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Abstract

Given a stationary and ergodic time series the problem of estimating the conditional
expectation of the dependent variable at time zero given the infinite past is considered. It
is shown that the mean squared error of a combination of suitably defined local averaging
or least squares estimates converges to zero for all distributions whenever the dependent
variable is square integrable.
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1 Introduction

Let ((X,, Yn)),cz be a stationary and ergodic sequence of R? x R-valued random variables
with E {YOZ} < 00. In this paper we consider the following static forecasting problem:
Given the dataset

D= {(Xon, Vo), (X1, Yopgn), o5 (X1, Yoq)}

and Xy, construct estimates m,,(Xo, D_}) of
E{Yo| X%, Y L} == E{Yy| X0, (X_1,Y1), (X_0,Y 0),...}
which are weakly consistent in the sense that they satisfy

E{\mn(Xo,D:}L) —E{Y0|X900,Y__olo}|2} 50 (n— o0). (1)

*Running title: Weakly universally consistent forecasting
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In the sequel estimates m,, are constructed which are weakly universally consistent, i.e.,
which satisfy (1) for all stationary and ergodic time series with E{Y?} < oo. The main
aim is to construct the estimates in such a way that they are easy to compute and thus
applicable in practice.

In the existing literature there are several results concerning consistency in various

senses for nonparametric estimators under more or less strong mixing assumptions on
the data [e.g., Collomb (1985), Marton and Shields (1994)]. The monograph by Gyorfi,
Haerdle, Sarda and Vieu (1989) gives additional information. A big drawback of all
these estimates is that mixing conditions are not verifiable in practice what makes them
difficult to apply. Therefore it is desirable to construct estimates which are consistent in
the above sense under considerably weaker conditions (e.g., stationarity and ergodicity
of the data).
Several authors have investigated forecasting problems with stationarity and ergodicity
as sole assumption on the data, usually in the context of autoregression (where there is
no X; only Y;). Cover (1975) formulated two fundamental classes of prediction problems
for stationary and ergodic time series, the static and the dynamic forecasting problem.

In the dynamic forecasting problem, specialized to autoregression, one wants to find an
estimator F (Yg 1) of the value E {v, | YO"_I} such that for all stationary and ergodic
sequences {Y;}, it holds

Tim [By) ~E{ [T =0 as
Bailey (1976) showed that the dynamic forecasting problem cannot be solved in general,
a much simpler proof of this result was given in Ryabko (1988). For related results see
also Gyorfi, Morvai and Yakowitz (1998) and Weiss (2000). In case that the ergodic time
series takes values from a finite alphabet Morvai and Weiss (2005) proposed a very simple
estimator which is pointwise and weakly consistent for all such stationary and ergodic
time series.

In the so-called static forecasting problem, specialized to autoregression, one wants to
find an estimator E(Y ') of the value E {vo | Y:OIO} such that for all stationary and

n
ergodic sequences {Y;},., it holds

Iim E(YS)=E{Yo|Y L} as

Ornstein (1978) gave such a strongly consistent estimator for the case that the time series
values are finite. The algorithms of Algoet (1992) and the simpler algorithm of Morvai,
Yakowitz and Gyorfi (1996) yield strong consistency for bounded stationary and ergodic
sequences. For more results in view of static and dynamic forecasting and concerning
connections and related problems we refer to Morvai, Yakowitz and Algoet (1997), Gyorfi,
Lugosi and Morvai (1999), Gyorfi and Lugosi (2000), Gyorfi and Ottucsédk (2007) and
Morvai and Weiss (2011).

However, the estimates above are rather difficult to compute or consume data rapidly
so that it is not clear whether they can be applied to any real or simulated data set.
Moreover, it is known that a simple partitioning estimate which is strongly universally



consistent in the case of mixing assumptions fails to be consistent when the data is only
stationary and ergodic (cf., Gyorfi, Morvai and Yakowitz (1998)). Thus it is reasonable
to conjecture that in case of stationary and ergodic data strongly universally consistent
estimates, which are easy to compute, do not exist.

An application of weakly universally consistent estimates in mathematical finance is
given in Kohler and Walk (2010). There the problem of exercising an American option
in an optimal way is considered. An estimate of the optimal stopping time is constructed
which achieves for sample size tending to infinity the optimal expected discounted payoft
whenever the returns of the underlying asset are stationary and ergodic.

In Jones, Kohler and Walk (2011) it was shown that by applying the ideas of Kohler
and Walk (2010) it is possible to construct weakly universally consistent localized least
squares estimates. There techniques from the theory of prediction of individual sequences
(cf., e.g., Cesa-Bianchi and Lugosi (2006)) are used to choose the smoothing parameters
of the estimates. The same ideas have already been applied to sequential prediction
problems where estimates are constructed which are universally consistent with respect
to a normalized cumulative prediction error, see Gyorfi and Lugosi (2002), Gyorfi and Ot-
tucsak (2007) and (in connection with portfolio optimization) Gyorfi and Schéfer (2003),
Gyorfi, Lugosi and Udina (2006) as well as Gyorfi, Udina and Walk (2008).

The estimates in Jones, Kohler and Walk (2011) are easier to compute then the above
mentioned strongly universally consistent estimates, in particular it is obvious that they
can be applied to real or simulated data sets in practice. Nevertheless, through the
fact that they combine ideas of local averaging and least squares it seems still to be a
little bit challenging to apply them in practice. In this paper we focus on much simpler
local averaging and least squares estimates and construct four estimates which are weakly
universally consistent. They are based on simple kernel, partitioning and nearest neighbor
regression estimates as well as least squares estimates. Again techniques from the theory
of prediction of individual sequences are used to choose the smoothing parameters of the
estimates, and a suitable averaging of the estimates is used to be able to ensure that (1)
holds.

The estimates are defined in Section 2, Section 3 contains the main result, and the
proofs are given in Section 4.

2 Definition of the estimates

In this section we introduce four estimates which are weakly universally consistent. They
mainly distinguish in the choice of the so-called expert, which will be a kernel estimate
for the first one, a partitioning estimate for the second one, a nearest neighbor estimate
for the third one and a least squares estimate for the last one.

In order to simplify the notation we will use throughout this paper the abbreviations

Zy =2y, Z1), k<l
for arbitrary random variables Z; (j € Z),

D} = {(X1, V), (Xks1, Vir1)s - -, (X5, YD)}, k<1,



and
d%g:{:Ek‘vyk‘)a(:Ek‘-l—l?yk‘-f-l)a"'7(xl7yl)}a kgl

Sz, denotes the closed sphere in a Euclidean space with center x and radius 7.
We start with defining a parameter set

P ={(k,r,N):k,r,N € N}

and estimates rhfj?(k’r,N) (2°,,y"1;d”}) and mff?(kmN) (zo,d"L) (i € {1,2,3,4}) of

mp(2%,,y74) =E{Y | X% =22, Y =y}

where the parameters of the estimates are determined by r and IV, and where k indicates
how far back the estimate will look. For the local averaging estimates, r will be used to
determine how similar observations in the past to the current values have to be in order to
be included in the estimation. For the least squares estimate, r determines the function
space over which minimization takes place. N will be used to truncate the values of Y;
at level N.

