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Abstract

In this paper a nonparametric latent variable model is estimated without specifying the
underlying distributions. The main idea is to estimate in a first step a common factor
analysis model under the assumption that each manifest variable is influenced by at most
one of the latent variables. In a second step nonparametric regression is used to analyze
the relation between the latent variables. Theoretical results concerning consistency of
the estimates are presented.
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1 Introduction

Latent variable models provide statistical tool for explaining and analyzing underlying
structure of multivariate data by using the idea that observable phenomena are influenced
by underlying factors which cannot be observed or measured directly. They have appli-
cations in various areas including psychology, social sciences, education or economics,
where theoretical concepts such as intelligence, desirability or welfare cannot be mea-
sured directly but instead observable indicators (or manifest variables) are given.

One possibility to fit latent variable models to data is to assume that the underly-
ing distribution is Gaussian, and therefore it is uniquely determined by its covariance

*Running title: Nonparametric latent variables

TCorresponding author: Tel. 4+1 514 848 2424, ext. 3007, Fax. +1 514 848 2830



structure. Then the maximum likelihood principle together with structural assumptions
on the underlying latent variable model can be used to fit the latent variable model to
observed data.

In contrast in this paper we try to avoid any assumption on the class of the underlying
distributions. Given multivariate random variables X and Y, we approximate them by
linear combinations of suitable latent variables Z; and Zs and then use nonparametric
regression to study the relation between Z; and Z3. In this way the whole procedure
splits into two separate problems: In a first step we fit a common factor analysis model
to X and Y. And then we apply suitable nonparametric regression techniques to analyze
the relation between the latent variables in this model.

The main trick in estimation of the common factor analysis model is to estimate the
values of (Z1,Z3) in such a way that the corresponding empirical distribution asymp-
totically satisfies the conditions that characterize the distribution of (Z1, Z2) uniquely.
This primarily requires independence of (Z, Z2) of the random errors occurring in the
manifest variables, and we ensure this by minimizing some kind of distance between the
empirical cumulative distribution function of all these random variables and the product
of the marginal cumulative distribution functions.

Our main theoretical result is that the empirical distribution of the estimated values
of (Z1, Z) converges weakly with probability one to the distribution of (Z1, Z). We use
this result to define the least squares estimates of the regression function of (71, Z2). We
show that our regression estimate is strongly consistent whenever the regression function
is Lipschitz-continuous and bounded.

1.1 Discussion of related results

Surveys on latent variables and its applications can be found, e.g., in Bollen (2002) and
Skrondal and Rabe-Hesketh (2007).

One way to determine latent variable models is the use of principal component analysis
(c.f., e. g., Hastie, Tibshirani and Friedman (2009), ch. 14.5). There the manifest vari-
ables are approximated by the best linear approximation of a given rank. The obvious
drawback is that in this case the sum of the latent variable and its random error is ap-
proximated. The classical factor analysis model takes into account these random errors.
If we assume that all random variables are Gaussian, then the model can be fitted by
maximum likelihood (c.f., e. g., Hastie, Tibshirani and Friedman (2009), ch. 14.7). In
the independent component analysis (described e.g. in Montanari and Viroli (2010)) the
latent variables are assumed to be independent, which resolves any identifiability problem
in the above approaches. However, this assumption is often not realistic in the applica-
tions and cannot be used in context of regression estimation. Identifiability conditions
for latent parameters in hidden Markov models and random graph mixture models have
been discussed in Kruskal (1976, 1977) and Allman, Matias and Rhodes (2009). Indepen-
dent factor analysis model which is often used for dimensionality reduction assumes that
random variables are generated by a linear model containing latent independent compo-
nents and perturbed by an additive gaussian noise. The density of observed variables
has been estimated by a kernel estimate by Amato et al. (2010). A linear latent vari-



able model where observed variables depend linearly on unobservable latent variables has
been analyzed by Anderson (1989). Under normality assumptions the covariance struc-
ture of the model is estimated by maximum likelihood and its asymptotic normality is
established. For ordered categorical data the latent variable model has been investigated
by Breslaw and McIntosh (1998) and by Gebregziabher and DeSantis (2010) for missing
categorical data. It has been applied to finance by Bai and Ng (2006). A generalized lin-
ear latent variable model (GLLVM) has been estimated using Laplace approximation by
Bianconcini and Cagnone (2012). Similar model with semi-nonparametric specification
of distribution of latent variables has been analyzed by Irincheeva, Cantoni and Genton
(2012). Bartolucci (2006) considered latent Markov model and estimated its parameters
using EM algorithm and applied it to detecting patterns of criminal activity, see Bar-
tolucci, Pennoni and Francis (2007). A mixture of latent variables model was applied to
clustering, classification and discriminant analysis, see Browne and McNicholas (2012).
Parsimonious Gaussian mixture models (PGMMs) are recently introduced model-based
clustering techniques generalizing mixtures of factor analyzers model and are based on
a latent Gaussian mixture model. McNicholas (2010) used PGMM and Bayesian infor-
mation criteria to perform model-based classification. A general latent variable model
incorporating spatial correlation and shifted dependencies has been analyzed by Chris-
tensen and Amemiya (2002). Colombo et al. (2012) applied latent variables to learning
of high dimensional acyclic graphs. In longitudinal data analysis one often encounters
non-Gaussian data. Hall et al. (2008) used latent Gaussian process model for predic-
tion by means of functional principal component analysis (PCA). PCA approach has
also been used to estimate latent variable models by Lynn and McCuloch (2000). In a
model, where the number of manifest variables is the same for all latent variables, and
where this number and the number of observations of each of them increase, Bai and Ng
(2002) estimate the number of latent variables using an asymptotic principal component
analysis.

The previous works on regression estimation in the context of latent variables were con-
fined to parametric models, often formulated with so-called structural equations models,
for surveys see, e.g., Marsh, Wen and Hau (2004) or Schumacker and Marcoulides (1998).
In Paul et al. (2008) a high-dimensional linear regression problem is considered, where a
low dimensional latent variable model determines the response variable. Principal com-
ponent analysis is used to estimate the underlying latent variables, and it is assumed
that all variables have Gaussian distribution. A generalization of Gaussian latent vari-
able models to the case that the manifest variables are indirect observations of normal
underlying variables can be done via generalized linear latent variable models, cf., e.g.,
Conne, Ronchetti and Victoria-Feser (2010).

