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Abstract

Image classifiers based on convolutional neural networks are defined, and the rate of
convergence of the misclassification risk of the estimates towards the optimal misclassifi-
cation rigk is analyzed. Under suitable assumptions on the smoothness and structure of
the aposteriori probability, the rate of convergence is shown which is independent of the
dimension of the image. This proves that in image classification, it is possible to circum-
vent the curse of dimensionality by convolutional neural networks. Our classifiers are
compared with various other classification methods using simulated data. Furthermore,
the performance of our estimates is also tested on real images.
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1 Introduction

1.1 Scope of this article

Deep neural networks are nowadays among the most successful and most widely used
methods in machine learning, see, e.g., Schmidhuber (2015), Rawat and Wang (2017),
and the literature cited therein. In many applications the most successful networks
are deep convolutional networks, see, e.g., Krizhevsky, Sutskever and Hinton (2012)
and Kim (2014) concerning applications in image classification or language recognition,
respectively. These networks can be considered as a special case of the deep feedforward
neural networks, where symmetry constraints are imposed on the weights of the networks.
For general deep feedforward neural networks it was recently shown that under suitable
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compository assumptions on the structure of the regression function these networks are
able to achieve dimension reduction in estimation of high-dimensional regression functions
(cf., Kohler and Krzyzak (2017), Bauer and Kohler (2019), Schmidt-Hieber (2019), Kohler
and Langer (2019) and Suzuki and Nitanda (2019)). The purpose of this article is to
characterize situations in image classification, where deep convolutional neural networks
can achieve a similar dimension reduction.

1.2 Image classification

Let di,dy € N and let (X,Y), (X1,Y1), ..., (X,,Y,) be independent and identically
distributed random variables with values in

Here we use the notation
0,1]7 = {(a))jes : a; €[0,1] (j € J)}

for a nonempty and finite index set J, and we describe a (random) image from (random)
class Y € {0,1} by a (random) matrix X with d; columns and dy rows, which contains at
position (7, j) the grey scale value of the pixel of the image at the corresponding position.

Let
§x) = PY = 1[X = x} (x € [0, 1){1t) {1t 1)

be the so—called aposteriori probability. Then we have
P{f(X) #Y} =P{f"(X) #Y},

where

0, elsewhere

it n(x 1
() = {1, fn(x) >

is the so—called Bayes classifier (cf., e.g., Theorem 2.1 in Devroye, Gyorfi and Lugosi
(1996)). Set
D, = {(X17Y1)7 cees (Xm Yn)} .

In the sequel we consider the problem of constructing a classifier
fo= ful,Da) [0, 1<) 40,1)
such that the misclassification risk
P{fn(X) # Y|Dn}

of this classifier is as small as possible. Our aim is to derive a bound on the expected
difference of the misclassification risk of f,, and the optimal misclassification risk, i.e., we
want to derive an upper bound on

f:[O,l]{l ..... dq}xA{1,..., dQ}A){Oyl}

=P{fn(X) #Y} -P{f*(X) #Y}.

E {P{fn(X) £Y[D} - min P{f(X) # Y}}



1.3 Plug-in classifiers
We will use plug-in classifiers of the form

fulx) = {1’ 1m0 2 3

0, elsewhere

where
nn() _ nn(’aDn) . [07 1]{1,.‘.,d1}><{1,‘..,d2} SR

is an estimate of the aposteriori probability (1). It is well-known that such plug-in
classifiers satisfy

P{fu(X) £ Y[D,} — P{f*(X) £V} < 2. / 7 () — ()| Px (dx)

(cf., e.g., Theorem 1.1 in Gyorfi et al. (2002)), which implies (via the Cauchy-Schwartz
inequality)

P{fn(X)#Y} -P{/"(X) #Y} <2 \/E {/ |7 (x) — 1(x)]? Px(dX)}. (2)

Hence we can derive an upper bound on the difference between the expected misclassifi-
cation risk of our estimate and the minimal possible value from a bound on the expected
Lo error of the estimate 7, of the aposteriori probability.

It is well-known that the bound in (2) is not tight, therefore classification is easier
than regression estimation (cf., Devroye, Gorfi and Lugosi (1996)). In the sequel we
will nevertheless solve an image classification problem via regression estimation, because
this will enable us to impose conditions on the underlying distribution by restricting the
structure of the aposteriori probability. And, as we will see in the next subsection, it
is easy to formulate such restrictions such that they seem to be natural assumptions in
image classification applications.

1.4 A hierarchical max-pooling model for the aposteriori probability

In order to derive nontrivial rate of convergence results on the difference between the
misclassification risk of any estimate and the minimal possible value it is necessary to
restrict the class of distributions (cf., Cover (1968) and Devroye (1982)). In the sequel we
will use assumptions on the structure and the smoothness of the aposteriori probability.

The basic idea behind the formulation of our structural constraint is the following:
Consider an application where a human has to decide about a class of an image, e.g., the
human has to decide whether a given image contains a specific traffic sign or not. Then
the human will survey the whole image and look at each subpart of the image whether
it contains the traffic sign or not. By looking at a subpart, the human can estimate a
probability that this subpart contains the traffic sign. It is then natural to assume that
the probability that the whole image contains a traffic sign is simply the maximum of



the probabilities for each subpart of the image. This idea leads to the definition of a
max-pooling model for the aposteriori probability introduced below.

Furthermore, we take decision whether a given subpart of the image contains a traffic
sign or not by taking several decisions whether the image contains parts of a traffic sign
or not, and by combining these decisions about the different parts hierarchically. This
idea leads to the hierarchical model introduced below.

Combining both ideas leads to the hierarchical max-pooling model introduced below.

