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Abstract

Nonparametric estimation of nonstationary velocity fields from 3D particle tracking ve-
locimetry data is considered. The velocities of tracer particles are computed from their
positions measured experimentally with random errors by high-speed cameras observing
turbulent flows in fluids. Thus captured discrete data is plugged into a smoothing spline
estimate which is used to estimate the velocity field at arbitrary points. The estimate is
further smoothed over several time frames using fixed design kernel regression estimate.
Consistency of the resulting estimate is investigated. Its performance is validated on the
real data obtained by measuring a fluid flow of a liquid in a (rotating) squared tank

agitated by an oscillating grid.
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1 Introduction

In the recent years there has been tremendous progress in accurate and fast measurement
techniques in fluid mechanics. This resulted in large amount of data which presently
require development of new statistical tools to process and interpret the data.

In this article we analyze data produced by the 3D Particle Tracking Velocimetry
(3D-PTV), see, e.g., Raffel et al. (1998). This technique allows visualization of a flow
by recording the laser light scattered by naturally buoyant tracer particles in a fluid and
subsequently using it to determine positions of the particles in consecutive frames. To
do this 3D-PTV fits short trajectories of the particles to the observed pictures. These
trajectories consist of approximately 20 time steps and are modeled by cubic splines. From
these trajectories the estimates of the position and the velocity of the tracer particles are
derived (cf., e.g., Liithi, Tsinober and Kinzelbach (2005)). Thus data is produced which
contains positions of particles and corresponding values of the fluid velocity field at these
positions. This data contains two kinds of errors: firstly errors due to measurement errors
for the locations of the tracer particles, and secondly errors due to fitting of the trajectories
to these locations of the tracer particles. In this paper we want to use this data to estimate
the velocity field at arbitrary locations and times.

Experimental studies on estimation of velocity fields in turbulent flows have been
carried out, among others, by Guala et al. (2008), Kunnen, Geurts and Clercx (2010),
Liithi, Tsinober and Kinzelbach (2005), Messio et al. (2008) and Speetjens, Clercx and Van
Heijst (2004). These researchers used kernel regression and local linear kernel regression
estimates to smooth and interpolate the observed data. No theoretical analysis of the
estimates was provided.

In this paper we pose the problem of recovering velocity fields at arbitrary locations
and times as a non-stationary regression estimation problem with regression functions
changing in time. The regression functions are estimated by smoothing spline estimates
which are subsequently smoothed in time domain using the fixed design kernel regression
estimate.

We prove consistency of the estimates and apply them to real data obtained from the

3D-PTV measuring a time-dependent velocity field in a (rotating) water tank agitated by



an oscillating grid.

2 Definition of the estimates

Let (X¢,Y;) (t € [0,1]) be R? x R%-valued random vectors defined on the same probability

space. Let the corresponding time dependent d-dimensional velocity field
m :[0,1] x RY — R?

be given by
m(t,z) = E{Y;|X; = x},

and denote the distribution of X; by u;. For N € N we consider equidistant time points

k
te=tu(N) =+ (k=0....,N)

and we assume that for each time point ¢; we are given a velocity field sample

’Dntk = {(){}tk)7 Yl(tk))7 e, (X(tk) Y(tk))} .

Mt 77 Nty

Let k € N with 2k > d and denote by W¥(R?) the Sobolev space containing all functions
f : R4 — R? where all derivatives of total order k of all components are in L?(R?). The
condition 2k > d implies that the functions in W¥(R9) are continuous and hence the
evaluation of a function at a point is well defined. Let mgfk)() = mﬁfg}(.,pmk) be the

smoothing spline estimate of m(t,-) defined by

Ntk
1 2
5k (1) = i - () _ (k) 72
() =g min [n DM AR e Jk<f>] 1)
where
k! ok f 2
Ji(f) = > ﬁ/ Far (@) de, (2)
1o g €N, oo g = arl-...-ag! Jra || 027" ... Oy )
and by
mit) (2) = Tpilly) (2) i= max (min (%) (2), By ) ,~Bn) (@R, (3)

Here ||-||2 denotes the Euclidean norm in R? and the truncation level By > 0 is a parameter

of the estimate which we will choose later such that Sy — oo (N — o00).



