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Abstract

Quantification of uncertainty of a technical system is often based on a surrogate model
of a corresponding simulation model. In any application the simulation model will not
describe the reality perfectly, and consequently also the surrogate model will be imperfect.
In this article we show how observed data of the real technical system can be used
to improve such a surrogate model, and we analyze the rate of convergence of density
estimates based on the improved surrogate model. The results are illustrated by applying
the estimates to simulated and real data.
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1 Introduction

Any design of complex technical systems by engineers nowadays is based on some sort
of mathematical model of the technical system. Such models are never able to describe
the reality perfectly, therefore their analysis has to take into account some kind of un-
certainty. This uncertainty might occur, e.g., because some of the parameters of the
model are not exactly known, because of the use of an imperfect mathematical model
of the technical system during the design process which does not really describe all as-
pects of the underlying technical system, or because of lack of knowledge about future
use. A good quantification of the uncertainty of the system is essential in order to avoid
oversizing and to conserve resources.

In this article we quantify the uncertainty of a technical system by estimating a density
of a real random variable representing the outcome of an experiment with the technical
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system. The starting point for our estimation problem is a stochastic model of the
technical system. This stochastic model has parameters which are chosen randomly
because their exact values are uncertain and consequently not known, and it computes
the outcome of the technical system by computing the value of a function depending
on concrete values of the parameters. In case that the distribution of the parameters
is known (which we will assume from now on) and that the function, which has to be
computed, is given, Monte Carlo can be used to estimate either quantiles or the density
of the output of the technical system.

Usually, the stochastic model is evaluated using a computer program, and computer
experiments can be used to generate values for the Monte Carlo estimates. However, it
often happens that generation of the values is rather time consuming, so that standard
Monte Carlo estimates cannot be applied. Instead, one has to apply techniques which are
able to quantify the uncertainty in the computer experiment using only a few evaluations
of the computer program. There is a vast literature on the design and analysis of such
computer experiments, cf., e.g., Santner, Williams, and Notz (2003) and the literature
cited therein. Often, so—called surrogate models of the computer experiment are used in
order to analyze it. Surrogate models have been introduced and investigated with the
aid of the simulated and real data in connection with the quadratic response surfaces in
Bucher and Burgund (1990), Kim and Na (1997) and Das and Zheng (2000), in context of
support vector machines in Hurtado (2004), Deheeger and Lemaire (2010) and Bourinet,
Deheeger and Lemaire (2011), in connection with neural networks in Papadrakakis and
Lagaros (2002), and in context of kriging in Kaymaz (2005) and Bichon et al. (2008).
Consistency and rate of convergence of density estimates based on surrogate models have
been studied in Devroye, Felber and Kohler (2013), Bott, Felber and Kohler (2015) and
Felber, Kohler and Krzyzak (2015a). A method for the adaptive choice of the smoothing
parameter of such estimates has been presented in Felber, Kohler and Krzyzak (2015b).

Of course, in practice a stochastic model will never be able to represent the real tech-
nical system perfectly. So it is clear that the mathematical model is imperfect, and
consequently also any surrogate model based on the imperfect mathematical model will
be imperfect. In Bayesian analysis of computer experiments, Kennedy and O’Hagan
(2001), Bayarri et al. (2007), Goh et al. (2013), Han, Santner and Rawlinson (2009),
Hidgon et al. (2013) and Wang, Chen and Tsui (2009) model the discrepancy between
the computer experiments and the outcome of the technical system by a Gaussian pro-
cess. Tuo and Wu (2015) pointed out that the this approach might fail in case of an
imperfect computer model, for which there exist no values of the parameters which fit
the technical system perfectly, and suggested and analyzed non-Bayesian methods for
the choice of the parameters of such models.

In this article we quantify uncertainty outside the framework of Bayesian analysis. We
assume that we have available an additional (small) sample of the real technical system,
and we consider the problem of estimation from this sample together with the imperfect
simulation model an improved surrogate model.

The mathematical setting which we consider is as follows: Let (X,Y), (X1,Y1),
(X2,Y2), ...be independent and identically distributed random variables with values
in R x R, and let m : R? — R be a measurable function. Here Y describes the outcome



of an experiment with our technical system, and our aim is to predict the density g of
Y (w.r.t. the Lebesgue measure), which we assume to exist. The random vector X and
the measurable function m describe our stochastic model of the technical system, and in
this model we use m(X) as an approximation of Y. Given the data

(Xla Yi)a sy (XTLa Yn), (Xn+17 m(Xn+1))a CR) (Xn+Ln, m(Xn+Ln))7
Xt Lnt1s s Xnt Lo+ Ny, (1)

(where L,, N,, € N) our goal is to construct an estimate for g.
The simplest way of doing this is to ignore X and m and to use only the data

Yl,...,Yn (2)

to define a kernel density estimate

vl = e oK () ®)

n
=1

Here K : RY — R (so-called kernel, which is assumed to be a density) and h, > 0
(so-called bandwidth) are parameters of the estimate.

In the sequel we assume that for m* : R? — R defined by m*(z) = E{Y|X = z} the
expected squared error occurring in approximating Y by m*(X),

E{Y —m" ()]},
is small. In this case an alternative way to estimate g is to use the data

(Xl, Yl)) cees (Xn7 Yn)a X7L+Ln+1’ ) XTH-Ln-i-Nn (4)

in order to construct an estimate
m(X,Y),n(') = m(X,Y),n('v (Xla Yl): R (Xna Yn)) :R? 5 R (5)

of m* and to define the corresponding surrogate density estimate

N,
. 1 - Y = mx,y)n(XntL,+i)
XY = N > K < b : (6)
n n 1 n

In this article we are interested in situations, where the sample size n is rather small
(in our application in Section 4 we will have n = 10), since the collection of the real data
(2) is rather expensive. Consequently, it might also be useful to use data from our model
to estimate g. One possibility of doing this is to define an estimate of g on the basis of
the data

(Xng1,m(Xng1)), -+ s (Xngpn s M(Xnt2,))s Xt Lot 1 -+ s Xt Lo+ N, (7)



by estimating in a first step a surrogate
(X m(X)),La () = (8)
m(X,m(X)),Ln('? (Xn+1,m(Xnt1)), -+, (XL, (X, ))) R? - R

of m and by defining in the second step the corresponding surrogate density estimate via

R 1 Jn o (Y7 M m0) L (Xt Lnti) 9
IXm(X))k = N > h : (9)
n (A n

The main question which we want to investigate in this paper is whether there exist
situations in which suitably defined estimates based on the complete data (1) achieve
simultaneously better rate of convergence results than the estimates (3), (6) and (9).

In the next section we propose a novel method for improving the surrogate models (5)
and (8) by using a combination of the real data (4) and the model data (7). Our main
result is that the rate of convergence of the corresponding surrogate density estimate is at
least as good as the rates of convergence of the density estimates (3), (6) and (9), and is
in special situations better than any of the above rates of convergence. The finite sample
size behaviour of our estimates is illustrated by using simulated data. The usefulness of
our newly proposed estimates for uncertainty quantification is demonstrated by using it
to analyze the uncertainty occurring in experiments with a suspension strut.

