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Abstract

In this article we consider the problem of estimating quantiles related to the outcome
of experiments with a technical system given the distribution of the input together with
an (imperfect) simulation model of the technical system, and (few) data points from the
technical system. The distribution of the outcome of the technical system is estimated
in a regression model, where the distribution of the residuals is estimated on the basis
of a conditional density estimate. It is shown how Monte Carlo can be used to estimate
quantiles of the outcome of the technical system on the basis of the above estimates, and
the rate of convergence of the quantile estimate is analyzed. Under suitable assumptions
it is shown that this rate of convergence is faster than the rate of convergence of standard
estimates which ignore either the (imperfect) simulation model or the data from the
technical system, hence it is crucial to combine both kinds of information. The results
are illustrated by applying the estimates to simulated and real data.

AMS classification: Primary 62G05; secondary 62P30.
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1 Introduction

The design of complex technical systems by engineers always has to take into account
some kind of uncertainty. This uncertainty might occur because of lack of knowledge
about future use or about properties of the materials used to build the technical system
(e.g., the exact value of the damping coefficient of a spring-mass damper). In order to
take this uncertainty into account, we model in the sequel the outcome Y of the technical
system by a random variable. For simplicity we restrict ourselves to the case that Y is a
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real-valued random variable. Thus we are interested in properties of the distribution of
Y, e.g., we are interested in quantiles

@y =min{y e R : P{Y <y} > a} (1)

for o € (0,1) (which describe for a close to one values which we expect to be upper
bounds on the values occurring in an application), or in the density gy : R — R of YV
with respect to the Lebesgue-Borel measure, which we assume later to exist.

In the sequel we model the lack of knowledge about the future use of the system or
about properties of materials used in it by introducing an additional R%-valued random
variable X, which contains values for uncertain parameters describing the system or
its future use, and from which we assume either to know the distribution or are able
to generate an arbitrary number of independent realizations. Furthermore we assume
that we have available a model describing the relation between X and Y by a function
m : R — R. This function m might be constructed by using a physical model of our
technical system, and in some sense m(X) is an approximation of Y. However, as all
models our model is imperfect in the sense that Y = m(X) does not hold. This might
be due to the fact that Y cannot be exactly characterized by a function of X (since X
might not describe the randomness of Y completely), or since our relation between Y
and X is not correctly specified by m, or because of both. So although we know m and
can generate an arbitrary number of independent copies X1, Xo, ...of X, we cannot use
m(X1), m(Xa), ...as observations of Y, since there is an error between these values and
a sample of Y.

In order to control this error, we assume that we have available n € N observations
of the Y—values corresponding to the first n values of X. To formulate our prediction
problem precisely, let (X,Y), (X1,Y1), (X2,Y32), ...be independent and identically dis-
tributed and let L,, N,, € N. We assume that we are given the data

(le Yl)v ey (Xn) Yn)a (XTLJrl) m(Xn+1), ey (XnJanv m(Xn+Ln))7
Xn+Ln+17 L )Xn+Ln+Nn7 (2)

and we want to use this data in order to estimate the quantiles gy, or the density gy of Y’
(which we later assume to exist). The main difficulty in solving this problem is that the
sample size n of the observations of Y (which corresponds to the number of experiments
we are making with the technical system) is rather small (since these experiments are
time consuming or costly).

Before we describe various existing approaches to solve this problem in the literature,
we will illustrate the problem by an example. Here we consider a demonstrator for a
suspension strut, which was built at Technische Universitit Darmstadt and which serves
as an academic demonstrator to study uncertainty in load distributions and the ability to
control vibrations, stability and load paths in suspension struts such as aircraft landing
gears. The photo of this suspension strut and its experimental test setup is shown in
Figure 1 (left), a CAD illustration of this suspension strut can be found in Figure 1
(middle).
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Figure 1: A photo of the demonstrator of a suspension strut and its experimental test
setup (left), a CAD illustration of the suspension strut (middle) and illustration
of a simplified model of the suspension strut (right).

This suspension strut consists of an upper and lower structure, where the lower struc-
ture contains a spring—damper component and an elastic foot. The spring—damper com-
ponent transmits the axial forces between the upper and lower structures of the suspen-
sion strut. The aim of our analysis is the analysis of the behaviour of the maximum
relative compression of the spring damper component in case that the free fall height is
chosen randomly. Here we assume that the free fall heights are independent normally
distributed with mean 0.05 meter and standard deviation 0.0057 meter.

We analyze the uncertainty in the maximum relative compression in our suspension
strut using a simplified mathematical model of the suspension strut (cf., Figure 1 (right)),
where the upper and the lower structures of the suspension strut are two lump masses
m and my, the spring damper component is represented by a stiffness parameter k£ and
a suitable damping coefficient b, and the foot is represented by another stiffness param-
eter k.y. Using a linear stiffness and an axiomatic damping it is possible to compute the
maximum relative compression by solving a differential equation using Runge-Kutta algo-
rithm (cf., model a) in Mallapur and Platz (2017)). Figure 2 shows L,, = 500 data points
from the computer experiment and also n = 20 experimental data points. Since they
do not look like they come from the same source, our computer experiment is obviously
imperfect. Our aim in the sequel is to us the n = 20 data points from our experiments
with the suspension strut together with the L, = 500 data points from the computer
experiments in order to analyze the uncertainty in the above described experiments with
the suspension strut. This can be done, e.g., by making some statistical inference about
quantiles or the density of the maximal occurring compression in experiments with the
suspension strut.

There are various possible approaches to solve the above estimation problem. The
simplest idea is to ignore the model m(X) completely and to make inference about gy,
and gy using only the observations

Vi, Yy (3)

of Y. E.g., we can estimate the quantile gy, by the plug-in estimate

Gy n,a = min {y eR : C?yvn(y) > a} (4)
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Figure 2: Data from L,, = 500 computer experiments (in black) together with data (in
red) from n = 20 experiments with the suspension strut in Figure 1 (left panel).

corresponding to the estimate

GY,n(y) = ZI(—oo,y}(Yi)

of the cumulative distribution function (cdf.) G(y) = P{Y < y} of Y, which result in
an order statistics as an estimate of the quantile. Or we can estimate the density gy of
Y by the well-known kernel density estimate of Rosenblatt (1956) and Parzen (1962),
where we first choose a density K : R — R (so—called kernel) and a so—called bandwidth
hn, > 0 and define our estimate by

iyn(y) = 1 z": (v
gyn\Y) = n-hy, £ Iy, .
However, since the sample size n of our data (3) is rather small, this will in general not

lead to satisfying results.
Another simple idea is to ignore the real data (3), and to use the model data

m(Xn—i-l)a v >m(Xn+Ln) (5)

as a sample of Y with additional measurement errors, and to use this sample to define
quantile and density estimates as above. In this way we estimate gy, by

G (X),Ly,a = MiN {y eR: ém(X),Ln(y) > a} (6)



where

L
n 1 n a
GﬁL(X),Nn (y) = f Z I(—oo,y] (m(Xn—H))a
" i=1

and we can estimate the density g of Y by

L
N 1 - y — m(Xni)
Gin(x),L, (Y) = Lo i ZK< I :

=1 n

Since the function m of our model m(X) of Y might be costly to evaluate (e.g., in case
that its values are defined as solutions of a complicated partially differential equation)
and consequently L, might not be really large, it makes sense to use in a first step the
data

(Xn+1> m<X7L+1))7 SRR (Xn/+Ln7m(Xn+L71,))

to compute a surrogate model
an() = an('? (Xn+17 m(Xn+1))7 SRR (Xn+Ln7 m(Xn+Ln)) R > R

of m, and to compute in the second step the quantile and density estimates ¢, (x)N,,a
and g, (x),n, using the data

Surrogate models have been introduced and investigated with the aid of the simulated
and real data in connection with the quadratic response surfaces in Bucher and Burgund
(1990), Kim and Na (1997) and Das and Zheng (2000), in context of support vector
machines in Hurtado (2004), Deheeger and Lemaire (2010) and Bourinet, Deheeger and
Lemaire (2011), in connection with neural networks in Papadrakakis and Lagaros (2002),
and in context of kriging in Kaymaz (2005) and Bichon et al. (2008).