Our results generalize previously known results in so far that we do not need to impose
any parametric structure on the regression function considered and that we do not restrict
the class of error distributions occurring in the model. Our estimation of the common
factor model is related to errors-in-variables models. In fact our estimation principle is
based on generalization of the uniqueness result for such models presented in Li (2002).

Nonparametric regression estimation has been studied in the literature for a long time.
The most popular estimates for random design regression include kernel regression es-



timate (cf., e.g., Nadaraya (1964, 1970), Watson (1964), Devroye and Wagner (1980),
Stone (1977) or Devroye and Krzyzak (1989)), partitioning regression estimate (cf., e.g.,
Gyorfi (1981) or Beirlant and Gyorfi (1998)), nearest neighbor regression estimate (cf.,
e.g., Devroye (1982), Devroye, Gyorfi, Krzyzak and Lugosi (1994), Mack (1981) or Zhao
(1987)), least squares estimates (cf., e.g., Lugosi and Zeger (1995)) or smoothing spline
estimates (cf., e.g., Kohler and Krzyzak (2001)). The main theoretical results are sum-
marized in the monograph by Gyorfi et al. (2002). To the best of authors’ knowledge,
the application of nonparametric regression in the context of latent variables is new.

1.2 Notation

Throughout this paper we use the following notation: the sets of integers, rational num-
bers and real numbers are denoted by N, Q and R, respectively. For k € N and subsets
Bi,..., By of R? we write

k
HBi:{(aj‘l,...,xk) : Jj‘iEBi (2:1¢7k)}
=1

for the Cartesian product of the sets. 1p is the indicator of the set B. If X is R%valued
random variable then

px(u) = B{e™ X}

is its characteristic function. For f: D — R we write

x = argmin f(z)
zeD
in case that

r€e€D and f(x)= iréiblf(z).

1.3 Outline

The estimate of the common factor analysis model is described in Section 2. In Section
3 we use techniques of nonparametric regression to analyze the relationship between the
latent variables. The proofs are given in Section 4.

2 Estimation of a common factor analysis model

In the sequel X and Y are R%- and R% -valued observable random variables (manifest
variables). In order to analyze the relation between X and Y we assume that they depend
linearly on some hidden and unobservable variables Z; and Z3, where Z; and Z; are dz, -
and dz,-dimensional random vectors, resp. Here we assume dz, < dx and dz, < dy.
More precisely we assume that X and Y satisfy the following common factor analysis
models

X=A-7Z1+¢€ (1)



and
Y =B 75+, (2)

where A and B are dxy X dz, and dy X dz,-dimensional matrices, resp., and e and 9
are dx- and dy-dimensional random vectors where all components are independent and
have mean zero, furthermore we assume that (71, Z3), € and § are independent. Given a
sample

D, ={(X1,Y1),...,(Xn,Yn)}

of independent and identically distributed copies of (X,Y), we want to estimate A, B
and the corresponding values of the latent variables Z;; and Z5; corresponding to X;
and Y; (i =1,...,n). In the next section we will apply nonparametric regression to the
estimated sample

{(211,221), -+, (Z1,ns 22.0) }

of (Z1,Z2) in order to analyze the relation between Z; and Zs.

X171 1. Zl,l €1,1
X1, ayo - 21,1 €21
X1, ayy, - 41,1 €1
Xay 1 L-Zg, 1 €1,dy,
Xay 2 Ady, 2 Zdg, 1 €2,dy,
Xd21 lag, _ a’d217ldzl 'Zdzlyl n la, ,dz, (3)
}/171 1- ZLQ 5171
Yio bio-Z12 02,1
Yik b1k, - 21,2 Ok 1
Ya,, 1 1 Zay, 2 01,dz,
YdZQ’ 2 bdZ272 : ZdZ272 527dZ2
Yaz, kay, Ddz, kay, * iz, .2 Oka, dz,

In this section we describe how to estimate the common factor analysis model described
by (1) and (2). Here we assume that some a priori information on the structure of the
matrices is given. More precisely, we assume a simple structure in terms of a single cause
of variation (i.e., a single latent variable) for each manifest variables. In other words,
each of the components of the manifest variables is influenced by at most one of the
components of the latent variables, so that each row of A and B contains at most one
nonzero entry. By rescaling the columns of the matrices and the latent variables we can



assume furthermore that one of the entries in each column is one (which enables us to
show that the model is uniquely defined, cf. Lemma 1 below). If this is true we can
rewrite our model by (3), where we assume that [y, ..., le1 Sk, ..., kd22 > 3.

In order to simplify the notation we assume throughout this paper dz, = dz, =1, and
consequently we can rewrite the model (1) and (2) in the form:

x @) 1- 74 €1
X(z) ay - Z1 €9
Xkd) aq ~. Z1 eld
yo [ =12 | T|a @
y® by - Zo 02
Y(l) bl - o 51

where we assume that the coeflicients are all nonzero, that d,! > 3, and that Z;, Z, €1,
...€4, 01, ..., 0; are real random variables with the property that (Z1, Z2), €1, ... €q, 01,
..., 0; are independent and that satisfy E{¢;} = E{d;} = 0.
Our first result shows that under the additional assumption that the characteristic
function of
(X, V)= (XD, . x@ yO yb

does not vanish at any point the distribution of (X,Y’) determines uniquely the (joint)
distribution of all other random variables occurring in the above model.

Lemma 1. Assume that in the model (4) the random variables X0 o x@ y® o yO

are in Lo, that Zy, Za, €1, ..., €4, 01, ..., 0; are in Ly, that (Z1,7Z3), €1, ..., €4, 01,
..., 0; are independent, that
E{e1} =E{ex} = ... = E{eq} = E{01} = E{d} =...=E{§} =0,

that E{Z%} > 0 (k € {1,2}) and that as,...,aq,b2,...,by € R and d,l > 3 and ay #
0,a3 # 0,bo # 0 and by # 0. Assume furthermore, that the characteristic function of
(X,Y) does not vanish at any point.

