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Abstract

In many applications of regression based Monte Carlo methods for pricing American op-
tions in discrete time parameters of the underlying financial model have to be estimated
from observed data. In this paper suitably defined nonparametric regression based Monte
Carlo methods are applied to paths of financial models where the parameters converge
towards true values of the parameters. For various Black-Scholes, Garch and Levy models
it is shown that in this case the price estimated from the approximate model converge to

the true price.
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1 Introduction

In this paper we study the problem of numerical evaluation of an American option in
discrete time (also called Bermudan option). The holder of such an option has the right to

buy or sell the underlying asset for a given strike price at one of the time points 0,1,...,7,
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where T is the so-called majurity of the option. It is well-known that in complete and
arbitrage free markets the price V| of such an option is given by a solution of the optimal
stopping problem

Vo= sup  E{f; (X;)} (1)

T7€7(0,...,T)

(cf., e.g., Karatzas and Shreve (1998)). Here f; is the discounted payoff function, the
underlying stochastic process is given by Xg, X1,..., Xp, and 7(0,...,T) is the class of
all {0,...,T}-valued stopping times, i.e. 7 € T(0,...,T) is a measurable function of

Xo, ..., X7 satisfying
{r =a} e F(Xo,...,Xq) for all « € {0,...,T}.

Throughout this paper we assume X = x a.s. for some zy € IR%, i.e., we start at
time zero with some fixed value. Furthermore we assume that Xy, X7, ..., Xp is a
R%valued Markov process recording all necessary information about financial variables
including prices of the underlying assets as well as additional risk factors driving stochastic
volatility or stochastic interest rates. Neither the Markov property nor the form of the
payoff as a function of the state X; are very restrictive and can often be achieved by
including supplementary variables.

One way to compute (1) is to determine an optimal stopping rule 7* € T7(0,...,T)

satisfying

Vo = E{f (X)}. (2)

Let
@)= suwp  E{f(X;)[X; =z} (3)
TET(t+1,...,T)
be the so-called continuation value describing the value of the option at time t given
X: = x in case of holding the option rather than excersising it. It follows from the general
theory of optimal stopping (cf., e.g., Chow, Robbins and Siegmund (1971) or Shiryayev
(1978)) that an optimal stopping rule can be defined by

7 =inf{s > 0 qs(X,) < £o(Xo)} (4)



(cf., e.g., Section 8.1 in Glasserman (2004) or Theorem 1 in Kohler (2010)).

The Markov property implies the dynamic programming equations

gr(z) = 0,

at(r) = E{max{fit1 (Xi+1), @1 (Xe+1)}H Xo = 2} (t=0,1,....,7—1) (5)

(cf., e.g., Section 8.1 in Glasserman (2004) or Theorem 2 in Kohler (2010)). In general
these conditional expectations cannot be computed in applications. The basic idea of
regression-based Monte Carlo methods for pricing American options is to apply recursively

regression estimates to artificially created samples of

(Xe, max { fr+1 (Xe41) s Gna+1 (Xey1)}) (6)

to construct estimates ¢, of ¢;. This kind of recursive estimation scheme was firstly pro-
posed by Carrier (1996) for the estimation of so-called value functions. In Tsitsiklis and
Van Roy (1999) and Longstaff and Schwartz (2001) it was used in connection with para-
metric regression to construct estimates of continuation values. Various nonparametric
regression estimates have been applied for the estimation of continuation values in Egloff
(2005), Egloff, Kohler and Todorovic (2007), Kohler (2008), Belomestny (2011), Kohler
and Krzyzak (2009) and Kohler, Krzyzak and Todorovic (2010). There results concerning
consistency and rate of convergence of the resulting estimates of the price of the option
have been derived.

From the theoretical point of view there is still one important problem. In applica-
tions the distribution of the stock values is unknown. Usually in practice one considers a
stochastic model for the stock values (e.g., a Black-Scholes-model), estimates the model
parameters (in this case the volatility of the underlying asset) and generates sample paths
with this estimated distribution. Here it is assumed that the real model is known, but the

real model parameters are unknown. So instead of (6) artificially generated samples of

(Xt, Yt) = (Xt,max {ft+1 (Xt+1) s n,t+1 (Xt+1)})

are given, where it is assumed that the distribution of X; is close to the distribution of X;
in the sense that it is generated with the same model but slightly different values of the

parameters.



In the sequel we investigate how the estimated price of the option behaves in case
that the parameters of a given model converge to the true parameter values. Our main
result will be that for suitably defined least squares estimates of the continuation values
the estimated prices in case of a Black-Scholes model, of a GARCH-model or of a Levy
model converges to the true price in this situation.

The outline of this article is as follows: The definition of the nonparametric regression
based Monte Carlo methods which we analyze is given in Section 2. The main result
concerning consistency of the estimate in case of an application with estimated parameters
of a Black-Scholes, of a GARCH and of a Levy model is described in Section 3. In Section

4 the results are illustrated by simulated data. The proofs are given in Section 5.

2 Definition of the estimates

In the sequel we consider a IR%valued stochastic process

(Xt)i=o,.7

containing the log prices of the underlyings and at least all informations needed to compute
the payoff for arbitrary t. We denote the payoff function with respect to (X;)i—o,. 7 at
time t by f; and the corresponding continuation value by g;.

The consideration of log prices instead of ordinary prices simplifies the integrability
condition of the sample paths, which we will need in our theoretical results.

Instead of (X)i—o,.. 7 we have only given artificially generated samples of an estimate

of (X¢)i=o,... 7 denoted by

(Xt(’?)>t:0 T ie .

We will use these sample paths to estimate the continuation values ¢, (t = 0,...,7T).