Under the assumption that we have m(X) =Y, the above estimates have been theo-
retically analyzed in Devroye, Felber and Kohler (2013), Bott, Felber and Kohler (2015),
Felber, Kohler and Krzyzak (2015a, 2015b), Enss et al. (2016) and Kohler and Krzyzak
(2017a).

However, in practice there usually will be an error in the approximation of Y by m(X),
and it is unclear how this error influences the error of the quantile and density estimates.

Kohler et al. (2016) and Kohler and Krzyzak (2016) used the data

(X17Y1>7 RIS (XTH}/:IL)

obtained by experiments with the technical system in order to control this error. In
particular, confidence intervals for quantiles and confidence bands for densities are derived
there. Wong, Storlie and Lee (2017) used the above data of the technical system in order
to calibrate a computer model and estimated the error of the resulting model by using
bootstrap. Kohler and Krzyzak (2017b) used this data in order to improve the surrogate
model and analyzed the density estimate based on the improved surrogate model.



Kohler et al. (2016) and Kohler and Krzyzak (2016, 2017b) try to approximate Y by
some function of X and make statistical inference on the basis of this approximation.
Wong, Storlie and Lee (2017) do this similarly, but take into account additional mea-
surement errors of the y-values. The basic new idea in this article is to estimate instead
a regression model

Y = m(X) + & (7)

where
eE=Y —m(X)

is the residual error of our model m(X), which is not related to measurement errors but
instead is due to the fact, that an approximation of ¥ by a function of X cannot be
perfect. In this model we estimate simultaneously m and the conditional distribution
Pgx—, of € given X = . As soon as we have available estimates my, and Pgx—_, for
both, we generate data

(where é(x) has the distribution f’axzw conditioned on X = z) and use this data to
define corresponding quantile estimates.

We assume in the sequel that the conditional distribution of € given X has a den-
sity with respect to the Lebesgue-Borel measure. In order to estimate this conditional
density, we use the well-known conditional kernel density estimate introduced already
in Rosenblatt (1969). Concerning existing results on conditional density estimates we
refer to Fan, Yao and Tong (1996), Fan and Yim (2004), Gooijer and Zerom (2003),
Efromovich (2007), Bott and Kohler (2016, 2017) and the literature cited therein.

Our main result, which is formulated in Section 3, shows that our newly proposed
quantile estimates achieve under suitable regularity condition rates of convergence, which
are faster than the rates of convergence of the estimates (4), (6) and the modifications
of (6) using "y, instead of m. Furthermore we show with simulated data that in the
situations which we consider in our simulations this effect also occurs for finite sample
sizes, and illustrate the usefulness of our newly proposed method by applying it to a
spring-damper system introduced earlier.

Throughout this paper we use the following notation: N, Ny and R are the sets of
positive integers, nonnegative integers and real numbers, respectively. Let p = k + 3 for
some k € Ng and 0 < 8 < 1, and let C > 0. A function m : R? — R is called (p, C)-
smooth, if for every a = (a1,...,0q4) € N& with 2?21 a; = k the partial derivative

k . .
8(1?% exists and satisfies
.Tl x(i

okm oFm
S 7 W <C-llz—2z|°
ozt ... 0z (z) ox{t ... Oz (2)| = ===
for all =,z € R% If X is a random variable, then Py is the corresponding distribution,
i.e., the measure associated with the random variable. If (X,Y) is a R? x R-valued
random variable and = € R?, then Py|x—, denotes the conditional distribution of Y’



given X = 2. Let D C R? and let f : R? — R be a real-valued function defined on R
We write x = argmin,cp f(z) if min,ep f(2) exists and if = satisfies
x €D and f(x)=minf(2).
z€D

For z € R% and r > 0 we denote the (closed) ball with center 2 and radius r by S,(z). If
A is a set, then 1,4 is the indicator function corresponding to A, i.e., the function which
takes on the value 1 on A and is zero elsewhere. For A C R we denote the infimum of A
by inf A, where we use the convention inf () = co. If x € R, then we denote the smallest
integer greater than or equal to z by [z].

The outline of this paper is as follows: In Section 2 the construction of the newly
proposed quantile estimate is explained. The main results are presented in Section 3 and
proven in Section 5. The finite sample size performance of our estimates is illustrated in
Section 4 by applying it to simulated and real data.

2 Definition of the estimate

In the sequel we assume that we are given data (2), where n, L,, N,, € N, the R? x R
valued random variables (X,Y), (X1,Y7), (X2,Y2), ...are independent and identically
distributed, and where m : R? — R is measurable. Our aim is to estimate the quantile
qy .« defined in (1) for some a € (0,1).

To do this, we start by constructing an estimate of m. For this we use the data

(Xnt1,m(Xng1)), - -+ (Xng L, M(Xnsr,,)
and define the penalized least squares estimates of m by
1 o
mr, () = arg fe%i?mad) (Ln ; (M(Xnpi) = f(Xn4i)” + AL, - Jl?(f))

and
i, (@) = Tp, (i, (z)) (z€RY)

for some Sy, > 0, where k € N with 2k > d,

k!
Ji(f) = Z M/Rd

at,...,ag€N, a1 +-+ag=k ’

2

k
o°f dzx

92 .. a0 @)

is a penalty term penalizing the roughness of the estimate, W*(R9) denotes the Sobolev
space

k
{f : WGLQ(Rd) forallal,...,adENwitha1+-‘-+ad:k},
1 - d

and where Ar, > 0, T1(z) = max{—L,min{L,z}}, L > 0 is the truncation operator and
L2(R?) denotes square integrable functions on R?. The condition 2k > d implies that



the functions in W*(R?) are continuous and hence the value of a function at a point is
well defined.
Then we compute the residuals of this estimate on the data (X1,Y1), ..., (Xn,Yn),
i.e., we set
gz:Y;_an(Xz) (221,,77,) (8)

We use these residuals in order to estimate the conditional distribution of € =Y —m(X)
given X = z. Here we assume that this distribution has a density and estimate this
density by applying a conditional density estimator to the data

(X1,Yh —mr, (X1)),...,(Xn, Yo —1p, (Xn)).