Let [ = (dH;_l) and let ¢1, ..., ¢ be all monomials z{" - ... z3¢ of total degree

a1+ ...+ ag less than k. Define R : R — R by
u?*=4 log(u) if 2k —d is even,
R(u) =
uw2k=d if 2k —d is odd,

where log(z) is the natural logarithm of z > 0. It follows from Section V in Duchon (1976)

that there exists a function of the form

n l
- ¢
(@) = aiR(le = X ll2) + b (@) (4)
i=1 j=1
which achieves the minimum in (1), and that the coefficients ay,...,ay,b1,...,b; € R?

of this function can be computed by solving d linear systems of equations. Under some
additional assumptions on the X ftk), ceey Xy(fk) this is also shown in Section 2.4 of Wahba
(1990).

In order to estimate the velocity field continuously in time, we make local averaging of

the above regression estimates. Let K : R — R be a function (so-called kernel) satisfying
C1- I[—a1,a1](x) < K(Z’) <c2- I[—az,CLQ](x) (‘T € R) (5)

for some as > a1 > 0,c9 > ¢; > 0, where I4 denotes the indicator function of the set A,
and let Ay > 0 be the so-called bandwidth of the kernel estimate. We define the kernel

estimate of the velocity field by

_ iemi @) K ()
o ulek(5)

mN(t,x)

3 Main theoretical result

In our main theoretical result we impose the following conditions on the underlying dis-

tribution:
(A1) (X4, Y;) €[0,1]% x R? a.s. for all ¢ € [0,1].
(A2) The random variables
(i Y ), (X 0, (0, v {)

NE 7" Nng

are independent and identically distributed (k € {0,...,N}).



(A3) supyejo 1] E{|Y[®*]} < c3 for some constant c3 € Ry.

(A4) m (defined by m(t,z) = E{Y;|X; = x}) is continuous on [0, 1] x [0, 1]¢.
(A5)
B sup  sup |pi(A) = py ()] =0 (N — o0)
k:|t—tk‘§h]\r AeBd

for all ¢t € [0, 1].

Remark 1. Assumptions (A44) and (A5) are plausible in the application described in
Section 4 due to the viscosity of the water.
Remark 2. In case that a density f(¢,-) of u; exists (with respect to the Lebesgue-Borel

measure), which is Holder continuous with exponent a with respect to t, i.e., which satisfies
[f(t,x) = f(s,2)| SOt —s| (s, €[0,1],2 € [0,1]%),
we have for any A € By, A C [0,1]¢
() = ()] < [ 1ft,2) = ftr )] de < Ol ="
Hence in this case condition (A6) is implied by
By B =0 (N = o00).

Theorem 1 Let the estimate m,, be defined as in Section 2, where the kernel K satisfies
(5), assume that
T, S {nmin(N)anmin(N)+17---7nmax(N)}a (7)

and assume that the parameters of the estimate satisfy

At € Ponin (V) A (N)] (8)

BN/ Mmin(N) — 0 (N — 00), 9)

BN — o0 (N — o0), (10)

g et ol o (¥ - ), (1)

;1V+d/k . log(nmax(N)2 . ﬁ]QV)

— O (N — OO), (12)

5



Amaz(N) =0 (N — o0), (13)

and

hy =0 (N — o0). (14)

Assume furthermore that the underlying dsitribution satisfies (A1)-(A6). Then
E [ lin(t.2) - m(t. )| ldz) ~ 0 (N = o),
for all t € [0,1].

Remark 3. Assume that for some r > 0

2 Nmaz (V)

. > 5+2d/k < N" — 5
Nmin(N) > log(N) y Nmaz (V) < NT and  log(n) Tomin (V)2

—0 (N — o).

