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Abstract

Given an independent and identically distributed sample of the distribution of an
R? x R-valued random vector (X,Y) the problem of estimation of the essential supremum
of the corresponding regression function m(x) = E{Y|X = z} is considered. Estimates are
constructed which converge almost surely to this value whenever the dependend variable

Y satisfies some weak integrability condition.
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1 Introduction

Let (X,Y), (X1,Y7), (X2,Y3) ...be independent and identically distributed random vec-
tors with values in R? x R. Assume E|Y| < oo, let m(z) = E{Y|X = 2} be the so-called
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regression function, and let 4 = P x be the distribution of the design variable X. Assume
that m is essentially bounded, i.e., assume that a ¢ € R exists such that |m(z)| < ¢ for

p-almost all x. The essential supremum of m is defined by
esssup(m) :=inf {t € R : m(x) <t for y-almost all x}. (1)

Replacement of m by |m| leads to the essential supremum norm of m.

In this paper we consider the problem of estimating the essential supremum of the
regression function m from a sample of the underlying distribution. More precisely, given
the data

D, ={(X1,Y1),...,(Xp,Yn)}

we want to construct estimates

M, = M,(D,) and X, = X,(D,)

such that
M, — esssup(m) (n— o) a.s. (2)
and
m(X,) — esssup(m) (n— o) a.s. (3)

One way of constructing such estimates is to use a plug-in approach. Here first we use the
given data D,, to construct an estimate my,(z) = my,(z,D,) of m(z) for € R%. Next we

construct our plug-in estimates by

~

M, = ess sup,cpamn () = ess supmy,

and, if possible,

Xy = argess supycpamn ().

For the latter estimate it is necessary that the regression estimate has at least at one point
the same value as the essential supremum. In case that there exists several points with

this property, we choose anyone of them. It is easy to see that then
ess sup era|mn(x) —m(z)| =0 (n— 00) a.s. (4)

implies (2). So to get consistent estimates of the essential supremum, this approach

requires that the regression estimate be consistent in essential supremum norm.



Various consistency results for regression estimates in (essential) supremum norm can
be found, e.g., in Devroye (1978a) and Hérdle and Luckhaus (1984) and in references
therein. Under rather weak assumptions (4) was shown for the nearest-neighbor regression

d q.s. for some

estimates in Devroye (1978b). The main result there is that for X € [—¢, ¢]
¢ > 0, supger_cqe E{|Y|"|X = 2} < oo for some r > 2d + 1 and for continuous m the
estimate satisfies

sup |mp(z) —m(z)| -0 (n— o) a.s.
x€[—c,c]?

Hence under these assumptions the corresponding plug-in nearest neighbor estimates of
ess supm satisfy (2) and (3).
In this paper we show that by a direct analysis of suitably defined estimates M,, and

Xn we get consistency under essentially weaker assumptions. In particular, we show
M, — ess sup(m) (n — o)

for all distributions of (X,Y") such that the regression function is essentially bounded and
E (|Y|log, (|Y])) < oo, where
log(z) if z>1,
0 if z<1.

log, (2) :=

If, in addition, m is uniformly continuous, we also have

m(X,) — esssup(m) (n — o) a.s.

1.1 Notation

Throughout this paper we use the following notations: |z| denotes the Euclidean norm
of x € R?, ;i denotes the distribution of X and m(z) = E{Y|X = z} is the regression
function of (X,Y). We write mod y in case that an assertion holds for y-almost all z € R

The essential supremum of a function g : R — R is defined by
esssup(g) :=inf{t e R : g(z) <t mod u} .

Let D C R% and let f : R — R be a real-valued function defined on R?. We write

x = argmax.ep f(2) if max,cp f(2) exists and if = satisfies

xe€D and f(z)= I;leapr(z).



Furthermore we define

log(z) if z>1,
logyz ==
0 if z<1,

for z €e Ry

1.2 Outline

The definition of the estimates are given in Section 2, the main result is formulated in

Section 3 and proven in Section 4.

