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Abstract

Given the values of a measurable function m : R* — R at n arbitrarily chosen points in
R the problem of estimating m on whole R, such that the L; error (with integration
with respect to a fixed but unknown probability measure) of the estimate is small, is
considered. Under the assumption that m is (p, C')-smooth (i.e., roughly speaking, m is
p-times continuously differentiable) it is shown that the optimal minimax rate of conver-
gence of the Ly error is n ?/?, where the upper bound is valid even if the support of the
design measure is unbounded but the design measure satisfies some moment condition.
Furthermore it is shown that this rate of convergence cannot be improved even if the
function is not allowed to change with the size of the data.
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1 Introduction

In this article the problem of estimating a measurable function m : R — R from n
observations of the value of the function m at points z1, ..., z, € R? which might be
arbitrarily chosen, is considered. Any estimate of m uses in a first step a strategy to
choose the points

21, %2 = 22((21? m(’zl)))v <y Rn = zn((zlv m(21)>7 SR (Zn—h m(zn—l))> (1)
and then uses the data
Dy = {(z1,m(21)),- - - (2n,m(20))} (2)

to estimate m by my(-) = mu(-,Dy,) : R — R. In numerical analysis this problem is
known under the name scattered data approximation (usually with non-adaptively chosen

*Running title: Noiseless regression with adaptive design
TCorresponding author: Tel. 449-6151-16-6846, Fax. +49-6151-16-6822



points 21, ..., z, € R?%), see, e.g., Wendland (2010) and the literature cited therein. In
this paper it is studied from a statistical point of view.

Motivated by a problem in density estimation, where m,, is used to generate additional
data for the density estimate and where the error of the method crucially depends on the
Ly error of m,, (cf., Devroye, Felber and Kohler (2013) and Felber, Kohler and Krzyzak
(2013)), the error of m,, is measured in this paper by the L; error computed with respect
to a fixed but unknown probability measure p, i.e., by

/ (@) — m(a)]| plda). (3)

In order to derive nontrivial rate of convergence results it is assumed in the sequel that
the regression function is (p, C')-smooth according to the following definition.

Definition 1 Let p =k + 8 for some k € Ng and 0 < 8 <1, and let C > 0. A function
m : RY — R is called (p, C)-smooth, if for every a = (a1, ..., aq) € Nd with Z;l:1 aj =k

the partial derivative = exists and satisfies

_ Fm
ox &1 .0z
*m Fm

_ <O |r— 2B
ﬁx‘f‘l...axg‘d(x) ax?l...ﬁxg‘d(z) <Cllz =]

for all x,z € R%, where Ny is the set of non-negative integers.

In the sequel minimax rate of convergence results for the Ly error (3) are derived. More
precisley, for function classes F®€) of (p, C)-smooth functions f : RY — R the behaviour
of

it sup [ Jin (o) — m(a)] u(d)

Mn me Fp,0)

is analyzed, and estimates m,, are constructed such that

[ ma@) = m@) i) =intsup [ fiae) - mo)] ).

Mn e F(0,C)

A related problem is nonparametric regression estimation, where the z-values of the data
Dy, defined by (1) and (2) are given by an independent and identically distributed sample
of 1 and the corresponding function values are observed with additional errors with mean
zero. This problem has been extensively studied in the literature. The most popular
estimates include kernel regression estimate (cf., e.g., Nadaraya (1964, 1970), Watson
(1964), Devroye and Wagner (1980), Stone (1977, 1982), Devroye and Krzyzak (1989)
or Kohler, Krzyzak and Walk (2009)), partitioning regression estimate (cf., e.g., Gyorfi
(1981), Beirlant and Gyorfi (1998) or Kohler, Krzyzak and Walk (2006)), nearest neighbor
regression estimate (cf., e.g., Devroye (1982) or Devroye, Gyorfi, Krzyzak and Lugosi
(1994)), least squares estimates (cf., e.g., Lugosi and Zeger (1995) or Kohler (2000))
and smoothing spline estimates (cf., e.g., Wahba (1990) or Kohler and Krzyzak (2001)).
Minimax rates of convergence in this context have been derived in Stone (1980,1982,



1985, 1994), Antos, Gyorfi and Kohler (2000) and Kohler, Krzyzak and Walk (2006,
2009).