Throughout this paper we use the following notation: N, Ny and R are the sets of
positive integers, nonnegative integers and real numbers, respectively. Let p = k + 3 for
some k € Ngand 0 < 8 < 1, and let C > 0. A function m : R? — R is called (p,C)-
smooth, if for every a = (a1,...,aq) € Nd with Z?Zl a;j = k the partial derivative

—0"m__ exists and satisfies
Oxy .0z,
o*m oFm

_ <O N — 2|8
ax?l...axgd(x) 8x‘f1...8x§d<z) <Crllz—4|

for all x,z € R%. If X is a random variable, then Py is the corresponding distribution,
i.e., the measure associated with the random variable. Let D C R? and let f : R? = R
be a real-valued function defined on R?. We write x = argmax.cp f(2) if max.cp f(2)
exists and if x satisfies

x€D and f(xr)=maxf(z).

z€D
The outline of this paper is as follows: In Section 2 the construction of the improved
surrogate model is explained. The main results are presented in Section 3 and proven in
Section 5. The finite sample size performance of our estimates is illustrated in Section 4
by applying it to simulated and real data.

2 A new method for improving an imperfect surrogate
model by real data

In this section we describe our ideas behind the construction of the improved surrogate
model.



In order to construct density estimates on the basis of the data (1), we proceed as
follows: We start by defining a surrogate estimate

me, () = me, (-, (Xnr1, m(Xnr1)s -, (Xorr,, m(Xnsr,))) :RT =R (10)

of m. In principle any kind of nonparametric regression estimate can be used at this
point. In Section 4 we will use a penalized least squares estimate defined by

- . 1R 2 2
ML, e () = arg | min (anz+1!f(Xi)—m(X¢)l + AL, i) ), ()

where k € N with 2k > d, where

K
HOE > W/Rd

« :
at,...,ag€N, a1 +-Fog=k

ok f

Ox(* ... 0xy? ()] de

is a penalty term penalizing the roughness of the estimate and where W*(R9) denotes
the Sobolev space
f o't € Ly(R?) for all € N with ag +--- + k
e rall a,...,« with a1 + -+ ag = .
9z dat T b O ! a

The condition 2k > d implies that the functions in W¥(R?) are continuous and hence
the value of a function at a point is well defined. In order to be able to analyze the rate
of convergence of this estimate for arbitrary distribution of X and dimension d > 1 we
will truncate this estimate at some height 8 > 0, i.e., we will define

mp, (x) = Ts(mr, wx, (@) (z€RY), (12)
where
B, =z2>p
Tpz =« 2, —B<z<p
757 z < 75
for z € R.

Next we compute the residuals on the data set (4) of the estimate (10), i.e., we compute
€¢:E—an(XZ') (i:1,...,n). (13)

Then we define an estimate A
m () : R >R (14)

which smoothes these residuals (see below) and define our final surrogate model (X, 772, (X))
(where 7, is an estimate of m*(-) = E{Y|X = -}) by setting

mn(z) = mp, (v) + 05 (x) (z € RY). (15)



In order to define the estimate (14) we use two kinds of data sets: A first data set
corresponding to the residuals of my, on Xy, ..., X, i.e., the data set

{(X1,€1), ..., (Xn,én)} ={(X1, Y1 —mp, (X1))),...,(Xpn, Yo —mp, (X))}, (16)

And a second data set corresponding to the residuals of my, on the artificial sample with
measurement errors

of (X,Y), i.e., the data set
{(Xn+Ln+17 0)7 SRR (Xn+Ln+Nn7 0)} . (18)

The second data set will be useful in particular in the case that my,, is already very close
to
m*:RY —» R,m*(z) = B{Y|X =z},
since the sample size n of the data set (16) might be too small in order to detect that
0 ~ m* — my, might be the optimal choice for 70¢,.
Since both data sets are not equally trustworthy, we weight them by some weight
w™ € [0,1], and set

Mg () = MG () (X1, m(Xng1))s s (X 2 (X 1))y Xt Lt 155 Xt Lt Ny
ny 1 ) Na
= arg feII/II/l’i“r(le) (w; ) ; (& — F(X0)) + 1_]\;:() ; (0= f(XntL,4i)
+An J%(f)) (19)
and
(1) = Toya, (5, (7)) (2 € RY), (20)

where ¢ > 1 and a,, > 0. Finally, we use (X,m,(X)) as a surrogate model for (X,Y)
and estimate the density g of Y by applying a kernel density estimate to a sample of
1M, (X). To do this, we choose a kernel K : R? — R and a bandwidth hy, > 0 and define

Nn 3 .
gNn(y) _ # . ZK <y - mn(Xn+Ln+z)> ] (21)

hn,

3 Main results

In the next theorem we present bounds on the rate of convergence of our surrogate
estimate, which we will use to derive bounds on the rate of convergence of our density
estimate. In principle, all of our error bounds are also valid for finite n. In order to
simplify the presentation, we consider the case n — oo and assume that the distribution
of (X,Y) and also the stochastic model (X, m(X)) change for increasing n such that
Y — m*(X) and the error m(X) — m*(X) get smaller for increasing n. In order to
simplify the notation we write (X,Y) and m instead of (X™ Y (™) and m(™, resp.



Theorem 1 Let d,k € N with 2k > d. Let (X,Y), (X1,Y1), ...be independent and
identically distributed R? x R—valued random variables such that supp(X) is bounded and
E{Y?} < co. Assume that Y has a density g with respect to the Lebesque measure. Let
m*(z) = B{Y|X = z} and let m : R? — R be a measurable function. Let n € N with
n > 2 and let Ly, N,, € N withn < L, < N,, and let ov,, > ), > 0. Assume thal

E{]Y -m ()} < (@) and E{)y —m"(X)P} < (a5)", (22)

n

that there exists K, o9 > 0 such that

K2 (E {exp (W) \X} - 1) <oy as., (23)

that the regression function E{Y — m*(X)|X =z} = (m — m*)(z) satisfies

sup |m(x) — m*(z)| < ay, (24)
z€R4
and
T (m—m*) < (). (25)
Furthermore, assume that
1
ap > i for some l € N (26)

and that for some co € Ry and 1 < 8 < n+ L, we have
Im(z)| < B (zeR?) and JEm) < e < oo (27)

Define mp,, (x) by (11) and (12), where

log L., zira
)\Ln = C3 - I .

Define m, by (19) and (20) for some N, satisfying N, < c4 -nl for some | € N, choose
An > 0 such that

2k
T
logn <A < <logn> ’
n n

let w™ € [0,1] and define 1, by (15). Then there exists constants cs, ..., c1o € Ry such
that

E{[Y — 1, (X))}

2

n .

log N, o
+Cg-(1—w(”))~ai(1+ o8 n)—l— 10" % | 20

<es- (@) 4502 Ay +er-w™a

N, - Ak



2k/(2-k+d)

In particular, in case w™ =1 and \, = c11 - ((logn)/n) we get
1 sta [log L, \ 7+a
2h+ 2h+
E{;Y—mn(X)Q}gcm-max{(a;)z,ag-<Og”> ,<°§ ”) }
n n

Remark 1. In any application of the estimate in Theorem 1 we have to choose the pa-
rameters depending on the data. In Section 3 we will use k—fold cross validation applied
to the data (X1,Y1),...,(Xn,Ys) in order to choose w™ and \,, and we choose AL, by
generalized cross validation applied the data (X4, m(Xn4i)) (i =1,..., Ly).