Now consider an application in which a human has to classify an image by applying a
function to the information about the existence of several objects, e.g., the human has
to decide whether an image contains exactly three specific traffic signs out of a list of
five specific traffic signs. Then, for each of these five traffic signs, the human estimates
the probability that the image contains the traffic sign and then verifies whether exactly
three probabilities are sufficiently large. This leads us to our main model, the generalized
hierarchical max-pooling model, which we introduce next. In order to define this model
we need the following notation: For M C R% and x € R? we define

x+M={x+2z:2z¢ec M}

For I C {1,....di} x {1,...,d2} and x = (T0)ic(1, a1} {1,..do} € [0, 1]H1rmdihx (Lo}
we set
X] = (xi)z'el-

Definition 1 Let di,ds € N with dy,dy > 1 and m : [0, 1]{L-dibx{ldo}t R
a) We say that m satisfies a max-pooling model with index set

I1C {0,...,d1—1} X {0,...,d2—1},
if there exist a function f :[0,1](5DH 5 R such that

e .. 0 1{17-~~7d1}><{17"'7d2} .
m(x) (i,j)eZQ:(i,j)+[r£?1>,{..‘,d1}><{1,...,d2}f(X(z’])+1) (x €[0,1] )

b) Let I ={0,...,2" =1} x {0,...,2 — 1} for some | € N. We say that
£, 1]{1,...,21}x{1,...,2l} SR
satisfies a hierarchical model of level [, if there exist functions
Grs :RY = [0,1] (k=1,....5,s=1,...,47F)
such that we have
f=fia
for some fi s : [0, 1}{1"“’2k}x{1"“’2k} — R recursively defined by

-----

fk—1,4~(s—1)+2(X{2’€*1+1,.‘.,2’€}><{1,...,2’“*1})7



fk71,4-(sfl)+3(X{l,...,zk—l}><{2’€—1+17...,2’€})7
fk:—l,4~s(X{Qk*1+1,...,2’9}><{2k*1+1,...,2k}))
(X e [o, 1]{17...,2k}x{1,...,2k})

fork=2,...,l,s=1,...,47F and

fis(@i, 212, 221,%22) = g1,s(T11, 12, T21,222)  (T1,1,%1,2, 2,1, %22 € [0,1])

fors=1,...,471
c) We say that m : [0,1]{L-dibx{lwd2} 4 R sqtisfies a hierarchical max-pooling
model of level | (where 28 < min{dy,ds}), if m satisfies a maz-pooling model with

index set
I:{O,...,Q’—l}x{o,...,Ql—l}

and the function f : [0, 1](1’1)+I — R in the definition of this maz-pooling model satisfies
a hierarchical model with level .

d) Let d* € N. We say m : [0, 1]{1dibx{ld2} 4 R satisfies a generalized hierar-
chical max-pooling model of order d* and level [, if there exist functions

mi, ... mge - [0, 1] d Lok} R

which satisfy a hierarchical maz-pooling model of level I, and if there exists a function
g:RY —[0,1] such that

m(x) = g(my(x),...,mg(x)).

e) Let p1,p2 € (0,00). We say that a generalized hierarchical maz-pooling model of order
d* and level | has smoothness constraints p1 and pa, if all functions gy s in the definition
of the functions m; are (p1,C1)—smooth for some Cy > 0 for any i € {1,...,d*}, and if
the function g is (pa, C2)—smooth for some Cy > 0 (see Subsection 1.7 for the definition
of (p, C)-smoothness).

Remark 1. In the definition of our generalized hierarchical max-pooling model we do
not allow distinct levels lq,..., [« for the functions my,...,mg«. This is a restriction of
the more general case which we use because it makes our proofs much less technical (see
Remark 5 for the generalization of our results).

1.5 Main results

The main contributions in this paper are as follows: First, we introduce the above setting
for the mathematical analysis of an image classification problem. Here our main idea is
to use plug-in classification estimates, which allows us to restrict the underlying class of
distributions by imposing constraints on the structure and the smoothness of the apos-
teriori probability. The main advantage of this approach is that we can introduce in this
setting with the above generalized hierarchical max-pooling model a natural condition



for applications. Second, we analyze the rate of convergence of the deep convolutional
neural network classifiers (with ReLU activation function) in this context. Here we show
in Theorem 1 below that in case that the aposteriori probability satisfies a generalized
hierarchical max-pooling model of order d* with smoothness constraints p; and ps, the
expected misclassification risk of the estimate converges toward the minimal possible
value with rate
S N -
max {n 2:p1+4 ,N 2-pg+d* }

(up to some logarithmic factor). Since this rate of convergence does not depend on the
dimension dj -ds of the image, this shows that under suitable assumptions on the structure
of the aposteriori probability it is possible to circumvent the curse of dimensionality in
image classification by using convolutional neural networks.

1.6 Discussion of related results

Convolutional neural networks, introduced by Le Cun et al. (1989), have become the
leading techniques in pattern recognition applications, cf., e.g., Le Cun et al. (1998),
LeCun, Bengio and Hinton (2015), Goodfellow, Bengio and Courville (2016), Rawat and
Wang (2017), and the literature cited therein.

As mentioned by Rawat and Wang (2017), despite the empirical success of these meth-
ods the theoretical proof of why they succeed is lacking. In fact there are only a few
papers addressing theoretical properties of these networks. Several papers used the idea
that properly defined convolutional neural networks are able to mimic deep feedforward
neural networks and obtained rate of convergence results for estimates based on convolu-
tional neural networks similar to feedforward neural networks estimates (cf., e.g., Oono
and Suzuki (2019) and the literature cited therein). The drawback of this approach is
that in this way it is not possible to identify situations in which convolutional neural
networks are superior to standard feedforward neural networks. Generalization bounds
for convolutional neural networks have been analyzed in Lin and Zhang (2019). In sev-
eral papers it was shown that gradient descent is able to find the global minimum of the
empirical loss function in case of overparametrized convolutional neural networks, cf.,
e.g., Du et al. (2019). But, as was shown by a counterexample in Kohler and Krzyzak
(2019), overparametrized deep neural networks do not, in general, generalize well. In an
abstract setting, very interesting approximation properties of deep convolutional neural
networks have been obtained by Yarotsky (2018). However, it is unclear how one can
apply these results in statistical estimation problem.