Kohler and Krzyzak (2013) have analyzed how the minimax rate of convergence results
in Stone (1982) change in case that the function m can be observed without error. The
main results there are that firstly for estimating (p, C')-smooth functions no estimate can
achieve a rate better than n?/9. Secondly, a nearest neighbor estimate achieves this
rate if p < 1. Thirdly, a nearest neighbor polynomial interpolation estimate achieves this
rate for arbitrary p € N in case d = 1 provided the distribution p satisfies regularity
assumptions (which are satisfied, e.g., in case of the uniform distribution). And fourthly
it was shown that without regularity assumption on x no estimate can achieve a rate of
convergence better than n~!. Througout this paper it was assumed that the support of
1 is bounded.

In this article it is investigated how these rate of convergence results change in case
that the estimate is allowed to choose the design points, i.e., the points where the func-
tion values of m are observed, in an adaptive way as described by (1). Surprisingly,
the minimax rate of convergence for estimation of (p,C')-smooth functions still remains
n~P/4_ but this time it is achievable even in case p/d > 1 without regularity conditions
on the design measure . Furthermore it is shown that this rate of convergence cannot
be improved even if the function is not allowed to change with the size of the data, and
that this rate of convergence can be achieved even if the support of the design measure
is unbounded but the design measure satisfies some moment condition.

Throughout the paper the following notation is used: The sets of natural numbers,
integers and real numbers are denoted by N, Z and R, resp. For z € R the smallest
integer greater than or equal to z is denoted by [z], and |z] is the largest integer less
than or equal to z. For f:R? — R

[flloc = sup [f ()]

zcR4

is its supremum norm, and the supremum norm of f on a set A C R? is denoted by

[ llo0,a = sup | f(z)]
€A

||| is the Euclidean norm of a vector z € R%. The components of 2 € R? are denoted
by M, ... 2@ e,

=W, . T

The support of a probability measure u defined on the Borel sets in R is abbreviated by
supp(p) = {x e R : u(S,(z)) > 0 for all + > 0} ,

where S, (z) is the ball of radius r around x.
The outline of the paper is as follows: The main results are formulated in Section 2.
The proofs are contained in Section 3.



2 Main results

In our first result we assume that the support of p is bounded. In order to simplify
the notation we assume w.l.o.g. that supp(u) = [0,1]%. We will use well-known results
from spline theory to show that if we choose in this case the designs points z1, ..., 2z,
equidistantly in [0, 1]¢, then a properly defined spline approximation of a (p, C')-smooth
function achieves the rate of convergence n 2/,

In order to define the spline approximation, we introduce polynomial splines, i.e., sets
of piecewise polynomials satisfying a global smoothness condition, and a corresponding
B-spline basis consisting of basis functions with compact support as follows:

Choose K € N and M € Ny, and set up, = k/K (k € Z). For k € Z let By :
R — R be the univariate B-spline of degree M with knot sequence (u;);ez and support
supp(Bpg,m) = [Uk, Ugt++1]. In case M = 0 this means that By, o is the indicator function
of the interval [ug, uk11), and for M =1 we have

T—Uup
Uy 1 —Uk , Uk S xz S Uk+1,
— Uk 42—
By 1(x) = Unpo—unsy Wkl < T < Uk42,
0 ,else,

(so-called hat-function). The general definition of By ps can be found, e.g., in de Boor
(1978), or in Section 14.1 of Gorfi et al. (2002). These B-splines are basis functions of
sets of univariate piecewise polynomials of degree M, where the piecewise polynomials
are globally (M — 1)-times continuously differentiable and where the M-th derivative of
the functions have jump points only at the knots u; (I € Z).

For k = (ki,...,kq) € Z* we define the tensor product B-spline By js : R? — R by

B (@M, 2Dy = By, (V) - B, (@) (M, 2@ e R).