Theorem 1 implies the following corollary concerning the Ly error of the density esti-
mate (21):
Corollary 1 Assume that the density g of Y is (r,C)—smooth for some r € (0,1] and
that its support is compact. Let K : R — R be a symmetric and bounded density which
decreases monotonically on Ry and define the estimate gy, as in Section 2, where Mmy,

is defined as at the end of Theorem 1. Assume that the assumptions of Theorem 1 are
satsified, and that, in addition,

2%k 2%
log L, \ 2k+d 1 Thtd
e (252) ) (32
n
1

N
logn \ 2++d
hNn:CL‘S'(an'( - > )

1 n \ %+ 7
N, > :

Then we have for some c14 € Ry

k _r_
logn\ Z+a \ "
E/R!gzvn(y) —9(y)ldy < c1q- (an- ( Tgl > )

Proof. Lemma 1 in Bott, Felber and Kohler (2015) implies that for any 21,29 € R we

have
[l (7)o (452 a2 w0

1 N y—Y,
. — YniLn+i
YN \Y) = 7 ' K o >
)= ( e

holds. Set

-

and assume

Consequently,



satisfies

From this and standard bounds on the Lj error of kernel density estimates (cf., e.g.,
proof of Theorem 1 in Felber, Kohler and Krzyzak (2015a)) we conclude

B | low. () - 9wl dy

<E/\gNn — >\dy+E/\gYNn y) — g(u)| dy

2-K(0) C15
< -E Y|} + ————=—= +ci6 - I}
= hNn {‘ ( ) |} m 16 * Ny,
2. K c
< 2 KO R (X)) =YY 4 — + g Py
n " "UN,
Application of Theorem 1 yields the assertion. ([l

Remark 2. It is well-known that the L; error of the standard kernel density applied
to the data (2) achieves under the assumptions of Corollary 1 the (optimal) rate of

convergence
=/ (2r+1)

It follows from the proof of Corollary 1 (together with standard error bounds on the Lo
error of smoothing spline estimates, cf., e.g., Chapter 21 in Gyorfi et al. (2002)), that
the Ly error of the surrogate density estimate defined in (6) and (9) achieves under the
assumptions of Corollary 1 the rates of convergence

lo 2krd | _r_
(a; + < gn) ) and  (ap)™T ,resp.
n

For oy, suitably small the bound on the rate of convergence in Corollary 1 converges
faster to zero than any of the above rates of convergence, which proves, that there exists
situations in which our estimate theoretically outperforms the estimates defined in (3),
(6) and (9). In the next section we demonstrate with simulated data that this is also the
case for finite sample sizes.

4 Application to simulated and real data

In this section we illustrate the finite sample size performance of our estimates by applying
them to simulated and real data.

We start with an application to simulated data, where we illustrate how the size of the
error of the model influences the performance of our estimate. To do this, we choose X



d-dimensional standard normally distributed and e uniformly distributed on [0, 1] such
that X and e are independent, set

Y=m(X)+o-€

for some m : R? — R defined below and ¢ € {0.1,0.5,1}, and let (X1,Y7), (Xa,Y3),
...be independent and identically distributed random variables. Our estimate gets

(le }/1)7 ceey (Xn7 Yn)
as data from the real technical system,

(XnJrlv m(XnJrl)’ B (Xn+anm(Xn+Ln))

as data from the (imperfect) model (where o controls the maximal error occurring in this
model), and the additional X-values

Xt Ln+1s -+ + s Xnt Ly +N,, -

If we compare this setting with Theorem 1 we see that in the notation of Theorem 1 we
have E{Y|X = 2} = m(z) and consequently «;, = 0.

In all of our applications we choose n € {10,20,40} and L, = 500. As surrogate
estimate we use a thin plate spline as implemented in the routine T'ps() in the statistics
software R, where we use 5-fold cross validation (applied to the data D,,) to choose the
degree of freedom df of the fitted spline from the set {4,8,26,...,256}. In the same way
we also choose w(™ from the set {0,0.1,...,1}, i.e., we choose simultaneously the degree
of freedom df and the weight w™ by 5-fold cross validation.

For our newly proposed density estimate we use a sample of size N, = 500,000 of
My (X) (where m,, is the estimate introduced in Section 2) and apply to this sample a
kernel density estimate as implemented in the routine density() in the statistics package
R.

The density of Y is the convolution of the density of m(X) and a uniform density. We
do not try to compute its exact form, instead we compute it approximately by applying
a kernel density estimate (as implemented in the routine density() in R) to a sample of
size 1,000,000 of Y. In order to judge the quality of our density estimates the resulting
density is treated in our simulations as if it is the real density.

We compare our estimate (est. /) with three other density estimates. The first one
(est. 1) is the standard kernel density estimate as implemented in R applied to the
sample of size n of Y, cf.; (3). The other two estimates are surrogate density estimate,
where the kernel density estimate of R is applied to a sample of size N, = 500,000 of
the surrogate model. For est. 2 the surrogate model is chosen by applying a thin plate
spline (as implemented in R) to the sample of size n of (X,Y), cf.,, (6). And for est. 3
the surrogate model is computed in the same way, but using this time the sample of size
L,, = 500 of our model (X, m(X)), cf., (9).

We consider three different models. In the first model we choose d = 2 and

m(xy,x2) =221 + 22 + 2.

10
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Figure 1: Four different density estimates together with the reference density (dashed-
dotted) in simulation from model 1 with parameters n = 20, ¢ = 0.5, L,, = 500
and N, = 500, 000.

Figure 1 shows the plot of four different density estimates together with the reference
density for a data set of model 1, where we use n = 20, ¢ = 0.5, L, = 500 and
N,, = 500, 000.

In the second model we choose again d = 2, but define m this time by

m(zy,z0) = 23 + 3.
Figure 2 shows the plot of four different density estimates together with the reference
density for a data set of model 2, where we use n = 20, ¢ = 0.5, L, = 500 and

N,, = 500, 000.
In the third model we choose d = 1 and define m by

m(z) = exp(x).

11
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Figure 2: Four different density estimates together with the reference density (dashed-
dotted) in simulation from model 1 with parameters n = 20, ¢ = 0.5, L,, = 500
and N, = 500, 000.

Figure 3 shows the plot of four different density estimates together with the reference
density for a data set of model 3, where we use n = 20, ¢ = 0.5, L, = 500 and
N, = 500, 000.

We compare the Ly errors of our four different estimates. To do this, we approximate
the integral by a Riemann sum defined on an equidistant partition consisting of 8192
subintervals of the interval [—6,10] (in model 1) or the interval [0, 10] (in models 2 and
3). Since this L error is random, we repeat each simulation 100 times and report in
Table 1 the median (and in brackets the interquartile range) of the 100 Ly errors for each
of our four estimates.

From Table 1 we see that our estimate outperforms all other estimates in 20 out of 27
settings, and in these cases often its error is by a factor 2 till 3 smaller than the errors
of all other estimates. And in the seven cases where it does not achieves the smallest
error, its error is approximately at the same size as the smallest error (and at most 20
percent larger). These larger error occur only in model 1, where the function m is a
linear function which can be easily estimated even from a small sample of observation,

12
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Figure 3: Four different density estimates together with the reference density (dashed-
dotted) in simulation from model 3 with parameters n = 20, ¢ = 0.5, L,, = 500
and N, = 500, 000.

and where therefore the surrogate density estimate based on an estimated surrogate is
rather good.