2 Definition of the estimate
Let (hy,)n be an arbitrary sequence of positive numbers satisfying
hp, — 0 (n— 00),
let K : R — R be a kernel function satisfying
K(z) >c-1g,.(z) (x€ Rd),

where S, is the (closed) ball of radius 7 centered at the origin and 14 denotes the indicator
function of A. Let
Sp(z) =2+ S,

be the ball of radius r centered at x, and let u,, be the empirical distribution of Xy, ...,
Xy, ie.,
1 n
A(A) ==Y 14(X;) (ACRY.
) = 31X (4 SR

We estimate the essential supremum of the regression function by the kernel estimate:

. Z?:l Yi- K (%XZ)
M, = sup X_" , (5)
R (S ()21 hox() 327 K (452 )

where sup ) = —oo and 0/0 = 0. It follows from the proof of Theorem 1 below that under

the assumptions there we have with probability one M, € R for n sufficiently large.



Furthermore we estimate the mode of the regression function by the mode of the above

modified kernel estimate:

- Z?:l Yi- K (%Xl)
X, = arg max -

TR in(Sronn (@))21/Tog(n) - 50| K (r—Xj)

(6)

hn

Here we assume for simplicity that the maximum above exists. In case that it does not

exist, it suffices to choose X, € R? such that

S v K (555 Y Y K ()
n Xn—X; - d. Supb n X o
K ( - g) 2€R i (S (2))21/log(n) - Y7 K (53

n

for some €, € R satisfying €,, > 0 (n € N) and €, — 0 (n — 00). It is easy to see that the
proof of Theorem 1 remains valid with this modification of the definition of X,.

Remark 1. Assume d = 1 and let K = 1|_; ;] be the naive kernel. Then we have for

z,z € R?
n =X, n
S YK (X)) Ly v (%)
SLK() e
n n - z—X;
_a i Yils, X))  ZisV K (572)
ENE) S K (55
whenever

{lgifn:XiGShn(:L')}Z{ISiSn:XZ‘EShn(Z)}.

Hence if we want to compute all values of the estimate, it suffices to consider only those
intervals Sy, (z) = [x—hp, £+ hy,], where one of the two borders x — h,, and z+ h,, coincides
with one of the data points. This implies that the estimates (5) and (6) can be computed
in practice in finite time for d = 1 in case of the naive kernel.

Remark 2. Assume d > 1 and assume that the regression function be uniformly contin-
uous. In this case it is easy to see that the proof of Theorem 1 remains valid if we restrict
the arguments of our estimate to finitely many values on some equidistant grid, provided
we decrease the grid size and increase the area of the grid more and more as the sample
size tends to infinity. In this case the estimates (5) and (6) can be computed in practice

in finite time even for d > 1 and for a general kernel.



3 Main result

Let the estimate M,, be defined as in the previous section. Then the following result is

valid:

Theorem 1 Let (X,Y), (X1,Y1), ... be independent and identically distributed random

variables with values in R% x R. Assume
E (|Y|log, |Y]) < oo, (7)

and assume that the regression function is essentially bounded. Let K : Ry — Ry be a

monotonically decreasing and left—continuous function satisfying
K(+0)>0 and t'K{#*) —0 as t— oo.
Define the kernel K : R* — R by
K(u) = K(|[ul®) (ueR?)

and let the estimates J\an and Xn be defined as in the previous section. Assume that h, > 0
satisfies

hp —0 (n—o00) and log(n) -h? — oo (n— o0). (8)

Then the following assertions hold:

a)