To do this, we set G = I|_; 1 and let K : R — R be a density, let hy, H, > 0 and set
n z—X; —(Yi—rhp,, (X;
Zi:lG(H - |I> .K(y ( hnL ( )))
n llz—X5l
- Ty @ (P

) (9)
Once we have constructed the estimates m;, and g x we construct a sample of size Ny,
of the distribution of

Jex(y, ) =

an (X) + é(X)v

where the random variable é(X) has the conditional density gex (-, X) given X, and
estimate the quantile by the empirical quantile corresponding to this sample. To do this
we use an inversion method: We define for v € (0,1) and € R?

)

F 1l (u, ) :inf{yER : /

—00

Jeix(z,2) dz > U} :

choose independent and identically uniformly on (0, 1) distributed random variables Uy,
Us, ..., such that they are independent of all other previously introduced random vari-
ables, and set

~

Yosrori = Fp (Ui, Xngp,4i) (i=1,...,Ny).
This implies in case
/ Gex (2, Xy p, i) dz =1

R

that Y,HL”H conditioned on Xy, 1, +; has the density g¢x (-, Xnyr,+4))-
With these random variables we estimate the cdf. of Y by

N,
1 n
G5 v, (v) = N, ; I{f/nJanHSy}’
and use the corresponding plug—in estimate

Gy , o = Min {y ER: Gy}Nn(y) > a}

as an estimate of qyq.



3 Main result

Our main result is the following theorem, which gives a nonasymptotic bound on the
error of our quantile estimate.

Theorem 1 Let (X,Y), (X1,Y7), (X2,Y2), ... be independent and identically distributed
R? x R-valued random variables, and let m : R — R be a measurable function. Let
gelx : R % R? — R be a measurable function with the property that 9ex (-, X) is a density
of the conditional distribution of € =Y — m(X) given X. Assume that the following
reqularity conditions hold for some C1,Co >0, r,s € (0,1]:

(A1) 1ggx(y, 1) — gex (y, 22)| < Ci - ||z — @2||” for all z1, 22 € RY,y € R,
(A2) |geix (u, ) — ggx(v,2)| < Ca - [u—v|* for all u,v € R,z € R¢

Letn, Ly, N, € N and assume N2 > 8-logn. For a € (0,1) define the estimate QY,Nn,a of
the quantile qy o (given by (1)) as in Section 2, where hy, Hy, > 0, G is the naive kernel
and where K : R* — R is bounded and symmetric density, which decreases monotonically
on Ry and which satisfies

/K2(Z) dz < oo and /K(z) zPdz < 0.
Let vp, > 0, assume 2-Vd - vn, > Hy, and for x € R% let —co < an(z) < bp(x) < oo. Set

en=4-E [ |, (z) - m(z)*Px(dz),

Rd
8- () (4 Vd)dyd _
G )
n- Hd
+ +4/ ]bn(x)—an(:c)|PX(dx)‘(Cl-Hg+Cg~h2)>
n- Hd [_'Vn:')’n]
48 Py @\ [ b8 [ f Gex (9, ) dy P (dr)
[=vn,7n]d San (x),bn ()]
where
o = max{ \/ (4-Vd)? /K? )dz, (4-Vd)* /K |z$dz}
and Sy
_ 4. dy\ [_ d .(4' )1
m=4-P{X RN\ [ )} + 4 S



Let e, > 0 and assume that the cdf. of Y satisfies

log N,
GY(QY,a +én— 6711/3) - GY(QY,a) > 6712/3 + ?\7 =+ On + M (10)
n
and
1/3 1/3 log Ny,
GY(QY,Q) - GY(QY,a —ent€/”) > €/ + N + 0n + M- (11)
n
Then
R 1
P{ 9 Noya ~ Woa| > (logn) - e"} = logn

Remark 1. Assume that Y has a density gy : R — R with respect to the Lebesgue
measure which satisfies for some co,c3 > 0

gy (y) > ca forall y € [gya — 3,qv,a + cs. (12)

Assume that positive €, d,, 7, defined in Theorem 1 satisfy

1 log N,
<1 + > : (a}f* O+ + Ojgv ) < s, (13)

C2 n

1 log N,
- oe2) (s )
n

Then (10) and (11) hold, and consequently we can conclude from Theorem 1

; 1 1/3 log N, 1
P{‘QY,Nn,a_‘JY,a‘ > (1—|—C2> - (logn) - <en/ + On + N + N, S logn’

Indeed, the assumptions above imply

and set

A

0< en—qll/3 < c3.
Consequently because of the assumption on the density of Y we have
Gy (qva + en — €/*) = Gy (av,a) > calen — e/?)).
By the definition of e, we have

log N,

exlen — /) - elf? - [
n

—6p — M > 0,

which implies (10). In the same way one can show (11).

10



Remark 2. Set 7, = log(n). Under suitable smoothness assumptions on m : R? - R,
suitable assumptions on the tails of || X|| and in case that Ay, and 8f, are suitably chosen
it is well-known that the expected Lo error of the smoothing spline estimate satisfies

log L, ) 2k (2k-+d)

n

B [ i, 0) ~ ()P < -

(cf., e.g. Theorem 2 in Kohler and Krzyzak (2017b)). Thus for L,, large compared to n
and under suitable assumptions on the tails of | X|| and on the tails of the conditional
distribution of € given X it follows from Remark 1 that the error of our quantile estimate
in Theorem 1 is up to some constant given by

togny . ([Tt @) — e (@) Qogm | (o
8 n-He h, n- HA

—i—/ |bn, () — an(x)| Px(dz) - (Cy -H;H—C’Q-hfl)). (14)
[~ log(n),log(n)]4

Minimizing the expression above with respect to h, and H, as in the proof of Corollary
2 in Bott and Kohler (2017), shows that in case of a suitable choice of the bandwidths
hn, Hy, > 0 the error of our quantile estimate in Theorem 1 is up to some logarithmic
factor given by the minimum of

d .
cFF / b (@) — an(2)| Px(da)) 2 -0~
[—log(n),log(n)]?

___ds _1 (r+d)(s+1)+ds -~ rs
+O e -C;S“(/ by () — an(2)| Px (dz)) TFd@+D .~ TFdED
[~ log(n),log(n)]4

and

(2s+1)d _ d ds r(2s+1)
Clr(23+1)+ds . Cz r(2s+1)+ds (/ |bn($) _ an($)| PX(d:E))r(25+1)+ds . r@s+1)+ds
[~ log(n),log(n)]<

ds T r(s+1)+ds s
+Clr(2s+1)+ds . CQr(zs+1)+ds . (/ |bn(:l:) _ an(x)] PX(dx))r(25+1)+ds . r@s+D)+ds |
[~ log(n),log(n)]?

In case of f[flog(n),log(n)]d |bn(z) — an(x)|Px(dz) small, these terms might get much
smaller than the well-known rate of convergence 1/y/n of the simple quantile estimate
(4), and in case of imperfect models they will also be smaller than the rate of convergence
of the surrogate quantile estimate.

Remark 3. The results in Remark 2 require that the parameters of the estimates (e.g.,
hn and H,,) are suitably chosen. A data-dependent way of chosing these parameters in
an application will be proposed in the next section, and by using simulated data it will
be shown that in this case our newly proposed estimates outperform the other estimates
for finite sample size in the situations which we consider there.

11



4 Application to simulated and real data

In this section we illustrate the finite sample size performance of our estimates by applying
them to simulated and real data. We start with an application to simulated data, where
we compare the simple order statistics estimate (est. 1) defined by (4) and a surrogate
quantile estimate (est. 2) defined by (6) (where we replace m by iy, and evaluate this
function on N,, x—values) with our newly proposed estimate based on estimation of the
conditional density (est. &) as defined in Section 2.