We start with
Gn,7 = 0. (7)

Given the estimate gy, t4+1 of ¢i41 for some t € {0,1,...,T—1}, we estimate the conditional

expectation in (5) by applying the principle of least squares to the data

{(Z max{ frn (X o (KEL)Y) 0 i=1on)



To do this, we choose a set F, of functions f : IR? — IR and define

n

A . 1 v (n v (\n A v (n 2
Gnt(-) = arg gnel.l}l,li " Z_; ’9 (Xt(,i)> - max{ft+1(X75(+)1,i)a Qn,t+1(Xt(+)1,i)} )

where z¢p = argmingep h(z) means 9 € D and h(xg) = mingep h(x) for a function
h : D — IR. Here we assume for simplicity, that the minimum exists, but we do not
require its uniqueness.

To compute the least squares estimate above, we have to specify suitable function sets
Fn- In the sequel we will use sets of polynomial spline functions.

Choose M € Ny, K, e N, A,B € IR with A < Band set uy, = A+k-(B—A)/K, for
k€ 7. Let Bjamk,, j =1,..., K, + M be the B-spline with support [u;,uja41] with
respect to the knot sequence (uy)rez (see, e.g., de Boor (1978), Chapter IX or Gyorfi et
al. (2002), Section 14.1). The spline spaces which we will use for our estimates in case

d =1 will be defined as subspaces of

SKmM([A,B]): Z aj-Bj7M7Kn :jEZ,ajER
JE€Z:supp(Bj v, iy, )N A, B]£D

Restricted on [A, B] the space Sk, m([A4, B]) consists of all functions f that are (M — 1)-
times continuously differentiable on [A, B] and that are on each interval [u;,u 1) equal
to a polynomial of degree M (or less). For our function space we restrict the coefficients
in Sk, m([A, B]) such that the functions are bounded and Lipschitz continuous. More

precisely, we set

SKnM B ([A, B]) = { > a;Bjnk, :lajl < B, laj — aja| < yn/Kn,
JE€EZ

aj = 0if supp(Bjmk,) N[A, Bl =0 (j€ Z)} (8)

for some B,,7, > 0. By standard results on B-splines and its derivatives (cf., e.g.,
Lemmas 14.4 and 14.6 in Gyorfi et al. (2002)) it can be shown that each function in
Sk M, ([4, B]) is bounded in absolute value by (3, and Lipschitz continuous with
Lipschitz constant ~,,, which we will need later in the proofs.

In case of higher dimensions we will use tensor product B-splines. Let e; be the i-

th unit vector (i = 1,...,d). For a multi-index k = (ki,...,kq) € Z% we define the



multivariate B-spline By, : R — IR of degree M = (M, ..., My) € IN? by
d .
Bi MK, (M, .. 2Dy = H By, M K, <CL‘(Z)) (zM, ...,z e R),
i=1

where K,, = (K1, ..., Kg,) € N
Accordingly we define

SKTL7M357L7’YTL( [AZ7 B’L])
=1

y :
= { Z ajBjnk, |aj| < Bn,laj —aje| < \/g;{ (i=1,...,d)
jez? n,i

d
aj =0 if supp(Bjm,k,) N X[A:;,Bi|=0 (j€ Zd)}. 9)
i=1

The definition of the B-splines implies that Sk, Mg, ~, ([X%1[Ai, B]) is a subset of a
linear vector space of dimension [[%, (K; + M; +1). Furthermore it follows as above that
the functions in Sk, Mg, (X %1[Ai, B;]) are bounded in absolute value by f, and are
Lipschitz continuous with Lipschitz constant ~,.

Given the above estimates of the continuation values, we can estimate the price of the

option by
Vo.n = max{ fo(2o), 4n,o(z0)}-
Since
Vo — Vo‘ = [max{fo(x0), gn,o(w0)} — max{fo(zo),q0(0)}| < [Gno(z0) — go(z0)|

= </ |Gn,0 (1) — qo(w)|* Pxo(du)> v (10)

(where the last equality follows from Xy = z¢ a.s.) the error of this estimate tends to zero
whenever the so-called Lo error of our estimate of gy tends to zero.

Alternatively, we can estimate the price of the option by so-called lower estimates
defined by Monte Carlo estimates of the expected payoff of a plug-in version of the stopping
rule (4), cf., e.g., Subsection 8.6.1 in Glasserman (2004). It follows from proposition 1.3
in Belomestny (2011) that in this case the error of our estimated price of the option tends

also to zero if the L9 errors of the above estimates of the continuation values tend to zero.



3 Main results

In this section we consider three different models for the stock values and present for each
model a consistency result of our estimation procedure applied to paths of versions of the

model where the parameter values converge to the true values.

3.1 A Black-Scholes model

In this subsection the stock values are modelled via Black-Scholes theory, and the log-prices

are given by Xy ; = log Zj, ;, where
Zk t = 2k0 " €r.t . 625:1(Uk’j'wj(t)7%o-i,jt) (]{ = 1, Ce ,d) (11)

Here r > 0 is the riskless interest rate, o, = (op 1, ... ,okd)T is the volatility of the k-th
stock, 20 is the initial stock price of the k-th stock, and {W;(t) : te IRy} (j =1,...,d)
are independent Wiener processes. Since W;(1), W;(2) — W;(1), ..., W;(T) — W;(T — 1)
are independent standard normally distributed random variables, we can define Z;; (k =

1,...,m,t=0,...,T) also by

and by
d
Zhiy1 = Ly - € - 621:1(Uk,j'€t+1,j7%0i»j) (k=1,...,d,t=0,...,T—1)

where (€t j)ieq1,..,1},je{1,...,ap are independent standard normally distributed random vari-
ables.

In the sequel we assume that instead of sample paths from
(Xt)t=0,..71 = (X145, Xat))e=0,..T

we observe

(Xt(j}))tzo o i=1..m)

goeey

where

X = (X0 XU = Qog 203, o 240"



is given by

Z = (k=1,....d)

and by
Z(n) . = Z(n) '€T'6 ?:1(6—1(;;‘).6t+17j7i_%(6127})2) (k: 1,...,d,t:0,...,T— ]-)

for some independent standard normally distributed random variables €41 ;.

