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Abstract

Given a sample of a d-dimensional design variable X and observations of the corre-
sponding values of a measurable function m : R — R without additional errors we are
interested in estimating m on whole R? such that the L; error (with integration with
respect to the design measure) of the estimate is small. Under the assumption that the
support of X is bounded and that m is (p, C')-smooth (i.e., roughly speaking, m is p-times
continuously differentiable) we derive the minimax lower and upper bounds on the L;
error.
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1. Introduction

Let X, X1, X, ...be independent and identically distributed R%-valued random vari-
ables, let m : R? — R be a measurable function and set Y = m(X) and Y; = m(X;)
(1 =1,2,...). In the sequel we study the problem of estimating m from the data

{(Xh}/l)v"‘?(XmYn)}- (1)

Let
M (-) = mu (-, {(X1, Y1), ..., (X0, Yn)}) : RE S R

be an estimate of m based on the data (1). Motivated by a problem in density estimation,
where m,, is used to generate additional data for the density estimate and where the error
of the method crucially depends on the L; error of m,, (cf., Devroye, Felber and Kohler
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(2012) and Kohler and Krzyzak (2012)), we measure in this paper the error of m,, by the
L1 error computed with respect to measure of X, i.e., by

[ () = m(z)| Px(da).

Our main goal is to determine minimax lower bounds of the form

inf sup E/|mn(:p)m(x)|PX(dx),
Mn (XY)eD

where the infimum is taken with respect to all estimates and D is a suitable class of
distributions of (X,Y"), and to find estimates which achieve these minimax bounds up to
some constant. In particular we are interested in deriving results which do not require
any assumptions on the distribution of the design measure besides boundedness.

Surprisingly it turns out that the minimax rates for uniformly distributed X and for
arbitrary bounded X are different. In the first case we show for univariate X and for
sufficiently smooth m that the rate is better than n~', which is not possible in the latter
case.

Our estimation problem can be considered as a regression estimation problem without
noise in the dependent variable. The regression estimation with noise in the dependent
variable has been extensively studied in the literature. The most popular estimates in-
clude kernel regression estimate (cf., e.g., Nadaraya (1964, 1970), Watson (1964), Devroye
and Wagner (1980), Stone (1977, 1982), Devroye and Krzyzak (1989) or Kohler, Krzyzak
and Walk (2009)), partitioning regression estimate (cf., e.g., Gyorfi (1981), Beirlant and
Gyorfi (1998) or Kohler, Krzyzak and Walk (2006)), nearest neighbor regression estimate
(cf., e.g., Devroye (1982) or Devroye, Gyorfi, Krzyzak and Lugosi (1994)), least squares
estimates (cf., e.g., Lugosi and Zeger (1995) or Kohler (2000)) and smoothing spline es-
timates (cf., e.g., Wahba (1990) or Kohler and Krzyzak (2001)). Stone (1982) was first
to derive minimax rates of convergence in this context. Our results show how minimax
rates of convergence change when there is no noise in the dependent variable.

The main results are presented in Section 2 and proven in Section 3.

2. Main results
In the sequel we estimate functions which are (p, C')-smooth in the following sense:

Definition 1 Let p =k + B for some k € Ng and 0 < 8 <1, and let C > 0. A function
m : RY — R is called (p, C)-smooth, if for every a = (a1, ..., aq) € Nd with Z?Zl a; =k

the partial derivative kmzad exists and satisfies
d

__9"m___
81?(111...8

*m Fm

- _ < C. _ |8
893‘;‘1...83330!(@ Ox?l...axsd(z) <Cllz =7

for all z, z € R, where Ny is the set of non-negative integers.



One way to estimate such functions is to use a piecewise constant estimate, where the
value at some point is estimated by the y value corresponding to the closest z-value in
the data set (1). More precisely, for z € R? let Xam)(@); -y X(nn)(x) be a permutation
of X1, ..., X, such that

2 = X1 @)]| < < [lz = Xy (@)]]-

In case of ties, i.e., in case X; = X; for some 1 < i < j < n, we use tie breaking by
indices, i.e., we choose the data point with the smaller index first. Then we define the
1-nearest neighbor estimate by

mn(a:) = mn(x, (Xlam(Xl))a B (Xnv m(Xn))) = m(X(l,n)) (2>
For this estimate we can show the following error bound:
Theorem 1 Assume supp(X) C [0,1]%, 0 < p <1, C > 0 and let m : R? — R be an
arbitrary (p, C')-smooth function. Let my, be defined by (2). Then

c1-nPd fp < d,
E n(x) — Px(dz) <
[ (o) = mia) P x>_{02.lo§n A

for some constants c1, co € Ry.