For the first estimate assume that bandwidths h, > 0 satisfying

hy, =0 (r— o)
and a nonincreasing and continuous function H : Ry — R satisfying
H(0)>0 and t¢t-H(t)—0 (t— o)

(e.g., H(v) = e7°) are given. Using H we define a kernel function K : RE+Dd+k R
by
K(v) = H (o] #47+)

where ||v]| denotes the Euclidean norm of v.

With the convention % .= 0 we define the kernel estimate ") by
Tl,(k,T,N)

~ (1 _ _
mfz,%k,r,N) (W v 43 d2))

i+l i 0o -1
-2 (z'—k+1’yi7k+1)7<u7k"u—k>
im—ntk—1 TN(yi+1)K< - hr

i+1 i 0 -1
= —2 K<(Iik+1’yfk+1)<“k*”k)>

> ifn>k+1,

i=—n+k—1 hy

0 else,
where the truncation operator T is defined as
Tn(z):=x 1{|x|§N} + sign(z) N 1{|x\>N}-

For the second estimate, for every k& € N let (Py), .y be a sequence of finite or
countably infinite partitions Py, = {Akr1, Ak 2, -} of (Rd)kJrl x RF, where Aprj C



k+1

(R?) "1 % R are Borel sets. For z € (RT)™ X R¥ set App(2) = Appj if 2 € Ay

With the convention 2 g = 0 we define our partitioning estimate m(QEkm Ny a8
~ (2 0
m( 2]“«1\[)(“ kU k7d )

S22 TN (yit1)1 1 -1
Rt (e vl )4, (w00 21) } ifn>k+1,

k41 vi_ k+1)6AkT( Ok’“:}c)}

0 else.

2
Zz*f'rﬂ»k 1 {(JI'F

For the third estimate let p, > 0 be given such that
pr— 0 (r — o0).

Let k,r be fixed and let n be so large that n > k+ Lprnj > k+1, where | z] is the largest
integer less than or equal to z. For each (u o U ) € R(kﬂ)c”k introduce the random
set of |p,n| nearest neighbor (NN) matches

(k1)
na(u(lkﬂ):}lg)

= {-n+k-1<i<-2 (XZ+;+1,ifii_k+1) is among the |p,n|

—-n —n

NNs of (u®,,v"1) in (X—"+k,Y—”+’f—1),...,(X:g_l,y_—;_l)}

using the Euclidean norm ||-|| and define the |p,n|—NN estimate ﬁ@ffzk »N) Via
»®) 0 ,L.p-1
n,(k,r,N) (u ko V_ks D_ )
T’Zl J(zw) ) Tn(Yiy1) ifn>k+|pn|>k+1
= n, (u ”:k>
0 else

(|| denoting cardinality). We use here the assumption (A1) that, for each fixed k, for all

vectors (z°,,y";) € REFDHE the random variables H(ng,Y:kl) - (:U(lk,y:i)H have
continuous distribution functions and that for each sphere Sp g+ in REF14HF the family
of such distribution functions with “parameters” (x(ik,y:,i) € So,r+ is equicontinuous,
i.e., the distribution functions are uniformly continuous with respect to their argument
s € R and the “parameters” (22, y:,i) € So,r+. By the first part of (A1) ties occur with
probability zero. Thus
(k)

Jn J(ud 5V k

= prn]

with probability one. (Al) can be assumed without loss of generality. Similarly to
Gyorfi et al. (2002), pp. 86-87, we may add a component Z; to the (d + 1)—dimensional
vector (X;,Y;), i € Z, where the Z;’s are i.i.d. uniform [0, 1] and also independent of
the sequence ((Xy,Yy)),cz- In view of Theorem 1 below we mention that because of
independence

E(Yo| X% Y0, 2 ) =E (Yo | X°,Y L) as.

o0



and that also the sequence ((X;,Y;, Z;));c; of (d + 2)—dimensional random vectors is
stationary and ergodic. For, because of Doob (1953), p. 457, for an independent pair
((Ui)iez, (Vi)iez) of stationary and ergodic processes with state spaces [[™°, R? and
[1°°, R?", respectively, the stochastic process ((U;, Vi))iez With state space []> R +d”
is stationary and ergodic, too. In our construction, assumption (A1) is fulfilled. To
see this, observe that with abbreviations (ng,,Y__kl) =W, ng =7, (x(lk, y:,i) =w €
So.r+, 2%, = 2z € [0,1)*"! and corresponding Euclidean norms ||w||, ||z, the distribution
functions are given by

Fus(s) = P{IW—wl’+ 222 <5}, s>o.

Since

Fo2(s) 2P{||W—wH2§32—k—1} 51 (s — o0)

uniformly in w € Sp g+, it suffices to show that for arbitrary s,,q; > 0 the functions F,, .
with parameters w € Sy g+ and z € [0, 1] are equicontinuous on [0, 8y4,]. Using

Fw,z(s) - /P{ZESZ, (32*||t7w||2)+}PW(dt)

where (a); = max{a,0}, we see that for w € Sp g+, z € [0, 1] and s1, 59 € [0, Simaz]
with s1 < sy we have

|Fw,z(31) - Fw,z(SQ)‘ = Fw,z(SZ) - Fw,z(sl)
= /SO - (P{zes, <s§—||t—w||2>+} ~P{ze Sz,\/<s%—||t—w||2>+}> P (dt)

ket ket

<[ e ([ (B-ne-wl) - (R ne-wl),]
SO,R* + +

where ¢y is the volume of the unit sphere in R¥*1. By computing derivatives it is easy
to see that the functions

)Pw(dt) +Pw (S g+ ),

htl
s (2=t —w)?) ?
_l’_
(with parameters ¢t € Sy r and w € Sppg+) are Lipschitz continuous with uniformly

bounded Lipschitz constants, which implies the assertion.
For the fourth estimate, let Bj,..., Bk, be bounded and continuous functions

B; : (Rd)kH x R¥ — [~ B, B] for some B > 0, and set

Ky
Fer=SY a;-B; : aj€[-L,L] (G=1,...,K)¢, (2)
i=1

where K., L, > 0. Define the corresponding least squares estimate by

-1

— . 1 7 i—
My (1470) = arg min —— 37 | f(@} . i7h) — T (90)

‘2
¢€.7 k,r n —




This definition only makes sense if n > k + 1, so we set

mW 0 -
~ (4) 0 (krN)(u By U_ k,d ) ifn>k+1,
u vt d”

iy (W Vg Ay = { . e

In the sequel let i € {1,2,3,4}. Because we will need uniform boundedness of all
experts for fixed sample size, we choose 0 < s < % and set

fz)(krN)(x()’d—?ll) = Ins (~£z,)(krN)(x kY- k’d )>

We will define our prediction strategy as a convex combination of these experts using

weights, which are the higher the better the expert performed in the past. After n — 1
(4)

rounds of play the normalized cumulative squared prediction error of m no(kr,N) O1 the
string d—} defined by

LY (k,r,N) := LY (k, 1, N)(d_,,)

n

1 G ]
= n—1 Z (Tns (yj+1) o m;-i)-n-i-l,(k,r,N) (xj+1v d]fn))Q
j=-n

quantizes the performance of the expert in the past. Let (p(xrn))(kr,N)ep be a proba-
bility distribution such that p . xy > 0 for all (k,r, N) € P. Put ¢, = 8n2% and define
weights, which depend on this cumulative loss, by

—(n— D)LY (k, r, N)>

Cn

ws)(krN) = P(kr,N) eXp(

We define our prediction strategy m%) as a convex combination of 71(: )(k ) using the

normalized values )
w®
U(z‘)(k = n,(k,r,N)
n7 7"“7 ( )
Z(k rN)eP W (kr,N)

of w®? as weights, i.e., m,(f> is defined by

n,(k,r,N)

mg) (x07 d:wla) = Z US,)(kmN) T?L( )(k rN)(:UO’ d_1>
(k,r,N)EP

In order to estimate

m(X% e,

Yo =E{Yo | X° .Y L},

we use the arithmetic mean of the first n estimates:

m@ (X0, D21) = = 3 l” (XO,D:;.) .