With these functions we define Sk ys as the set of all linear combinations of all those of
the above tensor product B-splines, where the support has nonempty intersection with
[0,1]¢, i.e., we set

SK,M: Z ak'Bk,M ax € R
ke{—M,—M+1,...,.K—1}4

It can be shown by using standard arguments from spline theory, that the functions in
Sk, are in each component (M —1)-times continuously differentiable, that they are equal
to a (multivariate) polynomial of degree less than or equal to M (in each component) on
each rectangular

[y Uy 41) X -+ X [y, upg1) (k= (K1, ... kq) € Z%), (4)

and that they vanish outside of the set



Next we define spline approximations using so-called quasi interpolands: For a function
m : [0,1]% = R we define a approximating spline by

(Qm)(z) = ) Qum - B

ke{—M,—M+1,...,K—1}¢

where

Qum = Z k- M(thyjis - - thaga)
je{o,1,...,M}

for some ai; € R and some suitable chosen points 5, ; € supp(Byar) N [0,1]. It can be
shown that if we set

k-M+j
tkvﬂ:ﬁ (jed{o,...., M}, ke{0,..., K —1})
and .
tk,jzl{?—M (Gel0,....My,ke{-M,—M+1,...,—1}),

then there exists coefficients ay j (which can be computed by solving a linear equation
system), such that

|Qkf| S C1- ||f||oo,[uk17uk1+M+1}><~--><[ukd,ukd+M+1] (5)

forany k € {~M,—M +1,..., K —1}¢ any f:[0,1]? — R and some universal constant
c1, and such that @ reproduces polynomials of degree M or less (in each component)
on |0, 1]d, i.e., for any multivariate polynomial p : R? — R of degree M or less in each
component we have

(@Qp)(2) = p(z) (z€[0,1)9) (6)

(cf., e.g., Theorem 14.4 and Theorem 15.2 in Gyorfi et al. (2002)).
Next we define our estimate m,, as a quasi interpoland. We fix the degree M € N and

K:K:P/HJ

set

M

Furthermore we choose 21, ..., z, such that all of the (M - K + 1)¢ points of the form

J1 Jd , :
<M-K7'”7M'K> (]1,...,jd€{0,1,...,M K})

are contained in {z1,...,2,}, which is possible since (M - K 4+ 1)? < n. Then we define
mp(x) = (Qm)(z),

where @Qm is the above defined quasi interpoland satisfying (5) and (6). The computation
of @m requires only function values of m at the points z1, ..., 2, and hence m,, is well
defined.



Theorem 1 Letp=k+ [ for somek € Ng and 0 < 8 < 1, and let C > 0. Assume that
m:R? = R is (p,C)-smooth. Let m,, be the above defined estimate with degree M > k.
Then for n > max{2? - (M + 1)4,4%}

1100 — 1| 0,170 < €2 - 1P/ (7)

for some constant co > 0 which depends only on M, C, p and d. In particular, if
supp(p) C [0,1]%, then we also have

/ mn () — (@) u(d) < ez -0 P/, (8)
R

Next we show, that if we want to estimate a (p, C)-smooth function m : R? — R on
whole R?, it is in case of the L;(u)-norm possible to achieve the same rate of convergence
provided p satisfies some moment condition, namely

/H:):H”u(d:v) < oo forsomey>1+3-p 9)

We define our estimate in case of an unbounded support of p as follows: Above we have
introduced a quasi interpoland on the cube [0, 1]¢, which uses (M - K 4 1)¢ observations
of function values of m at equidistant points in [0,1]¢ and B-splines of degree M with
knots uy = k/K (k € Z). Analogously we define a quasi interpoland

QN,M,[a,a—i—(ﬂd m
of the function m : R — R of degree M on the cube
[a,a+ 6] =[a™,a + 6] x ... x [alP, 0@ + 4]

for a = (a(l), . ,a(d)) and § > 0. This quasi interpoland uses observations of m at

INVd] ’
([ )

equidistant points in [a,a + ] and B-splines of degree M with knots

7 3 o
—r—

for the univariate B-splines for the i-th component of R? (i € {1,...,d}). Set

Jmaz(n) = an/(d-v)J
and define the estimate by zero outside of

[_jma:r(n) - 17jmax(n) + 1]d-



For c3 > 0 defined below we set
c3n

G+ 1)%-(7—1—2?)

Nj = (4 € No).