Much more is known about standard deep feedforward neural networks. Here, it was
recently shown that under suitable compository assumptions on the structure of the
regression function these networks are able to achieve dimension reduction in estima-
tion of high-dimensional regression functions (cf., Kohler and Krzyzak (2017), Bauer and
Kohler (2019), Schmidt-Hieber (2019), Kohler and Langer (2019) and Suzuki and Nitanda
(2019)). Imaizumi and Fukamizu (2019) derived results concerning estimation by neu-
ral networks of piecewise polynomial regression functions with partitions having rather
general smooth boundaries. Eckle and Schmidt-Hieber (2019) and Kohler, Krzyzak and



Langer (2019) showed that the least squares neural network regression estimates based
on deep neural networks can achieve the rate of convergence results similar to piecewise
polynomial partition estimates where partition is chosen in an optimal way.

Classification theory has been intensively studied in statistics, see e.g., the book De-
vroye, Gyorfi and Lugosi (1996) which discusses probabilistic theory of pattern recogni-
tion in depth. This theory can of course be applied to image classification, but due to
high dimensionality of the input in image classification, this will not lead to useful results.
To the best of our knowledge there do not exist until now papers which analyze the rate
of convergence of image classifiers and are able to achieve sufficient, and for some ap-
plications satisfactory, dimension reduction. Classification problem with standard deep
feedforward neural networks has been analyzed in Kim, Ohn and Kim (2019).

Bayesian image analysis, which can be used, e.g., for feature extraction, can be found
in Chang et al. (2017).

A related problem to image classification is image reconstruction or image denoising.
Here, quite a few theoretical results exist, see, e.g., Korostelev and Tsybakov (1993) and
the literature cited therein.

1.7 Notation

Throughout the paper, the following notation is used: The sets of natural numbers,
natural numbers including 0, integers and real numbers are denoted by N, Ny, Z and R,
respectively. For z € R, we denote the smallest integer greater than or equal to z by [z].
Let D C R% and let f : R — R be a real-valued function defined on R?. We write x =
arg mingep f(z) if mingep f(z) exists and if x satisfies x € D and f(x) = mingep f(z).
For f:RY — R

[ flloo = sup | f(x)]

x€R4

is its supremum norm, and the supremum norm of f on a set A C R? is denoted by
£l 4,00 = sup | f(x)].
x€A

Let p = ¢+ s for some ¢ € Ng and 0 < s < 1. A function f : R? — R is called (p, C)-
smooth, if for every a = (aq,...,aq) € Ng with Z?Zl a; = ¢ the partial derivative

_ O i ~
10274 exists and satisfies

01f o1f

_ < - llx — 7|5
‘Gx‘l"l...axgd(x) 8.%’?1...83:3‘1@) <C-llx -2

for all x,z € R%,

Let F be a set of functions f : RY — R, let x1,...,x, € R? and set x} = (x1,...,Xp).
A finite collection f1,..., fv : R — R is called an e cover of F on x{ if for any f € F
there exists ¢ € {1,..., N} such that

31 Gxe) — i) < =
k=1



The e-covering number of F on x{ is the size N of the smallest e-cover of F on x} and
is denoted by Ni(e, F,xT).

For z € R and 8 > 0 we define Tgz = max{—3, min{3, z}}. If f : RY — R is a function
and F is a set of such functions, then we set

(Tpf)(x) =T5(f(x)) and TpF={Tpf : fe€F}.

1.8 Outline of the paper

In Section 2 the convolutional neural network image classifiers used in this paper are
defined. The main result is presented in Section 3 and proven in Section 4.

2 Convolutional neural network image classifiers

In the sequel we define a convolutional neural network architecture by computing several
convolutional networks in parallel and by finally applying a fully connected standard
feedforward network consisting of several layers to the results of these networks.

Firstly, we define a fully connected multilayer feedforward neural network with L
hidden layers and k, neurons in layer » (r = 1,...,L). The output of the network
is produced by a function g : R — R of the form

kr,
9x) =Y wi " (x) + w”, (3)
=1

where w(()L), .. ,w]gi) € R denote the output weights and for ¢ € {1,...,k} the gl(L) are
recursively defined by

k'rfl
o) =0 | 3wl Ve 60+
j=1

for w%—l),...,wyki)l eR,ie{l,....k},re{l,...,L}, kg =t and

g0 (x) =z

for i € {1,...,ko}, where the function o : R — R denotes the ReLU activation function
o(x) = max{x,0}.

We define the function class of all real-valued functions on RY of the form (3) with
parameters L and k = (k1,...,kz) by Gi(L, k).

Secondly, we define a convolutional neural network with L € N convolutional layers,
one linear layer and one max-pooling layer for a [0, 1]{1""’d1}X{l""’dQ}fvalued input, where
dy,dy € N. The network has k, € N channels (also called feature maps) in the convolu-
tional layer r and the convolution in layer r is performed by a window of values of layer



r —1 of size M, € {1,...,min{d;,ds}}, where r € {1,..., L}. We will denote the input
layer as the convolutional layer 0 with kg = 1 channels. The network depends on the
weight matrix (so—called filter)

we (uf)

ZJ"“’”)1§i,j§M7>,516{1,...,kT,1},526{1 ,,,,, kr}re{l,...L}

)

the weights

— (r))
Wy = (w
e o2 826{17"'7k7'}vre{17-'-7L}

for the bias in each channel and each convolutional layer and the output weights
Wout = (MS)se{l,...,kL}-

The output of the network is given by a real-valued function on [0, 1]{1"“’d1}x{1"“’d2} of
the form

kr,
fwvwbiamwout (x) = max { Z w52 : ng:;)’SQ : Z e {17 M 7d1 - ML + 1}7

so=1

je{1,...,d2—ML+1}},

(L)

where i 1), is the output of the last convolutional layer, which is recursively defined
as follows:
We start with

Ogg,)j),l =T for i € {1, .. .,dl} and j € {1, ce ,dg}.