Theorem 1. Assume that the discounted payoff function f; with respect to the above
defined log price process (Xt)t:07,__7T 18 bounded and Lipschitz continuous. Let Vy and
q: be the corresponding price of the option and continuation values. Let M € IN,M =
Zle e;M, K, € N K, = Zgzl eilKn, Bn > 0,7, > 0 and A, > 0 and let the estimate be
defined as in Section 2 with

Fn = SKn,M,ﬁn,%([_Ana An]d)~
Assume that the parameters of the function spaces satisfy

A 5. Adgd
An—>oo,ﬁn—>oo,’yn—>oo,—n—>0,M—>

X, - 0 (n — o0).

If the parameters of the estimated model converge to the true parameter values in the sense
that
Y- (0k; — Okj) =0 (n—o0)

for all k,j € {1,...,d} then we have fort =0,...,T
/ |Gt (@) — g (2)|* Px, (dz) — 0 (n — 00) in probability
and, in addition,
Vo = Vo (n — o0) in probability.
3.2 A GARCH model

Next we present results for a price process, where the volatility is modelled by a GARCH
time series, which was introduced by Bollerslev (1986). We consider this in the form
proposed in Duan (1995), where the GARCH process is modified in such a way that the

discounted price process is a martingale.



Here the price process {S¢}i=0,1,... of a stock is modelled by

1
St = x0 - exp r-t—QZhj—i-Z\/hij‘ej

where xo € IRy is the value of the stock at time zero, » > 0 is the riskless interest rate,
(€j)jez are independent standard normally distributed random variables and where the

(random) volatility h; of the process satisfies
hy =0 fort<0

and

ht—ao+2aj htjet] +Zb ht] tE]N)
j=1

for some p, ¢ € INg and parameters A >0, a; >0 (j =0,...,p)and b; >0 (j =1,...,p).

In applications the parameters A, ao, . . ., aq, b1, . . ., by are unknown. Therefore it is only
possible to generate Monte Carlo samples where these parameters are estimated. Given
sequences (@jn)nen (0 = 0,...,4q), (Bi,n)nem (i=1,...,p), (Xn)nem of nonegative real
numbers, where ag, > 0 for all n € IN, and independent standard normally distributed

random variables €;;, the samples of the error-behaved logarithmic returns are given by

t t
_(n 1<~ —
2,7 = loglwo) +r-t =5 S RS+ DA e (12)
j=1 =1

_ a —(n N2 . —(n
B = g+ S - hgjjyi (et_j,i - )\n) +> b hgjj,i (13)
j=1 j=1
(1=1,...,n), where we set again BEZ) =0 fort <0.

To ensure that the price process is a Markov process, we have to extend the state

space. So instead of only Zt(?) we consider
¢ _ (70 QI ’
X0 = (20 erine s evniqi BT A pari) (14)

Theorem 2. Assume that the payoff-function fi is bounded and Lipschitz continuous.
Let Vi and q; be the price of the option and the continuation values corresponding to the
above defined log price process log(Sy). Let Xt(?) be defined by (14). Let M € INM =
sutetmaxpal o oap g e INVK, = Sametedt o g 805 0,4, > 0 and Ay, > 0. Let



the estimates ¢n ¢ be defined as in Section 2, where the function space is given by

1+g+max{p,q}
fn = SKn,M,/Bn,’yn >< [Aiv Bl] .

i=1
Assume
Ain — =00, Bip = 00, =1y 00,y 2 Ain —0,
5 ’ Bi,n — Ai,n Kn
fOT’i = 1,...,1+q+maX{PaQ};
Bn — 00
and 1+g+max{p,q}
5 Tpi+a+max{p.a} g
Bullizi YT 50 (n— 00).
n
Then

~

Y (Gim —a;) >0 (n— 00), ’yn(bj,n—bj>—>0 (n — 00)
foralli € {0,...,q}, 7 €{1,...,p} and
V2A=A) =0 (n— )

mmply
/|(jn7t(3:) — qt(az)\Q PXt,l(dCL‘) — 0 in probability

forallt=0,1...,T and, in addition,
%,n — Vo in probability.

3.3 A Levy model

Finally we present a result for a Lévy Processes. Here we consider the following Merton

Model (cf. Merton (1976)):

Nt
St = x0 - exp u-t+a-Wt+ZYj )
j=1
where W = (W;)ier, is a Wiener process, N = (N;)ier, is a Poisson process with
parameter A independent from W and Yi, Yo, ...are independent normally distributed

random variables with mean m and variance 62 independent from W and N. By defining

i T (e () 1) s

10



the price process with respect to the martingale measure in the sense of Merton (1976)

can be written as

t N
St = 50 exp (Mt+2065 +Z(m+6§i)> , (16)

s=1 =1

where €, &; with ¢, s € IN are independent standard normal distributed and Ny is Poisson

distributed with parameter A\t. Again we consider the corresponding log price process

¢ N
X; = log sp + ut + ZO‘ES + Z(m + 0&;).
s=1 i=1

As in the Black-Scholes and the GARCH case we we estimate the parameters o, A,
m and § by &, ;\n, m, and Sn, and consider the logarithm of the returns. According to

Merton (1976) we define fi,, by

and generate data

(n)
t Nt,i

X =log(wo) + funt + Y uesi+ Y (i +,&)  (t=0,...,Ti=1,...,n), (17)
s=1 i=1

)

where ¢; ;,; ; are independent standard normal distributed and Nt(i’n is a Poisson dis-
tributed random variable with parameter A,¢ independent from €,j,&,j for all 4,7 € IN.
Note that above definition of u, ensures the martingale property of the discounted price

process.