Then we define

(Qnoar—1gam)(x)  if z € [-1,1]%

(Qn; Mjaarnem) (@) ifzelaa+1]9C[—j—1,7+1%\ (—j,5)"
for some a € Z4,1 < j < jmaz(n),

0 if © ¢ [~Jmaz(n) = 1, Jmaz(n) +1]%

mp(z) =

For j € N the set [—j — 1,5 + 1]\ [, 7]¢ contains
(27 +2)" = (2)* <ea j*

sets of the form [a,a + 1]¢, a € Z4. Since

jmaz(n) o0 ca
No+ > e jm'N; < nocs-[14) 7
j=1 i+ 1O
> c
4
= n-c3- |1+ v
S Grpree

this estimate needs at most n observations of the function values of m provided we choose

c3 > 0 such that .
c3 < 00 c4
1421 (j+1)1+%'(77173¢)

For this estimate we can show the following result:

Theorem 2 Letp=k+ [ for somek € Ng and 0 < 8 < 1, and let C > 0. Assume that
m : R? = R is (p, C)-smooth and let pu be a probability measure satisfying (9). Let my
be the above defined estimate with degree M > k. Then for sufficiently large n

[ tme) = m(o)lntda) < 50 (10)

for some constant c5 > 0 which depends only on M, C, p and d.

Our next theorem shows that the above rate of convergence results are optimal in the
minimax sense.

Theorem 3 Let p =k + 8 for some k € Ny and 0 < B < 1, let C > 0 and let FPC) pe
the set of all (p, C)-smooth functions f : R* — R . Then we have for any n € N

inf sup / |y () — m(x)|dz > cg - nP/?
[0,1]¢

Mn e F(0,C)



for some constant cg > 0 which depends only on p, C' and d. In other words: for any
estimate my, applied to a data set described by (1) and (2) and any data size n we can
find a (p,C)-smooth function m : [0,1]¢ — R such that

/ | (@) — m(z)|da > cg - n P/
[0,1]¢

In the above result the worst function, which leads to a large error of an estimate m.,,,
changes with the number n of the observed function values. But in an application often
it is possible to observe more and more function values of some fixed function. As our
next result shows, the rate of convergence in Theorem 3 cannot be improved even if the
function to be approximated is not allowed to change with n.

Theorem 4 Let p = k+ 8 for some k € Ng and 0 < 8 < 1, and let C > 0. Let
(Mmp)nen be an arbitrary sequence of estimates and let a, be an arbitrary sequence of
positive numbers converging monotonically towards zero. Then there ezists a (p,C)-
smooth function m : [0,1]% — R such that

. f[o,ud [mn(z) — m(z)| dz
lim sup = 00.
n—00 Qp, - n—p/d

3 Proofs

3.1 Proof of Theorem 1

In the proof of Theorem 1 we need the following lemma.

Lemma 1 Letp = k+f for somek € Ng and0 < <1, andlet C > 0. Let f : R - R
be a (p, C)-smooth function, let xo € R and let py be the Taylor polynomial of f of total
degree k around xq, i.€.,

() = Z : R L (z0) - (2 )_950 P (af ) — gVyia,
G1seesdg€10,1,.. kY, algat 0naD . 9l @
St tig<k

Then we have for any x € RY
[f (@) = pr(2)| < e7- C -l — zoP
for some constant ¢y € R depending only on k and on d.

Proof. The proof is a straightforward extension of the proof of Lemma 11.1 in Gorfi et
al. (2002). For the sake of completeness we present nevertheless a complete proof.
The definition of p; and the integral form of the remainder of a Taylor series imply

f(@) = pr(x)



1 pirttiaf
= f@) —prale)— ) — . — L ()
oo 1 d
o iaC Tk}, 71! Jd 8311‘( ). aﬂdg;( )
g1t tig=k

(2@ — iy (@) = gDy

k 1 o1 gnttia f
1y jdez{o:l ok} Jil---ja! /o ( ) o) . Giag(d) (o +#- (2 = 20))

1+ +ig=k

(2® — 2Dy (2@ — 5Dy

1 J1++Ja
’f'/ (1— k19 L (a) dt
Jd- Jo

- X

o) . Hiag(d)

J1sedg €40,1,.. .k}, LS
J1+-+ig=Fk
(x(l) _ 1:(()1))]1 .. (x(d) :L,éd))]d
k . e
= Z T (M) — xél))ﬂl (2@ - x(() ))da

1 da €10, 0k},
1+ tig=k

1 §ivt-tia gt f
k-1 Az — -
/0 (1=1) (am(l) i@ P+t (@ = 20) - S @ (M)) .