Then the above conditions on the parameters are e.g. satisfied if we set Sy = log(V)
and choose Ajq.(N) and hy such that (13) and (14) are satisfied and choose Ay (V) <

Amaz (V) such that
3+10k/d

= o R

4 Application to real data

In this section we apply our estimation procedure to real data collected by Kinzel (2010).
The aim of the experiment was to measure turbulent fluid flows in a water tank agitated
in the first experiment by an oscillating grid and in a second experiment by a rotation of
the water tank and by an oscillating grid in order to validate a theoretical model. The
measurements were performed by a 3D-PTV method. Two kinds of Polystrene particles
were seeded into the fluid and illuminated by a laser light. The scattered light was collected
by two high-speed cameras with 1024 x 1024 pixels resolution in combination with image
splitters that mimick a four-camera setup for each of the high-speed cameras. The cameras
collected images at a rate of 125 Hz over the period of 40 seconds yielding 5000 images
for each camera. The first camera collected data from 60um Polystyrene tracer particles
within a large observation volume of size 50 x 50 x 40 mm3, while the second one was
focused on 80um Polysterene Rhodamin tracer particles within a small observation volume

of size 15 x 15 x 15 mm? inside the larger observation volume. With this setup the seeding



3 was achieved for the large observation volume and 200

density of 15 particles per 10 mm
particles for the small observation volume.

In the sequel our estimates are computed from the data collected within the large
observation volume. We use data from the small volume only for evaluation of the esti-
mates. Trajectories of tracer particles of approximately 20 time steps modeled by cubic
splines have been fitted to the observed pictures in order to estimate the positions and
the velocities of the tracer particles. Here not all particles were sucessfully matched, in
particular due to lack of light close to the boundaries of the observation volume. Hence it
is impossible to determine complete trajectories of the tracer particles. The correspond-
ing data consisting of pairs (z,y), where 2 € R3 is the location of a particle and y € R?
is its velocity, for time ¢ = 20s is illustrated in Figure 1 (large tracer particles for the
experiment without rotation), Figure 2 (small tracer particles for the experiment without
rotation), Figure 3 (large tracer particles for the experiment with rotation) and Figure 4
(small tracer particles for the experiment with rotation). Here each data point (z,y) is
represented by an arrow located at the particles position with direction and length given
by y.

In Figures 5 and 6 we show the kernel smoothing spline estimate with naive kernel
applied to the data corresponding to the larger tracer particles for the experiment without
rotation and for the experiment with rotation, resp. Here the smoothing parameter of
the smoothing spline is chosen via generalized cross-validation, and the bandwidth of the
kernel estimate is chosen from the set {1, 2, 3,4, 6,8, 12} via 20-fold cross-validation. ;From
Figures 5 and 6 we can clearly see the different shapes of the currents in the flow in the
two situations, and this is much better visible than in the originally measured data (cf.
Figures 1 and 3).

If we compute the empirical Ly risk for this estimate on the data corresponding to the
smaller tracer particles (which is not used for computation of the estimate) we get for the

experiment without rotation 0.000833. Here the same value for the empirical Lo risk is



also achieved for the smoothing spline estimate using only the data from time ¢ = 20s.
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Figure 1: Measured data for the large tracer particles in the experiment without rotation

for time ¢t = 20s.
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Figure 2: Measured data for the smaller tracer particles in the experiment without rotation

for time ¢ = 20s.
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Figure 3: Measured data for the larger tracer particles in the experiment with rotation

for time ¢ = 20s.
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Figure 4: Measured data for the smaller tracer particles in the experiment with rotation

for time ¢ = 20s.
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Figure 5: Kernel smoothing spline estimate for time t = 20s with naive kernel for the

experiment without rotation.
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Figure 6: Kernel smoothing spline estimate for time t = 20s with naive kernel for the

experiment with rotation.
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But if we compute the corresponding values for the experiments with rotation the empirical
Lo risks are 6.92 - 107° in case of our newly proposed estimate and 7.18 - 107° in case of

the smoothing spline estimate using only data at time ¢t = 20s.

5 Proofs

We begin with two auxiliary lemmas needed in the proof of the main result. As we will see
in the proof of the main result, it suffices to formulate and prove these auxiliary results
for scalar response variables.

For our first lemma we introduce the following notation: For a random function f :
RY — R (i.e., f(x) is a random variable for each x € R%) let E(f), Var(f) : R — R be

deterministic functions defined by

E(f)(x) = B{f(x)},
Var(f)(z) = Var{f (¢} = E{|f(z) — B(f(2))*}.