3 Main Result

For fixed £ € N we call a sequence of partitions (P’W)reN nested if the corresponding
sequence of generated o-algebras F (P ) is increasing. Let Py, = {Ay,;}; with Borel
sets Ay ; and denote by Ay ,(2) the set Ay, ; which contains z.

Theorem 1. Let m'Y be defined as in Section 2 (i € {1,2,3,4}).

a)

b)

Assume that in the definition of mn the sequence of bandwidths h, > 0 satisfies
hy =0 (r— 00),

and that the kernel used in the definition of m krN) is defined by K(v) :=
H (||o||*+1-d+k) “where H is a nonincreasing nonnegative continuous function on
[0,00) satisfying
H(0)>0 and t-H(t)—0 as t— oo.

Then
{‘m(l) Xo,D-;) — E{Yy|X° ., ,oo}‘ }—>0 (n — o0)

for all stationary and ergodic sequences ((Xn,Yyn))nez of R? x R-valued random
variables with E {Y{} < co.

Assume that the sequences (Py,)ren of partitions used in the definition of m(2)
satisfy:

(i) The sequences of partitions (Pj,)ren are nested (k € N).

(it) diam Ay, (2) 1= Supy e a, ,(2) |u—v|| =0 (r — o0)

for each z € (]Rd)k—s_1 x R¥ and every k € N.
(iii) ‘{Ak,r,j € Py Aprj N [—L, L]d(k+1)+k % @}‘ < oo forallr € N and L > 0.
Then
E{‘mg)(XO,D ~E{Y|X°,.Y C}o}f} -0 (n—o0)

for all stationary and ergodic sequences ((Xn,Yyn))nez of R x R-valued random
variables with E {sz} < 00.

Assume 0 < p, -0 (r — o0) and (Al). Then
{‘m (X0, D71) — E{¥p|X°.., Y oo}’}—u) (n — o)

for all stationary and ergodic sequences ((Xn,Yn))nez of RE x R-valued random
variables with E {YOZ} < 00.



d) Assume that the function spaces Fy, , defined by (2) used in the construction ofmg{q’)

satisfy:
(i) limsup,_,., K, = oc.
(i) limsup,_, ., Ly = 00.
(iii) For all k and for any probability measure p on (Rd)kJrl x R¥ and for every
g€ Ly (R xR, ) it holds that

liminf inf /|g—fy2 dp = 0.

r—00 fEJ:k,r

Then

4 1 0 12
E {‘my(xo,bjn) — E{%!X_OO,Y__OO}‘ } —0 (n— o0)
for all stationary and ergodic sequences ((Xn,Yn))nez of R x R-valued random
variables with E {YOQ} < 00.

Remarks.
a) The condition on the kernel is for example satisfied if we choose H(t) = exp(—t?).

b) The proofs rely on pointwise consistency results for regression estimates. In order
to apply these results in case of the partitioning estimate, we need the condition
that the partitions are nested.

c) The conditions on the function spaces are for example met if we choose Fj , as a
suitably defined tensor product B-spline space (cf. Corollary 2 in Jones, Kohler
and Walk (2011)).

4 Proofs

First we present some tools (Lemma 1-9) and then we prove Theorem 1. The following
notations will be needed in Lemma 1:

In the time series problem at each time instant ¢ = 1,2, the predictor is asked to
guess the outcome y; of a sequence of real numers yi,y2, -+ with knowledge of the past
(z%,yi™1). A prediction strategy is a sequence g = {g;}5, of decision functions

gi: RY' xR 5 R

and the prediction formed at time i is g;(z, yi_l). After n rounds of play, the normalized
cumulative prediction error on the string (z7,y}) is

1 <& .
La(g) = 3 (gl oi ™) )"
i=1



Lemma 1. Let hy, ho, - - - be a sequence of prediction strategies (experts), and let {qx} be a
n—1

probability distribution on the set of positive integers. Assume that h; («T,y7 ") € [-B, B]
and y} € [-B, B]". Define

C

1Mﬁ:qkfmp<—@—1ﬂ¢4ww>

with ¢ > 8B2, and

v Wt I
tk = =0 -
Z?il Wi

If the prediction strategy g is defined by

5U1al/1 Z'Utk hk: oh, i)

then, for everymn > 1,

Ln(3) < in (Ln(ﬁk) _ ¢l q’“) .

n

Here —1n0 s treated as oc.
Proof. See proof of Lemma 27.3 in Gyorfi et al. (2002). O

Lemma 2. Let m € Lao(n) and let m* be the generalized Hardy-Littlewood mazimal
function of m defined by

h>0 M

[Pt < ¢ [ m@Putis

where ¢* < oo depends only on d.

* = su ; m T d
m@%—p(&)LMIMM(ER)

Then m* € La(p) and

Proof. See proof of Lemma 24.7 in Gyorfi et al. (2002). O

Lemma 3. Let m € La(p), let (Pn)nen be a sequence of partitions, and let m* denote
the corresponding generalized Hardy-Littlewood mazximal function of m defined by

m*(x) = sup im|dp  (z € RY).

1
n W(An(z)) /An(x)

If the sequence of partitions (Pp)nen is nested, then

m* € La(u) /m wu(dr) <c/m

where ¢* < oo depends only on d.

10



Proof. See Problem 24.4 in Gyorfi et al. (2002). O

Lemma 4. Assume

cH(|z|) € K(z) < coH(||z]) (2 €RY),
H(+0) > 0,
th(t) —0 as t— oo,

where H is a nonincreasing nonnegative Borel function on [0,00) and c¢1,co > 0.
Then, for all p-integrable functions f,

i JE (@ = 2)/0)f(2)p(dz)
h—0 [ K((x — 2)/h)pu(dz)

= f(z)

for p-almost all z € R?,
Proof. See proof of Lemma 24.8 in Gyorfi et al. (2002). O

Lemma 5. Assume that the sequence of partitions P, = {An1, Ang2, -} of R% is nested
and

diam A (z) :== sup Hu—vH =0 (n— o)
u,VEAR(2)
for each z € R%. Then
) f(2)u(dz)

lim fA"( ) = f(x)

n=oo (A ()
for p-almost all z € R?,
Proof. See Problem 24.3 in Gyorfi et al. (2002). O

The proofs of the next three lemmas will be given after the proof of Theorem 1.
In Lemma 6 we will need the following notation: For an arbitrary function f defined
on the image space of a random variable X define

HfHoo,supp(PX) = sup ’f(x)’
zesupp(Px)

Lemma 6. Let ((X,,Y,))nez be a stationary and ergodic sequence of R? x R-valued
random variables.