The rates for the 1-nearest neighbor estimate are always less than 1/n. We show next that
in case d = 1 we can define a nearest neighbor polynomial interpolation estimate which
achieves under regularity assumption on the design distribution for smooth functions the
rates that are even better than 1/n. The estimate will depend on a parameter k € N.
Given x and the data (1), we first choose the k nearest neighbors Xy ,,y(), ..., X (g n)(7)
of x among X1, ..., X, then we choose a polynomial p, of degree k — 1 interpolating
(X1 (@), m(X1n)(2)))s - (X)), m(X (g0 (7)) (such a polynomial always exists
and is unique when X (%), ..., X n)(z) are pairwise disjoint), and define our k-
nearest neighbor polynomial interpolating estimate by

M 1 () = Pa (). (3)
For this estimate the following error bound holds:

Theorem 2 Let p € N and C > 0, d =1 and assume that m : R — R is (p, C)-smooth
and that the distribution of X satisfies supp(Px) C [0, 1],

P{X=xz}=0 forallzel01] (4)

and
Px(Sy(z)) >c3-r (5)

for all x € [0,1] and all r € (0,1] for some constant c3 > 0, where S.(z) is the closed
ball with radius r centered at x. Then for the p-nearest neighbor polynomial interpolating
estimate my, , defined by (3) the following bound holds:

E/ |mpp(x) —m(z)|Px(dx) <cy-n™P

for some cq4 € Ry, where Ry is the set of positive real numbers.



In the remaining part of the paper we investigate whether the rates of convergence
presented in Theorems 1 and 2 can be improved. To do this, we present lower bounds
on the expected L error of any estimate.

Our first lower bound concerns estimation in case of uniformly distributed design
variable. Let D((Jp ‘“) be the class of all distributions of (X,Y) where X is uniformly
distributed on [0, 1]% and Y = m(X) for some (p, C)-smooth function m : RY — [~1,1].

Then the following lower bound on the maximal expected L; error within the class D(()p :0)

holds.

Theorem 3 Let p =k + 8 for some k € Ng and 0 < 8 <1, and let C > 0. Then there
exists a constant cs > 0 such that we have for any n > 2

nf  sup B / (mn(z) — m(z)| P (dz) > 5 - nP/d.
" (x,y)ep®©)

Theorem 3 shows that the rate of convergence results presented in Theorem 1 in case
p <1andd > pand in Theorem 2 in case d = 1 and p € N cannot be improved by more
than a constant factor. Nevertheless, if we compare the results in these theorems we
see that we get rates of convergence better than 1/n only under the strong assumptions
on the distribution of the design presented in Theorem 2. So it appears that for non-
parametric regression without error in the dependent variable the rates of convergence
for uniformly distributed design are different than the rates of convergence for arbitrary
bounded design, which is not the case for nonparametric regression with error in the
dependent variable, cf., e.g., Kohler (2000) or Kohler, Krzyzak and Walk (2006, 2009).
Our next result demonstrates that this is indeed the case.

Theorem 4 Let d € N be arbitrary. For any n > 2 and any estimate m,, there exists

m : R? — [—1,1] which is infinitely differentiable and vanishes outside of [~1,1]* and a
distribution of X which is concentrated on (0,...,0) and (1,...,1) such that

E/]mn(a:) — m(@)| Py (dz) > ﬁ
3. Proofs

3.1. Proof of Theorem 1

Since m is (p, C')-smooth and p < 1 we have
[ma(X) = m(X)| = [m(Xqn)(X)) = m(X)] < C-[[X1n)(X) = X[,

hence

E / () — m(@)| Px(dz) < C-B{[Xq(X) - X|?}.



An easy modification of the proof of Lemma 6.4 in Gyorfi et al. (2002) shows

.pP/dif d
E{[Xq(X) - X[Py < & ipsa
’ cr- 220 ifp=d=1,

n

The proof is complete. U

3.2. Proof of Theorem 2

In the proof we will need the following auxiliary result, which bounds the error of poly-
nomial approximation in case of (p, C')-smooth functions.

Lemma 1 Let p € Ng, let C > 0 and let m : R — R be (p, C)-smooth. Let xq, ..., xp be
p distinct points in R, and let q be the (uniquely determined) polynomial of degree p — 1
which interpolates (x1,m(z1)), ..., (xp,m(zp)). Then for any x € R we have
C p
lg(z) —m(z)| < o [Tl ==l
b

Proof. The proof is a modification of the standard error formula for polynomial inter-
polation, cf., e.g., chapter 4 in Cheney and Kincaid (2008).