If?l, Zo, €1, ..., €4, 01, ..., 0 are in Ly, as, ..., aq, 52, e b, are in R and Zl,
..., by satisfy

XM 1-7 &
X ao - 71 &
x (d) g 721 &4

| = 7 | T |6
Y 1.7, (El
Y () by - Zo 59
y® b - Zo o)




where the equality above holds in distribution,

E{é,} =E{é&}=... =E{&} =E{0} =E{d0}=...=E{§} =0
and (21,22), &1, ..., €, 01, ..., 0, are independent, then a;=aj (j=1,...,d), b = b
(k‘ = 1,...,l), P(Zl,Zg) = P(Z1,Z2); Pgl = Pq; ey Pgd = PEd and Pgl = Pgl, ey
P; =Ps,.
Hence under the above assumptions as, . .., aq,ba, ..., by, and the distributions of (Z1, Z2),
€1, ..., €4, 01, ..., 0; are uniquely determined by the distribution of (X,Y).

Remark 1. In case d = 2 and [ = 2 the model (4) is not unique. For instance if Z,¢;
and €9 are independent normally distributed with mean zero then the distribution of

X1 o Z + €1
<X2> - <a -7+ 62)
does not uniquely determine the distribution of Z, €1, 2. For instance take a = 1,7 ~
N(0,1),e3 ~ N(0,1),e2 ~ N(0,4) or a =4,Z ~ N(0,1/4),e1 ~ N(0,7/4),e2 ~ N(0,1).
By computing covariance matrices it is easy to see that in both cases the distributions
of (X1, X2) are the same.
Remark 2. A generalization of the proof of Lemma 1 shows that if we assume the model
(3) in case d,, > 1 or d,, > 1, then our independence assumption together with the as-
sumption that the characteristic function does not vanish imply that the distribution of

(X,Y) uniquely determines the joint distribution of all other variables occurring in the
model and all coefficients a;; and b; .

In the sequel we want to estimate the above latent variable model from the independent
and identically distributed observations (X1, Y1), ..., (X, Yn).

The crucial property which allows us to show that the above model is uniquely deter-
mined is independence of the random variables. In the sequel we use this property for
estimation of the model by determining estimates of the values of the latent variables
in such a way that the corresponding empirical distributions satisfy asymptotically this
independence assumption.

We start with definition of the estimate of the above model by estimating the coeffi-
cients a; and b,. Here we use

E{x@) . X(3)}
T E{(XD. XG)}

E{X(2) . X(J’)}

a2 E{X1O. X}

and a; =

and
E{y(2) . y(3)}

- E{y().y®)}

E{y(2) . Y(k)}

b2 S EYD.yO)

and by

for j,k > 2 (cf., proof of Lemma 1) and set a; = b; = 1 and

o aim XX

oy = % 2ic1 Xz'(z) ) Xi(j)
n 1 3
%Zi:lXi( )'X‘( :

%Z?:l Xi(l) 'Xz'2)

and a; =

)



and

1 n 2 1) 1\ (2) (k)
by = TZFI Yj(l) Yj<3) and by = szFl ij Yj(z)
wj=1 Yy Y nj=1 Yy Y
for j, k > 2.
Next we try to determine estimates (21, 22,;) of (Z1,, Z2,) for i = 1,...,n. As soon

we have available such estimates, we also have available estimates of the values of ¢; =
X0 — aj - Z1 and Jp, = Y®) — b - Zy, namely

R N . 2 k) 3 4
Ejﬁ' = Xz(]) — aj . Zl,i and (Sk:,i = Yz( ) — bk . 2271'
(t=1,...,n), so we have available an estimated sample of the joint distribution of
((Zl, ZQ)7 €1y.- -, Ed,(sl, N 51)

The basic idea is to consider the empirical distribution u, belonging to this estimated
sample and to determine the estimates of the values of the latent variables in such a
way that this empirical distribution satisfies approximately the independence condition
of Lemma 1 and E{¢;} = E{0;} = 0 which ensure uniqueness of the latent variable
model.

More precisely, for values k1,...,k, in RP let o be the empirical distribution of
Kiy-eey K, 1€,

sy (B) = = Y1) (BCR).

Let fi (21’22)? be the empirical distribution to

(21,6, 22,4) s €165 - - > €dyir 0135 - - -5 OLs)
L . d . . s ! X
= ((Z1,i722,i),Xi( )y - Zl,i,---,Xi( )~y Zl,z‘,Yi( )by - Z2,i,-~-7Y-() — b - 29,)
(i e{l,...,n}), ie,
A(21722)? _ R R
n - 'un,((il,22)7€1,~~~,€d,51,~~,5z)?'

The distribution p of ((Z1, Z2), €1, ..., €4,01,...,0;) satisfies

14-d+1 14+d+1 14+d+1 14-d+1
(I B)= leH]R{ HN xHRxBx I ®
i=1 j=i+1

for any By € By, By € B,...,Bi14+; € B because of the independence assumption. It
follows from probability theory that if this relation holds for all intervals of the form

(—o00, z], then p has independent components. We choose our estimated values such that

this is approximately true for the empirical distribution /1,(51’22) In order to be able to

compute the estimate, we use here a sigmoidal approximation of the indicator function
of an interval.



More precisely, we choose a continuous sigmoidal function o : R — R, i.e., a continuous
monotone function o : R — [0, 1] satisfying

o(x) >0 as x— —oo and o(x) =1 as x — oo,
probability weights (pr)ren, @r 1, r2, Brj, ¥rk € Q such that
Q2+d+l = {(ar,l) Qr 2, ﬂr,ly <. ’/Br,da Yrly .- 7’7r,l) Tore N}

and N,, € N satisfying V,, — oo (n — 00), and define our values of (21, Z2) by minimizing

T, =
Nn, n d
1 . . .
D= o(—n- (B — on)) - o(=n- (220 — ar2)) - [[o(=n- (5 — Bry))
il j=1
1
JTe(=n (Ori = i)
k=1
1 n d 1 n
—=> o(=n-(Gri—an)) - o(=n- (o —ar2) - [[ =D o(=n- (& = Bry))
i3 =i
l 1 n 2
H E U(_n (5k,z - 'Yr,k)) *Dr
k=1 i=1
d 1 n 2 l 1 n 2
2 (iZe) 2 (hEw)
j=1 =1 k=1 i=1
subject to the constraints
. 1 . 1
5zzii < 1+ﬁZ(Xi( )2 and ;Z'Z%,i < 1+EZ(Y;( )2, (5)
i=1 i=1 i=1 i=1

Our main result is the following theorem.

