
1 Supplementary material for the referees

In the supplementary material the proof of Lemma 2 as well as the proof of the inequalities
(39) and (50) is given.

1.1 Proof of Lemma 2

In the proof of Lemma 2 we need the notion of VC-dimension. Denote by VA the VC-
dimension of a class of subsets A 6= ∅ of Rd, which is defined by

VA = sup{n ∈ N : S(A, n) = 2n},

where S(A, n) is the n-th shatter coefficient of A, i.e.

S(A, n) = max
{z1,...,zn}⊆Rd

|{A ∩ {z1, . . . , zn} : A ∈ A}|.

Proof of Lemma 2. The proof is based on parts of the proof of Lemma 3.2 in Kohler
et al. (2003). First, we observe that

N1(εn, Ḡn, (un1 , xn1 )) ≤ N1

(
εn
dn
,Gn, (un1 , xn1 )

)
, (52)

where Gn is a set of functions defined as

Gn :=

{
g : [0, 1]× Rd → [0,K(0)] : g(u, x) = 1{m(u,x)≤y} ·K

(
t− u
hn,1

)

((u, x) ∈ [0, 1]× Rd), t ∈ [0, 1], y ∈ R

}
.

Let g1, . . . , gN : R× Rd → R be an minimal εn-cover of Gn, i.e. for every g ∈ Gn there is
a j = j(g) ∈ {1, . . . , N} such that

1

n

∑n

i=1
|g(ui, xi)− gj(ui, xi)| < εn.

Then ḡ1, . . . , ḡN : R× Rd → R, where

ḡj(u, x) = cu · gj(u, x) for all (u, x) ∈ R× Rd, j = 1, . . . , N,

is an δn-cover of Ḡn for δn = dn · εn, since

1

n

∑n

i=1
|ḡ(ui, xi)− ḡj(ui, xi)| =

1

n

∑n

i=1
|cui · g(ui, xi)− cui · gj(ui, xi)|

≤ dn ·
1

n

∑n

i=1
|g(ui, xi)− gj(ui, xi)|

< dn · εn.
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Hence, we have proven (52). Next, we bound N1

(
εn
dn
,Gn, (un1 , xn1 )

)
. Since the functions

are bounded, the proof of Lemma 16.5 in Györfi et al. (2002) implies that

N1

(
εn
dn
,Gn, (un1 , xn1 )

)
≤ N1

(
εn

2dn
,Gn,1, un1

)
· N1

(
εn

2dn ·K(0)
,Gn,2, (un1 , xn1 )

)
(53)

for

Gn,1 =

{
g1 : R→ [0,K(0)] : g1(u) = K

(
t− u
hn

)
(u ∈ R), t ∈ [0, 1]

}
,

Gn,2 =
{
g2 : [0, 1]×Rd → [0, 1] : g2(u, x) =

(
1(−∞,y]◦m

)
(u, x) ((u, x)∈ [0, 1]×Rd), y∈R

}
,

where 1(−∞,y] ◦m is the composition of the indicator function and the function m. Next,
we show

N1

(
εn

2 · dn
,Gn,1, un1

)
≤ 3 ·

(
6e · dn
εn

)8

. (54)

By Lemma 9.2 und Theorem 9.4 Györfi et al. (2002) we obtain

N1

(
εn

2 · dn
,Gn,1, un1

)
≤ 3 ·

(
4e·dn
εn
· log

(
6e·dn
εn

))max

{
2,VG+

n,1

}
≤ c11

2
·
(
dn
εn

)2·max

{
2,VG+

n,1

}

for some constant c11 > 0, where VG+n,1 is the VC-dimension of the class of all subgraphs
of Gn,1, i.e., of

G+n,1 = {{(u, s) ∈ R× R, g1(u) ≥ s} : g1 ∈ Gn,1} .

Thus, it suffices to bound the VC-dimension of G+n,1. For this purpose we use the fact
that K is left-continuous as well as monotonically decreasing on R+ and has a compact
support, and get for s > 0

K

(
t− u
hn

)
≥ s ⇐⇒

∣∣∣∣ t− uhn

∣∣∣∣ ≤ φ(s) ⇐⇒ t2 − 2ut+ u2 − φ2(s) · h2n ≤ 0

for φ(s) = sup{z ∈ R : K(z) ≥ s}. Consider the set of functions

G̃n,1 = {gα,β,γ,δ : R× R→ R, gα,β,γ,δ(u, v) = αu2 + βu+ γv2 + δ,

(u, v) ∈ R× R, α, β, γ, δ ∈ R}.

If for a given collection of points {(ui, si)}i=1,...,n, where si > 0 for i = 1, . . . , n, the set
{(u, s) : g1(u) ≥ s} for g1 ∈ Gn,1 chooses the points {(ui1 , si1), . . . , (uil , sil)}, i.e.

{(u, s) : g1(u) ≥ s} ∩ {(ui, si)}i=1,...,n = {(ui1 , si1), . . . , (uil , sil)},

then there exist α, β, γ, δ ∈ R such that for gα,β,γ,δ ∈ G̃n the equality

{(u, s) : gα,β,γ,δ(u, s) ≥ 0}∩{(u1, φ(s1)), . . . , (un, φ(sn))} = {(ui1 , φ(si1)), . . . , (uil , φ(sil))}
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holds. Therefore,
VG+n,1

≤ V{{(u,v): gα,β,γ,δ(u,v)≥0}: g∈G̃n} ≤ 4,

where we have used Theorem 9.5 from Györfi et al. (2002) in the last inequality. The
proof of (54) is complete.