Let By, ..., Bg be bounded and continuous functions By : (Rd) MHLORE & [—B, B] for
some k € N, B > 0 and set

K
F=S>a;-B; : a;e[-LI] (j=1,... K)
j=1

11



for some L > 0. Define the least squares estimate m, by

-1

S X Y5 — T (V)

i=—n+k

m arg min 1 ‘2
n= gfe]—‘n—k:

for some N >0, and assume that n > k+ 1. Then
X . _ 2
7= argmin B{ | £(X°,. Y5 ~ Tn (¥0) "}

exists and

Hmn - f*“oo,supp(P(ng’Y:kl)) — 0 a.s.

Remark. It follows from the proof of Lemma 6 that minjcr E {‘f(ng’ y:kl) _ YOF}
exists as well.

Lemma 7. Let ((X,,Yn))nez be a stationary and ergodic sequence of R% x R-valued
random variables with E {YOQ} < 00.
With the assumptions of Theorem 1 a) and

B {11 () )

M0 -1 _

m Ty Y_i) =

ko (T2 Y1) E{K ((X_k,Y k)~ (w‘lw-i))}
hor

or according to the assumptions of Theorem 1 b) and

@0 1) E{%1{<X9k,y:;>e/4k,r<mek,y:;>}}

My \T_ps Y
E{1{(X9kay:kl)€Ak,r(ngvy:t)}}

or according to the assumptions of Theorem 1 ¢) and

E {Yol(xo -hes,

(@9 v~ k)R;M(x Y_ k)}
br

3
m (@ g, yh) =

(with arbitrary
Rk?“(x(llmy:]i) € [Rﬁv,r(x(lkv ) Rk r(x kY k)]
where [R;M(:L‘ Y1), R’k’T(ac Y k)} is the set of values Ry, (x°,,y"}) such that
P(ng7y_—kl) (S(mgkvy:i)ka,r(x(lk,y:i)) = p,) or according to the assumptions of Theorem
1d) and
m,(:l) ;= arg min E{‘f Y__kl)—Y()’Q}

fefkr
it holds for i € {1,2,3,4}:
. 2
lim inf E{‘YO —m,g’l(XEk,ijl)‘ } < E{|Y0 - (XEOO,Y:;)}Q}.

t—o0 k,r>t

12



Lemma 8. Let ((X,,Yn))nez be a stationary and ergodic sequence of R% x R-valued
random variables with E {YO } < 00, let i’ )(k, ) be defined as in Section 2 and let mlgi)r
be defined as in Lemma 7 for i € {1,2,3,4}. With the assumptions of Theorem 1 a) or
according to Theorem 1 b) or according to Theorem 1 ¢) or according to Theorem 1 d) it

holds for arbitrary k,r € N and i € {1,2,3,4}:

lim sup hmsupE{‘mkr ngaY:kl) Z)(

N—oo n—oo

4.1 Proof of Theorem 1
We recall that m(X? Y1) := E{Yy|X°

R
and the inequality of Jensen, we get

L1, Using the definition of the estimate

. 2
E {‘mﬁf) (Xo, D:i) - m(Xgoo, Y:Olo)) }

R - EVINE
<BQSS|m? (X0.Do)) - m(x0. o)
j=1
Using
1 & 2
E{ =3 [vo -l (X0, D2})]
n
j=1
1 (z) 0 -1 0 —14]2
= H <X07D >—m(X oovy—oo)‘ {}Yb— (X—OO’Y 00)‘ }’

which follows from
E{(n (X0, D}) = m(X%, Y2L)) (Yo - m(X0, Y21)) }
= EB{ (" (X0,D7}) — m(x%, Y2L))
B{ (¥ - m(X%, v2h) | (X0, Yo }
=B {(n (X0, 07}) = m(X°, Y2L)) (m(X°, VL) = m(X°, v1)) b =0

for every j € {1,--- ,n}, we conclude

. 2
0 < B{ 0o - m(x v b))

—00)

13



: I8N - (4) 1\ ]2 0 —1)2 *
lim sup E EZ‘YO—mj (XO,ij)‘ gE{\YO— (X_OO,Y,OO)\}::L. (3)

n—oo j=1
Using the inequality
1
(a+b)* < (1+a)a®+ 1+ =)0, (4)
!

for arbitrary a,b € R, a > 0, one has

li E g Yy — ml! (X , D~ ) 2

171Lnsup | 0 0 ’

< limsup E 71 E 1—|—a (X D~ )—Ts(Y)|2
n—oo n 0 " 0

1 <& 1 2
li E<{ - 1+ )T, (Yy) — Y,
+ lim sup nz::l( + a)‘ ns (Y0) o‘

n—oo

With the assumption E {YOQ} < oo and Lebesgue’s dominated convergence theorem we
get for the last summand:

& p—oco

1. 2 1.
(1+-) hmsupE{’Tns(Yg) - Y0’ } < (1+ a) hrILILSolcl)pE {Y02 Agyp[sney b = 0.
Since av > 0 was arbitrary, (3) follows from

limsup E

n—o0

§><X D- )—Tns(Yo)|2 < L* (5)

j=1

en NP N

Note that lim sup,,_,., -

we conclude

= 0. With the stationarity of the data and Lemma 1

lim sup E mgi) (XO,D:JI') - TnS(YO)‘Q
: 1 DI 2
=limsupE ¢ — ( j+1, D ) —Tns(Y}-H)}
n—oo n

14



1 « () NE
<l E inf (— Ths(Yir1) —m; X,1,D]
<t {(k,:,%)ep(n;\ i (Vp41) = ) (X1, D))

n

Cn ln(p(k,r,N)) ) }

1< () NE
< inf U E<S — T,s(Y; —m. Xi.1,D .
<t tmsuy {Z‘ e 051) = a1 P

Using the inequality

n

. 1 .

lim sup — E a; < limsup ay,
n—oo M = n—00

for a,, € R, the stationarity of the data and
‘Tns (2) = Ths (y)‘ < ‘z - y|7
we get

1 — ; 2
inf 1 - E{TSY» — X0y, D }
(k,rl,r]%f)ep lﬂscgpnj; ‘ e (V1) ma,(k,r,N)( i+ 1)‘

< inf i E{TSY — X1, DV 2}
e Bhep TP BT ) =y (i, )

. : - (i) 12
= g2t i sup B {7 (00) =, (50, D7)

< ot tmsup B {[¥o il ) (X Y55 Do)
(krN)EP msso Y0 = 1, ) (X2 Y2303 DZ0)|
Let m](jzn be defined as in Lemma 7. Using

inf (ar, + bkrn) < lim inf ap, + lim sup limsup by, v,
k,r,N t—o0 k,r>t =00 | »>1 Nooo

we can conclude from Lemma 7, Lemma 8 and inequality (4) that we have for arbitrary
v>0

. L~ ) 1 2
limsup E EZ oy (XO,D_j> —Tns(YO)‘

] 2
< inf limsupE ‘Y A (x0 y-lpol ‘
= B NIEP mane { 0= My (o) (Ko Yo i D)

(i) NG
< (147) lim inftE{’Yo—mkvr(ng,Y__k)’ }

t—o0 k,r>

1
+(1+ —) lim sup lim sup lim sup

Y 9Ok r>t Nosoo n—oo

15



E {‘mi(:,l(nga Y5 - mfj,)(k,r,N) (X%, Y5 D2,) ‘2}

< (1 +NE{[Yo - m(x0, L)'}
With v — 0 this implies (5). The proof is complete. O

4.2 Proof of Lemma 6

Within the proof, we will need the notion of sup-norm covering numbers, which we
introduce in the next definition.