Next we illustrate the fact that the use of two samples with a data-dependent selected
weight w(™ improves our estimate. To do this, we do additional simulations for n = 10
and ¢ = 0.1 in each of the three models, and compute also an estimate which uses a
fixed weight w(™ = 1 but is otherwise defined as our newly introduced est. 4. In Table

13



model |d| o | n est. 1 est. 2 est. 3 est. 4
1 2 10.1]10 |0.324 (0.179) | 0.010 (0.005) | 0.019 (0.003) | 0.009 (0.004)
1 2 10.1]20|0.260 (0.151) | 0.008 (0.003) | 0.019 (0.003) | 0.009 (0.003)
1 2 |0.1]40|0.223 (0.114) | 0.008 (0.003) | 0.019 (0.003) | 0.008 (0.003)
1 2 10.5 |10 | 0.389 (0.199) | 0.034 (0.028) | 0.090 (0.003) | 0.037 (0.029)
1 2 10.5|20 | 0.248 (0.139) | 0.022 (0.020) | 0.090 (0.003) | 0.025 (0.018)
1 2 10.5 |40 | 0.233 (0.128) | 0.015 (0.010) | 0.090 (0.003) | 0.019 (0.012)
1 2| 1 |10 | 0.349 (0.221) | 0.066 (0.070) | 0.178 (0.003) | 0.066 (0.048)
1 2| 1 |20 |0.269 (0.132) | 0.053 (0.050) | 0.178 (0.003) | 0.051 (0.039)
1 2| 1 |40 |0.213 (0.128) | 0.030 (0.026) | 0.178 (0.003) | 0.034 (0.020)
2 210.1]10 | 0.422 (0.189) | 0.296 (0.150) | 0.034 (0.002) | 0.015 (0.010)
2 2 10.1 |20 |0.344 (0.147) | 0.135 (0.072) | 0.034 (0.003) | 0.012 (0.008)
2 2| 0.1 |40 |0.261 (0.102) | 0.065 (0.027) | 0.034 (0.002) | 0.011 (0.005)
2 2105 |10 | 0.444 (0.178) | 0.317 (0.167) | 0.188 (0.003) | 0.067 (0.046)
2 210.5]20 | 0.300 (0.115) | 0.181 (0.078) | 0.188 (0.003) | 0.053 (0.033)
2 210.5 |40 | 0.246 (0.086) | 0.111 (0.050) | 0.188 (0.003) | 0.042 (0.018)
2 2| 1 |10 |0.415(0.201) | 0.343 (0.164) | 0.351 (0.003) | 0.145 (0.086)
2 2| 1 |20 |0.304 (0.134) | 0.220 (0.083) | 0.351 (0.003) | 0.119 (0.049)
2 2| 1 |40 |0.231 (0.072) | 0.165 (0.054) | 0.352 (0.003) | 0.108 (0.024)
3 1]0.1|10]0.483(0.192) | 0.141 (0.073) | 0.064 (0.003) | 0.047 (0.050)
3 1{0.1|20]0.404 (0.140) | 0.109 (0.078) | 0.064 (0.003) | 0.030 (0.034)
3 1]0.1|4010.293 (0.096) | 0.070 (0.029) | 0.064 (0.003) | 0.022 (0.021)
3 1{0.5 |10 0.459 (0.170) | 0.316 (0.182) | 0.304 (0.003) | 0.168 (0.118)
3 1{0.5|2010.389 (0.131) | 0.256 (0.171) | 0.304 (0.003) | 0.127 (0.132)
3 1]0.5 |40 | 0.304 (0.086) | 0.196 (0.090) | 0.304 (0.003) | 0.105 (0.084)
3 1| 1 |10 0.430(0.149) | 0.401 (0.211) | 0.528 (0.003) | 0.335 (0.213)
3 1| 1 |201]0.333(0.119) | 0.340 (0.178) | 0.529 (0.003) | 0.255 (0.192)
3 1| 1 |40 0.278 (0.114) | 0.316 (0.134) | 0.528 (0.003) | 0.245 (0.159)
Table 1: Simulation results in the three different models.

2 we present the medians (and in brackets the interquartile ranges) of the error of this

modified est. 4 together with the errors of the original est. 4 in 100 simulations for each

of the above three settings.

From Table 2 we see that the adaptive choice of the weight slightly improves the error
of our newly proposed estimate in two out of three cases, and that our newly proposed
estimate achieves the same error as the estimate with the fixed weight in the remaining

case.

Finally we illustrate the usefulness of our newly proposed method for uncertainty
quantification by using it to analyze the uncertainty occurring in experiments with a
suspension strut (cf., Figure 4), which serves as an academic demounstrator to study
uncertainty in load distributions and the ability to control vibrations, stability and load
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model 1, model 2, n = 10, model 3,
n=10,0=01| n=10,0=0.1 | n=10,0=0.1
est. 4 0.010 0.015 0.054
with w™ =1 ( 0.006) (0.011) (0.078)
original 0.009 0.015 0.047
est. 4 (0.004) (0.010) (0.050)

Table 2: Comparison of est. 4 with w(™ = 1 fixed and the original est. 4 with data-
dependent w™ chosen from the set {0,0.1,...,1}.

paths in suspension struts such as aircraft landing gears. A CAD illustration of this

Figure 4: A photo of the demonstrator of a suspension strut and its experimental test
setup.

suspension strut can be found in Figure 5 (left). This suspension strut consists of an upper
and lower structure, where the lower structure contains a spring—damper component.
The spring-damper component transmits the axial forces between the upper and lower
structures of the suspension strut. The aim of our analysis is the analysis of the behaviour
of the maximum relative compression of the spring damper component in case that
the free fall height is chosen randomly. Here we assume that the free fall heights are
independent normally distributed with mean 0.05 meter and standard deviation 0.0057
meter.

We analyze the uncertainty in the maximum relative compression in our suspension
strut using a simplified mathematical model of the suspension strut (cf., Figure 5 (right)),

15
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Figure 5: A CAD illustration of the suspension strut (left) and illustration of a simplified
model of the suspension strut (right).

where the upper and the lower structures of the suspension strut are two lump masses
m and my, the spring damper component is represented by a stiffness parameter £ and
a suitable damping coefficient b, and the elastic foot is represented by another stiffness
parameter k.¢. Using a linear stiffness and an axiomatic damping it is possible to compute
the maximum relative compression by solving a differential equation using Runge-Kutta
algorithm (cf., model a) in Mallapur and Platz (2017)). We use the results of L, = 500
corresponding computer experiments to construct a surrogate estimate mpr, as described
above.

In Figure 6 we see in the upper left panel data from L, = 500 computer experiments
together with a corresponding surrogate model (solid line), and in the upper right panel
the corresponding surrogate density estimate. In the lower left panel we see again sur-
rogate (dashed-dotted) based on the data from the computer experiments together with
n = 10 real data points from the experiment. Clearly, our (dashed-dotted) surrogate
model based only on the computer experiment is imperfect since it does not really fit the
real data. By the methodology introduced in this paper we can improve this imperfect
surrogate model, which yields the solid line in the lower left panel of Figure 6. The
corresponding surrogate density estimate is shown in the lower right panel of Figure 6,
and we see that the use of n = 10 additional data points leads in this example clearly to
a different density estimate than the estimate based only on the model data in the upper
right panel of Figure 6.

5 Proofs

5.1 Auxiliary results

In this subsection we present various auxiliary results on smoothing spline estimates,
which we use in the next subsection in order to derive a new error bound on smoothing
splines applied to weighted data with additional measurement errors in the dependent
variable, cf., Theorem 2 below. This result will be used to proof Theorem 1.