Then we define recursively

k'rfl

(r) _ E : E : (r) (r=1) ()
O(ivj)ysz =0 Wi, 951,82 0(i+t1—1,j+t2—1),51 + W, (4)
s1=1 ¢1,t2€{1,...,.My}
(i4+t1—1,j+t2—1)€D

for the index set D = {1,...,d1} x {1,...,ds2}, (i,j) € D, s9 € {1,...,k.} and r €
{1,...,L}.

Let F(L,k,M) be the set of all functions of the above form with parameters L,
k = (k1,...,kr) and M = (My,...,Mr). With the definition of the index set D in (4)
we use a so-called zero padding which is illustrated in Figure 1. Therefore, the size of a
channel is the same as in the previous layer.

The function class that we will introduce here is then given by

7 (L,k<1>, K@), M)
= {go (frooonf) i i fe € ]-'(Ll,k(l),l\/l> g EG (L%k(z)) }



(r-1) (r—1)
U(l,l),m 0(1,2),51

(r)
(1,1),s2

g

(r—1) (r—1)
0(2,1),31 0—(2,2),31

(r)
””” > 7(3,3),5

Figure 1: Illustration of the zero padding for M, =2 and d; = d2 = 3.

It depends on the parameters
L = (L1, Ly), k) = (k@,...,kff), K2 — (k;f)ki)) M = (M,,..., My,)

and t € N. Let

. RS
Nn = arg min — Z IY; — f(X)? (5)
reF(LX® k@ M) i

be the least squares estimate of n(x) = E{Y = 1|X = x}. Then our estimate f, is
defined by
1, if nu(x) > %

X) =
fa(x) {0, elsewhere.

3 Main results

Our main result is the following theorem, which presents an upper bound on the dis-
tance between the expected misclassification risk of our plug-in classifier and the optimal
misclassification risk.

Theorem 1 Let dy,dy € N with di,de > 1. Let (X,Y), (X1,Y1), ..., (X, Ys) be inde-
pendent and identically distributed [0, 1)1 dbx{Ld2} 5 £0 1} -palued random variables
with n > 1. Assume that the aposteriori probability n(x) = P{Y = 1|X = x} salisfies a
generalized hierarchical maz-pooling model of finite order d* and level | with smoothness
constraints p1,pa € [1,00). Choose

4 d*
L, = max{ [01 . nz‘(2‘P1+4)—‘ , ’701 . n2‘(2~p2+d*)-‘ }

4t —1
L= (L17L2) = 3 Ln+laLn 5

and set

10



for c1 > 0 sufficiently large. Furthermore, choose t = d*,

2.4 44
=2,

forse{l,..., L1}, k§2) =cy for s € {l,...,La} and co € N sufficiently large and set
M, =2 forse{l,... L1},

where w: {1,..., L1} = {1,...,1l} is an increasing function defined by

r=l—i+1

l
m(s) = Zﬂ{szHZH v Lo}
i=1
We define the estimate f, as in Section 2. Then

PULX)#Y) = o min P{f(X) # V)

[071}{1,--->d1}x{1 ----- d2}_>{071}
9 P __ Py
< cg - /log(d; - d2) - (logn)® - max {n Tpi+d o 2potd” } ’
for some constant cs > 0 which does not depend on dyi, do and n.

Remark 2. The rate of convergence in Theorem 1 does not depend on the dimension
di - dg of X, hence the estimate is able to circumvent the curse of dimensionality under
the above structural assumption on 7.

Remark 3. In the proof of Theorem 1 we show that the expected Lo error of our
estimate of the aposteriori probability tends to zero with the rate of convergence

_ 2 %y
max qn 21ti p o Zeatd (6)

(up to some logarithmic factor). According to Stone (1982)

__2p
n~ 2p+t

is the optimal minimax rate of convergence for estimation of (p,C)-smooth functions
defined on RY. We conjecture that (6) is in our setting the optimal rate of convergence
for estimation of the aposteriori probability.

Remark 4. To show the above bound on the misclassification risk we bound the Lo—
error of the estimate 7, of the aposteriori probability (see inequality (2)). So we solve
our classification problem via regression estimation. Kohler and Langer (2019) present
an upper bound for the expected Lo—error of least squares neural network regression
estimates based on a set of fully connected neural networks. The upper bound is linear-
dependent on the dimension of X. This dependence on the dimension of X results from
the VC dimension of the class of fully connected neural networks (see Subsection 6.3 for
the definition of the VC dimension). In our result, however, the dimension dy - dy of

11



X only occurs logarithmically, which gives us an indication of why convolutional neural
networks could be able to outperform the standard feedforward neural networks in image
classification.

Remark 5. The above result can also be shown for the more general case where the apos-
teriori probability satisfies a generalized hierarchical max-pooling model in which func-
tions myq, ..., mg+ have distinct levels [y, ..., [4«. In this case we would choose the parameter
! in the definition of the convolutional neural network as the maximum max{ly,...[4 }.
The biggest challenge would then be to modify the approximation result of Lemma 5.
Here the idea of the proof would then be to represent the maximum max{z,...,z4} on
R* as a standard feedforward neural network and apply a modification of Lemma 6 to it.
This would enable us to calculate the maximum of four positions of a channel. However,
the proof would be much more technical.