Definition 1. Let ¢ > 0 and let G be a set of functions R? — R. Every finite collection
of functions gi,...,gn : RY — R with the property that for every g € G there is a j =
j(g) € {1,..., N} such that

lg — 9ill := sup|g(z) — g;(2)| <,
z

is called an e-cover of G with respect to ||-||o. Let N (e,G,|-||s) be the size of the
smallest e-cover of G w.r.t. |||, take N (¢,G, | |l) = o0 if no finite e-cover exists.
Then N (e,G, ||I|lo) is called the e-covering number of G w.r.t. |||, and will be
abbreviated to N (g,G).

The proof will be divided into several steps. In the first step of the proof we show the
existence of f* as defined in the lemma and that whenever fi, fo € F satisfy

E{|1(X% Y5) = T ()"} = B{|£2(X%0, v = T (v0)*}

- E{ X0 vyl — Ty (Y, 2}, 6
mip |F(X2,, Y5 — T (Yo)| (6)
then
Moreover, we prove that for arbitrary continuous f : (Rd)kH x RF 5 R
1D sy ) =0 @
implies
||f”oo,supp(P<X9k7Y:k1>) =0. (9)

As for the existence of f* we observe that the minimization problem can be rewritten as
follows:

}IelfTE{}f(ng,Y__kl)—TN (YO)\Q} - (a1, .y are),

inf g
ai,....,ax €[—L,L]

16



where
2

glay,...,ax) =E Zaj (X0, YO — Ty (Y0)

It can be easily shown that g is continuous, thus f* exists.
Now suppose that fi, fo € F satisfy (6). The definition of F implies

fﬁz—fz cF

Using (a + b)? = 2a2 + 2b? — (a — b)? (a,b € R), we obtain

_ _ 2
AXOL YO + (X0, Y5

E 5 — Ty (Yo)
g N[ A Y5~ T 00) | R(X0 YT — Ty (1)
2 2
% {|f1 )—TN(%)\2}+%'E{|f2(X9kaY:k1)—TN (YO)\Q}

1

“a E {‘fl(Xng:kl) - f2(X9k:,Y:kl)|2}

_%1;1E{}f ijl)—TN(Yo)f}
1

B ZE{‘fl(ngy Yo — fa(X2, Y:kl)f} ’

Because of the minimum property the last term vanishes and thus (7) holds.
In order to show the last result of the first step, let f : (Rd)kJr1 xRF — R be continuous
and assume that |f(z°,,y7})| > & > 0 for some (z°,,y7;) € supp(P xo y-1)). Choose
otk

a ball S around z with radius greater than zero such that |f| is greater than §/2 on S.

Then
1)

/|f(x kY_ k)|dP X0,.Y7, )(55 krY_ k) > 5 9 'P(ngijl)(S) > 0.

Thus (8) implies (9).
In the second step of the proof we show

[ (2407 = T yo\ TP (o, yo,) (2%8%%)

—>§cr161£E{|f Y ) —Tn (Yo) ‘ } a.s.

Since m,, € F for all n, it suffices to verify

lim sup/ ‘mn (:L‘(lk,y:,i) — TN (yo)‘2 dP(XEk,YEk) (x(lk, ygk)

n—oo

17



<E{|/(X% Y5 - Tw 00)[*} as.

But this follows from

[ (2070 = T ()PP (o, g, (5240824)

-1

1
< n—=k Z ’mn( i— kaZ 1) TN (Yl)‘Q
i=—n+k
+sup [B{[£(X0 ) — Tw (%))
feF
1 —1
- Y YD - Ty )
i=—n+k
1 — 1 2
—n—=k Z ’f*( i— k’YZ ) In (EM
i=—n+k
+sup B {7(X0, Y2~ Ty ()} -
feF
1 —1
—— > XY - I )]
i=—n+k
< B {0y - Ty ()}
+2-sup E{‘f(ngvy:kl) — Ty (YO)f}
fer
_n—k, zkaZ 1) TN(E)f’
i=—n+k

where the second inequality is implied by the definition of m,. By discretizing the
coefficients a; accordingly, it is easy to see that N (¢, F) < oo for arbitrary € > 0. By
using the e-cover G. and the boundedness of functions in F, the convergence of the last
term can be reduced to the convergence of

sup E {[g(X%,., Y1) = Tv (%)| |

gEgs

‘9( zk?YZ 1) Ty (Y ’—>0 a.s.,

for arbitrary € > 0. As G. is finite, this in turn follows from the ergodic theorem.
In the third and last step of the proof we show that for f,, € F with

1 (@407) = T )P a0y (025 8%)

18



SEB{|F (X% YD - Ty ()]} (n— ), (10)

we have

an - f*||oo7supp(P(X07k,Y:kl)) —0 (n — OO)

Assume that the assertion is not true. Then we can find functions f, € F such that

/‘fn (2% y=y) — T (y0)|2dP(ng,ygk) (2% 928)
= B{|f(x%, v3) - T ()}

and

”fn - f*”oo,supp(P(ng,Y:]j)) > d (n € N)

for some § > 0. By applying the theorem of Bolzano-Weierstrass successively to the
coefficients of these functions, we can construct a function f € F such that a subsequence
of (fn)nen satisfies

ank - f||oo,supp(P(X8k7Y:£>) — 0 (7’L — OO) (11)

But this implies

Hf - f*Hoo,supp(P(ngy:kl

> ”fnk - f*Hoqsupp(P

)) + ”fnk - f‘|oo,supp(

P(ng,y:kl))
<X9k,Y:,j>) 20
for arbitrary k and thus by (11)

Hf_ f*Hoo,supp( > 0. (12>

Pxo, vy
Let v > 0 be arbitrary. By inequality (4) we have
E {{f(Xgle—_kl) — Ty (YO)‘Q}
< (1) [ [ (22uh) = T o) 0P 0,y (2208%)
e (1 3) [ 1 62w ) = 7 (i)
dP(XEk,YEk) (xgkv ygk)

<(1 +7)/‘fnk (xgkay:]i) - TN (yo)‘QdP(xgmygk) ($9k7y9k)

1 7112
1 (S [
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Because of (10) and (11), this implies

E{|F(X2%Y5) - Ty ()} < 0+ E{[F (X% Y2 - Tw (0)*}

for arbitrary v > 0 and thus, by definition of f*,
E{|F(X% Y50~ Ty )"} = B{ |7 (X00v5h - Tw ()}

in contradiction to (12) and what we have shown in the first part of the proof. This
completes step three. Combining the results of steps two and three, we see that Lemma
6 indeed holds. ([
Remark. If |Yy| < 8 almost surely for some 5 > 0, we can drop the truncation operator
throughout Lemma 6 by choosing N accordingly.

4.3 Proof of Lemma 7

By Lemma 4 and Lemma 5, respectively, we get for i € {1,2}

lim m,(czn(:r s Y k E{YO‘X =T k,Y_ :;ﬁ (13)

r—00

for P(XO YLy -almost all (z°,,y7}) € (RY)*1 x R, (13) also holds for i = 3, because

pr = 0 (r — oo) implies th(:c_k,y:,i) — 0 (r = oo0) for P(XO y-1)-almost all

)
-k
(2%, y:,i) € (RYHF+1 x R* which allows to apply Lemma 4.