Set tp, =k/N(k=0,...,N), let m:[0,1] x R? — R and assume
Yy =m(ty,:)+e (E=0,...,N)
where €, ..., en : R — R are random functions satisfying
E(e-e,)=0 (I,ke{0,...,N}I#E).

Let Yy, ..., Yy be arbitrary random functions R? — R and define
Zivzo YK (%)
my (t7 ) =
N t—t
im0 K (h_Nl)

for some hx > 0 and some kernel K : R — R satisfying (5). For ¢ € [0,1] let u; be a

probability measure on R%. For f:R? — R and p > 0 set

i = ([ e i)

Then the following result holds.
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Lemma 1 Assume N -hy > 1/a1. For any t € [0,1] we have

E (um(t, ) —mit, ’>H%2<m>)

<3. E|Y), — Yi|? 3
B k:|t—g3|2)[(12~h1\7 H b k”L2('ut) *

(&) 1

. E(é2 S
1 ay k - gl\iﬁg iy H (ek)HLl(/Jt) N - hN

e (e ) = )1
Proof.
B (Il (t,) = mlt )
- x| o - Yok () Soak ()
Sl K () Nk (4
S ilo(mit, ) = mit, ) K () |2 >
S K (52) L)
< 3.E ZszO(Yk_Yk)K(tf:ztvk) 2
iy (t tl) La(e)
sm SV gekK<t tk) 2
Sk (%) 1,
13.E co(m(ts, ) —m(t, ) K <tﬁff> 2
S K (G0) o
def

= 3'T1’N—|—3-T27N—|—3'T37N.

By pointwise application of Jensen’s inequality and by the triangle inequality we get

i E Zivzo(yk_yk)fi(%)
S K (52) -
o[ B vk ()
Sk (%) L,
< SN B (e = i)l 1) - K (522)
- S0 K (52)
< max  E(|V; = Yill7, ()

k|t —t|<az-hy
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An application of Fubini’s theorem, and use of E(¢; - ¢) = 0 for [ # k, and application of

the triangle inequality yields

=t )\ 2
Zk—OEkK<hN)
TN = R
()
1=0 -
L (pe)
N _
> K <th£k) E{e
- 2
N t—t
(S & () .
1(pe)
N
1 t—t
- >k (k) It
- 2 ESIL (pe)
I =T
K§C2'I<[7a2,a2] i\;o K (%) o
- ‘32‘< N K<ﬂ))2 L Lol C 3 P
1=0 .
KZClI[*(Ll,(Ll] C2 1
= IB{} 24 )

c1 a1 "N - hn k: \tk t|<h

where the last inequality follows from equidistant distribution of ¢; in [0,1] and the as-
sumption N - hy > 1/ay. Finally, by pointwise application of Jensen’s inequality and by

the triangle inequality we get

e : Zz 0 (t tl) Z;)K<t_tk> I (t’“")_m(t"))z\lh(m

te, ) —mt, )2 .
k:\tkinﬂaﬁ)t(lz-hN ”m( b ) m( 7 )”L2(Mt)

K<e2ll-az.a;)
<

The proof is complete. O
In our next auxiliary lemma we prove a uniform consistency result for multivariate

smoothing spline regression estimates.

Lemma 2 Let L : [0,00) — R4 be a monotonically decreasing function satisfying
L(h) =0 (h—0).

For constants cy, c5 let D be the class of all random variables (X,Y) satisfying

(A1') X Re-valued, Y R-valued,
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(A2') X € [0,1]¢

(A3') B{|Y "} < a4,

(A4") supgepo1)e [m(z)] < es,

(A5') For all z,z € R |m(x) — m(2)| < L(||z — z||2).

For N € N let On, Amin(IN), Amaz (N) € Ry and let mupin(N), Nz (N) € N, such that
/\mzn(N) < )\max(N) and nmm(N) < ’I’Lmam(N). For (X,Y) € D let (Xl,Yl), (XQ,YQ),. ..
be i.i.d. copies of (X,Y), which are independent of (X,Y), and let A = S\(N) and

A

= n(N) be random variables with values in
Anin(N)y Amaz (N)] - and  {nmin(NV), nmin(N) + 1, ..., Nnaa (N) }, resp.