In case € {z1,...,zp} the assertion trivially holds, so we can assume w.l.o.g. z ¢
{z1,...,2p}. Set

w(z)

w(t) = ﬁ(t —z;) and c= M,
j=1

and define ¢ : R — R by
p(t) =m(t) —q(t) — c-w(?).

Since m(z;) = q(x;) and w(x;) =0 for i =1,...,p we know
p(zi) =0 (i=1,...,p),
furthermore ¢(x) = 0. So ¢ has p+ 1 roots, and repeated application of the Theorem of
Rolle implies that there exists
&1,6 € min{x, xq, ..., 2}, max{z,x1,...,2p}], & #&

such that
#7H(6) = 0= "V ().

Since ¢ is a polynomial of degree p its (p — 1)-th derivative is constant, hence
0 = P V(&) - P V(&)
= mP V(&) =mlP (&) — - (P (&) —wP D (&)
m® V(&) - mP V(&) —c-pl- (€1~ &),



and we get

mP=1 (&) —mP~D (&)

pl- (&1 — &)
o mPU(E) - mTY(g)
(=) p!- (& — &) '

m(z) - q(z) = w(a)-

p
Jj=

1

Using
m®=D (&) —=mP V(&) < C 16 - &

this implies the assertion. U
Proof of Theorem 2. Because of (4) ties occur only with probability zero, and appli-
cation of Lemma 1 yields

IN

P
cs - Eq JT1X = X( (X)]
j=1

Cg - E{’X —X(pm)(X)’p}

E / [ () — ()| Px(da)

IN

Subdividing X7, ... X, into p sets of size |n/p| and computing the p first nearest neigh-
bors 21, ..., 2, of X in these sets, we see that by the minimizing property in the definition
of the p-th nearest neighbor we have

p
(X)P < max |X — 2P <X -z

X — X
j:17~"7p

p,n)
=1

which implies
E{|X = X (X} <p- B{IX = X [ (X}

Arguing as in the proof of Lemma 6.4 in Gyorfi et al. (2002) we get

E{|X = X[/ (X} < /OOO oxp (=[n/p] - Px (Sa1/n(2))) de,

and by (5) the term on the right-hand side above is in turn bounded by

/ exp (—Ln/pj “cg - sl/p) de = |n/p]™P / exp (—03 : Zl/p) dz <cg-n P
0 0

The proof is complete. O

3.3. Proof of Theorem 3

The proof is a modification of the proof of Theorem 3.2 in Gyérfi et al. (2002), which in
turn is based on a lower bound presented in Stone (1982).



Set M, = [n'/?] and let {An,j}tj=1,. .m¢ be a partition of [0,1]¢ into cubes of side
length 1/M,,. Choose a (p,2°~1C)-smooth function g : R — [~1, 1] satisfying

supp(g) C [—;ﬂ and /|g(x)]dx > 0.

For j € {1,..., M2} let an; be the center of A, ; and set
gn,j(x) = Mn_p g (Mn : (x - an,j)) .

We index the class of functions considered by ¢, = (cp1, .- .,cmMg) e {-1, 1}Mg and
define m(n) : R? — [~1,1] by

My
men) (z) = Z Cnj - Gnj(T).
j=1

Let m,, be an arbitrary estimate of m. As in the proof of Theorem 3.2 in Gyorfi et al.
(2002) we can see that m(°») is (p, C)-smooth, which implies

swp B [ fma(a) ~ m(o)| Px(do)
(X,v)ep®

> sup E/ M () — m() (z)|d.
X~U([0,1]4),Y =m(en) (X) for some c,e{-1,13M4  7[0,1]¢

In order to bound the right-hand side of the inequality above we randomize ¢,. Let
X1, ..., X, be independent random variables uniformly distributed on [0,1]¢. Choose
independent random variables Cq, ..., C M independent from Xj,...,X,, satisfying

1
P{Ci=-1} =P{Ch=1} =5 (k=1,...,M),

which are also independent from X7, ..., X, and set
Cn - (Cl, e ?CM;%)

and
Vi =m)(X;) (i=1,...,n).