4 Application to simulated data

In this section we illustrate how the introduced image classifier based on the convolutional
neural networks behaves in case of finite sample sizes. Therefore, we apply it to the
synthetic image data sets and compare the results with other classification methods using
Python code. Firstly, we describe how the synthetic image data sets were generated. A
data set consists of finitely many realizations (x1,¥1), (X2,%2),... of a random variable

(X,Y) € [0, 11320082} 5 0,1},

where X is a random image with label Y and the image dimensions here correspond to
dy = dy = 32. As described in Section 1, the matrix X contains at position (i,7) the
grey scale value of the pixel of the image at the corresponding position. We consider two
different classification problems, where our classifier is supposed to distinguish between
two classes of geometric objects.

The first classification task is to detect whether an image contains a circle. Therefore
our synthetic image data set consists of images that do not contain a circle and images
that contain at least one circle. In the following we describe how such an image is
created. Each image consists of three geometric objects. For each object we randomly
and independently choose between a square, an equilateral triangle and a circle with fixed
probabilities each. The circle is choosen with probablhty p=1-0. 55 and the square and
the equilateral triangle with probability ¢ = 5 - 0. 53, respectively. After an object has
been defined as the square, triangle or circle We randomly choose its area, rotation and
grey scale values. For each object, rotation and area are choosen independently and are
uniformly distributed on a fixed interval. We determine the grey scale values of the three
objects by randomly permuting the list (},), g, 1) of three grey scale values. The positions
of the objects are determined one after the other. For the first object, we generate its
position from the uniform distribution on the restricted image area so that the object
lies completely within the image. The position of the second object is chosen in the same
way with the additional restriction that the second object only covers a maximum of one
percent of the area of the first object. For the placement of the third object, we use the

12



corresponding restriction that the third image only covers a maximum of one percent
of the area of the first and second object. With the above procedure, the label Y is
discrete and is uniformly distributed on {0, 1}, since the probability that the image does
not contain a circle is (2 - ¢)® = 0.5.

Al slre [ U] [ arhoferl 2
[ 3 Y 8 1 Rl I N
Al I ] 5 I 3 S A
Lo S D fer Lo €N |

Figure 2: Some random images as realizations of the random variable X for the first
classification task, where the first two rows show images of class 0 and the two
lower rows show images of class 1.

P % Y P ol i K O
RANKRAAERKNR
Cle Sl Tafel w]o (] o
HEKDENORC

Figure 3: Some random images as realizations of the random variable X for the second
classification task, where the first two rows show images of class 0 and the two
lower rows show images of class 1.

In our second classification task we determine whether an image consists of two equal
geometric objects. The first differences to the above problem is that only the two geomet-
ric objects circle and triangle are available and each image contains only two geometric
objects. Apart from that, the images are generated in the same way as above with the
difference that the two objects are choosen with the probability p = 0.5 each and the list
of grey scale values only consists of the values % and 1. Again, label Y is discrete and
is uniformly distributed on {0, 1}, since the probability that the image does contain two
identical objects is given by 2 - p? = 0.5.

We conjecture that the aposteriori probability of the first classification task satisfies
our generalized hierarchical max-pooling model of order 1, since only one object has to be
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detected. To solve our second classification task, we apply a function to the information
about the existence of the two objects. Therefore, we conjecture that for the second
classification task the aposteriori probability satisfies our generalized hierarchical max-
pooling model of order 2.

Since all classifiers, i.e., ours and the classifiers we compare ourselves to, depend on
parameters that influence their behavior, we choose some parameters in data-dependent
manner by sample splitting. This means that we train the classifiers with a training set
of Nyrain = L% . nJ realizations several times with different choices for the parameters
each time and test with a validation set consisting of n,q; = 1 — Nyrain realizations which
parameters we should use. Then we train the classifiers with the selected parameters
on the entire training set consisting of n realizations. First we describe how to choose
the parameters in the convolutional part of our network, which depend on the level [
and order d* of the generalized hierarchical max-pooling model. We adaptively choose
1 €{2,3,4} and t € {1,2}. As in our theoretical result the filter sizes M, have the values
21,22 . 2lforr € {1,..., L}, where the filter sizes grow with increasing r. To simplify
the architecture of our classifier, each value of the filter sizes is repeated L,, € {1,2,3}
times. The number of layers in the convolutional part is then given by Ly = L, - L.
We determine the number of channels in each convolutional layer from k() € {2,4,8}.
Furthermore, we choose the number of layers in the dense part by L, and the number
of neurons by k2 e {5,10} for each layer. To avoid overparameterization, we only use
those parameter combinations for which the total number of trainable parameters of our
model does not exceed the size of the training data set. To approximate the minimum
of the least squares problem (5), we use the stochastic gradient descent method Adam
from the Keras library.

We compare the results of our estimate (abbr. neural-¢) with other conventional
classification methods. Firstly, we consider a fully connected standard feedforward neural
network (abbr. neural-s) with an adaptively chosen number of hidden layers and neurons
per layer. We choose the number of hidden layers from {1,2,...,8} and the number
of neurons per layer from {10, 20,50, 100,200}. We have implemented both the above
approach and our convolutional neural network classifier, using the Keras library in
Python. As a second alternative approach, we consider a support vector machine (abbr.
sum-rbf ) using a Gaussian radial basis function kernel and polynomial kernel (abbr. svm-
p) with a degree adaptively choosen from {1,2,3,4}. The parameter C' which controls
the importance of the regularization term and the kernel coefficient v we adaptively
choose from {1072,107%,1,10} and {1072,107%, 1,10}, respectively for both variants of
the support vector machines approach. For its computation we use the function SVC
integrated in the Python library scikit-learn. We also compare our estimate with a k,—
nearest neighbors classification estimate (abbr. neighbor) with an adaptively choosen k,,
from {1,2,3}U{4,8,12,16,...,4- | ™z~ |}, using the function KNeighborsClassifier from
the scikit-learn library. Finally we compare our estimate to a random forest classifier
(abbr. rand-f). We adaptively choose the maximum number of leaf nodes and the
number of trees in the forest from {8, 16,32} and {50, 100, 200}, respectively and use the
RandomForestClassifier function from the scikit-learn library to compute our classifier.
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The quality of each estimate is measured by its empirical misclassification risk