M, — esssup(m) a.s. 9)

b) If, in addition, m is uniformly continuous and if the kernel K has compact support,
then

m(X,) — ess sup(m)  a.s. (10)
Remark 3. The proof of Theorem 1 below leads to the following extension of the strong

uniform consistency result of Devroye (1978b) on regression estimation mentioned in Sec-

tion 1: Let m,, be the k,-nearest neighbor (k,-NN) regression estimator, i.e.,

1 n
mn(z) = T ZYZ Ly s among the k, NNs of z in {X;,....X,}}
" i=1



with &k, = [2-], n > 2 (where [z] denotes the ceiling of z € R). Let A be an arbitrary

logn

compact subset of R? and denote the support of the distribution of X by supp(u). Then

sup  |mp(xz) —m(z)] =0 a.s.
zEsupp(p)NA

for all distributions of (X,Y") with ties occuring with probability zero, continuous regres-
sion functions and E{|Y'|-log, (]Y|)} < oco. The ties condition is fulfilled if the distribution
of || X — z|| is absolutely continuous for any = € R?, which can be assumed without loss
of generality (see, e.g., Gyorfi et al. (2002), pp. 86, 87). This consistency result can
be obtained by a modification of the proof of Theorem 1 in Section 4. One considers a

modified naive kernel estimate m,(z) (K = 1g,) with a data-dependent local bandwidth

() = min {h 50 ¢ pn(Sh(z)) > logl(n) } .

Further one inserts E{Y - 1g,  (2)(X)}/P{X € S, (x)(2)} between my(x) and m(z).
Remark 4. The proof of Theorem 1 below is based on (uniform) exponential inequalities
for the sums of independent random variables (Theorem 12.5 in Devroye, Gyorfi and Lugosi
(1996) and Theorem 9.1 in Gyérfi et al. (2002)). By using Theorem 5.1 in Franke and
Diagne (2006) and the remark there concerning Theorem 1.3 (i) of Bosq (1996) instead
it is possible to show that Theorem 1 remains valid if we replace the assumption that
the data are independent and identically distributed by the assumption that the data
are stationary and a-mixing with geometrically decreasing mixing coefficients «,, or even
polynomially decreasing «, satisfying a,, = O(n™") for some v > 1.

Remark 5. Assume E|Y |1 < oo for some p € (0,1]. Let § € (0,1/4) be arbitrary. By

replacing in the proof of Theorem 1 the inequality

log(|yl)

Ulyl>ney = Jog(na)  Hivl>n)

by
P

Y|
Lijyjsney < ) Lijy>ne)

with s € [0,1/2 — & - p) it is easy to see that in this case the estimate

-X;
_ Z?ﬂ}/i'K(xhn )
M, = sup

2R i Sy ()20 00 37 K (Iﬁf j)




satisfies

M,, — esssup(m) a.s.

provided we choose h,, > 0 such that

hp—0 (n—o00) and n°? -hd = o0 (n— o).

4 Proofs

Proof of Theorem 1. a) Let s € (0,3) be arbitrary. Using well-known results from
VC-theory (cf., e.g., Theorem 12.5, Theorem 13.3. and Corollary 13.2 in Devroye, Gyorfi
and Lugosi (1996)) we get

z€ER4

’ { sup |pn(Srh, (7)) = Px(Srn, ()] > 6} <8.ntt?2. e 5,

Furthermore we can conclude from Theorem 9.1 in Gyorfi et al. (2002) and the proof of

Lemma 3.2 in Kohler, Krzyzak and Walk (2003)

1 — r—X; r—X
P —E:K ~E!K
{jélﬂsd n= < hin ) { ( hn >}

2:(d+3) n-e2
< 16 - <w> .e 128K(0)2

€

and

1 — r—X; r—X
P Y Ly ensy - K —E{Y -1 ¢
{xsgﬂgi "; {¥l<n < hn ) { {¥l<n?} < hn >}

2-(d+3) e
<16- (W> .e 128K(0)2n2Zs
€

g

Application of the Borel-Cantelli lemma yields

SUPyerd |fin(Sr-h, (%)) = Px (Sp.n,, (2))]

0 a.s. 11
NG —~0 a.s., (11)
SUPzeRrd %Z?=1K<x;i(l) _E{K (x’;f()}‘ 0 (12)

NG a.s.,

and
SUDgemrd | et Yi* Lwij<nsy - K (wﬁf) —E{Y  lgyjzny K <x’:”X>}‘
— — 0 a.s.

logn/n2 (13)