Arguing as in the proof of Theorem 24.2 in Gyorfi et al. (2002), we get for m,(j?)"

E{)/O 'K <(X_k?Y Lr(x(lkvy]};)>}

(ZL‘ k?y k-) <— Sup 0 0
7>0 (4(, 7),:.[) (.’,37 7y,1)
E;{B < k kh k k >}

‘mk (uly, v2p) | dP xo0, y-1)(ulpv vTh)

)

(6)) (wgk,y7
— sup

C1 h>0 P(ngszll() (S(xﬂk,y:i)yh)

3 )

IN

and an analogous result (with ¢; = ¢ = 1) for m;. Obviously, we have in addition

mfﬂ(wgk, v h)

< sup S (@) [l V2D [P o0,y (W4 0T)

r>0 P(xgk,Y:;) (Ak,r ((f”gk’ y:,i)))

Using these relations, Lemma 2 and Lemma 3, respectively, and the dominated conver-
gence theorem, we see that (13) implies for i € {1, 2, 3}

t—oo k,r>t

. 2
lim inf E{]%—m,ﬁll(X%,Y_‘kl)‘ }

20



. 2
< limsuplimsup E {‘Yo - m;(;an(ngv Y—_kl)‘ }

k—o00 r—00

= limsupE{\Yo ~E{Y | X9k7Y—_k1}|2} :
k—o0

The sequence (My),cy = (E {YO ‘ ng’Y—_k‘l})keN is a martingale with the property
suppen E{M}?} < E{Y#} < oo. By Loéve (1977), 32.4.A, we know that M} con-
verges almost surely and in Lo to a square integrable random variable and the limit
is E {Yy ‘ X0 ., Y__Olo}. Now we can conclude

imsup B {[¥5 ~ B {¥o | X2, Y2} 7} = B {[¥o - m(x2, Y1)}

k—o00

and the proof is complete for i € {1, 2, 3}.
For i =4 set L* := E {}YO ~E{Y|X°, Y:olo}f}. Straightforward calculation leads
to

E{|f(X%Y5) - Yo"} = 1 + E{|E00IX 0, V2L - B0IX2,, Y5
+E {\E{mXBk, vl - f(XEk,Y;kl)}z} .

for arbitrary f € Fj,. Thus by definition of mglz

2
lim inf E{‘%—m,ﬁ?(X?k,Y_kl)( }

t—o0 k,r>t

= lim inf inf E{|F(X%, v - Yo'}

t—oo k,r>t fEF »

=+t it (o B {[BOGIX0 V) - f0 VD)
+E{|B{¥ X%, YL} - B{Y X0, Y3 )
< L'+ lmsup B {[B{YX0 o0, Y1} — EQGX Y1)
k—o0
+ Jim klgt feu}i E {‘E{%|X9kv Yo = F(X, Y—_kl)ﬁ} '

As seen before, the second term of the right-hand side above equals 0. For the remaining
term set I, = d - (k + 1) + k, identify (R?) 1 RF and R and put

—k

Then, by the inequality of Jensen, g € Lo (]le, P(Xo Y—l)) and
—k

E{‘E {YO‘ngz?Y—_kl} - f (ngvy:kl)‘Q} = /le ’gk(xvy) - f(w,y)IZ dP(XEwY:kl)(xvy)'
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This allows us to conclude from assumption (i77) that

lim inf inf E{EYXO Yy opx0, y! 2}
tg&kl,?ztfen}k,r ‘ YOIXCp Yoy} = X _k)‘

< liminfliminf inf E {\E{%\Xﬂk,y:kl} _ f(ng’Y:kl)F} —0.

k—oco T—00 feFy .

The proof is complete. O

4.4 Proof of Lemma 8

There is no loss of generality in assuming n > k 4+ 1 throughout the proof. In order to
bound " " )
B {|m (X0, Y5 =l o (X0, Yo L Do P

we add an auxiliary quantity defined by

E {TN(YO)K <(X°k7y:,j)—(:c°,€,y:;>) }
(1) 0 r

-1
m Ty Y_1) =
(k,r,N)( koY) E{K ((Xok,Y‘,j)—(kaﬁy‘D)}

hr
for i =1, by

E{ T (%)L (x0, v e, (2,0 )} )

E {1{(X9k’y:kl)€Ak,r((x(),kvy:]i))}}

2 _
mEk?r,N) ($2k’ y,,ﬁ) =

for i = 2, by

3 _ 1
mEk?r,N)(x(lk’y—li) =

T (Yol yo oot }
{ {(Xik’Y7k)es(zo—k’y:llc)’quT'(mO—k‘y:llc)}

T

with arbitrary Ry, (2°,,y"}) € [R;T(x(lk,y:i), Rgr(mgk,y:]i)} for i = 3 (for notation

see Lemma 7) and by
m(4) = arg min E{‘f(XO Y_l)—T (Y)’2}
(kar,N) = 18 AT Tk A

for 1 = 4.
With inequality (4) for 6 = 1 we get

lim sup lim sup E { ‘mgl (X%, Y ) - mfj,)(m’]\z) (X2,,Y-;D) ‘2}
N—oo n—oo

. 7 — 7 —1v|2
< 2limsup B {1 (X0 Y3 = mfp, o (X0 v
—00

+ 2lim sup lim sup E { )y (X Yoy =l (X0 Yok DZ}J!Z} . (14)
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Considering the first summand of (14), we have for arbitrary k, N € N

E{IYO—TN(%)\K(( Yo )>}

M@y h) = mi, (@) <
] E{K(( k> k) (_k7y k)>}

X0 vy H—(20, yt
E{%,K<< o, ’“3%( kw)}
= (X0, Y H—(2%,.y}) '
B e ()

With the same argument as in the proof of Lemma 7 we have that this upper bound is
square integrable.

Because of K > ¢-1g, , for suitable ¢ > 0, R > 0, where Sp g is the ball in (RY)F+1 x R*
centered at 0 with radius R, we have

(Xg aY:l) - (:U(l ,y:l) )
E {K ( k k h k k >c- P(ngvY:b (SO,R-hT + (x[ikvyfli)) >0 (15)

P(Xok Yol ~ almost everywhere (cf., e.g., Gyorfi et al. (2002), pp. 499, 500). Thus we
obtain by applying the dominated convergence theorem

—1
B { ¥ - T ()] ¢ (5 ) ) |
0

lim =

N-o00 (X0, Yo -2 w7))
E {K < k khr k k )}

YL~ almost everywhere.

Pxo

Another application of the dominated convergence theorem yields for the first sum-
mand of (14) in case i = 1

3 142
lim E{‘mk Xokayfkl)_ o (Xolwykl)‘}

N—o0 (krN)
_ (1 —1y2
- {ngnoo\mk (X0 Y5 = iy ) (X0 V)| } -

Similarly to the proof for ¢ = 1 we can conclude

limsup E {‘mkr ng’Y—_kl) —m® (ngvy__kl)P} =0.

N—o0 (k,r,N)
Further
3 3 _
‘méz T_p Y k) mgk?T,N)(x(lk,y_;)’
E[Yo—Ty(Yo)|1
{(XO €SGO ) Ry 0 k)}

<
Pr
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for all (2% o y:;), thus by the dominated convergence theorem
2
lim E{(m,ﬁ? (X0, Yo ) —m) (Xok,Y:kl)‘ } =0.