16
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Figure 6: Data from L, = 500 computer experiments together with a corresponding
surrogate model (upper left panel), the corresponding density estimate (upper
right model), the surrogate model based only on the data from the computer
experiments (dashed-dotted) together with n = 10 experimental data points
and the corresponding surrogate model proposed in this paper (solid line) (lower
left panel) and the corresponding density estimate proposed in this paper (lower
right panel).

5.1.1 A deterministic lemma

Lemma 1 Let d, N € N, t > 0, wy,...,wy € Ry, z1,...,oxy € R?, By > L > 0,
21,...,2y €ERand 71,..., 2y € [-L,L]. Let m : R? — R be a function. Let Fy be a set
of functions f : R* = R and for f € Fn let

pen (f) = 0

be a penalty term. Define
N
~ . 5|2 2
my = arg min w; - | f(x;) — Zi|” + pen
N ngfN (;Zl i | f () il p (f))
(where we tacitly assume that the above minimum exists), and

i () = Tgy (M (2))  (z € RY)

17



and let m € Fn be arbitrary. Then
N
D wi- (i) = m(@;)]? + pen® () (28)
i=1
N N
>3 (Z w; - miy () — m(z;)|*> + pen? (m}“\,)> + IZSZwi Sz — z2 e
i=1 =1
implies

N
Zwi (M (i) — my(2i)) - (20 — m(xi))

(29)

|+

N
1 N * 2 2/~
> 21 <lez i (z5) — miv(x;)|° + pen (mN)> +

Proof. Using

N N

> wi- iy (i) = &P <> w; - iy (2i) — ]

i=1 i=1
the assertion follows as in the proof of Lemma 5 in Furer and Kohler (2015). A complete
proof is available from the authors upon request. O
5.1.2 A bound on a covering number

Definition 1 Let | € N and let F be a class of functions f : RE — R. The covering
number Na(e, F,x7) is defined for any € > 0 and 27 = (21, ..., 2,) € (R!)" as the smallest
integer k such that there exist functions gi, ..., g : Rb — R with

1/2

1 < )

i — N <

min | o Ellf(wj) gi(xj)| <e
]:

for each f € F.
Lemma 2 Let L, A,c¢ > 0 and set
F = {TLf . f e WERY) and JE(f) < c}.

Then there exists constants ci7,c1s,c19 € Ry depending only on A, k and d such that for
any € > 0 and all z1,...,z, € [-A, A]¢

d/k LQ
log/\/g(e,f, x?) S (CU . <ﬁ> + Clg> . log <019 . €2n) . (30)

€

Proof. See Lemma 20.6 and Problem 20.9 in Gyorfi et al. (2002), or Lemma 3 in Kohler,
Krzyzak and Schéfer (2002). O
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5.1.3 A bound on the error for smoothing spline estimates for fixed design
regression

Let L > 0 and
for some z1,...,z, € RY m : R — R and some random variables Wi, ..., W, which
are independent and have expectation zero. We assume that the W;’s are sub-Gaussian

in the sense that -
_max K2E{e"i/K° _ 1} < o (31)

-----

for some K,o09 > 0. Our goal is to estimate m from (z1,Y1,),..., (Zn, Ynn,), where
Yin,....Yyn € [-L, L] are arbitrary (bounded) random variables with the property
that the average squared measurement error

1< _
=3 |V =Y,
ni:l

is “small”. Let F, be a set of functions f : R — R and consider the least squares estimate
with complexity penalty

2

1 — _
i (-) = in | — D) = Yinl? 2 d my, = Ts, M, 32
7 (1) = arg min (nglf(w) nl +penn(f)> and  m, = Tp,m (32)

where for f € F,
pen;(f) >0

is a penalty term penalizing the complexity of f and where 8, > L. Set
1 n
17117 = = D1 f @)l
i=1

Lemma 3 Assume that the sub-Gaussian condition (31) holds and let the estimate be
defined by (32). Then there exist constants cag, ca1,c22 > 0 which depend only on oy and
K such that for any 0, > coo/n with

/486
\/5'52021/

logN2 u, {Tgnf —g:feFa, (33)
§/(1200)
& 1/2
ST ) — () + pend(£) < 48- 5}791:?)) du
i=1
for all § > 6,,/6 and all g € F,, we have for any m), € F,

24 <«
P n 2 2 ~n 4- n<7' n\ti) — ; i)) " %
{Hm Ml + peny, (Mn) +4- 6 < — > (ma () —my (7)) W}

i=1
n - min{d,, 08})

< c92 - €xp <— B
22
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Proof. The result follows from the proof of Lemma 2 in Kohler and Krzyzak (2012). A
detailed proof is available from the authors upon request. O

5.1.4 A bound on the deviation between the L, error and the empirical L, error for
smoothing splines

Let (X,Y), (X1,Y1),... be independent and identically distributed R? x R valued random
variables with ]EYQ < o0. Let m(z) = E{Y|X = z} be the corresponding regression
function. Let Yi,,...,Y,, be R-valued random variables and define the estimate m,,
by

() = arg min <:L > IF(X) = Vil + penim) ,

feEFn -
=1
where F,, is a set of functions f : R — R and for f € F,
peny(f) =0
is a penalty term penalizing the complexity of f. Set
my = Tg,my
for some (3, > 0. Then the following result holds.

Lemma 4 Let 5, > L > 1 and assume that the m is bounded in absolute value by L.
Let Fy, be a set of functions f : R — R and define the estimate m,, as above. Then there
exist constants cas, Coq, Ca5, Cog > 0 such that for any d, > 0 which satisfies

2
Op > C23 - bn
n
and
5 V5
024@ > log No | w, {(Ts,f —m)* : f € Fu,
B c250/52
Lo 5 1/2
D T (@) = m(@) 2 < g peni (1) < 5},x’f)> du
i=1 n
for all 6 > 6, and all x1,...,x, € R, we have for n € N

P {/ Ima(z) — m(@) 2P x (dz) > 6n + 3 - pen (i) + 3% 3 ma(X) — m(XZ-)|2}

i=1
n- o
< C96 - €Xp B2 )
n

Proof. The result follows from the bound on P ,, presented in the proof of Lemma 3 in
Kohler and Krzyzak (2012). A detailed proof is available from the authors on request.
O
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5.2 A general result on penalized least squares estimates

Theorem 2 Let d, k,n, L, € N, w™ € [0,1) withn > 2 and 1 < 8 < n+ L,. Let
(X,Y), (X1,Y1), ...be independent and identically distributed R? x R-valued random
variables with E{Y?} < oo and with supp(X) bounded. Set m(z) = E{Y|X = z}. Let

Yin, -y Yoir,n be arbitrary R—valued random variables satisfying
E {|Yi} <cor < 0.
iilgl-%an {| il } < e <0
Set .
n
wi:w fOT'Z.:]_’.”,n
n
and .
1— n
wiziw fori=n+1,...,n+ Ly,.
Ly

Assume 2 - k > d and define the estimate m,, by

n+Ln
~n':a i i Xi _}_/;Zn2+)\n'<]2
1 () rgfegvli?Rd)<; wi - |f(X) = Yinl ()

and
mn(x) = Tgig(z) (z € RY).