In the implementation of est. 2 and est. 3 we use thin plate splines (with smoothing
parameter chosen by generalized cross validation) as implemented by the routine Tps()
of R in order to estimate a surrogate model for our computer experiment. Here the
implementation of the surrogate quantile estimate est. 2 computes a sample of size NV,, =
100,000 of My, (X) and estimates the quantile by the corresponding order statistics.

In the implementation of our newly proposed est. 3 we use the naive kernel G(x) =
I_111(z) and the Epanechnikov kernel K (y) = (3/4)-(1—y?)4 for the conditional density

estimate (H XH) ( " (X))>
Z?:lG % K %

h-351 G (W)

Here the bandwidths h and H are chosen in a data dependent way from the sets

Jex (y, ) =

P = {2'2*I'IQR(Y1 i, (X1), s Yo — g, (X)) ¢ L€ {0,1,...,4}}
and
Py = {2-2*1-IQR(X1,...,Xn) : lE{O,l,...,4}}

by the combinatorial method proposed by Bott and Kohler (2016), where IQR denotes
an interquartile range, i.e., the distance between 25th and 75th percentiles. To do this
we choose them by minimizing

n

1 (1, (h, H) Ly
~ IR
max |~ e X dy = — Y La ) (V)
h1ho€Ph, | Ny . 4 Ai(h1,Hy,ho,Ho) s
Hy HyePry i=n;+1 i ,H1,h2, i=n;+1

with respect to h € Py, and H € Py, where n; = |n/2|, ny = n —ny,

h-350 G (%)

~(ng,(h,H
ey, 2) =

and
Ai(hy, Hy, ho, Hy) = {y eER: Qé&(hl’Hl))(yyXi) > Qé&’(hQ’HQ))(%Xi)}

In the implementation of this method we approximate the integral

~(ny,(h,H
/ a0y, X;) dy
A;(h1,H1,h2,H3)

12



by a Rieman sum based on an equidistant grid of

min{Y1 - T?LL" (Xl), e ,Yn - an(Xn)} - }rlré%x h,
h

max{Yl — an(Xl)a R an(Xn)} + ]{Lré%xh
h

consisting of 200 grid points (which enables an “efficient” implementation of the above
minimization problem by first computing of gé"}’(hﬂ) (y, X;) for all grid points y, all
h € Pp,all H € Py and all i = n; +1,...,n). After the computation of g, x we use the
inversion method to generate random variables with the conditional density g¢x (-, X).
Here we do not have to consider values outside of the above interval, since our density
estimate is zero outside of this interval. In order to implement the inversion method we

discretize the corresponding conditional cumulative distribution function

Gox(y, X)) = /_1 Jeix (2, Xi) dz
S G (@) YK (zfm—rzbn(xm) "
heyp, 6 (L)

by considering only its values on an equidistant grid of

[min{yl —r, (X1, Yo —tip, (X)) —
max{Y; —mr, (X1),...,Yn —mr, (Xn)} +h

consisting of 1000 points, and by approximating the above integral by a Rieman sum
corresponding to this grid. This enables again an “efficient” computation of the values of
the conditional empirical cumulative distribution function by computing in advance

e (2’ - (Yi _thn(Xi))>

for all grid points z and all ¢ = 1,...,n. Using so computed values of the random
variables we compute a sample of size IV, = 100,000 of Y and estimate the quantile by
the corresponding order statistics.

We compare the above three estimates in the regression model

Y =m(X) +e,
where X is a standard normally distributed random variable,
m(x) = exp(z) (z €R)

and the conditional distribution of € given X is normally distributed with mean zero and
standard deviation
o(X)=0-(02+X -(1-X)).
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Here o > 0 is a parameter of our distribution for which we allow the values 0.5, 1 and 2.
Furthermore we assume that our simulation model is based on the function

m(z) =m(z) —d =exp(z) —d (z €R),

where § € R is the constant model error of our model for which we consider the values
0 (i-e., no error) and 1 (i.e., negative error). Here we consider a negative value for the
model error, since the surrogate quantile estimate tends to underestimate the quantile
in the above example, so that a positive error might accidentally improve the surrogate
quantile estimate.

We apply our estimates to samples of size n € {20, 50,100} of (X,Y") and L,, = 500 of
(X,m(X)), and use them to estimate quantiles of order & = 0.95 and o = 0.99.

In order to judge the errors of our quantile estimate, we use a simple order statis-
tics with sample size 1,000,000 applied to a sample of Y as a reference value for the
(unkonwn) quantile gy, and compute the relative errors

‘ qY,& —qy,a |
qy,a

Of course, our estimates gy, and hence also the above relative errors depend on the
random samples selected above, and hence are random. Therefore we repeat the com-
putation of the above error 100 times with newly generated independent samples and
report the median and the interquantile ranges of the 100 errors in each of the considered
cases for «, o, § and n, which results in errors for 2 -3 -2 -3 = 36 different situations.
The values we obtained in case a = 0.95 and in case a = 0.99 are reported in Tables 1
and 2, resp.

Looking at the results in Tables 1 and 2 wee see that our newly proposed estimate out-
performs the order statistics estimate in all 36 settings of the simulations. Furthermore
it outperfortms the surrogate quantile estimates whenever the model error is not zero,
and also in case of the model error being zero whenever ¢ is large. There are a few cases
with small ¢ value and zero model error where the surrogate quantile estimate is better
than our newly proposed estimate, but in this case the difference between the errors is
not large in contrast to the improvement of the error of the surrogate quantile estimate
by our newly proposed estimate in most of the other cases.

Finally we illustrate the usefulness of our newly proposed method for uncertainty
quantification by using it in analysis of the uncertainty occurring in experiments with
the suspension strut in Figure 1 (left) described in the Introduction. We use the results
of L, = 500 computer experiments to construct a surrogate estimate my, as described
above, and we apply the method proposed in Section 2 to compute the conditional density
of the residuals. To do this, we choose as described above the bandwidths A and H from
the sets

Pr, = {0.000766,0.000383,0.000191, 0.000096, 0.000048}

and
Py = {0.0174,0.0087,0.0043,0.0022,0.0011}
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n o |0 est. 1 est. 2 est. 3