Define a smoothing spline estimate m_ 5 by

fnﬁ’j\(-):ar min [ Z|Y FXHP2+X- Jk(f)]

fEWk(R4)
where
) k! ok f 2
Jilf) = 0617---,0!d6N,ZOC;+---+05d:k ol ooy /Rd ozt ... axgd ()| dz,
and by
my, 5(x) = Taymg, 5(x)
where

T3y 2 := max{min{z, On },—OBn} (2 € R).

Assume that (9)-(13) hold. Then

sup E/|m m(x)]*Px(dz) — 0 (N — 00).
(X,Y)eD

Proof. The proof is an extension of the proof of Theorem 1 in Kohler and Krzyzak (2001).
Let € > 0 be arbitrary. In the first step of the proof we construct for (X,Y) € D a

deterministic approximation g, of m(xz) = E{Y|X = z} such that
/|m )*Px(dr) <e and Ji(ge) < cg- ¢

14



where ¢g € R4 does not depend on the distribution of (X,Y). To do this, let B be the
(univariate) B-spline of order M = k + 1 with support supp(B) = [0, M + 1] and knots
0,1,...,M +1 (cf., e.g., de Boor (1978)). Then B is k-times continuously differentiable,
and its kth derivative is bounded in absolute value by some constant. Choose K € N such
that

L(Vd- (M +1)/K) < e

and define g, by

gg(x(l), e ,x(d))

_ AN AR N IS N (@ _ Jd
- > m<KK> B(K (x K)> B<K (z K)).
Jiyeeeja€{—M,...K—1}

Using the fact that the basis functions from a B-spline basis sum up to one (cf., e.g., de
Boor (1978)) we get for any = = (zV), ... z@®) e [0, 1]¢
Im(z) — ge(2)] < sup m(z) —m(z)| < L(Vd- (M +1)/K) < /e,

alz@—z®D|<(M+1)/K

,,,,,

[ Imla) = ga)PPc(do) <
Furthermore, using that the derivatives of the B-splines are bounded and have compact
support and that at each point only (M + 1) of the products of the B-splines occuring in

the definition of g. are unequal to zero we get for some constant ¢; > 0 depending on M,

k and d:

Ji (9¢)
<cr-ck- max  max a—/LCB K-(:E(l)—j—l) -...-B K-(x(d)—j—d)
- o0 €h peRd ozt ... 0z K K

<cg-ck- K.
In the second step of the proof we split the Lo error as follows:

/Im m(@)*Px (dz) = E{lm, 5(X) = Y*} = B{|m(X) - Y|*}

= E{lm, 5(X) = YI*} = (1 + E{Jm, 5(X) - Y3, [*}

1 n
+H(1+oE (E{rmﬁ,gX) Vo PIDa} = 2 3 g 5(X) - m,ﬁNP)
=1

15
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1o .
Ha+ o (z|m X0 Yooyl 0 3500 -7

1+62E< Z\m YIQ—%Z!ge(Xi)—E’!Q)

i=1
+(1+¢)” (E{Ige( ) = Y*} = E{|m(X) - Y*})

(1 +€)* = DE{m(X) - Y[*}

where Y, = T3,Y and Y; g, = 13, Y:.
It suffices to show

lim sup sup Tjn<cy-€ (15)
N—oo (X,Y)eD

(7 €{1,2,...,6}) for some constant cg € Ry not depending on .

In the third step of the proof we show (15) for j = 1. Because of
1
(a+b)?<(1+ea®+(1+ E)b2 (a,b>0),

assumption (A3’) and condition (10) we have

1 1. E{|lyz, —Y|® 1
TLNS<1+—>-E{IY5N—Y|2}§(1+—>-w§(1+—)-C—§Ho
€ € ﬁN € ﬁN
(N — c0).