Theorem 3. Assume that the payoff-function f; is bounded and Lipschitz continuous. Let
Vo and g be the price of the option and the continuation values corresponding to the above
defined log price process Xy. Let Xf;l) be defined by (17). Let M € IN,K,, € IN,3,, >
0,7, >0 and A, > 0. Let the estimates ¢ be defined as in Section 2, where the function
space Sk, M.Bnm([—An, An]) is defined by (8). Assume that

A 5. Adcd
An—>oo,ﬁn—>oo,'yn—>ooj—n—>0,M

K, —0 (n — 00).

Then

11



and

7,21-()\n—>\)—>0 (n — o)

imply
/\(jn,t(x) — qt(av)\2 Px,,(dz) =0 in probability

for allt € {0,...,T} and, in addition,

%,n — Vo in probability.

4 Application to simulated data

To demonstrate the finite sample performance of our estimate we first apply it in case of a
Duan-GARCH model. With respect to the martingale measure of Duan (cf. Duan (1995))

the logarithm of the price process has the form

t t
1
log(S;) = log(sg) + 7t — 3 SZ:: hs + ; Vhses,

with

hy = a0 + a1|ht_1’(6t_1 — )\)2 + blht,l-

with independent standard normal distributed random variables ¢q, ..., €. As parameters

of the real price process we take
ao = 0.0000166, a1 = 0.144,b; = 0.776 and X\ = 0.7138.

These values are taken from an example in Duan (1995). To ensure the markov property

of the considered process we take

log(Sy)
Xe=| exple)
N

The riskless rate is assumed to be known as

r =0.05/T =~ 0.001389.

12



As start vector of this process we choose

log(100)
Xo

Il
—

In applications the parameters ag, a1,b; and A are unknown and have to be estimated
from historical data. To demonstrate the influence of such an estimate, we consider dif-
ferent error levels for each parameter.

We price a Bermudan capped-straddle option with exercise prices 70,100 and 130.

The payoff function is shown in Figure 1. As maturity we choose T' = 36, so exercising is

30
|

25

20
l

10

0 50 100 150 200

Sy

Figure 1: Payoff function of a Capped-Straddle with strike prices 70, 100 und 130

possible at the timepoints ¢ = 0,1, ..., 36.

As parameters of the spline space we take A = (0,0,0)", B = (200,2,120)", M =
(1,1,1)T. The parameter K; € {4,10} is choosen by splitting of the sample, K and K3
are set to 2. To estimate the continuation values we use n; = 1000 paths as learning data
and n; = 1000 testing data. The so computed estimates for continuation values are taken

as plug-in estimates to evaluate on n, = 10000 newly generated paths. The arithemic

13



mean of these n, paths is the estimate of one option price. This procedure is repeated
50 times for each parameter constellation. So we get for every chosen parameter set 50
option prices.

Figures 2, 3, 4 and 5 show the simulation results in form of boxplots. Each of these
simulations consider different parameter levels for one of the parameter while all other

parameters are set to the value of the real price process defined above.

-
-

—
o . T
o w '
— e -
=
! ;
' ' '
;
3 R
‘ .
E“
-
!
o | !
R I e
‘
-
©o
0 | o

Figure 2: Simulated option prices in case of a Duan GARCH model with (a) ap =
0.0001494, (b) ap = 0.0001577, (c) ap = 0.00016434, (d) ap = 0.000166, (e) ap =
0.00016766, (f) ap = 0.0001743, (g) ap = 0.0001826

The next simulation series considers the pricing of a Bermudan bear spread option
with strikes 60 and 140. The corresponding payoff function is illustrated as Figure 6. The
maturity is set to 7' = 36, the riskless rate is r = 0.05/7.

This time we use a Merton modell for simulating the asset prices. We start with the
log price process (16). Here we assume, that the real parameters are o = 0.02/ VT, m =
0.2,6 = 0.5, A = 0.2. The parameter p is computed by (15).

The parameters of the spline space are K,, € {4,10}, A = 0, B = 250, M,, € {1,3}.
The number of learning data for choosing the spline space parameters is n; = 1000. The

corresponding testing data is ny; = 1000. The so computed estimates for continuation

14
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Figure 3: Simulated option prices in case of a Duan GARCH model with (a) a; = 0.1296,
(b) a1 = 0.1368, (c) a1 = 0.14256, (d) a; = 0.144, () a; = 0.14544, (f) a; = 0.1512, (g)
a1 = 0.1584

values are taken as plug-in estimates to evaluate on n, = 10000 new generated paths. The
arithemic mean of these n, paths is the estimate of one option price. This procedure is
repeated 50 times for each parameter constellation. So we get for every chosen parameter
set 50 option prices. Startvalue of the price process is 100.

Figure 7 shows the results, if we choose m as
0.18,0.19,0.198,0.2,0.202,0.21,0.22

and keep all other parameters fixed.

Figure 8 shows the results, if we choose § as
0.45,0.475,0.495, 0.5, 0.505, 0.525, 0.55

and keep all other parameters fixed.

Figure 9 shows the results, if we choose A as
0.18,0.19,0.198,0.2,0.202,0.21,0.22
and keep all other parameters fixed.
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Figure 4: Simulated option prices in case of a Duan GARCH model with (a) b; = 0.69840,
(b) by = 0.7372, (c) by = 0.76824, (d) by = 0.776, (e) by = 0.78376, (f) by = 0.8148, (g)
b1 = 0.85360

We do not consider an error in the remaining parameters, due to the similarity in case

of the Black-Scholes model.

16



o :
° -_
o | e
o _ !
> . =
o S T A
o ! !
. — =

o | —
o _ !