20 | 0.5 [ 0| 0.2876 (0.2315) | 0.0181 (0.0071) | 0.0242 (0.0285)
20 | 0.5 [ 1]0.2971 (0.3107) | 0.2066 (0.0084) | 0.0254 (0.0458)
20 1 |0 |0.2911 (0.2617) | 0.0950 (0.0078) | 0.0902 (0.0690)
20 1 | 10.2990 (0.2844) | 0.2679 (0.0081) | 0.0844 (0.0869)
20 2 |01 0.3511 (0.2645) | 0.2771 (0.0070) | 0.1804 (0.1572)
20 2 | 11]0.3082(0.3147) | 0.4158 (0.0070) | 0.1816 (0.1514)
50 | 0.5 0| 0.1595 (0.1638) | 0.0182 (0.0085) | 0.0275 (0.0360)
50 | 0.5 [ 1] 0.2058 (0.2209) | 0.2069 (0.0089) | 0.0224 (0.0360)
50 1 |0|0.1579 (0.1584) | 0.0941 (0.0079) | 0.0882 (0.0815)
50 1 | 1/0.2095 (0.2378) | 0.2684 (0.0074) | 0.0768 (0.0830)
50 2 [0 0.2361 (0.3509) | 0.2757 (0.0061) | 0.1316 (0.1902)
50 2 | 1]0.2808 (0.2220) | 0.4155 (0.0068) | 0.1428 (0.1550)
100 | 0.5 | 0 | 0.1210 (0.1312) | 0.0162 (0.0079) | 0.0219 (0.0303)
100 | 0.5 | 1 | 0.1260 (0.1480) | 0.2063 (0.0093) | 0.0211 (0.0371)
100 | 1 |0 0.1269 (0.1574) | 0.0930 (0.0084) | 0.0647 (0.0796)
100 | 1 | 1]0.1590 (0.1721) | 0.2679 (0.0078) | 0.0732 (0.0735)
100 | 2 |0 0.1269 (0.1835) | 0.2760 (0.0060) | 0.0922 (0.0902)
100 | 2 | 1]0.1799 (0.1870) | 0.4167 (0.0061) | 0.1143 (0.1238)

Table 1: Simulation results in case a = 0.95. Reported are the median (and in brackets
the interquartile range) of the 100 relative errors for each of our three estimates.

by using the combinatorial method of Bott and Kohler (2016). This results in h =
0.000191 and H = 0.0043. As described above we use the corresponding density estimate
together with the surrogate model to generate an approximate sample of size 100,000
of Y and estimate the o = 0.95 quantile of Y by the corresponding order statistics,
which results in the estimate 0.0855. In contrast the simple order statistics estimate of
the quantile based only on the n = 20 experimental data points yields the smaller value
0.0849.

5 Proofs

5.1 Estimation of quantiles on the basis of conditional density estimates

Let (X,Y), (X1,Y7), (X2,Y3), ...be independent and identically distributed R? x R
valued random vectors and let m : R? — R be a measurable function. Assume that the
conditional distribution of € = Y —m(X) given X has the density ggx (-, X) : RxR — R
with respect to the Lebesgue-Borel-measure, where ggx : R X R? — R is measurable.
Let n, L,, N,, € N and set

D, = {(X17 Y1)7 SRR (Xnv Yn)a (Xn—i-h m(Xn—i-l))a R (Xn-i-Lna m(Xn—i-Ln))}
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n o |0 est. 1 est. 2 est. 3

20 | 0.5 [ 0| 0.4711 (0.3179) | 0.0149 (0.0127) | 0.0210 (0.0224)
20 | 0.5 | 1| 0.4030 (0.3437) | 0.1122 (0.0146) | 0.0523 (0.0918)
20 1 | 0| 0.4430 (0.4022) | 0.1125 (0.0124) | 0.1102 (0.0286)
20 1 | 104142 (0.3468) | 0.1995 (0.0128) | 0.1284 (0.1059)
20 2 [ 0] 0.5208 (0.4348) | 0.3601 (0.0125) | 0.3388 (0.1051)
20 2 | 1]0.5321 (0.3556) | 0.4223 (0.0100) | 0.3569 (0.1328)
50 | 0.5 | 0| 0.3172 (0.3565) | 0.0160 (0.0159) | 0.0224 (0.0425)
50 | 0.5 | 1]0.2518 (0.2873) | 0.1122 (0.0150) | 0.0291 (0.0643)
50 1 |0 0.3137 (0.2480) | 0.1140 (0.0177) | 0.1197 (0.0787)
50 1 | 10.3490 (0.3389) | 0.2009 (0.0138) | 0.1211 (0.1055)
50 2 [0 0.3059 (0.3802) | 0.3578 (0.0107) | 0.2475 (0.2130)
50 2 [ 1]0.2993 (0.4137) | 0.4215 (0.0094) | 0.2556 (0.2473)
100 | 0.5 | 0 | 0.2439 (0.2368) | 0.0135 (0.0136) | 0.0275 (0.0422)
100 | 0.5 | 1 | 0.2120 (0.3256) | 0.1130 (0.0191) | 0.0390 (0.0476)
100 | 1 |0 0.2125 (0.3053) | 0.1114 (0.0152) | 0.1085 (0.0925)
100 | 1 | 1]0.2457 (0.2612) | 0.1986 (0.0164) | 0.0978 (0.0886)
100 | 2 | 0| 0.2644 (0.2248) | 0.3608 (0.0107) | 0.1785 (0.1993)
100 | 2 | 1] 0.2544 (0.3104) | 0.4214 (0.0110) | 0.1686 (0.2273)

Table 2: Simulation results in case a = 0.99. Reported are the median (and in brackets
the interquartile range) of the 100 relative errors for each of our three estimates.

Let rz, (-) = mp, (-, Dp) : RT — R and let

§€\X('7 )= ?]e\x(', Dp): R x R? 5 R
be a measurable function satisfying

Gex(y,r) >0 forally € R,z € R%

Let U, Uy, Us, ...be independent random variables which are uniformly distributed on
(0,1) and which are idependent of (X,Y), (X1,Y7), ...and set

y
ézinf{yE]R: / §g|X(z,X)dz2U}

and y
éi:inf{yGR : / geX(Z,Xi)dZZUi} (ZEN)

Set

Y =i, (X)+é and Y; =g, (Xi)+é& (i€ {n+Lo+1,n+Lp+2,...,n+Ly,+Ny,}).

For a € (0,1) set
@vo =min{y €R : Gy(y) = a},
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where

Gy(y) = P{Y <y},

and
0 Nyo = min{y ER: Gy (y) 2 a} ,
where
X 1 Nn
GrnW =5 2 lmey
i=n+Ln,+1

Lemma 1 Let o € (0,1), n € N and L,,, N, € N and define the estimate Gy,n, o of ¢v.a
as above. Assume that gex satisfies

Gax (1) 20 (yeRzeRY)  and / G ) dy<1 (zeRY.  (15)
R

Let €5, 6, M, €n > 0 be such that

log N,
Gy (avaa+en = /%) = Gy (ava) > > +1/ ==+ 8u + 100 (16)
and
log N,
Gy (ava) — Gy (@va — en +€/3) > €l/3 + Ofv F 6+ (17)
Then

N
X LN _
P{lgyNio —avel >en} < P {N D i (Xng Ly, +i) = M Xy, 10)* > en}
" i=1
> {/Rd /R 19¢1x (4> ) = gex (y, )| dy Px (dw) > 5n}

+P {P {/Rgax(z,X)dz # 1\Dn} > nn} + %

Y=m(X)+eé Y,=m(X;)+¢& (i€N),

Proof. Set

N,
_ . 1 <=

Gy(y) =P{Y <y[D,} and Gy n, (y) = N Z—’{YHLnﬂgy}-
=1

By the Dvoretzky-Kiefer-Wolfowitz inequality (cf., Massart (1990)) applied conditionally
on D,, we get

P{sup Gy(y)—Gyan(y)’ > )28 } < 2-exp <—2.Nn. 08 ) ==,
yeR

N, N, N2

Since

P {|dy,N,,0 — av,al > €n}
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N,
. I . _
< P{ |QY,Nn,a - QY,a‘ > €n, F Z |an (Xn—l-Ln—H') - m(Xn+Ln+i)|2 < €,
=1