Theorem 1. Assume that the assumptions of Lemma 1 are satisfied, and let the estimate
N (21,22)?

fin of the distribution u of

((Zl,Zg),el, . ,ed,51, .. .,51)

be defined as above. Then with probability one

ﬂ7(121,22)

[N w weakly,

1.€.,
i HA) = p(4) (o)
for all sets A such that the boundary OA satisfies u(0A) = 0.



Remark 3. It is straightforward to extend our estimate to the case of model (3) with
dz, > 1or dg, > 1: To do this, one just needs to replace the empirical distribution of

(3145 22.0), €1iis - -+ €dis Oty - -5 014)

by the empirical distribution of the vector of all latent variables and all estimated error
terms in model (3) and adjust the definition of T;,.

Remark 4. In our definition of the estimate we minimize T,, subject to constraint (5).
It follows from the proof of Theorem 1 that we can impose even more restrictions in
the above minimization problems, as long as the values of the latent variables satisfy
them with probability one for large n. For instance, in the next section we will assume
E{|]Y(M|*} < co. Since Zy and §; are independent, Y() = Z, + §; and E{6;} = 0, this
implies

E{y"-EyO}'} = B{2 - B{Z}+a]')
> E{|Z~E{Z}['},

hence

E{Z3} 2! E{(Z: — EZy)"} +2 [E{YW}|!

<
< 256 - E{|[YW*} 4272 |[E{y(D}4.
Consequently, if we impose in this case the additional constraint
1 & A 1 & (1 )
gZzwg1+256-EZ(Y 4272, ZY (6)
i=1 i=1

in the above minimization problem, then the assertion of Theorem 1 still holds.

3 Estimation of the regression function corresponding to
latent variables

In this section we estimate the regression function corresponding to the latent variables
Zy1 and Zs in model (4), i.e., we estimate

m:R—=>R, m(z) =E{Z:|Z =z},

from the data
Dp,={(X1,Y1),...,(Xn,Yn)}.

The basic idea is to use the data as in Section 2 to construct the sample

(21,1,212)5 -+, (Bn1, Zn2)

of (Z1,Z>) and to apply a regression estimate to this data.

10



By Theorem 1 we know that in case that we assume that all occurring random variables
are bounded

1. . ~ (21,2
Y i fEP-BIZf()F = [l P [ f)Pdn 0 as
=1

for all bounded and continuous functions f : R — R. We will see in the proof of Theorem
2 below that in case that we impose the additional constraint (6) in the definition of
our estimate, then this result also holds for unbounded random variables provided that
E{|[YM[*} < 0.
Since
E{|Z: — m(Z0)?} = min B{|Z — f(Z1)[*}
[ R—=R

(cf., e.g., Section 1.1 in Gyorfi et al. (2002)) this motivates to estimate the regression
function m by the well-known least squares estimate

1 &K, X
mp(-) = arg Inip — 2; 20 — f(Zi1)]?, (7)
1=

where F, is a suitable defined set of functions consisting of continuous and bounded
functions f : R — R depending on the sample size n. For notational simplicity we
assume here and in the sequel that the minimum above exists. Our main result is the
following theorem.

Theorem 2. Assume that in the model (4) the random variables Zy, Zo, €1, ..., €q, 01,
..., 0p are in Ly, that (Z1,Z2), €1, ..., €4, 01, ..., 0; are independent, that
E{e1} =E{ex} = ... =E{eq} = E{01} = E{d} =...=E{§} =0,

that E{Z%} > 0 (k € {1,2}) and that as,...,aq,b2,...,by € R and d,l > 3 and ay #
0,a3 # 0,bo # 0 and by # 0. Assume furthermore, that the characteristic function of
(X,Y) does not vanish at any point, that XU oox@ y@ YW gre in Ly and
that B{|]Y (M4} < oo.
Let Fy, be sets of functions f : R* — R which are bounded by some constant L > 0 and
assume that
Upe1Fn s a equicontinuous set of functions. (8)

Let the least squares estimate m,, be defined as above, where we impose the condition (6)
as additional constraint in the minimization problem. Then

it [ 1(@) - m(@)PP () 50 (1 o) )

implies

/]mn(az) —m(z)|*Pz,(dz) =0 a.s.

11



In the sequel we choose F,, as suitably defined space of polynomial splines and show
that in the case of bounded and Lipschitz continuous regression functions the correspond-
ing least squares estimate (7) is strongly consistent.

Let M € N be arbitrary. For j € Z and K € N let BK : R — R be the B-spline
with degree M, knot sequence {i/K : i € Z} and support [j/K (J+M+1)/K] (cf
e.g., de Boor (1978), Schumaker (1981) or Chapter 14 in Gyorfi et al. (2002)). One
well-known property of B-splines is that they are nonnegative and sum up to one (see
de Boor (1978), pp. 109, 110). Furthermore,

{Z a; - lM:aZ-E]R}

is on [0, 1] equal to the set of all piecewise polynomials of degree M with respect to a par-
tition of [0, 1] consisting of K equidistant intervals, which are (M —1)—times continuously
differentiable on [0,1]. For K, € N, ¢; > 0 and ¢z > 0 set

n_l
c ‘
Fn = Z aj - B]KAT}[ taj —aj—q] < K—l and |aj| <2 (j€Z) (10)

n

and define the estimate m,, by (7). Then the following result holds:

Corollary 1. Assume that the assumptions of Theorem 1 are valid, and, in addition, that
m(x) = E{Zy|Z1 = z} is Lipschitz continuous and bounded in absolute value. Assume
furthermore that Zy € [0,1] a.s. and that we enforce in the definition of the estimate in
Section 2 2;1 € [0,1] (i =1,...,n). Let the least squares estimate m,, be defined as in
Theorem 2 for some K, > 0 satisfying

K, =00 (n— o00).