K*. <E {exp (W_;W) yx} - 1> <oj as.

for some K, o9 > 0,

Assume

m(z)| <8 (z € RY)
and
J2(m) < oc.
Choose A\, € Ry such that

2k

logn (L 7.
n ~ \log L,

Assume furthermore
n<lL,< n!

for some | € N. Then there exists constants cag, ca9, €30, 31 € Ry such that

E / () — () 2P x (dz)

n logn A
§028)\nJ]3(m)+C29w( ). (W—FE{nZ’Y;,n_YHZ})
' =1

n

n

log L 1 " e
+630~(1—w("))~ (gn-i-E{L Z ’Yl,n_ynz}) +%.

d/2k
Ln : )\n/ i=n+1

21
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Proof. Set 5, =n+ L,.
In the first step of the proof we show that we can assume w.l.o.g.

Yin € [=Bn, Bn] forall i=1,....n+ Ly (40)
To do this, we let
An:{|ﬁ,n‘gﬂn forallizl’_",n_f_ljn}

be the event that all 17” be bounded in absolutely value by 3,. The union bound together
with Markov inequality implies

- max;— E{|Y;.|?
P(AD) < (nt L) max P{Tial > fu} < (0t L) 25 trtbn BV
i=1,....n+Ln ﬂn

C
< o

On the event A,, the estimate m,, coincides with the estimate m,(fmm) defined by

n+Lny
~ (trunc) [\ _ : . A (2 72
my, ( ) = arg féglg(le) ( Zz; wy |f(Xz) TBnYVLn’ + A Jk (f))

and
m(trunc) (x> _ Tﬁm(trunc) (.%') (33 e Rd)

n n

From this we can conclude that
E [ ma(e) — m(x)*Px(da)
< B{ [ Imale) — m@)*Px(an) - 1a, | + 16 P43
=B { [ 1 e) (o) PP (o) 1, | + 4 57 PLA3)
<E [ mfr (o) - m(a)*Px(da) +4- 52+ 2.

which completes the first step of the proof.
So from now on we assume that (40) holds. Set

log Ly,
n =032 T ey
L, - A%/ (2K)

logn

— @ O
- A4/ CR)

Op = c32 - ’Ynzw(")'5n+(1—w(”))-5Ln

and

n+Ln
T, = /\mn(az) —m(x)]*Px(dz) — (9 A - JE(m) + 384 - Z w; - |Y; — }7,”]2> .
i=1
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In the second step of the proof we show that the assertion follows from

o 33
P{T, > t}dt < <.

To do this, we observe
E / i () — m() 2P x (dx)

n+Ly
< E{/]mn(x) () 2Py (d) — (9-)\n TRm) 43843 wi-|Y; —Yi,n\2> }

i=1

n—+Ly
+9-An-J,§(m)+384-E{ > wl--|Yi—Y,-,n2}

=1
fe'e) n+Ln
§36-%+/ P{Tn>t}dt+9-An-J,§(m)+384-E{ > wi-m—Yi,n?)}.
36-vn i=1

The definition of ~, and of the weights implies the assertion of step 2.
In the third step of the proof we show that we have for ¢ > 0

P{T, >t} < Pyu(t) + Ponlt),

and

n+Ln
Poa(t) = P{3- > wi e fmp(X;) = m(X5)]2 + 3+ Ay - TR ()
=1

n+Lyn
t
>5+9: < z; w; - [m(X;) —m(X;)* + AnJl?(m))

n+Lny
+384- > w;i - |Y; —ﬁ,n|2}.

i=1
Using
n+Ln
T, = /\mn(a:) —m(z)*Px(dz) — 3 -\, - JE(p) — 3 Z w; - M (X;) — m(X;) 2
i=1
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n+Ln
432 ) wi - [ma(X5) = m(X) 43 A - TR ()

— (9 : < D wi- fm(Xy) — m(X5)|? + AnJ,f(m)) +384- ) " wi- |V - Yi,n|2>
i=1 i=1
= Tl,n + TQ,n
this immediately follows from

P{T}, >t} = P{T1, + Top > t} < P{T1, > t/2} + P{Ta, > t/2}.

In the fourth step of the proof we derive a upper bound on

/ Pya(t) dt.
36-vn

Let t > 36 - v,,. The definition of the weights together with
a+b>c+d = (a>corb>d)

implies that we have

1 n
M) . 3.\ - J2(i7 (n) . .,.E ) — |2
+w'™ -3 Ay - JE (M) + w3 - | (X5) — m(X;)] }

P { /Wmn () PPy (dx)

(l—w("))éL t (n) 2/ ~
> L - = 1—w\"™)-3- Ay Ji (g
w™ -6, + (1 —w™) -6, 2+( w™) & ()
1 n+Ln
+(1* . f Z ’mn z - ( l)|2}
i=n+1

1) t
< — 2 n L2
_P{/nmm m(@)PPx(d) > o

+3- A - JE(n) + 3 % : Zn: [mn (Xi) — m(Xi)IQ}

i=1
+P{ / |mn (z) — m(z)|*Px (dx) > 0Ly !
" w® 6, + (1 —w™). 5y 2
n+Ly
+3'/\n'J13( Z [mn (Xi) —m( z)‘z}-
n i=n+1
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We show next that Lemma 4 is applicable to the two different probabilities, where both
times (3, is replaced by 8 and where we use sample sizes n and L,, resp. Since t >
36 - v > 2 -7y, implies

On t >4
wm -Gy + (L —w®) by, 27"
and 5 ,
Ln Z 5Ln7

w™ 6, + (1 —w™) -6, 2
in order to show that Lemma 4 is applicable to the first probability, it suffices to show
2

5n>034_7
n

and

N

€35 F

360/ 2 n

V' 1/2
2 d 2 0 n
> / <logN2 (u,{(Tgf —m)° : fe Wi(RY),J;(f) < )\},x1>> du

for all § > 6, and all 21,...,x, € R Using |a? — %2 < (Ja| + |b))? - |a — b|? (a,b € R)
(which we apply with a = Tsf(x;) — m(z;) and b = g(z;), where g is approximating
Tgf —m), we see that we have

N ({0 = s 1 e W@, 20 < -} at)

u

S N2 <16627

{Tﬁnf—m L f € We(RY), () < j},ﬂc?)-

Using this together with Lemma 2 we see that Lemma 4 is applicable to the first proba-
2
bility, if d,, > ¢34 - % and the following inequality hold:

1/2

_ /s s\
LQ(; 2637'/ ( u/ n) +1 | -log(ess - B2 - n?) du.
B 0 T652

The last condition is implied by

SNV
V-8 > g9 \/log(css - B% - n?) - . N ERETEERVAR

n

which in turn follows from
logn logn

- A4/ R

0> cq0- and > cyqo-
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In case that
An <1

the last two conditions hold for all § > §,,, provided c3o is chosen large enough.