/ /\@ex(y,w) — 9 x (Y, )| dy Px (dx) < dp,
R4 JR

N A log N,
P {/ gé\X(zvX) dz 7é 1‘Dn} < Tn, SUD Gi_/(y) - GY,Nn(y)‘ < ]gV }
R yeR n

N,
1 o 7
" {N" ; L, (X L) = UK, 40)[* > 6”}
+P{/Rd/R|§e|x(y,:c) — gax (v, 7)| dy Px (dz) > 5n}

e ot

A log N,
+P {sup Gy (y) = Gy, )] > | }
yeR n

it suffices to show that

N,
1 <~ . B
N > s, (Xngr,4i) = M XnpL,43)” < €n, (18)
™ i=1
L [ (o) = gox o)l dy Pxa) < 5., (19)
R
and
A log N,
sup |G (1) — Gy, ()] < |/ 22 21
yeER n
imply
19y, Npo — @v,al < en. (22)

By the definition of ¢y n, o we know that (22) is implied by

Gy n, (@viaten) > o (23)

and

A~

G}},Nn(qua —ep) < a, (24)

so it suffices to show that (18)-(21) imply (23) and (24), what we do next.
So assume from now on that (18)-(21) hold. Before we start with the proof of (23) we
show

sup |Gy (y) — Gy (y)] S/ /|g€|X(y7$)_geX(yvx)|dyPX(dx)+77n' (25)
yER R4 JR
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Indeed, we observe first

Gy(y) = P{Y <y}
E{P{m(X)+e<y|X}}
= E{P{e<y—-m(X)|X}}

y—m(X)
= E{/_ geX(z,X)dz}

y—m(x)
- / / gepx (2, 7) d= P (dx)
]Rd _

oo

y
= [ ] saxte - mia).a) dz Pc(ao).
R —00
Furthermore we have

Gy (v)
—E{P{¢<y—m(X)|X,D,}|Dn}

- E{I{fwexw,X) au=1} - P {€ <y —m(X)|X, D}

I f g X) durty - P{E Sy —m(X)|X, Dy} }Dn}

y—m(X) .

=B I{fRfiex(qu)du:l}'/oo Ge|x (2, X) dz

I f gox X)durty " P{ESy —m(X)|X, Dy} }’Dn}

y A~
:/d/ gé\X(Z—m($),X)dZPX(dx)
R4 J—o00

y—m(X)
+E {f{fmgm(u,X)du#}' (P{é <y —m(X)|X, Dy} —/oo Jeix (2, X) d2‘> !Dn}-
Since we have

y—m(X)
P{é<y-—m(X)|X} —/ Jex (2, X)dz| <1 a.s.,

which follows from assumption (15)) and which implies

y—m(X)
E{I{fR?]ex(u»X)du¢1}' (P{éﬁ y —m(X)|X, Dn} —/_OO Q€X(Z7X>d2> \Dn}‘

S P{/g€|X(Z7X)dZ7é 1‘Dn} S My
R
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sup

yeR /Rd/ gax (2 = m(z), z) dze P (dv) /}Rd/ Jeix(z —m(z), ) dz P x (dz)
SS“p/Rd/ |9e1x (2 — m(x), ¥) — Jejx (2 — m(x), z)| dz P x (dx)

yEeR

B / / |9¢1x (z = m(z), ©) — g x (2 — m(x), z)| dz Px (dx)
R JR

- / / 19e1x (4, @) = geix (v, 2)| dy Px (da)
R4 JR

this implies (25).
Next we prove (23). Using (18), (21), (25) and (19) we get

G?,Nn (QY,a + 6n)

Ny
> L .
- N, 4 < {Yn-s-Lnﬂ'SQY,a+en,|Yn,+Ln+1:*Yn-s-L"H'\SE}LB}
1=
1
> _ . _
- N, Z;I{Yn+Ln+i<QY,a+en_€}L/3»|Yn+Ln+i_Yn+Ln+i|<E}L/3}
i—
1 O
> I _ - — I . -
- N, Z; (Yt rn+i<avaten—el™} N, Z; Vit nti— Yot Ln+il>e*}
1= 1=
Ny, Nn 5 \/
o b ST _ b Z Yosrovi = Yorporil”
- Nn i—=1 {Y/n+Ln+iS‘IY,a"‘C'en_e}/S} Nn : 2/3
1=
1
_ o 2
N N, ;I{ Voot L 41 <Qv,a+Cen—en' °} Z L (Xt L) = T Xt L)
1=
> Gy no (@via + en — ef?) — €lf?
> Gy (ava +en = %) = f* —sup |Gy (y) ~ Gy, 0)
Y
log N,
> Gy (QYa +en — 61/3) 1/3 - %
n
log N,
> Gy (qvaten—6?) = 6/ — [ =" —sup |Gy (y) — Gy (y)|
n yeR
log N,
> Gy (qv,a +en — 61/3) 6111/3 N .
n

> Gy (qy,a) = o,

where the last inequality follows from (16).
In the same way we argue that

~

GY,Nn (QY,a —en)
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R log N,
< Gy (qya — en+ &3 +e/3 4] ng + 60 +
n

<,

which finishes the proof. O

5.2 A bound on the L; error of a conditional density estimate

Lemma 2 Let (X,Y), (X1,Y1), ..., (Xn,Yy) be independent and identically distributed
R? x R-valued random vectors. Assume that the conditional distribution Py|x of Y gwen
X has the density gy|X(-, X) : R — R with respect to the Lebegue-Borel measure, where

gyix :RxR? 5 R
is a measurable function which satisfies

9y |x (¥ 21) — gy|x (Y 22)| < Cv - |lwg — 22" for all x1,22 € R%y € R, (26)

and
lgyx (u,z) — gy|x (v, 2)| < C2 - [u—o]* forallu,v eR,x € R4 (27)

for some r,s € (0,1] and some C1,Cy > 0. Let v, > 0. For v € RY let —00 < a,(x) <
bp(x) < oo be such that

/ |bn(z) — ap(z)| Px (dz) < oc. (28)
[ A/”»’Y’n}d
Set G =1_11) and let K : R — R be a density satisfying
/ K%*(2)dz < 0o and / K(z)-|z]°dz < o0.
R R

Let hy,, H, > 0 be such that 2 - Vd - Yo = Hy, and set

gY|X(yv x) - ) (29)

B, - Z?:l G <W>

where % :=0. Then

/ / ‘QY\X y,x) — gy|x (y, )| dyPx(dx)
'Yn,')’n [an bn

(¢fvw,ﬂb an(x)| Px(dz) -~
n-H-h

+/ b (2) — an(2)| P (dz) - (Cy - H +@fﬂ)
[ ”/na’Yn]

+n Hd
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where the constant

o = max{\/ (4-Vd)d /K2 )dz, (4-Vd)? /K |zsdz}

does not depend on P (xy), C1 or Ca.

In the proof we will need the following well-known auxiliary result:

Lemma 3 Let n € N, let Hy,,v, > be such that 2 - Vd - Yo > Hp, and let X be an
R%-valued random variable. Then it holds:

1
/['Yn,')/n}d n- PX(SH’VL (x))

Proof. The assertion follows from the proof of equation (5.1) in Gyérif et al. (2002), a
complete proof is available from the authors on request. O
Proof of Lemma 2. By triangle inequality we have

Py (dz) < (4-Vd)?-

Hd.