Using the triangle inequality and the (p, C')-smoothness of f we conclude
[f (@) — pr(a)]

< ¥

F1seees jdG{O,l,.‘.,k},
1+ tig=k

<cr-Clla—ao|F7,

k 1
~.-.'||:c—xo||’“'/ L= Ot o — o dt
JicccJds 0

which completes the proof. O
Proof of Theorem 1. The proof is an easy consequence of the properties (5) and (6)
of @m and of Lemma 1. Let x € [0, 1]¢ be arbitrary. Let k € {0,1,..., K}? be the index
of the rectangular
[ty s gy 1] X o+ X [t U 4]

which contains = (in case that there exists several of these rectangles containing x, choose
one of them). Let p, be the Taylor polynomial of m of total degree k around z. Then
pz(x) = m(z). Using this and (5) and (6) and the facts that only those B-splines with
index j satisying k() — M < j® < k@ for all [ € {1,...,d} do not vanish at = and that
the B-splines sum up to one (cf., e.g., Lemma 15.4 in Gyorfi et al. (2002)) we get

[mn(z) —m(z)]
= [(Qm)(2) = pz()]
= [(@m)(z) — (@p)(2)]

= > Qi(m — ps) - Bjm(x)

JE{=M,—M+1,...,.K—1}d



IN

Z ‘Qj(m_pa:”

je{—-M,—M+1,... ., K—1}d:
D —nm<iO <k (e{1,...,d})

(M + 1) ’ Hm _proo,[

IN

uk(l)fkf’uk(1)+]vl+l] XX [uk<d)7M’uk(d)+]M+l} ’

By Lemma 1 we know that

||m - prOO’[uk(l)—M uk(l)+1&1+1]xmx[uk(‘i

M+ 1\?
§C7.C.<\/Zl. = >

=c;-C-(Vd- (M+1))P-

)@ s

1
1/d|_1 )
(|l
which implies (7). Inequality (8) is a immediate consequence of (7).

3.2 Proof of Theorem 2
The proof of Theorem 1 implies that in case of N > 4% - (M + 1)¢ we have

5 p
QN arfaatst T = Mlloc faara)t < €8 | Txaa—y |
M

hence c3 - n > 49 . (M + 1)¢ implies
QN a1, [—1,102 M — M| o [—1,17¢ < €9 n P/
and for any j € N and a € Z? we have
I1Qn; a1, jaar1)a M = Moo faasije < Co - (j+ 1)1 7P/
provided ¢z -n > 4% - (M + 1) - (5 + 1)(@/P)(=1=2P)  Since

(jmaz(n) + 1)(@/P)-(7=1=2)
n

=0 (n— o),

we can assume w.l.o.g. that n satisfies the above two inequalities. We conclude

[ () = m(a) (o)
Jmaxn

= My (x (dx) my(x) — m(x dzx
/[_ () — (@) pldz) + 3 /[_j_lmd\[_j,ﬂd (2) — m(z)| p(de)

j=1

+/ [mn(z) — m(x)| p(dz)
Rd\[_jrnaw (n)_17j7na;c(n)+1]d

10



Jmaz (1)

D SR L ] (d)
j=1 [—7—1,5+1]\[~5.5]¢
Hmlloe - Gas () + )7 [ Jol"n(da)
Rd\[_jmaz(n)_lajmaz (n)+1]d

< n Y G (14 [l utan)
Rd

=0
—p/d
<ci1-n p/,

since by (9) we have
[ el utao) < o
R4

and since —1 — 2p < —1 implies
oo
Z(j + 1)1 < 0.
=0

Jj=

3.3 Proof of Theorem 3

The proof is a modification of the proof of Theorem 3 in Kohler and Krzyzak (2013),
which in turn is based on the proof of a lower bound presented in Stone (1982) (see also
proof of Theorem 3.2 in Gyorfi et al. (2002)).

Set M,, = [(2-n)'/%] and let {An,j}tj=1,. mg be a partition of [0, 1]¢ into cubes of side
length 1/M,,. Choose a (p, 2°~1C)-smooth function g : R? — [—1, 1] satisfying

1 1]¢
cupple) € |2 2| ana [ Jg(a) dz > 0
For j € {1,..., M2} let an; be the center of A, ; and set
gn,j(x) = M- g (My - (z = anj)) .