By definition of m,(fr), N m,(:lr),, respectively, it holds for arbitrary § > 0 that

4 B 2
E {’mé,Z(ngaY_kl) - YO’ }
2
< E{’mgi?r,N)(Xomy_kl) - Yb‘ }
<(1+0)-E {‘mgi?r,N)(XOkv

} < > E {|Yo - Ty (10) "}

(¥0)
§(1+6)-E{’mgi?r)(X0k,Y —Tn (Yo) } < ) {\YO—TN(YON}
2+

§(1+5)2-E{‘mgi?r)(X0k,Y - ’ } 8) - < ) 'E{\Yo—TN(YO)|2}-
As § > 0 was arbitrary, we obtain

. _ (4)

nggoE{(m(h (X% Y5 = Yol } - E{)m(k,m(X%,Y H - } (16)

As in the first step of the proof of Lemma 6 we have for arbitrary N
4
b {‘mgk?m(xok’y H -l }

(4) (XO Y )+m(4) (XO Y—l) 2
<E{ (k) \ =k (kyr, N)\*"—k>» = —k —Y,

2
1 4 1 4 - 2
=3 Bl g v
1
4

4 - 4 SNk
B [l 00y =l (X020

Because of (16) this implies
o, (,r) M (kr,N)

2
nmsupE{(m(‘” (X0 Y5 = mip o (X0 Y50 }:o.

Considering the second summand of decomposition (14) for ¢ = 1 we have by the
ergodic theorem:

—2 i+1 i o -1
1 (X 1 Vi) — (224,95
T (Y K i—k+1° " i—k+1 k> k

i=—n+k—1
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—E {TN(YO)K <(X9"” Y:’fl)h_ (:Cg’“’y:’i)) } a.s. (17)

and

1 i e (Xff;, Vi) — (2%, y:li)
n—=k h,

i=—n+k—1

nfi (oGl L

Because of the continuity of the kernel function K and K(v) — 0 (|jv]| — oo0) we can
use an ergodic theorem applied to random variables with values in the separable Banach
space of continuous functions vanishing at infinity with supremum norm and get that the
almost sure convergence above is uniformly with respect to (z°,, y:,i) (cf., e.g., Krengel
(1985), Chapter 4, Theorem 2.1).

Let € > 0 be arbitrary and define

-1 -1
Se = {(x(lk,y:,i) € R xRV E {K ((ng,y_k )h: (xg’“’y"“)> } > e} .

From (15) we know

P(ngy:i)(se) =1 (e—=0).
In addition we can conclude

7 1.1 1 1
(20 Lye( d)kflup k, (20 1es ’mﬁz,%k,r,N)(l'gkay_k;'D_n) - mgk?r,N)(x(ik’y_k)‘ -0 a.s.
T oY) ERE)FFIXRE, (2255 )€Se

By the boundedness of m(lgr,N)(') and mf;zkmm(-) by N and the dominated convergence

theorem we get for arbitrary k,r, N € N and € > 0

. 1 — ~ (1 — — 2
hrILTLSOl(l)PE {|mgk?r7]\7) (nga Yfk;l) - mib,zkmN) (nga Yflj? Dfrlz)l }

e—0 n—00

< lim sup lim sup <4N2 -E {lgg(ng,Y:kl)}

+ E{ sup ‘mg,%k,r,N) (@2, y "3 D)~
(@2, y ") ERAFHD+R: (20, 47y es,

M) (@ V) ﬁ)

< lim sup 4N2P(ng7yj}1€)(sec) = 0.

e—0

Next we consider the second term for ¢ = 2 for fixed k,r € N. By the ergodic theorem
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we have

1
n— k . Z TN( 1;"‘].)1{()(:4’1}:-"_17 k+1)eAkr(x Y k)}
i=—n+k—1
—E {TN(YO)1{(X9k,Y:kl)€Ak,r(wgk,yii)}} a.s. (n— o0)
and

1 —2

n—=k Z 1{(X2+i+1in k+1)€Ak,r($gk,y:i)}
i=—n+k—1

_>E{1{(X0k, DA, (20, 4 k)}} a.s. (n— o0).

With the third assumption of Theorem 1 b) we get that for k, r fixed the almost sure
convergence above is uniformly with respect to (2% o y:i) on any compact set (since for

any compact set C' we have that [{Ay, (2%, y ), (2%,y7)) € C}| is finite ). Let L > 0
and € > 0 be arbitrary and set

0 -1 B d-(k+1)+k |
Stre = {220 yh) € =L, L B {10, v hean a0 b} | 2 €}

Because S,.,¢, € SLre, fOr €1 > €3 it holds S§ D59

TyEL L,rea
m Si’ns N [—L, L]d-(k+1)+k

e>0
_ 0 -1 d-(k+1)+k . _
= (@) € L LB {1 v 00,00y =0

By assumption (i) we know that (.S, . N [~L, L]**+D+k is contained in the
union of finitely many sets from Py, with P( X0 y—ly-measure zero. As a consequence
otk

and

we have

Pxo, voh (Sf,r,e n[-L, L]d'(k“”’“) 50 (e—0).
From the relations above we can conclude in addition

sup
@0, w0, ) ErdHD) g,

5, (2 2 _
m( gkrN)< (ln7y—'r1L7D i)—mgk?r’m(ﬂcgn,y_i) —0 a.s.

(mgkvy:]z)esL,r,e

With the boundedness of mgz) N -) and i o N) ) by N and the dominated conver-
gence theorem we get for arbltrary k r,N € I\S

timsup B { m(p) o (X0 Y5 = ml) (X0, Y2k Xo, DY)

n,(k,r,N)
n—00
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< lim sup lim sup lim sup (4]\72 -E {1 A= L,1]% (e (X o Y )}
L T,€

L—o0 e—0 n—r00
+4N? . E {1([_L7L]d-(k+l)+k)c(X9ka Y:kl)}

+E{  sw 0 PN CELINR T 1 k) R PN L T

CE R

)

(xgkvy:i)GSL,r,e
=0.

Now we consider the second term of decomposition (14) for i = 3. We shall use arguments
of Gyorfi, Udina and Walk (2008). It suffices to show

- (3 - 3 12
E { ’mfl,zk,r,N) (X, Y55 Dy) — Ek)r N) (X%, Y_kl)‘ } — 0 (n—o0) (19)

for each N > 0. For € > 0 arbitrary and R* = R*(e) > 0 sufficiently large the left-hand
side above is bounded from above by

NE) _ 3 NE _
{‘ Y (kT‘N ’Yfkl;/D”) o mgk?r,N)(ngyfkl)’ ) 150,R*((X0kﬂyk1))} + €,

and thus because of boundedness and the dominated convergence theorem it suffices to
show

2
(3 _ 3 _
‘mfl,zk,r,N) (X%, Y5 Dn) — mgk?r,N) (Xglwyfkl)’ gy e (X2, Y5)) =0 as.

for each R* > 0. The latter is obtained if for each R* > 0 one can show

m

3 0 -1 3 0 -1
fz,%k,r,N) (@25 Y1 Dn) = mgk?r,N) @2k, y"g)  a-s. (20)
uniformly with respect to (xgk, y:i) € So,R*-

As an auxiliary result we state a.s.

n—k i—1 0 -1
1 ( —i—k> Yfz k ) B (m*k’ y*k’)
n—rk Zz; 1s,, ( R
(X0 YY) — (200 y7))
N E{lso,l < O =P vy (Seo ) (@D

uniformly with respect to (x(lk, y:,i) € So,r- and R € (0, 00).