/ / ‘9Y|X y,x) — gy|x (y, )| dyPx(dx) (30)
'Yny’Yn [an(x b Ct
<E / /[ oy 1502 = By 2 XT) | dy P
'an'Yn an (T CE
+E/ / |E{ gy x (, )| X'} — gy x (v, @) | dy Px(dz).
[ 'Yna'}’n] an bn x)]
In the first step of the proof we show

E / / lvix (4 2) — By (v, 2)| X]}| dy Px(da)
[=Vny¥n] an bp ()]

S\/Q.(4.\/&)d./[(2 \/f a0 (2 o Hd ( )| Px(dx) - (51)

The inequality of Cauchy-Schwarz implies

e v ix () ~ Blayyx (v, )| X7 dy Px ()
[ Yny 'Yn] [an(x) bn )}

-5 L Jvix (v, ) — B{ayix (o, 2) X7 [ X7} dy P ()
T Wn]d [an(z),bn(x

< E\// / E {12|X]} dyPx(dz)
[*'Yn:’Yn]d [an(x),bn ()]

\/ Lol Bl Bl P x| ayPtan
[ 'Yny’Yn] an bn
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[ =i
\/ /7 n]d /[a () bn () {‘gY‘X y.x) = B{gy x(y, )| X7 H

hence it suffices to show

X”} dy Px(dz),

R 112 | vn
e B { |y (v, ) — B{ayx (v, 2) | XT)| X7} dy P ()
[=¥n7n]¢  an(2),bn(
<9.(4. . 2 . ’y” )
<2-(4-Va)? /K )dz WTHT T (32)

To show this, we observe first that the independence of the data implies

')

E { |Gvix (v, 2) — E{dy|x (y, )

o[t (el mlet)lx) | !
S S =)
e () m{a (52) - {n (52) )
- (S 6 () )
_smo () e f|x (52 )
= 2 (Z?:1 (ux—xjn))?

E/ / E{‘QY|X y,z) — E{gy|x (v, ) n} dy P x (dx)
[_'an')’n]d [an(x),bn(a:)}

<E/ Z?:1G<||x XH) fRfRK2< )dy gy ix (u, X;i) du
Il

- (s, G (il xu))

E/ Z?:1G<”x ) fRK2 ) dz - hy, ngY\XUX)d
[—vn,¥n]?

i (Te ()
[K?(z) dz Iy ga(X)

- [ 'E{zylG(XHf]) I{z G(xx>>o}}.

P x (dx)

Px(dﬂf)
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Application of Lemma 4.1 in Gyorif et al. (2002) and Lemma 3 yields

E Ty a)t(X) T
S R ERCEDR

- d 7
- /an 1) P (B ) () 2 VA

which completes the proof of (32).
In the second step of the proof we show

E / / By 1x (. 2) [ X7} — gy 1x (4,)| dyPx(da).
Tn, '“/n [an(z bn 37)]

d

< (4-Vd)?. Hd +/[ ]d\bn(x)—an(x)]PX(dx)-Cl-H

—i—/K(z) zPdz - /[ " |bn(2) — an(x)| Px(dz) - Cy - h;. (33)

Using the independence of the data and arguing similar as in the proof of inequality (32)
we get

E / / By 1x (. 2) X7} — gy x (4, )| dyPx(da)
[=n,7n] [an(x),bn(2)]

16 (258) 1 (52 oo )
_E/fyn,%] /[an(a: e R, Z] 1G(II% X||>

_gY|X(y7 z)| dyPx (dzx)

:E/ / Ir ., fl— 1 9y|x (Y, z) dy Px (dz)
[=7n 1] S an(),bn (2)] { J=1G( Hfj ):0}

wf [ i
[y vn]? I an(@),bn ()]

le (HxXH>
w5

n ) 9y 1x (u, Xi) — gy x (v, z)) du
(e =Xl
P G|\ =) =0, Px(dx
S/[»yn,%}d {le ( H, > } x (dx)

[ TYny Vn]d an bn(l')]

P 12 <Hw XH)

dy Px (dz)
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dy P x(dx)

/]Rhan (yh—nu> (gvx (u, Xi) — gy x (y, 7)) du

< / (1= P (S, ()" Px(de)
[—¥n,¥n]?

()
+E/[,W’Yn] /an b (@)] = 12_1G(Hx X||>

1 y—u
. /R L K< - ) gy (s X2) = gy (y,2))ldu dy P (da).

By Lemma 3 we get

1
1—-Px(Syg (£))"Px(dz) < maxz-e - Py (dx
/[ P8 ) Px(d) < ma S P
d
< . d._Tn_
< (4-Vd) o

Furthermore, by triangle inequality and assumptions (26) and (27), which imply

gy ix (u, Xi) — gy ix (W, )| < gy x (w, Xi) — gy ix (u, ©)| + |9y x (v, ) — gy x (¥, ©)]
< G| X ="+ Co |y —uf

we get

S
E/[%wn] /[an( )bn(g;)];zj 1G(H - X )

Hy

1 Y —u
./Rh K < h ) |9y x (u, Xi) — gy |x (y, 7)) |du dy P x (dx)

H T
= E/ Z a— X, Cr- || Xi —z||" - [bn(z) — an(z)| Px (dz)
[l 521 Y5 G )
K

(H
1 —u .
+/ / / ( )'02'|U—y| dudy Px (dz)
(= 1n]  [an (@), ()] IR fin hy

<0y H / b (2) — an(2)| P (da)
[ Tn 'Yn]d

—|—/K(z)-[z|5dz-02-hf,b-/[ (@) — on(@)] Px)

Summarizing the above results we get the assertion. O

5.3 Proof of Theorem 1

In the proof of Theorem 1 we will use Lemma 1, Lemma 2 and the following auxiliary
result from Bott, Felber and Kohler (2015).
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Lemma 4 Let K : R — R be a symmetric and bounded density which is monotonically
decreasing on Ry. Then it holds

[l (52 - (452 | <2 i

for arbitrary z1,z0 € R.

Proof. See Lemma 1 in Bott, Felber and Kohler (2015). O
Proof of Theorem 1. By Lemma 1 and Markov inequality it suffices to show
1 O €
E {N z; ML, (Xt Lti) — m(XnJanH)\Q} < Zn7 (34)
=
. On
E 19e1x (Y, ) — geix (v, 2)| dy Px (dz) ¢ < 1 (35)
Re JR
and
P{ [ gnxas#1} <™ (36)
R

In the first step of the proof we observe that (34) is a trivial consequence of the inde-

pendence of the data and the definition of €.
In the second step of the proof we show (35). In case 2?21 G (%7?”) # 0 we have

that ge x(+,x) is a density, and we can conclude by the Lemma of Scheffé and triangle
inequality

/R 19e1x (¥, %) — geix (y: )| dy

<2 /R (QE\X(yvx) - §é|X(ya $))+ dy

IN

2- / (9e1x (v, 2) = Geix (y, @), dy +2- / Jeix (Y, ) dy
[an ()b (2)] [an ()b (2)]°

<2 / |9eix (4, @) — Gex (y, )| dy + 2 /
[an ()b ()] [

9o x (y, ) dy.
an (2),bn ()]