N
1
EN = N Z H{fn(xn+k:)7éyn+k} (7)
k=1

where f, is the considered estimate based on the training set and

(Xn+la yn+l)7 ey (Xn+N7 yn+N)

are newly generated independent realizations of the random variable (X,Y"), i. e. differ-
ent from the n labeled training images. We choose N = 10°. Since our results depend
on randomly selected data, we calculate the estimators and their errors (7) based on 25
independently generated data sets {(x1,91), ..., (Xn+N, Yn+nN)}. Table 1 lists the median
and interquartile range (IQR) of all runs.

task 1 task 2
sample size n = 1000 n = 2000 n = 1000 n = 2000
approach | median (IQR) | median (IQR) | median (IQR) | median (IQR)
neural-c | 0.05 (0.02) | 0.02 (0.01) | 0.05 (0.05) | 0.02(0.01)
neural-s 0.46 (0.01) 0.45 (0.01) 0.50 (0.02) 0.50(0.01)
neighbor 0.48 (0.01) 0.46 (0.01) 0.50 (0.01) 0.50(0.01)
rand-f 0.46 (0.01) 0.45 (0.02) 0.50 (0.01) 0.50(0.01)
svm-p 0.42 (0.01) 0.39 (0.01) 0.50 (0.01) 0.50(0.01)
sum-rbf 0.50 (0.01) 0.49 (0.01) 0.50 (0.01) 0.50(0.01)

Table 1: Median and interquartile range of the empirical misclassification risk ey .

We observe that our convolutional neural network classifier (neural-c) outperforms the
other approaches in both classification tasks. The errors of our classifier are 8 to 25
times smaller than the erros of the other approaches. The relative improvement of our
classifier with increasing sample size is much larger than the relative improvements of
the other approaches. This could indicate that our classifier also has a better rate of
convergence. In the second classification task all approaches except our classifier, are not
able to achieve satisfactory results, since the errors of these estimates corresponds to the
expected error of a classifier which always estimates the same class.

5 Application to real images

In this section we test the different image classification methods on real data to show
the practical relevance of our classifier. We consider the CIFAR-10 data set described
in Krizhevsky (2009). It contains 60,000 images, which consist of 10 different classes.
We limit ourselves here to only two of these classes (12,000 images). One class contains
images of cars and the other class contains images of ships. The size of each image is
32 x 32 pixels. Since the images are in color, we have converted them to grey scale.
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Figure 4: The first two rows show some images of the ships and the lower two rows show
images of the cars of the grey scaled CIFAR-10 data set.

The different approaches of classification, as well as the parameter sets we use, are
described in the simulation study in Section 4. We choose n = 2,000, npqin = 1,600 and
Nyar = 400 to train our classifiers. We calculate the empirical misclassification risk (7)
using the remaining N=10,000 images. The results of all approaches are summarized in
Table 2.

neural-c¢ | neural-s | neighbor | rand-f | svm-p | svm-rbf

0.16 0.22 0.36 0.22 0.28 0.30

Table 2: The empirical misclassification risk ey for each estimate based on the presented
grey scaled subset of the CIFAR-10 data set.

Again we observe that our estimate outperforms the others. This time, contrary to
the synthetic image data sets, the error is only 1.4 times smaller than the error of the
two second best approaches (the fully connected standard feedforward neural network
and the random forest classifier). However, in the case of the real images we do not
know for which model parameters the aposteriori probability could satisfy our generalized
hierarchical max-pooling model. In particular, we have only tested the values ¢t € {1, 2}
which correspond to the orders d* € {1,2} of our generalized hierarchical max-pooling
model. Moreover, the errors of the other approaches are much smaller than their errors
in the two classification tasks of the synthetic image data sets.

6 Proofs

6.1 Auxiliary results

In this subsection we present several auxiliary results from the literature which we will use
in the proof of Theorem 1. Our first result is a well-known bound on the misclassification
risk of the plug-in classifiers.
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Lemma 1 Define (X,Y), (X1,Y1), ..., (Xn,Yn), and Dy, n, f* and f, as in Section
1. Then

P{f,(X) £Y[D} - P{/*(X) £V} < 2. / 17 (3) — ()| Px (dx)

2. \/ / 7 (%) — () 2P ()

Proof. See Theorem 1.1 in Gyorfi et al. (2002). O
Our next result is a bound on the expected Ly error of the (truncated) least squares
regression estimate.

IN

holds.

Lemma 2 Let (X,Y), (X1,Y7), ..., (X, Yy) be independent and identically distributed
RY x R-valued random variables. Assume that the distribution of (X,Y) satisfies

E{exp(cz-Y?)} < 00
for some constant c3 > 0 and that the regression function m(-) = E{Y|X = -} is bounded
i absolute value. Let m, be the least squares estimate
n

() = arg min — > 1% - X

feF,

based on some function space F, consisting of functions f : R? — R and set m, =

T, 10g(n)Mn for some constant c4 > 0. Then my, satisfies

/ mn () — (%) PPx (dx)

5 - (l0g(n))? - supsg ey (108 (N1 (Fezrtogy- Lostont Fro Xt ) +1)

n

1nf / |f(x x)|*Px (dx)

E-Fn

<

for n > 1 and some constant c5 > 0, which does not depend on n or the parameters of
the estimate.