Using
c1-1g.(x) < K(z) < K(0) =: 2

we see that for any = € R? satisfying ji, (S, () > 1/log(n) we have

LK () Bk (5Y))

sk () B{K (%))

LY Ay - K (52) . Y Y Lygeney - K (522)
Ly K (5) S K (2

B{Y Lyicoy K (552) ) B{Y Loy K (

B{r ()} B {K (5
i il Ly BV Lgyioney)
c1-1/log(n) 2 P x(Srn,(z))
S Y ey K (552%) B Ly K (55))
()R]

= Tl,n + T2,n + T3,n-

< e

Next we show

sup Tin — 0 a.s.
TERY: iy (S, ())>1/ log(n)

for i € {1,2,3}.
For i = 1 we have for any L > 1 and n sufficiently large

n 1\ | . log|Yi|
%2121 Y;| - Liyi|>ne} T >ic 1Yil - zog(ns) “Lyvisne)
1/log(n) - 1/log(n)

1 1
= —-=) Y| log|Yi| gy, sns
- ”;:1‘ |- log [Yi] - 1jy; > nsy
1 1
< g.ﬁ§:|n|~logliﬁl'1{m|>u
=1
1
= S B{Y[-log|V]- Lypsry ) as.

by (7) and by the strong law of large numbers. And because of (7) we get

for L — oo, from which (14) follows for ¢ = 1.

>}‘

(14)



For 7 = 2 we observe

E{lY] 1fjy|>n}}
sup
zERY: 1, (Sy.pyy, (2))>1/ log(n) PX(ST'hn (IE))

E{v] 280 1y 1anny)

SzeRd:un(Srijg))zl/log(n) pin (S (2)) = (pin (S () = P (Sron, (2)))
L E{[Y]-log([Y]) - 1{jy|>ne}}

~ s log(n) - (1/1og(n) — supyega [pn(Sr-n, (%)) = Px (Srn, (2)))])

1 E{Y[-log([Y]) - 1{jyj>n+} }

s 1—log(n) - sup,ega |pn(Sr-n, (2)) = Px (Srn, (2)))]
Because of (7) we have

E{[Y]-log([Y]) - 1gjy|sns}} — 0 (n — o0),

and together with (11) this implies (14) for i = 2.

In order to show (14) for i = 3 we observe that we have for any z € R? satisfying

B =3
S K () B{x (52)]
_ E{K <Iffnx>}(% Z?:lyz"l{mgns}‘ff(x ) E{Y  1{y|<ne} - K<

ok () B (6 ()
LTGRO
(v ()

tn(Sr-p, (x)) > 1/log(n) for n sufficiently large

i Y yvij<ney - K (ﬁf) E{Y - 1y i<y K <x

1 Ly K< -X; )
%Z?:l Yi- Lyvii<nsy - K (w > E{Y - Lijyi<nsy

(=)}
¢t fn(Srn, ()
) el () -1 ()
(

r—

hn

IN

BV Lgvica K (2
c1-Px(Spn, (z)) c1  pin(Sr.n, (2))
%Z?:m-l{\msm}'ff(x ) E{Y - Lyi<nsy - K $h71X>
c1/log(n)
N c2log(n)?/v/n - E{|Y] - 1y |<ps}}
c1log(n) - (1/log(n) — (n(Srn, (%)) = Px(Srp,(2))))
[{x ()} - Ao x (=50)]

c1log(n)/v/n

<

Because of
log(n)®/v/n - B{|Y |- 1{y|<nsy} < log(n)*/vn E{|Y|} =0 (n— o0)

10



and

lim inf log(n) - (1/log(n) — sup |un(Sr.h,(z)) = Px(Sp.n, (2))]) > 0

oo z€R
(which follows from (11)) we conclude from (12) and (13) that (14) also holds for ¢ = 3.

