1 Supplementary material for the referees

In the supplementary material the proof of Lemma 2 as well as the proof of the inequalities
(39) and (50) is given.

1.1 Proof of Lemma 2

In the proof of Lemma 2 we need the notion of VC-dimension. Denote by V4 the VC-
dimension of a class of subsets A # () of R%, which is defined by

Vi=sup{n e N: S(A,n)=2"},
where S(A,n) is the n-th shatter coefficient of A, i.e.

S(A,n)= max |{AN{z1,...,z}: A€ A}l

{21,...,Zn}g]Rd

Proof of Lemma 2. The proof is based on parts of the proof of Lemma 3.2 in Kohler
et al. (2003). First, we observe that
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N(ens G 1)) < A6 (51,0 (1)) 52)
mn
where G,, is a set of functions defined as
. . Rd K . _ K t—u
Gn = g: [07 1] X - [07 (0)] : g(u,x) = ]l{m(u,:v)gy} ) Bt
(u,2) € [0,1] x RY), te0,1], y € R}.
Let g1,...,9n : R x R? — R be an minimal e,-cover of G,, i.e. for every g € G, there is
aj=j(g) €{1,...,N} such that
1 n
n Zi:l |9 (i, @) — gj(ui, zi)| < en.
Then g1,...,9n : R x R* = R, where
gi(u,z) = ¢y - gj(u,x) for all (u,z) € R x RY j=1,...,N,
is an 6,-cover of G, for 6, = d,, - €, since
1 n 3 1 n
- Zi:l 19(ui, zi) = gj(us, )l = — Zi:l |cu; - g(wiy @) — cu, - g5 (wi, 25)|
1 n
< o >, lotui @) = gj(ui 7))
< dy - €p.



Hence, we have proven (52). Next, we bound N; (;TZ, Gn, (u’f,x?)> Since the functions
are bounded, the proof of Lemma 16.5 in Gyorfi et al. (2002) implies that

€n

/\/1( > gn,<u1,x1>) N1<2 H gnl,ul) N <2dK() gn,z,(u?,x%) (53)

for

t—u

On,1 {gl :R — [0, K(0)] : gl(u):K( ™ > (ueR), te [0,1]},

On2 = {92 :[0,1] x R —=1[0,1] : ga(u,z) = (]l(—oo,y]Om) (u,z) (u,z)€(0,1] XRd)a yGR},

)

where 1(_, ,jom is the composition of the indicator function and the function m. Next,

we show g
6e - dy,
M (2 d gnl,u1> §3< . ) . (54)

By Lemma 9.2 und Theorem 9.4 Gyorfi et al. (2002) we obtain

4de-d,, -d, max< 2,V 4 . 2-max< 2,V
N1<2 dy’ g“’u1>§3'<ed 'log<6€d)> | gn71}§m <d> ol

€n €n 2 €n,

for some constant ¢11 > 0, where Vg+1 is the VC-dimension of the class of all subgraphs

of Gn1, ie., of
Gy ={{(u,5) eR xR, gi(u) > s} : g1 €Gnn}.

Thus, it suffices to bound the VC-dimension of g+ For this purpose we use the fact
that K is left-continuous as well as monotonically decreasmg on R, and has a compact
support, and get for s > 0

K(t};u) >s o ‘t—u

| <) = t2 —2ut +u® — ¢*(s) - h2 <0

for ¢(s) =sup{z € R: K(z) > s}. Consider the set of functions

gn,l = {ga,,B,'y,é RxR— Ra ga,ﬁ,'yﬁ(u? U) = auQ + /8’u + 7“2 + 57
(u,v) € R xR, a, 5,7, € R}.

If for a given collection of points {(u;, s;)}i=1,....n, where s; > 0 for i = 1,...,n, the set
{(u, s) : g1(u) > s} for g1 € Gy1 chooses the points {(u;,,si,), ..., (u;,si,)}, ie.

{(u’ S) 0 (’LL) > 8} N {(ulv Si)}i=1,-..,n = {(uilv Sil)’ ) (uil’ Sil)}’

then there exist o, 8, v, 6 € R such that for g, g5 € Gy, the equality

{(U, 5) : ga,ﬁ,y,é(ua 5) > 0}0{(2“, @(Sl)), SR (una ¢(5n))} = {(ui1a¢(si1))a B (uilv¢(5iz))}



holds. Therefore,
Vo | = Vi) gapqs(un)20): geGn} =%

where we have used Theorem 9.5 from Gyorfi et al. (2002) in the last inequality. The
proof of (54) is complete.