Then

sup E/ M () — m ) (2)|da
X~U([0,1])4),Y =m(en) (X) for some c,e{-1,13M4  /[0,1]¢

SE [ (o) = m©(a)ds
[0,1]4

My
=Y B[ mao)~ Cuy guslolde
j=1 74

n,j



Y
i

E {/A My (x) = Crj - gn,j(z)|d - f{xl,...,xneAn,j}}
n,J

E {E {/A [min(z) — Ch,j -gn,j(x)‘dx‘fn,j} -I{Xl,...7xn¢,4w}} ,
n.j

<.
Il
-

I
M=

j=1
where F,, ; is the o-algebra generated by Xy, ..., X, C1, ..., Cj—1, Cjq1, ..., CM;%~
If Xy, ..., X, are not contained in A, ;, then m(C")(Xl), ...m(C”)(Xn) and hence also

mp(x) are independent of C;, which implies

E {/A |mp(x) — Cpj - gn7j(x)|dx‘]:n7j}
n,j

1 1
— 5 . /An’j ’mn(:p) — gnJ(.Z‘)|d.ZU + 5 : k/An’j ‘mn('x) + gn,J($)|dx
~ 50 o) =)+ s o)+ )
> 5 00s(0) = 10) + () o)

- / lgn (@) da,
Anyj

where the latter inequality follows from the triangle inequality. From this we conclude

Myl
Y E {E {/A [mn(z) = Cnj - gn,j(w)ldx}fn,j} : I{Xl,...,xngAn,j}}
i=1 i

g
> Z/A (gns ()] d - P{X1, ., X & Ans)
j=1 Ang

= [ totwae- (1) (1 i <m1/ﬂ>d>
. /\g(x)\dw- <n1/d+1>‘p, (1_711)n

1 1
. .pp/d 2
> [lo@da- oy -n2/d 2.

The proof is complete. U



3.4. Proof of Theorem 4
Define f : R — [0,1] by

and for ¢ € {—1,1} set

m(z) = c- f(z).
Clearly, m© is bounded in absolute value by one, infinitely many times differentiable
and vanishes outside [—1, 1]¢ for ¢ € {—1,1}. Furthermore, let 0 = (0, ...,0), I = (1,...,1)
and choose X such that

_ 1 - 1
P{X=0}=— d P{X=1}=1-—
{X=0}=— and P{ } -
and let X, X1, ..., X, be independent and identically distributed. It suffices to show
1
max E/mn(a:, (X1, m @ (X1), - (X m© (X)) — m© ()| P (da) > ——.
ce{-1,1} 2-n

But this follows from

max E/]mn(w, (X1, m (X)), ..., (Xn, mD (X)) —ml ()| Px(dz)

ce{-1,1}
> max E {ymn(o, (X1, m (X)), ..., (Xn,mI(X,))) —m0)- 1}
ce{—-1,1} n

> % ‘E {|mn(0, (X1, mV(X1)),..., (Xn,mMP (X)) = 1] 711}

% B {ymn((), (X1, mE (X)), s (X mCD (X)) + 1] - ;}

— ﬁ .E{Il = mn (0, (X1, mY (X)), ... (X, mP (X))

+|1 + mn(()7 (X17m(_1)(X1))7 sy (Xmm(_l)(Xn)»’}

> ﬁ E{ (11 = ma(0, (Xt m O (X)), (X mD (X))
1 (0, (X1, mED X)), (K, mED (X)) - I{Xl""’X"#O}}
_ ﬁ E{ (|1 —my (0, (X1,0),...,(Xn,0))



+‘1 + mn(()a (X17 0)7 ey (X’fl7 0))’) : I{Xl,...,Xn;éO}}

> ﬁ -E{‘(l — (0, (X1,0), ..., (X, 0))
+(1 + my (0, (X1,0),..., (XmO))‘ 'I{Xl,...,Xn;éO}}
= L P{Xi Xa#£0) = - (1—i)nz .
O
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Supplementary Material

A. A bound on the moment of the nearest neighbor distance
Lemma 2 Under the assumptions of Theorem 1 we have

.p—p/d
B {|| X (X) - x|p} <070 "0 desd
’ 7B ifp=d=1

Proof.: Since supp(X) C [0, 1] implies || X ;) (X) — X|| < Vd a.s., we have
Vd
B{IX0n(X) = XI7} = [P (X0 () = X7 > <} de
Let € > 0 be arbitrary. Then

P {[| X (10)(X) = X|IP > €}

/P X 1y () — 27 > €} P (dr)
_ /p {1X0 (@) = 2ll > 7} P (da)
— /P{Xl,...,Xn ¢ S.p(z)} Px(dr)
_ / (1= Px (S (2)))" P (da)

< / exp (- Py (Sa(x))) P (dz)

1
< maxzx-exp(—zx) - Px(dz
= ZeR, p(~-2) /n-PX(Sgl/p(ﬂf)) x{de)
C10

n-ed/p’

where the last inequality follows from Inequality (5.1) in Gyorfi et al. (2002). Using this
we get

/\/Emin{l,ncg/p} de
0 .

E{[|Xqn(X) - X|P} <
Vd
< ey S0, / e~ /P e,
- n n—p/d
Since
1/‘/8 —dfp g < e -nPld if p<d,
n n—p/d - 012-10% lfp:dzl,
this implies the assertion. O
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