Summarizing the above results we see that

_X; _
S Y K () B{Y K (55

R (1 ()21 og(n) S K (55 Rt (51 (221 o) B{K(52)}

Z?:lYZK(%) E{YK<I’;X)}
< sup o
@€RL:in (Syny, (1)) 21/ log(n) | D1 K (xﬁfl) E {K (II;LX> }

—0 a.s.,

hence it suffices to show

sup — esssup(m) a.s.,

SERL: 11, (S () 21/ og(n)

i.e., (because p(A) = 0 implies pn(A) =

I = sup — esssup(m) a.s. (15)

TERL (S hy, (£))>0,14n (S, ()) 21/ log(n) K {K (x’;nX)}

To show this, we first observe that for any n € N and any = € R? satisfying u(S,.5, (z)) > 0

we have:

E{YK(I;”X)} E{m(X)-K x;X)} esssup(m)-E{K(wgf)}

G G N T o)) B GG | A
Thus
lirllsup Zn < ess sup(m). (16)
We notice

log(n) - pn(Sy-n, () = log(n) - (n(Sr-n, () — 1(Sr-n, (2))) +log(n) - w(Sp.p, (z)) — o0

a.s. mod p, because according to (11)

1og(n) - (110 (St () = (S, (2))) = 0 a.s.

11



and

log(n) - f(Sy, (2)) = c(x) - log(n) - bt mod p

for some c(x) > 0 (cf., Devroye (1981) or Gyorfi et al. (2002), Lemma 24.6), and by (8)

log(n) - he — 00 (n — o).

Therefore we have with probability one

log(n) - pn(Sy-p, (x)) > 1 for n sufficiently large mod p.

Define the random set B by

B = {m e R? : log(n) - pn(Srn, (z)) > 1 for n sufficiently large}.

Then we have p(B) = 1 with probability one according to (17). Set

H = {z eR?: ¥neN: u(S,.p, (2) >0 and

Jmi@) - K (%) n(do)

J K (452) udz)

By Lemma 24.8 in Gyorfi et al. (2002) we get u(H) = 1.

For every z € BN H we have

lim inf Z,,
n—oo

E{Y K (Z*X }
lim inf -

P e ()
<

lim inf

h
— -X
z

Because of (BN H) =1 this implies

liminf Z,, > m(z) mod pu.

n—oo

12

—m(z) (n— oo)}

(17)



But from this we can conclude

liminf Z,, > ess sup(m) a.s., (18)

n—oo

thus (18) and (16) imply (15), which completes the proof of (9).
b) Because of (17) and the definition of X,, we can assume in the sequel w.l.o.g. that
fin(Spn, (X)) > 1/log(n). Using the uniform continuity of m, u(Sy.s,(X,)) > 0 a.s.,

K(u) =0 for |lul]| > § for some § > 0 and h,, — 0 (n — oc0) we get

I K (52) pldo) _ Jim(%) = m(@) K (%) )
m(X,) — —
J K (%2) (o) f K(Xn £) p(d)
< s @) -m) =0 (o),

2,2€R||w—2||<6-h,

hence in order to prove (10) it suffices to show
Jm@)- K (52) pldo)
J K (52) ()
As in the proof of (16) we get
Jm(z) - K (XZ;I> p(dz)  esssup(m)- [ K ( ) w(dx)
<

JE (82 naz) T (522) pldo)

— esssup(m) a.s.

< ess sup(m).

Set

Y Y K (5
A, = sup
R (S ()21 o) | 30 K (27

By definition of X,, we have for any z € R satisfying f,,(S,.1, (2)) > 1/ log(n)

Jmi@) - K (52) p(de) LK (E4=)

JE (S utdn) S K () o
LYK ()
zzglK(Z;ni) '

13



which implies that we have with probability one

S mi@)- K (52 u(da)

[K <¥) p(da) R
From this,
A, = sup Z?ZIYZK(%> _ E{Y K(“’”,?f)} —0 a.s.
R (S (1))21 logtr) | Yy K (5524 B{r ()}

(cf., part a) of the proof of Theorem 1) and (18) we conclude

lim inf Jmio) K (%) )
K (322 p(de)

> esssup(m) a.s.,

which implies the assertion. O
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