We index the class of functions considered by ¢, = (a1, .., ¢, pa) € {1, 1}M3 and
define m(n) : R? — [~1,1] by

M

m ) (2) =) e gny(2).

j=1

Let m,, be an arbitrary estimate of m. As in the proof of Theorem 3.2 in Gyorfi et al.
(2002) we can see that m(°») is (p, C')-smooth, which implies

sup [ () = m(o)| P (do)

meF®.C)

11



> sup / M () — m ) (z)|dz.
CnE{—l,l}M% [0,1]¢

In order to bound the right-hand side of the inequality above we randomize ¢,. Choose
independent random variables Cy, ..., C M satisfying

1
P{Ch=-1}=P{Ci=1} = g (k=1,..., M%),

which are, in case that z1, ..., z, random, also independent from z1, ..., z,, and set
Cn - (017 ey CM,‘%)

Then

sup / (@) — m ) ()| de
[0,1]¢

en€{—1,1}Mi

> E/ () — m(©) (2)|da
0,114

n,j

M2
Sy

M
=Y E {E {/ [mp(x) — Chj - gn,j(fv)ldfv!fn,j} : f{zl,...,zn¢An,j}} ;
j=1 An.i

where F;, ; is the o-field generated by 21, ..., z,, C1, ..., Cj—1, Cj41, ..., CMg. (Here
21, ..., zp are included in the o-field F,, ; because it is in principle allowed that they are
randomly chosen.) If zq, ..., 2, are not contained in A,, ;, then m(C")(zl), C.omEn)(z,)
and hence also my,(z) are independent of C;, which implies

Mg
“Y E / () = Cnj - g (2)|de
j=1 74

|my () — Cn,j 'gn,j(x)’dx ) I{Zl7~~~7zn¢An,]’}}

E

—

/A M (x) — Chj - gnvj(ﬂf)ldﬂf\fnvj}
n,j

1
) = gus(@ldo+ - [ (o) + g @)lds
An,j An,j

[ 1905(@) = @)+ lgns ) + mn(a)]) d

5]

- / (g (2) — (@) + (g g () + ()] de

n,j

Il
D}\ N = N = N =

|9 ()] duz,

n,J

12



where the latter inequality follows from triangle inequality. From this we conclude

M
ZE {E {/ |mn(a«;) — Cn,j . gn,](x)‘dm‘.?n’]} * I{zl,...,zn¢An,j}}
j=1 An
M
z}jE{/ MW@HW*@uwﬁ%ﬁ}
=1 '

n,J
My
:Mﬁp_d'/lg(ﬁf)’dm'E P Ty
j=1
> ;7 [ gl de- (31— ).

where we have used that there are at most n sets of the M disjoint sets A, 1, . . ., Ay vds
which contain at least one of the n points z1, ..., z,. Using the definition of M,, we see
that

n

1 1
M’p’d-<Md—n> > M > n>
" " - " T ((2-n)r 4 1)p+d = optd . (2p)(p+d)/d

1
- - . ,-p/d
=z 9op+d+1 . 9p/d " ’

which completes the proof. U

3.4 Proof of Theorem 4

The proof is a modification of the proof of Theorem 3.3 in Gyérfi et al. (2002), which in
turn is based on Antos, Gyorfi and Kohler (2000) .

Let {I;}; be a partition of [0,1] into intervals I; of length 277. The idea of the proof
is to use simultaneously on each of the sets I;Z a partition corresponding to the one in
the proof of Theorem 3 for a suitable sample size n; determined below.

Since a, tends monotonically to zero, we can find a subsequence (n;); of (n), such
that

an; < % .4~p=d  9=j-(p+d) (11)
Set
M; = [(Q'Hj)l/ﬂ
and partition I]d into §; = M]‘-i cubes Aj1, ..., Aj s, of side length
277 277 2-J 1 —1/d
M; = (Q,nj)l/d+ 1~ 9. (Q_nj)l/d =4 n; bj

Choose a (p,2°~1C)-smooth function g : R? — [~1,1] satisfying
1 1]¢
supp(g) C “55 and |lg(x)| dz > 0.

