(1985), Chapter 4, Theorem 2.1). Since the limit of the denominator is greater than ey
on S, we even have uniform convergence of the fracture. Application of the dominated

convergence theorem completes the proof of (20) which in turn implies the proof of (19).

The fifth step of the proof will be to demonstrate

jms—1 ) j 774 _zi—d
(] .7 . Toj=s Tizj=s
Zz_fn+]+s gm ,(4,k,r,s) (Z’L*_]+17 an) K hy

limsup E 73 _gi—i
n—o00 1 —j—s i—j—s
S s K (th>
2
< fiel};kE{\f<X0jH,Y3+1> Tp, Yo }+28+T‘£’ng (22)
J

for arbitrary j,k,r,s € IN and € > 0 where

hmsupT( )

jkrse
r—00

By definition of the estimate we have

—j—s—1 i g A
Zz_fn+j+s Iivn, (oer,s) (ZifjJrl’ an) K hor
limsup E

n— 00 Z j—s—1 Z:]]'—S_ZZ:;—S
z——n+j+s h
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—J i—j \
—j—s—1 7 Z*j s Zi7j75
Yoitnjrs 9 Ziji) - K <hr
= limsup E < inf — —
n—oo feFik Z_j_s_l K O e 1
t=—n+j+s hy
; z7i_ —z7i71
jos—l i . ZojmsTigos
Zz——n-ﬁ-y—i—s gf(ZifjJrl) K< hr )
< inf limsupE — —
F&Fik m—soo —Js—1 e M
i=—n+j+s -
/
- i—j
—] s—1 ijfs_zifjf.s
Zz——n+]+s gf( i— j+1) K <]M
= inf hmsup/ = dP ,—;(27})
FeFik oo Z_j_s_l K ZzimsFinies -
t=—n+j+s hy

i—j
i Fj—s Fi—j—s
z——n+]+s 957 j+1) K ( Ry

< inf limsup/‘ — —
fE}—jk n—o00 —s—1 K <Z;SZZ;S>

z*—n—f—]—&—s
0 z_j —Z_j
E{gf(Z—j—i—l)'K <3h3>} B
- 27 ‘dPZZf;(Z )
o ()
0 = =
E{gf(Zj+1)'K<_JShT_]_S>} y
+f P, ()
(i (Fart))
0 =77
E {gf(Z—j-H) K (w)}
= inf dP

FEF B { K( =h B Z—Jz’s>} 27]_\—i-s

where the last equality follows from the proof of (20). With the same arguments as already

used, we see that this can be bounded by

inf E{g;(Z j+1)}+2€

fe€Fjk
+/su_p E{gf(Z s szziﬁ_s}
feF:}

E{ H(2%550) K<h2>}
)

where the latter term tends to zero as r tends to infinity by Lemma 24.8 in Gyorfi et al.

(2002) and dominated convergence. This completes the proof of (22).
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We sum up the results of steps three to five of the proof: Noticing (17), we have shown
that for arbitrary €,0 > 0

. . ~ 0 —
j’k;nsfemhgng{\mn,u,k,r,sﬂX]H,YJH,D n) — Yo\}

G.F]k

2
< nf ((1+5).< inf E{‘f 01 Vo) = T, (Y0)| }

1

1 2
= j7k»17"1115f€]l\1 <(1 + 5) ' < g}-{k E {)f —Jj+b _]+1) }/0‘ } + Sjkss

+ijs+7-a> +(2+96)- (1+(15> -E{|TBk(%)—%|2}>,

where
lim sup Sjrse = 0,
S— 00

for arbitrary j, k,

lim sup Tikrse = 0,
r—00

for arbitrary j, k,s. Using

inf (a;prs +br) < lim inf infa;p.s + lim sup by
jkrs( JrrS ) N—o00 j,k>N 7,8 JHTS N—oo >N

we can conclude

inf limsupE{’m (G eyrys) (X —j+17Y:J+1’D 7y — Yo’}

],k,’l",S n—oo
2 . . .
< (1+4)7 lim (J.,}gN <fg}?fjkE {\f %5 Yoh) - Yb’ }
+ irslf (Sjk‘ss + ir;f lem«&;) +7- E))

1 2
+(249)- <1+5> ~A}E>HOOI§ERE{]TB,€ (Yo) — Yo|*}

2 . . . 2
< (1+49) -A}grlooj}ngfler;_fjkE{‘f i Yo - Yb‘ }+7-(1+5) ‘€

The choice of £ and § was arbitrary, hence (16) holds.

The only point remaining is to bound

lim inf inf E ) , Y‘
Ngnooja}CnZNfg}jk {f —It+l J+1) ° }
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by L* which will be the sizth and last step of the proof. Straightforward calculation leads

to
2
{)f —7+1 7]+1) YO‘ } L*‘i‘E{}E{YO‘X—ooa oo} E{YO‘X—j-l—l? :]1+1}’ }
+B{ [BO6IX% 0 Yo - £ )| ]

Thus

2
. . . 0 —
J\;gnoojy}ﬂngfg}fjkE{‘f(XjJrhY 1)~ YO‘ }

2
* . . . 0 0 1
=L7+ lim inf <fg}_fjkE {‘E{YolX 1 Yot = (X, YO m)( }

2
+B{ Bl v L) - B v )

2
< 2 +limsup B { [B{1X e, VL) - E{mXEjH’Y:;H}{ }

]—>OO

2
. . . 0
e

Considering the second term put
W]’ = E{Y0|X9j+1, Y__Jl_’_l}

The sequence (W), is a martingale satisfying suij]NE{|Wj|2} < E{Y?} < o
Hence it converges almost surely and in Ly to a square integrable random variable (cf.
Theorem 11.10 in Klenke (2008)) and the limit is E{Yy| X%, Y"1} (see Theorem 35.5 in
Billingsley (1979)).

In a final step, set [; =d-j+j—1 and

i) = B{BIXS s =¥k =0},
0y ]1+1)> and
E {‘E{YO\XOj+1,Y_J+1} f <X9j+17Y_a+1> ’2}
= E{’m] <X9j+1>Y_j+1) f (ng“’y_ﬁl) ‘2}

= [, Imstay) = S Py
IRJ

Then, by the inequality of Jensen, m; € Lo (le,P( X0

X0 ) (@),
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where we again identify (]Rd)j x IR7~! and IR%. This allows us to conclude by (4) that

2
. . . 0 -1 0 -1
it i B B0 ) = 107

2
. . . . . 0 -1 0 1
<liminfliminf inf B {\E{YorX_m, Yol = f(X00, Y } 0,

The proof is complete. O
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