In the fourth step of the proof we show (15) for j = 2. Let A,, be the event that

1 n
TZ|Yi|2§2+C4-
ni:l

Using EY? < 1 +E{|Y|®} < 1+ ¢4, the union bound and the inequality of Markov we get

1 n
P(AS) = P{gZ\W2>2+C4}
=1
1 n
< P{= Vi —EY?>1
’ {z\ mvs }
1 n
< (Mmaz(N) — npin(N)) - max P<— YZ-2—EY2>1
(naa(N) = nin(N) - {ngli | }
n 4
< (s (N) — migin (V) B {7 S (% - B
=~ Nmazx — NMmin : max
WE{nmin (N)7...,nmax(N)} 14
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S (nmax(N) - nmzn(N)) :
nE{([Y]2 - EY2)4 402 (E{([Y2 - EY?2)2})?
max I )
NE{Nmin(N),...;nmaz(N)} n

Using
E{(YP-EY)'} < E{Y[}+6 E{Y['}- (B{Y})*+ E&{yY*}H*
< g+ 6-(T4es) (T4cy)+tes <8 (14cy)?
and
2
(E{(Y]?-EY?)?})" < (B{|Y]|"})* < 4
we get
n-8-(1+cy)?+n? ¢y
P(AS) < maz(IN) — nmin(N)) - max
(An) = (maa(N) = 7min () n€{nmin(N),.omaz (N)} n*
9-(1+cy)?
< (Mmaz(N) = nmin(N)) - W
On A,, we have
AR, < —Z|Y X2+ A T, 5)
1 R
< E;M—oﬁmdﬁm
< 24y,
hence
- 24 ¢4
2 ~ e
Jk (mn,)\) = Amln(N)v

which implies

2
s € PN = {TﬁNf 2 f e WHRY) and JE(f) < ﬁ}

Let Gy = {g RIXR - R : g(z,y) =|f(z) — Ty, y|? for some f € -7:N}- Using
1 n
1 n
: <E{’mﬁ’X(X) =5, [1Pa} - n D Imy 5(Xi) i,ﬁn’2> Ia, +482  Iae
i=1
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we get

1 2 c
e < B B0 F a0 | e
< E{Sup E{g(XY}——ZgXuYz)}
geEGN i=1
) 9- (14 cy)?
+48;, + (Mmaz (N) — Nnin(N)) - m

By using Theorem 9.1 and Lemma 20.6 in Gyorfi et al. (2002) we get as in Kohler and
Krzyzak (2001) for 6 > 0 and ¢ > § > 0 arbitrary

P! sup E{g(XY}——Zg (X5, V3| >t
9EIN i=1
< Nmaz(N) - max P < sup |[E{g(X,Y)} — — Zg (Xi,Y5)| >t
nanm(N) ge N i=1

.

2tey ~32ﬁN> +ci12

. Cll( Amin (V) t
< Ninaz(N) - 8 (CmﬂN Tomaa (IV )>

_t
320n

Tlmzn(N) . t2
P <_ 128(43%)2 >

>

5
<C13 MNmaz(N)? - ﬁ?\f)cM(\/*mz‘]Z(N)'t) < Nnin(N) 't2>
< exp | —c15 - ——5——
t ﬁN
C15 nmzn(N) . t2>
< exp (—— L S
2 ﬁj“v
for N sufficiently large, since
%
BN . 2 2 d
( Amm(N)-t> log (51\/ Nmaz (V) /t) ;1V+k -log (ﬁzzv‘nmam(N)2/5) L0 (N = oo)
Nomin () 'tz/ﬁ?\f = §2d/k i (N) - A (N )4/(26) 00

by (12).

Hence, for any § > 0 we get for N sufficiently large

E < sup
9eGN

§6+/ P ¢ sup E{g(XY}——Zng,Yz)
) 9eGN

o c15 Nmin(N) -t-9
o [ (a0
5 2 B

2ﬁ;1\[ C15 nmzn(N) i 62
. eXp —_—— 74
C15 5’1’me(N) 2 ﬁN

E{g(X,Y)} - —Zg X;,Y;)
=1

>t} dt

<d+ >—>5 (N — o0)
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since By /Mmin(N) — 0 (N — 00), and with § — 0 we get (15) for j = 2.
In the fifth step of the proof we show (15) for j = 3. Using

Tayz—y| < |z—y| forly| < pBy,zeR

and proceeding otherwise as in the third step of the proof we see that

T3,n

<(1+eE <% Z i, 5(Xi) = Yipy|? = (1 +¢) - = Z I, 5 (Xi) — Yzl2>
i=1 1=1

<(1+e)- <1 + 1) "E{|Ys, — Y|}

<(1+e)- <1+%> : 1;]6;4 0 (N — o)