Then for c1 and co sufficiently large we have

/|mn m(@) PP, (dz) — 0 a.s.

Proof. The functions in F,, are Lipschitz continuous with Lipschitz constant ¢; (cf.,
e.g., Lemma 14.6 in Gyorfi et al. (2002)), hence U2 | F, is equicontinuous. Furthermore,
they are all bounded in absolute value by L (cf., e.g., Lemma 14.2 and Lemma 14.4 in
Gyorfi et al. (2002)). Since

inf P, (dz) < inf su m@)? =0 (n— oo
[ 1@ @R < fof s (5@ —m@) 50 (0 o)

(which follows because of m Lipschitz continuous and ¢; and ¢y sufficiently large from
K, — o0 (n — 00), cf., e.g., Gyorfi et al. (2002), p. 271) the result follows from Theorem
2. O

12



Remark 5. Any application of the above estimate requires a data-dependent choice of
all parameters of the functions space, in particular of the bounds on the coefficients and
the differences of the coefficients. One way of doing this is to use splitting of the sample.
It is an open problem whether in this case the above consistency result still holds, or (in
case that it is not valid) there exist another method for a data-dependent choice of the
parameters leading to consistent estimates.

4 Proofs

4.1 Proof of Lemma 1.

The proof is an extension of the proof of Lemma 2.1 in Li (2002).
Set al :bl =1l=a; :bl. Forj,k: 1,...,d,j7é]€, we have

(XU XM} = B{(;- 21+ ) - (ar 21+ @)} = ;- ap - E{Z})

(where the last equality follows from the independence assumption and E{e;} =0 (k €
{1,...,d})), and similarly

E{XV.xX®} =G, a, E{Z?%}.

Since ag, a3 and E{Z}} are nonzero, @y, a3 and E{Z?} share this property. Hence for
7 = 2 we have

az-az-E{Z}} E{X®.XO} a - a3 E{Z}}

CT T ay B{Z2) T EB{XO X0} 1.4, -B{22)
and for j =3,...,d we get
az-a;j-B{Z}} E{X®.X0} ay-a; -E{Z}} _
a: = = = = = Q;
77 1ap-EB{Z}}  E{XO.X@} 1.4 -E{Z2}
Similarly we get
@.y6Gn @ .yt
= BV and b= BV g
E{Y®.Y®)} E{Y(® . .y®}
for k=3,...,1.

Using (4) and the independence assumption we see that the characteristic function
¢x,y) of (X,Y) is given by

()O(X,Y)(ulv sy Udy ULy e e e ,'U[)
l

d
7j=1 k=1

13



d l

=E[ exp i-Zuj-(a]--Zl—l—ej)—i—i-ka-(bk-Zg—Fék)
=1 k=1

d l d
:E{exp 7 (ZUj-aj-Zl—l-Z’Uk'bk'ZQ) -Hexp(i-uj-ej)
j=1 k=1 j=1

l
-Hexp(z"vk-csk)}

k=1
l

d d l
=z | D wiai Y v | [ ee ) - [T @s, (vr)-
j=1 =1 k=1

k=1 j=

Since we know that the characteristic function of (X,Y’) does not vanish at any point,
we can conclude that also ¢z, z,), ¢e; and s, share this property. Furthermore, using

e; (0) =5, (0)=1 (j=2,....,d,k=2,...,])

and
e, (0) =i-Eeg = 0= ¢, (0)
we get
@(X,Y)(ulu 07 s ,0,’[)1, 07 cee 70) = SO(ZLZQ)(U’l"Ul) * Pey (’U;l) 2 (U1)7
9 (u1,0 0,v1,0 0)
6U2¢(X’Y) LYy s Uy UL, Uy e e ey
0
=as - 872190(21,22)(1517 1) - P (u1) - @5, (V1) + @2, 25) (U1, v1) - ey (1) - 5, (v1) - ¢, (0)
0
=as- 8714%?(21,22)(“1, 1)+ Pe; (u1) - 5, (V1)
and

0 0
%‘P(X,Y)(ubo’ c50,v1,0,...,0) = by - %w(zl,zz)(ulwl) e (u1) - @5, (v1)-

We conclude

90(21722)(“7 ’U)
= exp ((log ¢(z,,2,) (u,v) = log @z, z,)(u,0)))
-exp ((10g ¢ (z,,2,) (1, 0) —log ¢z, 7,)(0,0)))

_ (/v 1 732280()(73/)(“’0""’078’0""’0) )
= exp —- ds
0

b2 (p(X,y)(u,O,...,0,3,0,...,0)
o]
L t,0,...,0,0,0,...,0
exp (/ 1 Buz P, Y) ( )dt>.
0

a9 gO(X7y)(t,0,...,0,0,0,...,0)

14



We have considered the integrals above as parametrization of complex curve integrals of
the function z — 1/z and split them into finitely many integrals such that log z is well
defined for each integral. (Here the number of intervals is finite since the curves in the
integrals above have finite length and a positive distance to the origin.) This results in
additional factor exp(i - s-27) = 1 for some s € N. Similarly we get

30(21722)(1‘7”)
/v 1 %@(ng)(u,o,...,0,8,0,...,O)
= exp - - ds
0 b2 (,O(X7y)(u,0,...,0,8,0,...,0)
/u 1 75 (t,0,...,0,0,0,...,0)
- exp —- dt
o a2 (p(X7y)(t,0,...,0,0,0,...,0)

and from as = ds and by = by we conclude P(71,22) = P(21,2)" But from ¢z, 7,y and
at,...,a4,b1,...,b we can determine p¢; and s, via

W(X,Y)(Ov Ce ,O,Uj, 0, .. .0,0, ce ,0) = (,0(21722) (Uj . aj,O) . Lpej(u]‘)
and

SD(X,Y) (07 oo 707 07 Q) 707 Uk, 07 oo 0) = (p(Z17Z2) (07 Vg - bk) ' (‘0519 (Uk)
Using the same relation for P21, 7) e and ©5, We see that

Pe; = wg; and 5 = @5
which implies the assertion. O
4.2 Proof of Theorem 1.
Throughout the proof we will use the abbreviation
/f((ulaUQ)vvl) ey Uy, W1y e e ey, wl) d,a£7,21722)?