I ——
o | _ ]
© ' —
. | =
® -

T T T T T T T

@ (b) (©) (d) (e) ® ()

Figure 5: Simulated option prices in case of a Duan GARCH model with (a) A = 0.642420,
(b) A =0.678110, (c) A = 0.706662, (d) A = 0.713800, (e) A = 0.720938, (f) A = 0.749490,
(g) A =0.785180
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Figure 6: Payoff function of a bear spread with strikes 60 and 140
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Figure 7: Simulated option prices in case of a Bermudan bear spread option considering
a Merton model with (a) m = 0.18, (b) m = 0.19, (¢) m = 0.198, (d) m = 0.2, (e)
m = 0.202, (f) m =0.21, (g) m = 0.22
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Figure 8: Simulated option prices in case of a Bermudan bear spread option considering a
Merton model with (a) § = 0.45, (b) § = 0.475, (c) § = 0.495, (d) 6 = 0.5, (e) 6 = 0.505,
(f) 6 =0.525, (g) d = 0.55
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Figure 9: Simulated option prices in case of a Bermudan bear spread option considering a
Merton model with (a) A = 0.18, (b) A = 0.19, (c) A = 0.198, (d) A = 0.2, (e) A = 0.202,
(f) A=10.21, (g) A =0.22
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5 Proofs

5.1 An auxiliary lemma

In the proofs we will need the following lemma.

Lemma 1. Let fi,q;,q : RY — IR be functions (t = 0,...,T). For given R*-valued

.....

V; = max{ fi11(Xe41), @1 (Xeg1) } and Ve = max{ fr41(Xe1), Gr1 (X))

Let s € {0,...,T—1} and assume that fs11 is Lipschitz continuous with Lipschitz constant

L. Then
Vs — Yo|? <207 || X1 — Xon ||* + 2 [as1 (Xos1) — Go1 (Xsn) |7

Proof. Using (a + b)? < 2a? + 2b% and | max{a,b} — max{a,c}| < |b—c| for a,b,c € R

we get
_ 9 _ 5 2
Ve = Ys|" < 2 max{for1(Xss1), gs1(Xsq1)} — max{ for1(Xot1), Gs1(Xss1)}|
_ > > _ = 2
+2 [max{ fs41(Xs11), Gs 1 (Xo11)} = max{ fo1 (Xst1), Gsr1 (Xss1)}]
_ = 2
< 20ger1(Xop1) = Gopr (Xoqn) P + 2 [ for1(Xep1) — forr(Xern)[”
By using the Lipschitz property of fs+1 we get the desired result. O

5.2 A general consistency result

In this subsection we formulate and proof a general consistency result. Here we assume

that instead of independent copies
(Xt,i)t:O,...,T (Z = 1, e ,n)
of the underlying R%valued Markov process (X¢);—o,...7 we have given paths
(X ico.r ((=1,...,n)
such that
N 2
- Y OIX = Xl
i=1
is small for all £. We define our estimates ¢,; and %,n as in Section 2 with a general

function space F,. Then the following result holds.
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Theorem 4. Let the discounted payoff function fi be bounded in absolute value by some
M > 1 and Lipschitz continuous with Lipschitz constant L > 0. Let F,, be a subspace of a
linear vector space of dimension D,, consisting of functions which are bounded in absolute
value by some B, > 0 and which are Lipschitz continuous with respect to some Lipschitz

constant ~y,. Assume that

XM gre independent given Xy 4,..., Xn 4 (18)

g ey n,t R

At
X1,t4+15- -+ Xnt+1 and Xit)

forallt=0,...,T —1. Then

D:LB;Z — 0, Dnﬁf’l — 00, Opb —>00 (n— 00),
it 170~ @) Pr(de) 50 (0 ox) (19)

forallt=0,..., T —1 and
T N || 5
w2 -

forallt=0,...,T imply

2
— 0 4n probability (n — o)

/ |Gt (x) — qi(2)|* Px, (dx) = 0 in probability (n — oo) (20)
fort=0,...,T and, in addition
%,n — Vo in probability. (21)

In the proof we will apply Theorem 1 of Fromkorth and Kohler (2011). In case of
bounded Y, the Sub-Gaussian condition there is trivially fullfilled. Using Lemma 9.3 in

Gyorfi et al. (2002) we can conclude from the result there the following lemma:

Lemma 2. Let (X,Y),(X1,Y1),...,(Xn,Ys) be independent and identically distributed
R x R valued random vectors with |Y| < 3 a.s. for some > 0. For each n let F;, be a
subset of a linear vector space of dimension D,, consisting of functions f : IRY — IR which
are bounded in absolute value by B, and which are Lipschitz continuous with Lipschitz

constant v,. Given an arbitrary data set

Dy = {(XL"’ Yl,n)? R (Xn,rw Yn,n)}
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with the property, that Y1,...,Y, and Xl,n, e ,Xn,n are independent given Xi,...,X,,

define the estimate m, by

_ — 2
1 (+) = arg min gZ‘f n) = Yin|"
If
D 5
Nﬁ"—>0, Dnﬂf’l—>oo (n — o0)
n

then it holds for ¢ sufficiently large that we have for any n € IN

P{ [ 1) (@) ulde) > 2, < cvexp (- Dy - )

and
1< ey NE ' . o 3
P{n;‘mn(){l,n) m(XZ)‘ >c Zn} <ec exp( c-D, Bn)
where
RS o2 1< _ 2
zn:n;m—y, +fy,%.n;uxi_xmu + Db +f€n£/\f (2) P u(de).

Proof. The result follows directly from Theorem 1 in Fromkorth and Kohler (2011) and
Lemma 9.3 in Gyorfi et al. (2002). O
Proof of Theorem 4. We prove the theorem by backward induction. We start with

t =T, in which case we have ¢, 7(z) = ¢r(z) = 0, which implies
/ |Gn,s(z) — ¢s(x)|?Px.(dz) — 0  in probability (22)

and

I . .
- Z |Gn,s(Xsi) — qs(X( ))| — 0 in probability (23)

SZ

for s =T.
Let t € {0,...,T — 1} be arbitrary and assume that (22) and (23) hold for s =t + 1.