First we show (21) for R € [Ry, Rp] with arbitrary Ry > Ry > 0. Let K, Ko (0 <€ <
3) be continuous kernel functions satisfying l1go, S Kie<1g,,,15,; < Koe<1lgy,,..
Let RE+1-d+k be endowed with the Euclidean norm || - || and R = REFD4+k 5 [Ry | Ry
be endowed with the Euclidean metric. Further let C*(R) be the separable Banach space
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of continuous real-valued functions g on R satisfying g(z,y) — 0 (||z|| — oo) uniformly
with respect to y € [Ry, Ra], endowed with the maximum norm and the corresponding
Borel o-algebra. Then as in the context of (17) and (18), by the ergodic theorem in
Krengel (1985), Chapter 4, Theorem 2.1, one obtains for [ € {1,2}

1 nikKl ((X_z‘iwyi;lk) - (x[ik’y_li)>
€

R

i, (D)),

uniformly with respect to (:c‘lk,y:,i) e RF+H)d+E - egpecially (x(lk,y:;i) € So,r*, and

Ri < R< Rs.
But

(ngaY:kl) - ( gkvyili)
E {Kl,e ( R - P(ngvy__kl) (S(g;(lk,y:,t),R> (6 - 0)

uniformly with respect to (:z(lk, y:,i) € So,r+ and Ry < R < Ry by the bounds of K and
assumption (Al). This yields (21) for R € [Ry, Ra].

Next we show that it suffices to show (21) for R € [R;, 00) with arbitrary Ry > 0. For,
in this situation, choosing an arbitrary € > 0, because of (A1) an R’ > 0 exists such that

P r) < e forall (2°1,y7}) € So.r+ and all R € (0, R'].

(Xﬁk,Y:;)(S(sz,y:,i),

Further the left-hand side of (21) is majorized by the left-hand side of (21) for R = R’
which a.s. converges to

Pixo y-1(Sao, gy r) €

uniformly with respect to (2%, y:,i) € So,r+. Thus a.s. for n sufficiently large the left-

hand side of (21) and the right-hand side of (21) differ at most by 2 - € for (z°,,y";) €
So,r+. Similarly, by a minorization argument, it even suffices to show (21) for R € [Ry, Ry]
with arbitrary fixed Ry < oo, which completes the proof of (21).

Set
Zyn (2%, y~;) = | (the [pyn)-th NN of (2%,,y~;) among
(X—ntk yomteely o xtl v ) = (20, 7)) H .
We notice
{Zn (2%,9=;) > R} = 77:]{7151{()“ s bpr_n]i :
i=1 —i—k =ik )P0 TR

0 < R < oo, and % — pr. Let 0 < € < min{p,,1 — p,}. Choose R,;i(x(lk,y:i)
as the largest R satisfying P(XSMY:,Q)(S(IE,Q@:}C),R) = pr — € and Rz’r(x(lk,y:i) as the
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smallest R satisfying P(ng’Y:;)(S(ngy:t)’R) = py + €. Then by (21) a random index

N, independent of (2° k,,y_,];) € So,r+ exists such that almost surely for all n > N, the

above event appears if R < er(az o Y k) and does not appear if R > er(az o Y k:)
Because of (A1) we have

Ryo (2, y_p) TRy (22, y2) and Ry, (2%4,970) L Ry (2%, 075)

uniformly with respect to (2%, y:,i) € So r+ for € = 0. Therefore the distance between
Zn, (:L'(lk, y:;) and the interval

(R (2% 0=0) » Biy (2%, 973)]

converges to zero uniformly with respect to (z%,, y:,i). We notice that (X _Z . Y:f:kl)
is among the |p,n| NNs of (:co_k,y:,i) in (X:;”rk, Y:T?Jrk*l) (X_;H,Y k2+1> if and
only if

H( —i— k’Y:zl kl) - (w‘lk,yi)H < Z”(x(lk’y:li)'

Then a.s. for n > N, we have the implications

H(X:f k’Y—_ii_kl) - (x(lk,y:;i)H < Rl(fze)(x[ilwy:li)
= (X7} Yo ) is among the [p,n] NNs of (z°,,y~}) in
(X:;Lz—kk,yv—n—i-k—l) L (xo ’1 17Y:k271)

= [[(X7 L YS) = (2% s k)“ <Rkeg($ o Y_h)-

We introduce the sets

7(k,r)
n,(zgk 7y:)1€)

={is nak<i< -1 (XL YES) - (@2t < R 6@V uh |

and
jlkor)

—1
n’(x(lkzyfk)

:{i: —n+k<is< -1, H(X_Z ka:f kl) (33 kYo k)H <er(33 kYo k)}

Without loss of generality assume Y; > 0. The auxiliary result (21) also holds if in the
left-hand side and in the right-hand side the uniformly bounded random variables T (Y;)
and Tn(Yp), respectively, are inserted as factors. By (21) in both versions, we obtain a.s.

n— k ZzeJ““ ) Tn(Yi) E {TN(YO

n, (a9 ku )

{H (X0, Y5~ (2 o) I<RY, 6)(9501&/11)}}
n— k“] _kﬁy k)‘ P{H( —k —k) (37 kY- k)H<RE)( Tl Y k)}
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(22)
and

n— kzz€J<kT2)
(e oy k)

i E{T (¥o)1 {H Xokvyikl) (224w k)H<le($ KoY )}}
r=dts kr)_ky ) P{H(ngvy:kl) Carn Tl <er)(1' ko Y- k)}
(23)

uniformly with respect to (z°,,y";) € So g+. For € — 0 the right-hand sides of (22) and
(23) converge to

B { T O0L () (50,3 ) (00 D s b} o
—1 -1 -1 - (kN
P {H(ngvy—k) - (x—kz’y—k)H < Rir(@24,973) } ()
uniformly with respect to (a:(l > y:;), because the denominators in the right-hand sides

of (22) and (23) and in the left-hand side of (24) are p,+¢, p, —€ and p,, respectively, and
because the corresponding numerators in (22) and (23) differ from the numerator in (24)

at most by N - €. Since ThS’zk ) (22 o y:i; D,,) is included between the left-hand sides
from (22) and (23) we can conclude from (22) and (23) that (20) and thus also (19) holds.

For i = 4, denote by A the support of P(XO Yol As n >k + 1, by definition

2
{’m(4)krN) (X2, Y55 D5,) — Ek)rN)(XOk’Y_kl)‘ }

_<4) ~1.p1) _ @ 0 v-1y/?
{ (krN 0 Y5HDI,) - (krN)(X Yfk)‘ }
1o 4 N _
{ (krN ’Yfkl;’Dﬂlz)_mgk?r,N)(ngayfkl)‘ ]lA(ng,Ykl)}
4) m¥
SE{Hm (k,r,N) (k'rN ”oosupp(P (X0, v k))}

By definition of m 2k -y We can apply Lemma 6 (where f* = mE?T N)). Moreover, the

boundedness of functlons in Fi, allows us to apply Lebesgues dominated convergence
theorem which yields

n—0o0

2
limsup E {‘m (krN) (X0, v 5Dl - m%i?r,N)(ngay__kl)‘ } = 0.

The proof is complete. U
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