Proof. This result follows in a straightforward way from the proof of Theorem 1 in
Bagirov, Clausen and Kohler (2009). A complete proof can be found in the supplement
of Bauer and Kohler (2019). O

Our third auxiliary result is an approximation result for (p, C')-smooth functions by
very deep feedforward neural networks.
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Lemma 3 Letd € N, let f : R? = R be (p,C)-smooth for some p=q+ s, ¢ € Ny and
s €(0,1], and C > 0. Let M € N with M > 1 sufficiently large, where

4(g+1)

al1+"'+ldf

M? > ¢5- | max<{ 2, sup
- [ 1 [ d
XE[—Q,z}d all‘( )adl‘( )

(I1,-,la)EN?

Lit+la<q

(x)

must hold for some sufficiently large constant c5 > 1. Let 0 : R — R be the ReLU
activation function
o(z) = max{z,0}

and let L,r € N such that
(i)
L >5M% + [IO& ( Np2pHad(g+1) | e4tq+1>-<Md—1>ﬂ
- [logy(max{d, ¢} +2)] + [log,(M*")]
(i)

d+q

r2132-2d-[ed]~< g

> -max{q + 1,d*}
hold. Then there exists a feedforward neural network

fnet € gd(L7 k)

with k = (k1,...,kp) and ky = --- =k, = r such that
sup | f(x) = fret(x)]
x€[—2,2]¢
4(q+1)

l+tla f .

< cp - M~

S Co | maxy 2, xe[silfa]d Ol . Jlag(d) (x) M

(I1,...,lq) EN?

Lit+la<q

Proof. See Theorem 2 in Kohler and Langer (2019). An alternative proof of a closely
related result can be found in Yarotsky and Zhevnerchuk (2019), see Theorem 4.1 therein.
O
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6.2 An approximation result for convolutional neural networks

In this subsection we describe in Lemma 5 below a connection between fully connected
neural networks and convolutional neural networks, which will enbable us to derive in the
proof of Theorem 1 an approximation result for the generalized hierarchical max-pooling
models by the convolutional neural networks. Before we do this we present a bound on
the error we make in case that we replace the functions g s in a hierarchical model by
some approximations of them.

Lemma 4 Let dy,dy,t € N and | € N with 28 < min{dy,d>}. For a € {1,...,t}, set
I={0,1,...,2" =1} x {0,1,...,2 — 1} and define

fa (2Gg)+1)

me(x) = max
(1.5)€22 : (i,5)+IC{1,sd1 } X {1,0,d2}

and

M) = ez R i (s} ()

where f, and f, satisfy
fa = 1(3) and  fo = l(,(i)

for some féas), _lgas)  R{L-2P {125} R recursively defined by

R0 = g (A s @ 2oy,
f;gfi)m.(s,l)ﬁ(${2k71+1,...,2k}x{1,...,21%1})a
f;ici)m.(s,lﬂg(37{1,...,2k—1}x{zk—1+17...,2k})a
f;g(i)m.s(55{2k—1+1,...,2k’}x{2k—1+1,...,2k}))

and

§;(;s ( _;5‘1)174.(871)“(95{1,...,216*1}x{1,...,2k71}>7

L
S
—
>
S—
|

Jf;gi)174.(5_1)+2(w{zk—lﬂ,...,zk}x{1,...,2k—1})7

f]ifi)174.(5_1)+3 (x{l,...,2k'*1}><{2’“*1+1,...,2’“})v

fork=2,...,l,s=1,...,47% and

A (@10, 12, 0,0, 222) = 91 (21,1, 01,2, 02,1, 22.2)

and

R (10,212, 2,0, w2) = G0 (21,0, 81,2, 02,1, T2.2)

fors=1,...,4"1 where

g,iaz :R* - [0,1] and g,ﬁ“ﬁ ‘RS R
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are functions for a € {1,...,t}, k € {1,...,1} and s € {1,...,47%}. Furthermore, let
g : R = [0,1] and g : R! — R be functions. Assume that all restrictions 91(3“7272]4 :
[-2,2]* — [0,1] and gli—a2 : [-2,2]" = [0,1] are Lipschitz continuous regarding the
Euclidean distance with Lipschitz constant C' > 0 and for alla € {1,...,t}, k€ {1,...,1}
and s € {1,...,47%} we assume that

(8)

[

Then for any x € [0, 1){1dbx{Ld2} it polds:
lg(m1(x), ..., m(x)) — g(ma(x), ..., mi(x))]
<Vi-(2C +1)

¥ ~)-
. max v —
o t}Je{1,...,1}786{1,...,4z7j}{“%s 32914 000 19 — Fll 2,27

Proof. Firstly, we show for any a € {1,...,t} that

o(X) = ma(x)] < (20 + 1)1 (@ _ @) N
[ma(x) — ma(x)| < (2C +1) je{lwl}r’rslgﬁw_j}ng,s 9.4 l-2.214 00 9)

If a1, b1, ..., an, by € R, then

| max a; — max b]< max |a; — b;|.
i=1,...,n i=1,...,n =1,...,n

Indeed, in case a1 = max;—1 ., a; > max;—i__p,b; (which we can assume w.l.o.g.) we
have

| max aj — max bil =a1 — max b <a; —b < max |a; — byl
i=1,...,n seees TV i=1,...n i=1,...,n

Consequently it suffices to show

ma. a a
6B ety 12 (F001) ~ e (20|
< (2C+1)" L max 195" — 0,971 0

GE{L,... 1},s€{1,...,4l=5}

This in turn follows from

(@) 50y — 7@ (5) < (20 + 1)5-1 . (@) _ 5@ 10
[ frs () = frs(®)][ < (2C+1) ie{17”.7k}r’r;2>{<lw4l_i}Hg@,s 3 oo (10)

for all k € {1,...,1}, all s € {1,...,4"%} and all x € [0, 1]{12" {12} " which we
show in the sequel by induction on k.