In the sequel we show (22) and (23) for s = ¢. To do this we apply Lemma 2 with

)

Xi=Xit, Xin= _,;(Z), Y: = max{ fi+1(Xit+1), q+1(Xip+1)}

and

Vi = max{ frs1 (X7L1), dunes (X001 ).
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Here (18) implies that Y7, ...,Y, and Xy ,,..., X, are independent given X1, ..., X, so

we can conclude

P {/ (i t(2) — (@) P, (da) > 11 - Zn} S50 (n— o0)

and
I, o
P { > dnt(Xea) = @(Xpa)* > ca - Zn} —0 (n—o00)
i
where
Z, = 1y X, Xisp1)} — X ), e (X [
n = nz max{ fi+1(X;41)s qe1 (K1) — max{ fe( i,t+1)aQn,t+1( i7t+1)}
i=1
1 & _ 2 D .
2 R - (1) n _
o 2 - X+ = “ 4t [ 176) - @R, (@),

Lemma 1 implies that for n sufficiently large (i.e., in case 7, > L) we have
Z, < 2 En: a1 (X000) = a1 (X))
n — n — n, Z,t+1 )

1< ~m) |2, Dn
4392 3 Koo = X[ P +f1€n; [17@) = @) PP da).
i=1 "

By the induction hypothesis and the assumptions of the theorem, we have
Zy, — 0 in probability.
The proof of (20) is complete, and using (10) we also get (21). O
We reformulate Theorem 4 in case of choosing the function space as a spline space.

Corollary 1. Let the discounted payoff function f; be bounded in absolute value by some
B > 1 and Lipschitz continuous with Lipschitz constant L > 0. Forn € IN let Ay, Bn, Yn >
0, K, € NK, = (Kp,,...,K,), M € IN2 and set

Fr = SK, M,By9n ([_A”’ An]d> '

Assume that

Xit+1s--+> Xnt41 and Xg?, e ,X(n) are independent given X4, ..., Xn s (24)

n,t

forallt=1,...., T —1. Then

A, b ALK
A%mﬂn%oovn—)mK—%O,%%O (n — 00)
n
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and
2

2 N
n Z HXt(?) — Xii|| — 0 in probability
n )
i=1

forallt=0,...,T imply

/

fort=0,...,T and, in addition

2
‘jt(n) (z) — qt(ﬂf)‘ Px,(dx) — 0 in probability

‘A/om — Vo in probability.

Proof. Corollary 1 follows directly from Theorem 4 if we observe that (19) follows from
g € La(Px, (which is implied by the boundaries of the payoff function) and approximation
properties of spline spaces (cf., e.g., proof of Corollary 2 in Fromkorth and Kohler (2011).

O

5.3 Proof of Theorem 1

Set Xt,i = (Xl,t,ia v 7Xd,t,i)/7 where

t d
1
Xui = lon(ako) 4714 303 (on e~ 502, ).

s=1 j=1
This can be interpreted as an artificial sample of the logarithm of asset values with the
real (but unknown) distribution.

For all t =0,...,7T it holds

2
d d t d
— Z % Z ((U’(CZ))Q - o—i,j) + ZZ ((ka —65.7) 657“)
k=1 Jj=1 s=1 j=1
d 2 d t
< a3 () - oky) + X 3w -l
k=1 Jj=1 s=1 j=1

where we have used the inequality of Jensen. From this we get

j

= (-2
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d 2 d
t n
< Zt (d+1) T 27 ( >~ o, ) +ZZ% Uk,]—ok])) “E(e2,1)
k=1 7j=1 s=1 j=1
d 2 d 2 d
< Zt (d+1) 1 27 (Uk,g _Ulw) ( ( )+U/w> +1 Z'Yn Ok,j Ulw))Q
k=1 j=1 j=1

where the last step follows from the assumptions of the theorem. For arbitrary ¢ > 0 the

Markov inequality implies now

IN

) < e

A T | S

S

n — 00),

this means

—> 0 (n — o0) in probability.

FEPI LR

Finally we note, that Xy ;41,..., Xy 41 depend only on random variables independent

from all random variables used up to time ¢ provided we fix X;1,..., X ,. So the inde-
pendence assumption in Corollary 1 is trivially fulfilled.

Corollary 1 implies the assertion. O

5.4 Proof of Theorem 2

Again we introduce the artificial sample X;; of the real distribution, i.e. we set

T

Xei = (Zris €t €t—gityis Pais - - s Mi—max{pg}+1.0)
where

1 t t
Zy; = log(zo) + 1t — 3 Z hji + Z Vi€
7=1 7j=1
q p
hig = a0+ Y a5 hujilerji— N>+ bi-heja,

=1

for t > 0 and hs; = 0 for s <0.

25



As in the proof of Theorem 1 it suffices to show

E {%

By the definition of the stochastic processes and the inequality of Jensen we get

Xt 1 — X(”)

}—>O (n — 00).

= (n) 2
X — X0
max{p,q}

2
= |Zta — tl)"’ Z ‘htﬂ —j1 §+)1 g,‘

max{p,q}

) 2
+ Z ’ht+1—31 hitija

t
= Z% (}71((3771) — h571) + Z <\/hs,1 — hgt?) " €s,1
s=1

[N
[\
~

=~ =

~—~
>
w0

e
|

>

W

=
~—
[N}
+
N
>
w
=
>
wn
e
~_

M

» DN
=
~ =

n)

Because of ag > 0 and a;, a;,, b;, b; , nonnegative we know hg 1

s €{0,...,t}. Therefore

> 0 and hg1 > ag for all

2

(ﬁ \/K) —81_71;1) < - (ha =)

s=1 s=1
max{p,q} | 9
w3 e e[
j=1
¢
to2t s () 2
<(Z4+== . _
_< +a0+1> ZlE{yn (R4 = ) }
So it remains to proof
N 2
V2 -E { (hox —1Y) } =0 (n— o) (25)
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for s € {0,...,t}. We will do this by induction over s. By definition we have for s = 0

V2 E { <h571 - hg71>)2} = 0.