In the sizth step of the proof we show (15) for j = 4. By the definition of the estimate

we get
1
Tyn
(1I+e2
1qm - < 1 )
<E <; D g 3 (X0) = Yil® + X TR (g 5) = — Y ge(Xi) = Yif* = A J,f(ge)>
=1 i=1
+5‘ ’ Jl?(ge)

g)\max(N)J]?(ge) S)\mam(N)'C6'C§ —0 (N_)OO)
In the seventh step of the proof we show (15) for j = 5. Here the assertion follows from
1
— —T5n = (B{lg(X) -Y]*} —E{m(X) - Y?
TR (E{lge(X) = Y} = E{jm(X) - Y[*})
— [ locw) - m(@)PPxds) <

In the eighth (and final) step of the proof we finish the proof by showing (15) for j = 6.

We have

sup Ton<e-(2+¢€) - sup 4-E{[Y’}<e-(2+¢)-4-(1+cy).
(X,Y)eD (X,Y)eD

Proof of Theorem 1. Since
[ o (t.2) = (e, ) 3 o)
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is the sum of the Ly errors of the d components of m,(¢,z), and since each of these
components is a penalized least squares estimate applied to a scalar response variable, it
suffices to prove Theorem 1 in case of a scalar response variable, which we will do in the
sequel.

For k € {0,...,N} let

D = {x" v ie i mbie o, k=1 U{X™ s je 1, m}}
Set
Y = m(ty, ) + e
where
e =mi) ()~ E{m (D},
and

Vi = Yi + E{m{ I} = mte, ) = mife)()

ntk

(k=0,...,N). Then we have for [,k € {0,...,N},l <k
E{e, - e} = B{E{¢, - [PV }} = B{e; - E{ex|D{}} = E{e, - 0} = 0.
Application of Lemma 1 yields

E/ o (8, 2) — m(t, 2)|? e (de)

<3 E{||V, - Y, 3.
- k:|t_§ﬁi}§2.h]v e = kHLQ(ut}"i'

1

. max E{¢ —_—
€1 a1 kift—ty|<ao-hn IE{€Hl L o N - hy

C2

3. . b — mit.-
T ket hNIIm( ko) = 0t )7 )
€2 1 . )
<3 1 ‘ ( k 0 .
max{ c1-aq N hN} ke |t tk|<a2 v / m ) m( & x) Mt( .ﬁU)
C2
o max (b, ) = mit )R, .

Cc1- a1 k|t tr|<az-hy

where the last inequality follows from
E [ it (e) ~ m(te, )| pu(da)
— [E{|nli@) - mtero| f mian
~ [ (B{jnt@ -2 @@} } + B { [p{m @PE} ~ mite.)]} ) il

= B M Ly oy + IBAIYe = Yl (-
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It suffices to show

2
max E/ ‘mgf)(x) —m(tg,x)| m(de) -0 (N — o0) (16)
k:|t—tk|<az-hy k
and
max [lm(ty,-) = m(t, )7, — 0 (N — o0). (17)

k:lt—ti|<az-hn
(17) follows from the (uniform) continuity of m on the compact set [0,1] x [0,1]¢ and
condition (14).

If 11,5 are measures on R? and f is a function on R? bounded in absolute value by

4- 512\,, then

<4- 512\, - sup |v1(A4) — a(A4)].

[ @)~ [ j@ )

AeBy
Hence because of (A5) it suffices to show
Kl th|Saahn / ‘ (o) a0, () (N = o0), (18)

which we do in the sequel by using Lemma 2.

Let D be the class of all distributions of (Xg,Y;) for some
se{l/N :1€{0,...,N},N € N}.

For s = I/N set 2n(N) = n = ny, = ny/y and A=AN) =)\, = Ai/n- By the assumptions
of Theorem 1 (in particular by the uniform continuity of m on [0, 1] x [0, 1]¢) it is easy to

see that the assumptions of Lemma 2 are satisfied, from which we can conclude

max /‘m m(tg, x) ,utk(dx)

k:t—tr|<a2-hn

< sup E/|m m(x)]*Px(dz) -0 (N — 00).
(X,Y)eD

The proof is complete. O
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