— /f((u1, UQ), U1y« vy Ugy Wy« « o, WY) ﬂgzzl’@)l (d((u1,u2),v1,...,0q,W1,...,w0)),

so, e.g.,

3

/f’(—”'(ul—ar,l))'U(—”'(uz—ar,z))dA SRRl > o(=n(2ri—ar1))-o(—n(22—ar2))
=1

B

and
(£1,22)7 1 ¢
sdiy, T = — € i
Jordni =23

The proof is divided into nine steps.

15



In the first step of the proof we show that (fi, pEr2)Y Jnen is tight with probability one,
i.e., with probability one we find for each € > 0 a compact set K C R? x R such that

a2 (Ke) < e forallm e N.
By the strong law of large numbers we know that with probability one

1 & ; . 1"
XS B{XOP) <o and 3T S BV < o,
= i=1
so by definition of the estimate we may assume w.l.o.g.

n n

; 1 k 1,
2SC’EZ(YZ’( ))QSC,ﬁZzzlgc and Zzlz<c

i=1 i=1 i=1

S
]
B

=

for all n € N for some ¢ > 0 with probability one. Furthermore because of
a; —a; (n—oo0) and b, = by (n — 00)
with probability one we may assume in addition that
laj| <c¢ and b| < ¢
with probability one. By Markov inequality we get

[Lq(fl"”) (([ MM]2+d+l))

< i | > MY+ sl > MY+ Zu W o] > by

l

3 i | > M)

k=1

(12)

(13)

QdA(21722)1 QdA(ﬁ'l:é?)? QdA (21,22)7 QdA (21,22)7
B S A R A ] Z“w’“'

- M? M? ‘ M?
J=1
TL (')_aJ 212)2

1 d
27,111_1_ 21121 Z%

M2

1 2
bzZ
E:Ezl k 2)

c c 2c+2c 2¢ + 2¢3
Saetap e Tl se

for M sufficiently large.

16



In the second step of the proof we show

T, =0 a.s. (14)

Let T), and 771 be defined as T, and j\"™

(Z14,Z24) (i=1,...,n). Because of

711, resp., with (21, 2;2) be replaced by

E{(X")?} = EZ? + E¢?
we have EZ? < E{(X™1)?} < oo, so by the strong law of large numbers we get
1< 1<
N 22, 5 EZ? <E{(XW)?} = lim ~ Y (X)? as.
nz 1,7,_> 1 = {( )} mm Z( 7 ) a.s.,

=1 =1

hence with probability one for n large enough

1 2 - 1 ¢ (1)y2
n;zl,i—l"i'nzl(Xi )"
1= 1=

Similarly we see that with probability one we have for n large enough

1 zn:ZQ. <1+ lzn:(y.(”)Q
n 4= = n 4 v
i=1 =1
Then by definition of 7,, we have with probability one for n large enough
T, < Ty,

so it suffices to show
T, — 0 a.s.

Since (p,)ren are probability weights and since o is bounded this in turn follows from

2
</vjd/17(zzl’z2)1> —0 as. (j=1,...,d), (15)

2
(/wkd,&,(lzl’%)l) =0 as. (k=1,...,0) (16)

and

d
‘ /U(—n S(ur = 1)) - o(—n - (ug — ar2)) - [ o(=n- (v = Brj))

<.
Il
-

17



’i/”““'Wl—am»~avn-wz—a@»mﬁ4Z”?

d

. (Z1,Z2)T
'H/U(—n (v — Brg))ds P
j=1
1 2
(Z1,7Z2)7
. H /U(—n (wy, — %’k))d,u% PREL L0 s (17)
k=1
for any r € N.
Let ﬂ,(fl’ZQ)l and ﬂ,(lzl’zﬂl be the empirical measures which we get if we replace in
the definition of [Lgfl’@)l and ﬂ,(lzl’zﬁl the estimated coefficients by the true coeflicients,
respectively. The proof of step 1 implies that (ﬂ,(fl’zz’)l Jnen and (ﬂ%zl’zﬂl JneN are tight

with probability one, too. Since the estimated coefficients converge by the strong law of
large numbers almost surely to the true coefficients, we conclude that we have for any
bounded, uniformly continuous function f

/fdﬂifm)? - /fduffl’b)? 0 a.s. and /fd,:bffl’zm - /fduﬁfl’wf S 0a.s.

(18)
Here we have used that because of the tightness of the measures w.l.o.g. we can integrate

(18) over some compact set, so that all occurring variables are bounded.

Furthermore, since /15121’22)? is in fact an empirical distribution to independent and

identically distributed data, we know again by the strong law of large numbers that we

have in addition
/fdﬁ%zl’zﬂl —>/fdu a.s.,

so altogether we know that we have for all bounded, uniformly continuous functions f

/fdﬂ%zl’ZQ)? —>/fd,u a.s.

Because of our independence assumption, which implies

d

E{U(” (Z1—ar1)) - o(-=n-(Z2 — ar2)) H o(—n- (e — Brj))
j=1
!
Jlo(=n-6— %,k))}

k

d
=E{o(-n-(Z1 —an) o(-n-(Z2— ar2))} - [[E{o(=n(¢; = 5r5))}
j=1

l

JIEfo(=n- 5 =)}

k=1

1

18



from this we conclude (17). Relation (15) follows from Ee; = 0 and the strong law of
large numbers, which implies

n ] , .
/uj At = =~ (X~ 21) = B{XY) —a;- 21} = Be; as.
=1

Similarly we conclude (16) from Ed; = 0.
In the third step of the proof we set

Sj(x1,..., Togpayr) = aj - T1 + Tjp0

for j € {1,...,d} and

Sj(w1, ..., 2oqd41) = bj_q - T2 + x40
for j € {d+1,...,d+ 1} and show that we have with probability one
<ﬂ(21722)?

n

)(S s )_>P(X(”,...,X(d),Y(1>,__7y<z)) weakly. (19)
1y 90d 41

To see this, we set

_ j A < k A
Ejﬁ' = Xz(]) — aj . Zl,i and 5kz,i = Yz( ) — bk . 2271'

and observe that our estimates of the random variables satisfy trivially the equations
X9 —aj 21+ X9 —aj 215 = 8i(514s 22,0 €1 - -1 Ediy O - - - O1)
and
Yi(k) = by, - 294 + Yi(k) — b+ 225 = Sark(B1,is 22,05 €156, - -+ €dyis Oty - -+ 010 )
from which we conclude

n

(ﬂ(zl’ZZ)l = Hn, (X, V)7

)(sl,...,sdH)
where the distribution on the right-hand side is the empirical distribution to (Xi,Y7),
.y (Xy,Yy). But this distribution converges weakly to P(x y), and together with (18)
and the continuity of Sy, ..., Sgy; this implies (19).