Let s € INg and assume (25) holds for s (and all smaller indices). Then we have for

that

s+ 1, that

2
s+1 1= s+1 1‘

q
= { — o+ Y (a] sr1-jalesrijn —A)? — dj,nhgr)lfj,l(eﬁ-l—j,l - /\n)2>
7=1
2

p
+ Z (bjhs+1—j,l - bj,nhgjr)l—ﬂ)
j=1

< (I+p+gq) (%21 lag — ao.nl®
_ ~ 2
+ Z% {)ag wt1—ga (€11 = N2 = @bl (eap1—jn — )\n)Q‘ }

A —(n 2
+ Z’YELE {‘bjhs-i-l—j,l - bjanhg—&—)l—j,l‘ } > )

j=1
where the last inequality follows from the inequality of Jensen.

By the assumptions of the theorem we know
2 L2
Tilao —aon|” =0 (n—0).

Using (a + b+ ¢)? < 3a? 4 3b? + 3¢? (a,b,c € IR) and the independence of €511_;1 from

(n)

heyr-j1 and by —Jj,

1 we get

2 _ 4~ 7(n) L 2)?
E ‘ajh5+1_j71(63+1_j,1 - )\) - aj,nhSJrl,j’l(Gs-&-l—j,l - )\n) ‘
3a}-Ehi 1_j1-E {(Gs+1—j,1 — A% = (es41-j1 — An)?
2 7 (n) 2 12
+3aj - E (hs+1—j,1 - hsﬂ,j’l) -E {(€s+1—j,1 - ) }
A \2 (n) 2 § )2
+3 - (aj — ajn)” - (herl i1 ) B {(€s+lfj,1 —An) }

. o 2 .
=3a}-Ehiyy ;- (A = A}) +3a] - E { (hs+l—j,l - hiﬁl_ﬂ) } S(1+A2)
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—(n 2 .
+3 - (a; — dj,n)2 E { (hgﬁl_]g) } (14 23),

where the last equality follows from Ee,41—j1 = 0 and Ee§+1_j71 =1.

From this, the induction hypothesis, E{h2,} < oo (which follows by induction) and

_ 2 _ 2
E { <h£i)1—j,1> } <2-E { (hs+1fj,1 - hg—?l—j,l) } +2-Ef{hl 1}
for all s, and the assumptions of the theorem we see
2 ‘ ‘ N2 g B® 2]
TnE 9 |ahst1—j1(esp1—51 — A)" = Qinhg /i (€st1-51 — An) =0 (n—o0).
Similar arguments lead to
2 , R A () 2
VB S |bjheti1—j1 I)J,nfLSJrkj71 =0 (n— o),

from which we conclude the assertion. O

5.5 Proof of Theorem 3

The assertion depends only on the joint distribution of the random variables describing
the discrete the price process used in the regression-based Monte Carlo method sampled
at discrete points, so in order to prove the theorem we may assume w.l.o.g. that the
random variables are generated in some special way. We do this in the same way for
random variables describing the logarithms of the returns of the price process using the
true parameter values. In both cases we use that values of a Poisson process sampled
at discrete points can be generated as partial sums to a sequence of independent Poisson
distributed random variables.
Let
etis Eeis Ny Ny (i,t € IN),

be independent random variables, where ¢; ; and {; ; are standard normally distributed, Ny ;
is Poisson distributed with parameter At and ]\Aft(y?)

A — At

is Poisson distributed with parameter

At first we consider the case A < A,. Because of the folding property of the Poisson
)

. . . Natl .
distribution we can Nt( ; Wwrite as
b

N = N+ N,
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(n)

For the logarithm of the price processes X;; and X’ti this means

Ntz
Xii = log(xo) + pt + Z oesi+ Y (m+0&;)
s=1 7j=1
and
Nt 7,+N(n)
Xt i — 10g($0) + ,Unt + Z On€s K + Z (mn + 5n§t,j) .
s=1 j=1

As in the proofs of Theorem 1 and Theorem 2 it’s enough to show

E {%%

Jensen’s inequality implies

_ 2
Xi1 —Xt(j?’ } 50 (n— o).

= (n)|2
Xt,l - Xt,l

t Nt
= (=)t + (0 —60) Y ean+ Nea(m—1ig) + (06— 0,) Y &
s=1 1 —
Nt,1+]\7t(ﬁ) 2
S (mn + 5ngt,j)
Jj=N¢1+1
2
< 5 <(:u_ﬂn)2 t2 U_Un <Z<€s 1) Nt 1) (m_mn)Q
2
Nia 2 Nea+NY
+ ( ) Z gt] + Z (mn + 5n§t,j> )
J=Ng1+1

and therfore

E {'73

t 2
S 5- Tn ((/J’ /J'n) t2 + (U - a-n)z E (Z 58,1) + E {(Nt,l)Z} (m - ﬁln)Q
s=1

2
X1 _Xt(ﬁ)‘ }

2 G (n) 2
) Nia Ni1+N;
+(6-0) B (Y| p+B [ NPiw+d Y & )
=1 J=Npit1
The random variables €1 1,...,€;,1 are independent and standard normal distributed, so

it holds

¢ 2
(z) -
s=1
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and by definition of N;; we have
E {(Nm)Q} = (At)? + At.