In case D% | G (%) = 0 we have

Jex(y,x) =0 forally €R,

and the above sequence of inequalities does trivially hold.
Using this we get

. {/Rd /R 19eix (y: @) — gex (v, 7) | dy Px(dx)}
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<2-E {/ / |91 (Y, ) — g x (. )| dy Px(dw)}
[~ 1] [an () b (2)]

12 PR [yl +2- / / gerx (y, ) dy P x (da)
[=Yn,1n]? Jan(x),bn ()]

<2-E {/ / |91 (Y, ) — G x (y, )| dy PX(d@“)}
[=Ynn]?  [an(2),bn ()]

+2-E {/ / |Geix (Y, ) — geix (y, 7)| dy Px(d%‘)}
[=vn,n]? an(x),bn(2)]
12 PR\ [yl +2- / / gerx (v, ) dy P x (da),
Y ¥nl? Jan (x),bn (z)]°

where

> 1G<|x XH) K”<y;(ilflz;fz(xi))>}
- i 6 (Bt

g€|X (y7 $) -
Application of Lemma 4 yields
/ 1 (0. 2) — e (v.2) dy
[an(z),bn (z)]

i 6 (k) e (LB e (= G mO))

()
iy G (L) - i, () — (X))
h ZJ G (I
L2 = L. (Xi) — m (X))

g (1 +Zye{1, v @ (E) ‘7

where the last inequality followed from the fact that G is the naive kernel. Using this
together with the independence of the data, Lemma 4.1 in Gyorfi et al. (2002) and
Lemma 3 we get

E { [ 18eyx (1) — Gy (9| dyPX<dx>}
[77n77n]d [an(x)vbn(x)}
SQ.}IL((O)_/ ZE{ 1 _— }
| ( + et @ (7 ))

E [ g, (2) —m(z)| Px(dz)
R4

<2 -K(0)-

3
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. . . d- d
.2 K(@hn@H;d/&) Mg /R e, (@) (@) | P (de).

Application of Lemma 2 yields

{j L /[an )b ‘gE‘X(y’ ) ge|X(ya )‘ dy Px(dx)}

(W gt (@) — an (2)[ Px (dz) -y

n-H&-h

+

n- Hd+/[—7 Yn)d |bn($)—an($>|PX(dl‘)'(Cl'H3+02.h2)>‘

Summarizing the above results, the proof of (35) is complete.
In the third step of the proof we show (36). As in the proof of Lemma 2 we get

P{ [ gaxtcx)d: 21

=P Z G<”XXH> 0

je{lv'“vn}
X -X;
SP{XERd\[ ’Ym'Yn 'Ym'Yn ) Z G<H];Inj||>:0
je{1,...n}
d 2-(4-
SP{XER\[%,%]} an
Summarizing the above results, the proof is complete. U
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Supplementary material for the referees

Proof of Lemma 3. Partition [—7,,7,]? into

d d
() (5
Hn/\/g Hn
many cubes Aq, ..., Ay of side length at most Hn/\/& Let x; be the center of A;. Then
A; C Sy, j2(w;) and x € Sy, jo(wi) implies Sy, (v) 2 Sy, j2(xi). Consequently we have

1 1
s e i <Z/ S atey 7P (S - X

1 N
< Z/ S P (S () DX S

SH /2 (i)

which implies the assertion. (]
Proof of Remark 2.

In what follows we show how to choose bandwidths h,, and H,, in order to minimize
the expression (14). Here we ignore constants and logarithmic factors, so the aim is to
minimize

An n 1
n-H& h, n-HS

+ An - (C1- Hy, 4+ Co - b)) (37)

with respect to h, > 0 and H,, > 0, where we have used the abbreviation

A, = / bn(2) — an(2)| Px (dz).
[ log(n),log(n)]

If (hy, Hy) minimizes (37), then h,, satisfies

A
B N NS A X
n-Hd h, "2 00n
The last equation is equivalent to
1 _ h23+1
C3- A, -n-HY

from which we conclude

h, = 02—2/(25+1) .Agl/(2s+1) g 1/(2s41) Hgd/(Qerl)‘

Plugging that bandwidth back into (37) yields

1
n- HA

+A,-Cy-H) +2-A,-Cy-h;
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_ 1 LA, O H 2 CY/ @St | 4ls41)/@st1) |y ms/(2st1) | p—dis/(s+1)
n - Hn n n n

(38)

So the optimal H,, > 0 minimizes (38), and it is easy to see, that a value H,, > 0 which
minimizes (38) does indeed exist.

The optimal H,, > 0 minimizing (38) must satisfy
—d

-H;d_1+r-An-Cl-Hj;_1—2d ;‘_81.2'021/(25'1'1)‘A%S-l—l)/(Qs—l—l)'n—s/(25+1).Hgl—d~s/(2s+1) -0,
S

which we can rewrite as
d ) —d d )

—H
n " +2s+1

2,04/ @5, (1)) Q2sH1) =8/ 2s41) pr—ds/Q@s+1) _p 4 . CYHT = 0 (39)

For the optimal H,, either the first term on the left-hand side of (39) will be larger than
the second one, or not. In the first case the optimal H,, lies between the solutions of

g-H;d:r-AWCyH];

n

and of p
2-— H,%=r-A, -C-H,

n

and in the second case it lies between the solutions of

2d ':1 L9 GO | Y1)/ Q) s/ 2e41) | pp—ds/QsF) _ L AL Oy HT
S

and

5. 2;1:1 (2. QYD | Al @st1) s/ (2s1) | gds/@s+D) — A L0y L HY

If we ignore again all constants we get that the optimal H,, > 0 either satisfies

1
n,Hd:A”'Cl'HZ

n

or
021/(2s+1) ,Agbs+1)/(2s+1) s/ (2s+1) _H;d~s/(2s+l) — A, Cy - H.
In the first case we get
H£+d — A;l X 01_1 . n—l,
which implies
H, = A7V/+d). Cl—l/(r+d) pY(rd), (40)
and in the second case we get

H7(L7“-(25+1)+d's)/(23+1) _ Cfl . A;s/(2s+1) . 021/(23—4-1) ) n_s/(25+1),
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from which we get

_ 2s+1 1 _ s ‘
H, — Cl r(2s+1)+d-s .021«~(23+1)+(Ls A, r-(2s+1)+d-s .nfm‘ (41)

Plugging (40) into (38) and ignoring again all constants yields as an upper bound on the
error

A,-Cy-H' + C21/(23+1) L AGFD/@s L) | =/ (2sHD) | pr—dis/(25+1)

_d_ _a_ r —ds _1 (rtd)(s+1)+ds TS
= O AT T OO L 0T 4, HORED Ly TOr st (42)

And plugging (41) into (38) and ignoring again all constants yields as an upper bound
on the error

T
n
(2s4+1)d _ d ds r(2s4+1)
_ C]:r(25+1)+ds . Cz r(2s+1)+ds . A;;(2s+l)+ds . n—m
ds T r(s+1)+ds rs
+C1r(2s+l)+d5 . C27“(2s+1)+d5 . A;;/(Qs«l»l)«kds . n—m (43)

From this we can conclude that (up to a logarithmic factor) the minimal value of (14) is
given by the minimum of (42) and (43).
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