In the fourth step of the proof we show that with probability one there exists a subse-
quence (n,), of (n), and a measure p satisfying

~(21,22)17

fin, — u weakly (20)

and
181, Sar) = P(x,v)- (21)
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(217‘732)711

To see this, observe that by the first step of the proof the measures [, are tight,
and hence according to the theorem of Prohorov (cf., e.g., Theorem 6.1 in Billingsley
(1968)) relatively compact, so (20) holds. Since S, ..., Sg4; are continuous, this implies
A(21,22)?’">
— weakly,
(,Unr (Slz--~7Sd+l) M(Slv---vsd-H) Y

from which we get (21) by (19) and the uniqueness of the limit distribution in the case
of weak convergence.

In the fifth step of the proof we show by an approximation of indicator functions of
intervals by suitable neural networks that because of (14) the components of u corre-
sponding to (21, Z2), €1, ..., €4, 01, ..., 0; are independent with probability one. Let F’
be the distribution function of u, i.e.,

F((xl,xg),el, .. .,ed,dl, e ,dl)

= pf{ur < wp,up <wo,vy Ley, .., vg <egwy <dy, . wp < di
and set
Fiz,,2,)(w1,22) = p{ur < w1, u2 < 22},
Fe;(ej) = pfvj < ej}
and

Fs, (di) = p{wy < di}.
We have to show that

l
F((z1,72),€1,. .. eardr, ... d) = Fiz, z,)(m1,32) - [[ Fe (&) - [] Fon(de)  (22)
j=1 k=1

for all 1, x2, e1,...,¢eq ,d1,...,d; € R.
Since distribution functions are right continuous, it suffices to show (22) for x;, z2,
e1,...,eq, di,...,d; in some dense subset of R, which we choose as

d l
D=R\{zeR: p{us =a}+plug =} + Y pfv;=a}+ > p{wp =2} >0
j=1 k=1

(which is dense in R since {...} is countable).
Let 1, 22, €1,...,¢q ,d1,...,d; € D. For any z € R and any ¢ > 0 we can find o € Q
satisfying for sufficiently large n

—n-(z —a) is sufficiently large for z < x — ¢

and
—n - (z —a) is sufficiently small for z > x — €

such that
1co)() — o(—n- (2 —a))| <

20



for z < x —eor z > x + € in case n sufficiently large. Furthermore, for any z1,zs € R
and any € > 0 we can find a1, as € Q satisfying

| 1(—ooe1)x (—ooma) (21, 22) — 0 (= (21 — 1)) - o(—n - (22 — a2))| < € (23)

in case that z1 < 1 — e or z1 > x1 + ¢, and that 29 < 290 —€ or 29 > 220 + ¢, for n
sufficiently large. To see this, fix 1, 3 € R and € > 0. Choose a1, as € Q such that

‘1(7007:1:1](2') —o(—n-(z— 041))‘ < %

for z < x1 —e€or z > x1 + ¢, and such that

‘1(—00,372]('3) —o(—n-(z— ag))’ <

— N

for z < 9 — e or z > w9 + €. Then it is easy to see that (23) holds if one considers
separately the four cases z;1 < 1 — € and 29 < 2 — €, 21 > o1 + € and 29 < T2 — €,
z1<xy—e€and z0 > xo+ €, and z; > x1 — € and z9 > x9 — €.

Consequently for suitably chosen r we see by expanding the terms below in a telescoping
sum that we have

F((l‘l,l‘z),el,.. . ,ed,dl,.. . ,dl) —

-~

/U(—n S(ur — o)) o(=n (ug —arg)) - | | o(=n (vj = Brj))

1

J

—

o(—n - (wg — Yrk))dp

k=1
<@d4+1l+1)-e+p{ri—e<z <z +e} +puf{res —e <z <ay+¢}
d !
+Zu{€j—€§v]’§€j+e}+2u{dk—6§wk§dk+e}
j= k=1
and
d
Fiz, 25) (71, 22) H e;(€5) HFak dy) —
j=1 k=1
d

[oton (= @) o(-n- (w2 = ava)) du 11 / o(—n- (v — Bry) dp

l

H/a (= )

< d+1+1)-e+p{r—e<zi<zi+e}+p{res—e< 2o <x3+¢€}
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l

d
+ZM{€j_€§Uj §€j+6}+ZM{dk—€§wk§dk+6}.
j=1 k=1

For z1, zo, €1,...,eq ,di,...,d; € D the right-hand side above converges to zero for
€ — 0, so it suffices to show that we have for any r

d
[oton- (= @) o(on- (w2 = a2) - TLo(=n (15 = 615)

Jj=1

Ha (1 — 3e)) el

:/g(_n.(ul_%l)). (= (uz — apa)) dy - H/ — Brg)) dpi

l

'H/U(—n (wk — k) dp

k=1

But this in turn follows from (20), since

k=1 d
_/a( n-(ur —ap1)) - o(—=n- (ug — ap2)) dp H/U( ( 5,.,))
j=1
I
o(—n- (wk — i) d
d
- llirgo </0’(—n ' (ul - a’“’l)) : U(—n : (U2 — Oé,,a72)) . HO—(_n . ('Uj o Br,j))
j=1
l 51 5.\
TLotn - s
k=1
= [ otn (= ap) - o= (ua — ara)) dify
d ny
— Brj)) dAnle,zQ)l (wp — ))dAglz;l,zQ)l>
]]TJ;/ H/ k— Vrk))QL
=0 a.s.

by (14) and N,, — oo (n — c0).
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In the sizth step of the proof we show that the components of u are with probability

(Zlsz)l

one in L;. By Portmanteau theorem (cf. Billingsley (1968)) and fi,.
with probability one we have with probability one

/Imldu / w{lun| > 1 di
0

< / hmlnf,uzl’ 21" {Jui| >t} dt
0

o0 2 7n Z1722)
< / lim inf J [ dfim dt < oo,
0

r—00 t2

— 1 weakly

since by definition of the estimate we have with probability one

Ny

.. N z1,zg)1 .. 1 ~2
hﬂg}f/ml‘ dfiy, h}gg&f - Elz“
- LS (2 (1)y2
< — ) = )
< hrrgggf(l + o E_l(XZ )7) =1+E{(X,”)"} < oo.