Because of the independence of N;1,&:1,&2,... and the identical distribution of
&i1,6t2, ... this implies
N 2

E Z €t =E{N;1} Var {1} +E {(Nt,l)z} (E&1)? = M
=1

and so
N

(5—5n>2E Say| ¢ = <5—5n>2)\t.
j=1

From the independence of N; 1, Nt(,?)7§t,1, &2, ... and because of E (& ;) = 0 for all 4, j one

gets
Ny, 1+N( ) 9 Nt71+Nt(ﬁ)
E{ | NP +80 Y &y E{(Nf?mn) }+E b D &
J=N¢1+1 J=Nt1+1
= <|)\ Anlt + A — )\|t2 2 A=A 62t

To conclued this means in case of A < A, that

E{’Vﬁ 2}

< 5 ((M — )28 (0 — 60) 4 (P2 4 AE) - (m— 1)

X1 — Xt(ﬁ)

+ (6 - Sn)2 A+ <|)\ — Anlt+ N - 5\n|2t2) 2 4 A= At 83).
Similar argumentation implies for A > A, that
Ny = Nt(,?) + Nt(,?)_
So we get in this case
E {’Yﬁ

< 5 ’YZ <(/~L - ﬂn)z t2 + (U - &n)Z i+ (;\ELtQ + )‘nt) : (m - Thn)Q

Xt,l - Xt,l
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A\2 . . . . .
+ (5 - 5n) At + X = Anlt- 82 + (\A — At A - An\2t2> : m2).
Alltogether this means

2
{51}

< 592 (= fin)? 2 + (0 — G0)* t + max {J\itQ At 22 )\t} (M — 1n)?

(
(

X1 — Xt(?

5—5n)2max{>\t, }nt} A=At 82
A= Anlt + [\ = Xn\2t2) -max{mi,m2}>
z i) 12 5 )2 £242 43 2,2 .2
< 52 (= )+ (0 = 6a) o+ (A2 Aat o+ N2 4 L) - (= 1)
+ <5 - 5n)2 (At + Xnt> + A=At - 62
+ (|/\ — At + A — 5\nl2t2) (2 +m2)>

By the assumptions of the theorem this expression converges to zero for n — co. Here

we have used that by the mean-value-theorem we have

R —I—Si +52 <|r +(§n 52 7 |_|_572L+ +(52
xp | ™ ]l —ex — m — —m — —|ex = —
exp nt 5 exp [ m 5 nt g m 5 exp | |y 5 m 5

The result follows as in theorem 2. O

References

[1] Belomestny, D. (2011). Pricing Bermudan options using regression: optimal rates of

convergence for lower estimates. Finance and Stochastics 15, pp. 655-683.

[2] Bollerslev, T. (1986). Generalized autoregressive conditional heteroscedasticity. Journal

of Economics 31, pp. 307-327

[3] Chow, Y.T., Robbins, H., and Siegmund, D. (1971). Great expectations: The theory of
optimal stopping. Boston etc.: Houghton Mifflin Company.

[4] Carriér, J. (1996). Valuation of early-exercise price of options using simulations and

nonparametric regression. Insurance: Mathematics and Economics 19, pp. 19-30.

31



[5] de Boor, C. (1987). A Practical Guide to Splines. Springer.

[6] Cont, R., and Tankov, P. (2004). Financial modelling with jump processes. Chapman
& Hall / CRC .

[7] Duan, Jin-Chuan (1995). The GARCH option pricing model. Mathematical Finance 5,
pp- 13 - 32.

[8] Egloff, D. (2005). Monte Carlo Algorithms for Optimal Stopping and Statistical Learn-
ing. Annals of Applied Probability 15, pp. 1-37.

[9] Egloff, D., Kohler, M., and Todorovic, N. (2007). A dynamic look-ahead Monte Carlo
algorithm for pricing American options. Ann. Appl. Probab. 17, No. 4, pp. 1138-1171.

[10] Fromkorth, A., and Kohler, M. (2011). Analysis of least squares regression estimates
in case of additional errors in the variables. Journal of Statistical Planing and Inference

141, pp. 172 - 188.

[11] Glasserman, P. (2004). Monte Carlo methods in financial engineering. Applications
of Mathematics 53. New York, NY: Springer.

[12] Gyorfi, L., Kohler, M., Krzyzak, A., and Walk, H. (2002). A Distribution-Free Theory

of Nomparametric Regression. Springer Series in Statistics, Springer.

[13] Karatzas, 1., and Shreve, E.S. (1998). Methods of Mathematical Finance. Application
of Mathematics - Stochastic Modelling and Applied Probability, Springer.

[14] Kohler, M. (2008). A regression-based smoothing spline Monte Carlo Algorithm for

pricing American options. Advances in Statistical Analysis 92, pp. 153-178.

[15] Kohler, M. (2010). A review on regression-based Monte Carlo methods for pricing
American options. Devroye, Luc et al. (ed.), Recent developments in applied proba-
bility and statistics. Dedicated to the memory of Jiirgen Lehn. Heidelberg: Physica-
Verlag. 37-58 pp.

[16] Kohler, M., Krzyzak, A. (2009). Pricing of American options in discrete time using

least squares estimates with complexity penalties. Preprint

32



[17] Kohler, M., Krzyzak, A., and Todorovich, N. (2010). Pricing of high-dimensional

american options by neural networks. Mathematical Finance 20, pp. 383-410.

[18] Longstaff, F.A., and Schwarz, E.S. (2001). Valuing American options by simulation:
a simple least-squares approach. Review of Financial Studies 14, pp. 113-147.

[19] Merton, R. (1976). Option pricing when underlying stock returns are discontinuous.

J. Financial Economics, 3, pp. 125 - 144.

[20] Shiryayev, A.N. (1978). Optimal Stopping Rules. Applications of Mathematics,

Springer.

[21] Tsitsiklis, J.N. and van Roy, B. (1999). Optimal stopping of Markov processes: Hilbert
space theory, approrimation algorithms, and an application to pricing high-dimensional

financial derivatives. IEEE Transactions On Automatic Control 44, pp. 1840-1851.

33