Next, we observe that for
gn,3 = {93 R — [07 1] : 93(w) = ]1(—oo,y] (w) (’LU € R): y € R}

it holds
€n n n _ €n n
M <2dn “K(0) 9 (ul’xl)> =M (2dn 2K (0)’ g"’?”Ul) ’

where v; € 07 is defined as v; = m(u;, x;) fori=1,...,n.

Finally, we bound Nl(m,gmg,v?) using the n-th shatter coefficient S(A,n) of
the set A. Since Gy, 3 is a set of indicator functions 1 4 with A € A= {(—o00,y] : y € R},
we have

€n
& n) < . )
M <2dn-K(0)’gnv3’”1> <S(An) <n+1<2n

for n € N, where the last two inequalities follow from Theorem 9.3 and Example 9.1 in
Gyorfi et al. (2002). The assertion is implied by (53), (54) and the last result. O

1.2 Proof of inequality (39)
Inequality (39) is implied by

sup / Iipgr, f(t2)dr = sup P(X; ¢ Kp,) <Pt €[0,1]: X, ¢ Kp) < cz2(Bn+mn)
tefo,1]/R? t€[0,1]

for some constant csy > 0 and n € N sufficiently large, where the last step holds by
assumption (16), and by the fact that on C,, we have

Sup / I{$€Kn3QYt,a_?)ﬁn_?)"]nSmn(tvz)Sth,a+3ﬂn+3nn} ) f(t’ .’E)dﬂf
te0,1] JRd

< sup / I{meKn:qyt7a74ﬂnf4nn§m(t,x)§qyt,a+45n+47]n} : f(t, x)d(l:
te[0,1] /R4

< up P(qv,a — 4Bn — 40 < m(t, X1) < qy,.a + 4Bn + 41n)
tel0,1

< sup sup g(t,x) - 883, + 81yl
tel0,1] x€Ft n

<33 (/Bn + TZn),

for Fi », =[qv;,a—48n—4Mn, qv; a+46n+41,] and some constant cz3 >0, because of (19). O



1.3 Proof of (50).
Analogously to (48) one can show for any t € [0, 1]

GYt (q}/tpc + % : (671 + 7771)) — 0= GYt (QYt,a + % : (ﬁn + 77n)> - GYt(QYt,a)
> 5 (Ba+ 10) (55)

for some constant ¢; > 0 and n € N large enough. Using (47) and (55) as well as the
assumptions (23) and (24), we get on the event C),

1
L, = { inf Gg/t )<qn,a+2'(5n+77n)> 204}

te[0,1]

. A(IS) 1 x (IS) 1
B Z. Z.
= {téﬁ‘fu (GYf <qy“a Tg Bt "”)> Bt {GY (qy““ Ty Bt "”))}>
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+ inf <Et1, tn {G(IS) <QYt,a + = Bn +77n >} GY; (QY},a + - (ﬁn +77n)>>
te(0,1] 2
1
i f [e% a n n - Z
Tty <GYt <th Ty Bt )> > 0}
N N 1
= §— Ssup < :1,...7tn {GgS) < Yot 5 (ﬁn+77n)>} - GgéS) <QYt,a +5 (5n+77n)>>
telo.] 2

1 ) 1
— sup (Gyt (fm,a +3 (ﬁn+nn)) —E; {G(Is) ((m, 3 (5n+nn>)}>
te(0,1]

+ inf <GYt (th,a + % : (ﬁn+77n)> - GYt(th,a)> > 0}

te(0,1]

A 1 A 1
> {— sup (87,0, G (1 + 5 Gt = G v+ 5 (b))
t€[0,1]

> =T (Buta) + Ca - 7 hgl}

D { sup (Ef1 i {égs)(y)}—égs) (y)) < %(ﬁn +1n)—Co - B - hﬁ,l}

tel0,1], yeR
A(IS A(IS log(n
> { swp (B, fGE0 )} -G )] < o (Bt [ >}
t€f0,1], yeR Wfin,1
for some constant coq > 1 and n € N sufficiently large. ([