Furthermore

00 QdA £1,22)1"
/|vj|du < / liminff‘v]‘ dt < oo a.s.,
0

r—00 t2

since we have with probability one

21,2 . 1 o j 2
liminf/|v]| dA( 122)7" —hmmf—z (Xi(]) —d]”il,i)

T—00 =00 M)y 4 1
1=
LS~ (¢
. . ]
< Bt (2@21._1 (x) "+ Z)

:2-E{(X§”)2}+2-a§-(1+E{( W21y < oo

Similar arguments for the other components yield the desired result.
In the seventh step of the proof we show that we have with probability one

/vjdu:/wkduzo for j € {1,...,d} and k € {1,...,1}. (24)
To do this, we observe that because of (14) we have with probability one
/vj dﬂ%ﬁl’b)? —0 (n—o00) and /w d,u(zl’ZQY11 =0 (n—o0)

for j € {1,...,d} and k € {1,...,1}. Using the arguments of the sixth step of the proof
we see that we have

/ 23] 1y iy di(a) = 0 (L — 00)
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and

/ - 1{\%\»}% 2R (a))
<1 /|x]| S (1) 50 (L - 00).
Consequently we may replace

(T1,- - Toyatt) P T

by a bounded and continuous function in the integrals below, hence /lgil’éz)lr — p weakly

implies
Jasdutey) = [ o a2 @) <o
In the eighth step of the proof we show that we have with probability one

M - P((Z1722)76<1) 7"'76(d>76(1>7"'75(l>) : (25)

This follows directly of the uniqueness of the distribution of
((Z1, Z2), e, e sM L 50y

shown in Lemma 1 and the properties of the distribution u proven in the previous four
steps.

In the ninth and final step of the proof we show the assertion of the theorem.

Let f be an arbitrary bounded and continuous function. We have to show that with
probability one for all such functions

To show this, it suffices to show that with probability one for any subsequence (n,), of
(n), and all such functions there exists a subsubsequence (n,, ); with the property

/fd:&mk — /fdP((Zl,Zg),EU),.4.,€(d),5(1),...,5(l)) (k — o0). (26)

Let (n,), be an arbitrary subsequence of (n),. According to steps 1 till 8 above applied
to (n,), instead of (n), there exists a subsequence (n,, )i of (n,), with the property

/:L’I’er - P((ZlaZ2)7€(1)7"'76(d) 76<1) 7"'76(l)) wea]kjly'

Here the weak convergence holds whenever (11), (12) and (13) hold. But this implies
(26), and the proof is complete. O
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4.3 Proof of Theorem 2.
Choose f, € F, such that

152 = m@PP () 50 (0 o).
Then
0 < [ Imale) = mz) PP 2
= [ Imaer) = P [ () - P

- / (1) — 2ads — / Ful21) — 2ol + / Ful2) = m(=) PP, (d2),

hence it suffices to show

lim sup / (1) — 2ol?dp — / fulz1) — 2Pdpn <0 as.

n—o0

Since by definition of my,

/ mn(z1) — 22fdps — / Fuler) — 22l

1 .
< / Ima(z1) — 22|°dp — - > mn(%i1)

i=1

1 & . .
S 1) = 2l = [ 1) — 2P
=1

this in turn follows from
1 n
[ mnten) = 2o~ > lmn(5) = 5al’ >0 as
1=

and

1 ¢ ) X
- D [ falZin) = Ziol* - / |fu(21) — 22dp — 0 a.s.
i=1
For f > 0 and z € R set Tz = max{min{z, 3}, —3}. We have
/ |2’2‘2 . 1{\ZQ|>,B}dM —0 (,3 — OO)

by dominated convergence and

lim sup — Z |2, 2’ 1{|zz 2|>B}

n—oo N
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< hm sup 2

n

1 y (1)y4
—E + 272
n (¥; )2t

i=1

D

1
< 5 -limsup | 1+ 256-
B =1

n—oo

4
()
(B — o)

a.s. by (6) and the strong law of large numbers. Hence in order to prove (27) it suffices
to show

—0

1 ¢ . .
/|mn(zl) — Tpzo|*dp — - 2 Imn(Zi1) — Tp2ial> = 0 a.s.
1=

for all g > 0.

Let 8 > 0 be arbitrary. It suffices to show: With probability one any subsequence

(ng)g from (n), contains a subsubsequence ny, such that
TLkT
/|mnk (21) — Tpzaldp — E Z [y, (2i1) — Tpzial> >0 (r — 0).
T 71

In the sequel we condition on the event that

ﬂ%?l,@)?f

— pu weakly, (29)

which has probability one because of Theorem 1. Let (ng)r be an arbitrary subsequence
of (n),. By the Theorem of Arzela-Ascoli (cf., Dunford and Schwartz (1958)) the se-
quence my, of equicontinuous functions contains a (random) subsequence My, which
converges in supremum norm to some (random) function m. Since the functions m,,,
are continuous and bounded, m has this property, too. By (29) we know

N,
/\m z1) — Tz du——Z\m ~Tg2ia> =0 (r — o).
Using
[ b, 1) = Tz [ ) = TosaPa
= | [, 1) = ) 1) 4 ) = 2 Ty
< (2L +2B) - [|[myp,, — m|lco
and
Ty Ty
-~ Z \mnk Zi1) ngzgl — —TZ (2 ngzg‘ ‘
< (2L +28) - [Imp,. — Moo

we see that this implies (27). In the

the proof.

same way we can also prove (28), which completes
U
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