In the same way one can show that Lemma 4 is also applicable to the second probability

above.
By applying Lemma 4 to the two different probabilities we get

Pft) < cu-e ( . On t)
n < . X — . . 5
1, 41 p 42 w®) . On + (1 — w(”)) -0r, 2

n

+cq1 - € ( cq2 - L OL, t)
. X —_— . n . . — y
41 P 42 wm .5, + (1— w(n)) o 2

which implies

oo

Py (t)dt
36:vn
(n) . 1 — ™
< O WO QW) Oy (eay - b,)
n n
(n).§ — w™Y.
c43 W n+ (1 —w™). g C45
a3 n, —ean - Lo - <
+Ln 5Ln eXp( Cq4 Ln 6Ln)— o

Here the last inequality follows from the assumptions (38) and (39), from which we can

conclude
n-0, > c3o- log2(n), L, 61, > c32- log2(n),

(n) . — w®) . (n) . — w®) .
w'™ - 0y + (1 — w'™) 5L"§n8 ad Y Op + (1 —w'™) 5L”§ns
n- o L, o1,
for some s > 0.
In the fifth step of the proof we derive a upper bound on
/ Pon(t) dt.
36"777,

Since |m(z)| < B < By (x € RY) and w; >0 (i € {1,...,n}) we have

D wie [ma(Xe) —m(X)P < D wi - T, mn(Xi) — m(X5)[%.

i=1 i=1

This together with (40) and Lemma 1 (applied with m} = m) implies
Py, (1)

n+Ln
< P{3 Y wi - [T, () (Xi) = m(X0)[* 43+ A - JE (72)
i=1
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t 2 2 12
>§+9- ( E w; - Im(X;) — m(X;)| +Aan(m)> + 384 - g w; - |Y; =Y }

i=1 P
n+Ln,
= P{ Z w; - (T, (Mn)(X;) — m(Xy)) - (Y —m(X;)) >
i=1
1 n+Lnp T (7 X X2 LN - J2 (i t
21 ;wz'| B, (M) (X5) — m(Xo)[* + A - Ji () +% ‘

Proceeding as in the proof of step 4 we can conclude from the definition of the weights
that the last probability is bounded by

P{l (T, (1) (X3) — m(X5)) - (Vi — m(X)) >

n -
=1

=1

n

n—+Ly

$PLL Y (T () (X2) — m(X0) - (¥ — m(X0) >
n 1=n+1
11"+L"T~X} X2 P2
fnﬁ @:;1’ B (M) (X)) = m(X5)|" + An - Ji; ()

+ L, ot
w™ 5, + (1 —w™) -6, 36 [’

and that Lemma 3 can be applied to both probabilities. From this we can conclude that
the above probabilities are bounded by

5 "
%YwPQ%M4%wWw%+ﬂ—wmnﬁm'%>

+ car - L oL, !
C . eX —_ . n . o —_— y
10 TSP T B s, (1 - w) -5y, 36

which implies as above

[e.9]

P, (t)dt
36-vn
(n).§ 1—w®y).§
<MY nt (L= w™)-op, exp (—cq9 - m - Op)
n On,
(n).§ — wm™)y.
Cc48 W n"‘ (1 w ) 6L C50
— L —cq9 - L - 01, ) < —.
+Ln oL exp (—cq9 - Lp - 0,,) < n
Summarizing the above results we get the assertion. U
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5.3 Proof of Theorem 1

Using the definition of 7,, (a+b+c)? < 3a®+3b% +3¢? (a,b, c € R), (22), the definition
of m,, and (27) we get

E{|Y — 1 (X)|*}

=B { [~ (X)) + (m () = (X) = (X)) + () = o, ()}
<3.E {\Y - m*(X)\z} +3.E {‘m*(X) —m(X) - mg(X)f}

13-E {ym(X) _ an(X)E}

§3(a;;)2+3-E/

m;(:c) —(m* — m)(m)‘QPX(dm) +3- E/ |mp, (x) — m(m)]QPX(dx).

Hence in order to prove the assertion it suffices to show

log L, c
E/ mu, (x) —m(z)* Px(de) < cs1 - A, - Ji(m) + cso Lgx’/(%) Lig (41)
n Ln n
and
R 2
E/ my,(x) — (m* — m)(m)‘ Py (dx)
1 log L.\ 3t
ogn og Ly, \ 2=+
§054’ai')\n+055‘w(n)'ai'+056’< >
n- /\g/(%) L,
log N, Csg - 2
1wy .02 (1 n n_ 42
tes7- (1 —w'™) - a;p ( +Nn-)\g/k> +min{n,Nn} (42)

Inequality (41) follows from Theorem 2 applied with (X,Y) = (X,m(X)), n = Ly,
w™ =1 and Y i, =Yi=m(Xn) (i=1,...,L,) and suitably chosen Y 1 . |

Tt 7YLTL+I_/77,7L7L+[_/TL.
In order to prove (42) we first observe that

E{Y — m(X)|X =z} = m*(z) — m(z),

hence m* — m is the regression function to (X,Y — m(X)), and (m* — m)/«, is the
regression function to (X, (Y —m(X))/a,). Clearly,

A€ * 2 1 A€ 1 * ’
[ @) = = my@)] Prte) = o+ [| = @) - =" = m)(@)| P(ao)
By definition of m, we have
L. 1 e 1 e d
@) = T, (@) = T (@) (€ RO,
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2
1, , w1
() = argfevrg;r(lm< - Z(Oén-e,-—f(xi))

=1

1-— ’U)(n) N 2 9

N 2 (0= f(XntL,+i)” + An - i (f) ]
1=

The assumptions in Theorem 1 together with (41) imply that we have

Lt - m)@)

(079
max E
i=1,...,n

§
< 2 @Y~ m (X 4B {m* (X) — (P} + B {m(X) — me, (X)*})

n

sup
zcRd

S 1<:Cl

and

Y; —myg, (X;)

Qn

2k

C59 - <loifn)m
+1+

3 3
an an,

(o5)°

<

<2+c5

We consider
Lo L Wi, (X)) = (- m(X0) + — - (m(Xy) — my, (X))

Qo Qp Qp Qp

as an observation of (Y; — m(X;))/a, with an additional measurement error

LX) = ma, (X))

Qn
(t=1,...,n). And we consider
1 1
0=—" (Yatr,+i = m(Xnyr,+i) = —  YasL,+i — m(XntL,+i))
(679 Qp

as an observation of i - (Yosr,+i — m(Xnir,+:)) with an additional measurement error

1
(—1)- o (Yosrpti —m(Xnir,4i)

n

(i=1,...,Np).
From inequality (41) we can conclude
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1 log L, C53
Sf' C51-)\L,,L-J2(m)+052'7+7 5
o7 ( k Lo 7@ "L,

2}
1 .
o (Yosrpti = m (XngL,44))

n

and the assumptions in Theorem 1 imply

1
E{an -

— (Yn+Ln+i - m(XnJanJri))
=1

1
NVL

2}
<1
+2.E{

i=1

an

1
n
Nn
i=1
1
N, 2

*\2

<o @)y
(0%
n

)

Application of Theorem 2 yields

i

1
< cog An - JP ((m*—m))

n

logn 1 log L c
(), [ 98" 2 _logln | ¢s3
+cog - WV - + - | cs1 - )\Ln - J (m) +c52 - +

(n @A < * L, AV T Ly

log Ny, + C31
AR AC) min{n, N, }’

which implies (42). O

2

L e 1 P (dz)

(@) = = (m" = m)(a)

+c30 - (1 — w(")) . <
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Supplementary material for the referees

Proof of Lemma 1. Since || < L <3, (i=1,...,N)and w; >0 (i =1,...,N) we
have

N
sz — iy (@) = Zwmz—TﬁN(mN(xi))F

sz —mp( xz)\Q.