Next, we observe that for

Gn,3 =
{
g3 : R→ [0, 1] : g3(w) = 1(−∞,y](w) (w ∈ R), y ∈ R

}
it holds

N1

(
εn

2dn ·K(0)
,Gn,2, (un1 , xn1 )

)
= N1

(
εn

2dn · 2K(0)
,Gn,3, vn1

)
,

where vi ∈ vn1 is defined as vi = m(ui, xi) for i = 1, . . . , n.

Finally, we bound N1

(
εn

2dn·K(0) ,Gn,3, v
n
1

)
using the n-th shatter coefficient S(A, n) of

the set A. Since Gn,3 is a set of indicator functions 1A with A ∈ A = {(−∞, y] : y ∈ R},
we have

N1

(
εn

2dn ·K(0)
,Gn,3, vn1

)
≤ S(A, n) ≤ n+ 1 ≤ 2n

for n ∈ N, where the last two inequalities follow from Theorem 9.3 and Example 9.1 in
Györfi et al. (2002). The assertion is implied by (53), (54) and the last result. �

1.2 Proof of inequality (39)

Inequality (39) is implied by

sup
t∈[0,1]

∫
Rd
I{x/∈Kn}f(t, x)dx = sup

t∈[0,1]
P(Xt /∈ Kn) ≤ P(∃t ∈ [0, 1] :Xt /∈ Kn) ≤ c32(βn+ηn)

for some constant c32 > 0 and n ∈ N sufficiently large, where the last step holds by
assumption (16), and by the fact that on Cn we have

sup
t∈[0,1]

∫
Rd
I{x∈Kn : q̂Yt,α−3βn−3ηn≤mn(t,x)≤q̂Yt,α+3βn+3ηn} · f(t, x)dx

≤ sup
t∈[0,1]

∫
Rd
I{x∈Kn : qYt,α−4βn−4ηn≤m(t,x)≤qYt,α+4βn+4ηn} · f(t, x)dx

≤ sup
t∈[0,1]

P
(
qYt,α − 4βn − 4ηn ≤ m(t,Xt) ≤ qYt,α + 4βn + 4ηn

)
≤ sup

t∈[0,1]
sup
x∈Ft,n

g(t, x) · |8βn + 8ηn|

≤ c33 · (βn + ηn),

for Ft,n=[qYt,α−4βn−4ηn, qYt,α+4βn+4ηn] and some constant c33>0, because of (19). �
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1.3 Proof of (50).

Analogously to (48) one can show for any t ∈ [0, 1]

GYt

(
qYt,α +

1

2
· (βn + ηn)

)
− α = GYt

(
qYt,α +

1

2
· (βn + ηn)

)
−GYt(qYt,α)

>
c1
2
· (βn + ηn) (55)

for some constant c1 > 0 and n ∈ N large enough. Using (47) and (55) as well as the
assumptions (23) and (24), we get on the event Cn

Ln =

{
inf
t∈[0,1]

Ĝ
(IS)
Yt

(
qYt,α +

1

2
· (βn + ηn)

)
≥ α

}
⊇
{

inf
t∈[0,1]

(
Ĝ

(IS)
Yt

(
qYt,α +

1

2
· (βn + ηn)

)
−E?t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α +

1

2
· (βn + ηn)

)})
+ inf
t∈[0,1]

(
E?t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α +

1

2
· (βn+ηn)

)}
−GYt

(
qYt,α +

1

2
· (βn+ηn)

))
+ inf
t∈[0,1]

(
GYt

(
qYt,α +

1

2
· (βn + ηn)

)
− α
)
≥ 0

}
=

{
− sup
t∈[0,1]

(
E?t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α +

1

2
· (βn+ηn)

)}
− Ĝ(IS)

Yt

(
qYt,α +

1

2
· (βn+ηn)

))
− sup
t∈[0,1]

(
GYt

(
qYt,α +

1

2
· (βn+ηn)

)
−E?t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α +

1

2
· (βn+ηn)

)})
+ inf
t∈[0,1]

(
GYt

(
qYt,α +

1

2
· (βn+ηn)

)
−GYt(qYt,α)

)
≥ 0

}
⊇

{
− sup
t∈[0,1]

(
E?t1,...,tn

{
Ĝ

(IS)
Yt

(
qYt,α +

1

2
· (βn+ηn)

)}
− Ĝ(IS)

Yt

(
qYt,α +

1

2
· (βn+ηn)

))

≥ −c1
2
· (βn+ηn) + C2 · βp · hpn,1

}

⊇

{
sup

t∈[0,1], y∈R

(
E?t1,...,tn

{
Ĝ

(IS)
Yt

(y)
}
−Ĝ(IS)

Yt
(y)
)
≤ c1

2
·(βn + ηn)−C2 · βp · hpn,1

}

⊇

{
sup

t∈[0,1], y∈R

∣∣∣E?t1,...,tn{Ĝ(IS)
Yt

(y)
}
−Ĝ(IS)

Yt
(y)
∣∣∣ ≤ c24 · (βn + ηn) ·

√
log(n)

nhn,1

}

for some constant c24 > 1 and n ∈ N sufficiently large. �
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