13



For j € Nand k € {1,2,...,5;} let a; be the center of A; and set

gik(@) =05 g <pj_l (o — aj,k)) :
We index the class of functions considered by a vector

Cc= (Cl,la C1,2,---,€C1,61,€21,C22,...,C2 S5, )
of +1 and —1 components and define m ) : R¢ — [—1,1] by

oo Sk

m(© (x) = Z Z Cik " Gjk(T).

j=1 k=1

Let m,, be an arbitrary estimate of m. As in the proof of Theorem 3.2 in Gyorfi et al.
(2002) we can see that m(©) is (p, C')-smooth, which implies

. f[o,ud [mn(x) — m(x)| dx
sup limsup

meF.C) n—oo a, -n-r/d

. f[O,l]d |mn($) —m(9 (l’)| dx
>  sup limsup

ce{-1,1}> n—o0 an - nP/d

Let ¢ € {—1,1}* be arbitrary and set

Cp = (En,l,la o aén,l,Spén,Q,l) s 76n,2,527 v )a
where
. {1 it [y (@) — L gya(@)|de < [y |ma(e) = (1) - gu(a)] da
n?.]? -
-1 else.

Using the definition of ¢, ;; and the triangle inequality we see that

/ (@) — i - gip()] de
Aj’k

1 1 _
> = / imin(x) — ¢k - gjk(x)| de+ = - / |min (@) — Cnjk - gjk()| d
A g 2 A
Js T

> 5 [ = i 910 @) + - g1(e) = ()] da
Aj i

N = N = N

_ d
enga = sul -7 [ lgta)l o
From this we conclude

[ @) = m @)
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Y
(]2
M
I
T
=
3
P
&
|
O
ES
&
=
=
=
8]

> / lg(z)| dx - Z p§+d ) I{En,j,k?fcj,k}

S
> / lg(z)| dx - Z ijqurd ) I{En,j,k?écj,k}

JEN:S;>2.n k=1

= [ lgta)ldo - o)

Hence
Jio.y4 Imn(z) — m(z)| dx Rn(c
sup limsup o7 ™ i > /|g(x)\ dr- sup limsup L)d.
meF®C) n—o0 an - n7P/ ce{—1,1}° n—oo Gn NP/
Next we randomize c¢. Choose independent random variables C1 1, Ci2,..., C1,5,, C21,
Copo, ..., Cag,, ... satisfying

1 .
P{Cjp=-1}=P{Cr=1} =5 (eNk=1....5),
which are, in case that 21, ..., z, random, also independent from z1, ..., z,, and set
C = (0171, CLQ, Ceey 01751, 0271, 0272, ey CQ,SQ, . )

In the sequel we derive a lower bound for ER, (C). Let Fj be the o-field generated by
21, ...,z and Gy (1€ Nyl e {1,...,5;}, (4,1) # (j, k). If 21, ..., 2, are not contained
in A, then m(©)(z), ...m()(z,) and hence also m,(z) and &, j are independent
of Cj j, which implies

Sj
ER,(C) = E Z Zp§+d . P{én,j,k # Cjﬁ‘}_j,k}

JEN:S; >2n k=1

Y

Sj
E Z Zp§+d . P{én,j,k 75 Cj,k“/—"],k} ' I{zl,...,zn¢Aj,k}

JEN:S; >2n k=1
Sj
p+d
-E Z ij iz, g A )
JEN:S; >2n k=1

> o Yy (8 ),

JEN:S;>2n

N | = N |

where we have used that at most n of the S; disjoint sets Aj1, ..., Aj s, contain at least
one of the n points z1, ..., z,. Hence

ER,(C) > > optts;

JEN:S;>2n

=
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For n = n; we have
St = Mffi > 2'nt7

which together with inequality (11) implies

L ptd L (L o 1 pd —p/d
B, @2 sz b (L) ™ s gt

We conclude

Y

sup limsupic)d sup limsupM
ce{—-1,1}° n—oo an-n_p/ ce{-1,1}> t—o0 ERnt(C)

) R,,(C)
E{l &) L
= {liisofp ERm(C)}

V

Because of i
Ry, (c) < ZjeN:szmtpg - 5j

= +d
ERnt (C) i ’ ZjGN:S]-ZQnt p? ’ Sj
we can apply the Lemma of Fatou, which yields

. Ra(C) | . R, (C)
E<I] — Tt > E{ 2 4 — 1
{ Fv ERnt<c>} = oo {Ewc)

— )

Summarizing the above results we get

. f[O,l]d imn(z) — m(z)| do
lim sup

n—00 ap * n—p/d

> [l da.
By replacing a,, by a, satisfying
— =0 (n—o0)

we get the assertion. O
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