This together with the definition of the estimate implies

IN

N
sz — 1 () * + pen® () <Y w; - 7 — miy ()| + pen® (my),
=1
hence
N
Z |z = m(zi \2+22wz — (i) - (Zi — m(x;))
i=1 N
+ Z w; - [m(x;) — ()2 + pen? ()
szl
SZ i+ |z —m( \2+22wz i) — miy(xi)) - (z — m(zi))
z—lN
+ > wi - [m(ws) — mi ()] + pen® (my)
i=1
which implies
N N
> wi - [m(x) — i ()| + pen® (my) — sz m(a;) — miy(z:)|* — pen®(m}y)
=1 N =1
<2 Z wj - (Zi —m(x;)) - (M (i) — my(xi))
zgl N
=2 wi- (5 — ) - (@) — miy () +2 ) wi- (2 — m(z;)) - (Gl () = miy (7))
i=1 =1
=T +1T

We show next that T} < T5. Assume to the contrary that this is not true. Then

sz — 1y () [* + pen® ( sz — miy(z;)|* — pen®(my)
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<4 sz __Z’L

N
2 Z w; - |y (z;) — m(z;)|? + 2pen? (my) + 2 Z w; - my (i) — m(x;)]? + 2pen?(my,).

=1

Using (28) we see that

N
sz' [ (i) = m(@:)|? + pen® ( sz iy (i) — m(z:)|* — pen® (miy)
(Z w; - |y (zi) — m(x;)|* + pen? (mN)>

1 N
—|—§ . <3 (Z_; w; - |my (zi) — m(x;)|? —|—pen2(m}‘v)) +128- Zwi Nz =z + t>

=1

l\:}\r—t

_ Z w; - Imy () — m(ﬂlz)|2 - p€n2(m7\f)

=1

1 N N
> (Z wi - [ (25) — m() P+ pen? (i) + 3w+ iy (25) — m(z) +pen2<m7v>> ,
=1

which implies

1
57| 2wl (i) = m(@) |2 + pen? () + gw Jmiy (i) — m(e:)|? + pen?(m,)
<4-V2. Z:wZ p—
i.e.,
N N
> wi - [ (i) — m(@:)|* + pen® () + Y w; - [mi(wi) — m(x;)[* + pen®(mi)
i=1 i=1
N
<128 w; - |z — z[
=1
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But this is a contradiction to (28), so we have indeed proved T7 < T. As a consequence
we can conclude from (28)

N
43wy () — () - (2 — miz)
=1

N N
> Y w;- [y (@i) — m() P+ pen® () = ) wi - [miy () — m(2:)* — pen®(my)
i=1 i=1

N
1
23 (; w; - [y (23) — m (@) |* + pen® (mN)>
5 N
T3 (2 Z w; - [miy (i) — m(z;)|* + 2pen® (miy) + t)
3 =1
N
=Y w; - [mi () — m(z;)|” — pen®(my)
i=1
| X
= g 2w i) = m(a)+ goen’ ()
| XN
+3 sz Imiy () — m(x;) |2 + Spen?(miy) + ~t
3 =1
LN
=3 D wi | (i (i) = miy (i) — (m(x:) — miy ()
i=1
1 1
gpen’ (n) + 5 > wi- [miy (@) = m(@i)* + gpen®(my) + 3t
i=1
1 1
2 6 sz [ () — miy (23)]? — 3 w; - [m(a;) — miy ()
i=1 i=1
1 1
—i-gpen2 (my) + 3 sz Imy (z) — m(z) > + =pen?(my) + St
i=1
1 (& 2
o * 2 2 (.~
> 6 (; w; - [my (x;) — miy(z:)|” + pen (mN)> + §t'

In the next to last inequality we have used, that a?/2 — b?> < (a — b)? (a,b € R) with
a=1my(z;) —my(z;) and b =m(x;) — miy(x;). O
Proof of Lemma 3. We have

* . 24 *
P {Hmn = m i+ peng (M) + 46, < = > (ma(i) = mi (7)) - Wz}
i=1
<P+ P
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where

i=1
and
P, =
1 ¢ 24
v {n > WP <208, [ — mi |7 + pen? (i) + 48, < =3 (mn(xi) — mi(@2) - Wi} .
=1 i=1

Application of Chernoff’s exponential bounding method (cf. Chernoff (1952)) together
with (31) yields

P =P {Z W2/K? > 2na§/K2}

i=1
< P {exp (i WiQ/K2> > exp (2n03/K2)}
i=1
< exp (—2na§/K2) -E {exp(zn: Wi2/K2)}
i=1
< exp (~2n0/K%) - (1405 /K%)"
< exp (—2n02/K?) -exp (n- 03/ K?) = exp (—no2/K?) .

To bound Py, we observe first that 1/n> 1 | W2 < 202 together with the Cauchy-
Schwarz inequality implies

24 . 1 &
;Z(mn(iﬂi)—mn(%))'Wi < 24 ;Z(mn(%)—mﬁ(%)V' 207
=1 =1
1 n
< 24 - n\ti) — . 7 2 2 ~n . 2 2
< 2o (melz) (@) 4 peni i) - 203

hence inside of P, we have

n

> (ma(xi) = mi(:))® + pen, () < 115205,
i=1

1
n

Set
S =min{s € Ny : 4-2°, > 115203 }.

Application of the peeling device (cf. Section 5.3 in van de Geer (2000)) yields

S n
1 _ . -
P =) P{n > WP < 208,426, - Iigpy < |lmy — mp|[2 + pen? (i) < 4-2°6,,
s=1 =1
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24 &
[mn — mp |5 + pend (hn) + 46, < o Z(mn(ﬂci) —my(z:)) - Wz}
=1

n

s
1 « -
< ZP{n Z W2 < 202, |myn —mi||2 4 pen? () < 4 - 2°0,,
s=1

]2 P n (2 n 7 (3

The probabilities in the above sum can be bounded by Corollary 8.3 in van de Geer
(2000) (use there R = v/4-2%5,, § = & - 2%, and o = v/20¢). This yields

P. <i n (-2 Z 200
25 ) Co0exp | — T 23 C60 €XP X

C
s=1 6

s=1

C60 C62
Proof of Lemma 4. For f: R¢ — R set
1 n
1A= = _1f(x
i=1
We have

P { [ () = m(a) P (o) > b+ 3 pen(ma) + 33D mal(Xs) - m(XnF}

=1

B P{Q/ () — m(z) PP x (d) — 2my, — m][2

> 8, + 3 pen; (1) + / [ () — m(@) PP (da) + [lmn, — m\li}

|/ 175, f(z) — m(2)PPx (dx) — || T3, f — m]3| 1
On +3-pen(f) + [ |Tp, f(x) — m(z)PPx (dx) + | Ts, f — ml[3

{er}— >5

< ZP{EIf € Fn: Iggzoy - 25715, < pen?(f) < 256,

s=1

|/ 1T5, f (@) — m(x) *Px (dz) — ||Tp, f —m|7| S 1
On +3 - peny(f) + [T, f(2) = m(x)PPx (dz) + [T, f —mll3

< ZP{Hf € Fp : pen2(f) < 2°6,,
s=1
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>7

[ 1T5, f(z) — m(z)|*Px (dz) — |T5, f — m|?] 1
25715, + [ |Tp, f(2) — m(z)|*Px (dz) + |Tp, f —m|2 ~ 2

The probabilities in the above sum can be bounded by Theorem 19.2 in Gyorfi et al.
(2002) (which we apply with

F = {(Tﬁnf *m)Q D f € Fn, peni(f) < 25571}7

K =432, ¢ =1/2, and a = 2°71§,. Here in the integral of the covering number we use
the fact that for 6 > o - K/2 > 2-a = 2°-§, the condition pen?(f) < 26, inside F
implies pen?(f) < §.) This yields

P < 15 e n-2%5-9, < . n- oy
E cexp | ———m——— cea - exp | — )
1n = p 063.&21 = Ce4 p 664.@21

s=1
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