For k=1 and s € {1,...,471} we have

1(2(3() - _1(,?(3()’ = ’95?5)(951,17901,27172,1,$2,2) —ggig)(@“m,961,2,96‘2,17$2,2)
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ok - 5

[071]4700

Assume now that (10) holds for some k € {1,...,1 — 1}. The definition of f,gas) and
inequality (8) imply that

7060] <2

for all x € [0, 1]{1""72k}x{1""’2k} and s € {1,...,4'"%}. Then, the triangle inequality and
the Lipschitz assumption on g imply

A2 = R ()

< ‘9;&?1,5( ,5“4)(5 1)+1(${1, 2R % {1,...,2 })?f]f;iz.(s_l)+2(x{2k+1,...,2k+1}><{1,...,2’“})7
(a) 4-(s—1)+3 (w{l,...,2k}x{2k+1,...,2k+1})af;gi;).s(${2k+1,...,2k+1}x{2k+1,...,2k+1}))
—géi)ls( At om0 (1,299,260 T2 (T 20 1, 2601, 200
,ﬁ‘l)(s 1)+3(${1 2k}x{2k+1,...,2k+1})a (,)s(${2k+1 2k+1}><{2k+1,...,2k+1}))‘
+‘gk+1,5(fk74.(5_1)+1(m{l,...,2’f}><{1,...,2’“})7 (?4)(5 1)+2(l’{2k+1 2K 1Y (1,25} )
(a)(s 143 ({1, 20 x (2041, 2041} ) ;E4)S(x{2k+1,...,2k+1}X{2k+1,...,2k+1}))
_g](g_gls( ;5?4)(5 1)+1(x{l,...,Qk}x{l,...,Zk})afk(;i;)(s 1)+2(93{2k+1,“.,2k+1}x{1,...,2k})v
lga4)(s 1)+3(35{1 2R x {2k 41,.. 2k+1})af;ga4)s(«’13{2k+1,...,2k+1}x{2k+1,...,2k+1}))‘
(a)

<C- <‘fk,4.(5_1)+1(1:{1,...,2k}><{1,...,2’“}) - fk74.(5_1)+1(x{l,...,Qk}x{l,...Qk})‘2
+|f;§a4) (s—1)+ 2(${2k+1,4..,2k+1}x{l,...,zk}) —f,ﬁ“ﬁ 5_1)+2(${2k+1,...,2k+1}x{l,...,zk})’2

Hf;iaz;)(s 1)+ 3(x{l,...,Qk}><{2’“+1,...,2k+1}) ]£a4)(3 1)+3(9C{1 2k}><{2’“+1,...,2’“+1})’2

, 1/2
a a 2
+‘fk74.s(${2k+1,...,2k’+1}x{2k+1,...,2k+1}) - fk74.5(95{2k+1,...,2k+1}x{2k+1,...,2k+1})’ )

Hlgs?, s = 3 2.2 00

<(2-0)-(2C + 1)k 1. max —
<@0)or om0 o

gty = 32 2214 00

<(2C+1)"- ma; (@) _ gl
= )* ie{1,...,k+1},s}e({1,...,4l*i}ng’s Gis 1221000

for all x € [0, 1]{17~~-,2’“+1}x{l,...,2k+1}_
The definition of the functions f,gas) and inequality (8) imply that

ma(x)] <2
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for all x € [0, 1]{Ldibx{ld2} and ¢ € {1,...,t}. Then, the triangle inequality, the
Lipschitz assumption on g and inequality (9) imply

m
<O (Jma(x) = (X2 + - + [ma(x) — my(x)2) "
+ 19 = 3l 22700
<Vt-C-(20+1)7L. max g\ — gt

ac{l,...t},je{l,...1},s€{l,... 413} 3,5 111=2,2)%,00
+lg = gll[—2,2% 00
<Vt -(2C+1)
(a) _ ~(a) -
{195 = g o o g — gl |
je{l,....1},s€{1,...,.41=7}
for all x € [0, 1] (i} x{Loda). 0

Lemma 5 Letdy,ds,l € N with 2! < min{dy,ds}. Fork € {1,... 1} ands € {1,...,47%}
let
netk,s R* — R

be defined by a feedforward neural network with Ly,e: € N hidden layers and rnpet € N
neurons per hidden layer and ReL U activation function. Set

I:{O,...,Ql—l}X{O,...,Ql—l}

and define m : [0, 1] {loda} L R py

mix) = ()€22  (1.4) AT Lt} % {1, o) I @)

where f satisfies -
f=rn
for some fk,s : [0, 1}{17"'72k}x{17“"2k} — R recursively defined by
fk,s(x) = gnet,k,s(fk71,4-(sfl)+1(x{l,...,Z"'—l}><{1,...,2’“—1})7
Je—1,a-(s—1)r2(Xqor—141,. 25y x {1,251} )
Jreotas—1)43(X(1, 261y x {2k 141, 2%} )

fk—1,4-s(X{2k71+1,...,2k}x{2k71+1,...,2k}))

fork=2,...,l,s=1,...,47% and

fl,s(l'l,l»331,271'2,17$2,2) = §net,1,5($1,1, 1‘1,2@2,1@2,2)
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fors=1,...,4"1 Set

4t —1
lnet: 3 Lnet+l’
2.4 44
ks:T"i_Tnet (8:17~--7lnet>7

and set
M, = 27() forse{l,... lnet},

where the function m: {1,... lpet} — {1,...,1} is defined by

Z H{S>Z+ZT 1—i+1 47 "Lnet} '

Then there exists some Mper € F (Inet, k, M) such that
m(x) = Mpet(X)
holds for all x € [0, 1]{1di}x{Tod2}

In order to prove Lemma 5 we will use the following auxiliary result.

Lemma 6 Let gper : R* — R be a standard feedforward neural network with Lye € N
hidden layers and rpe; € N neurons per hidden layer. Let dy,ds € N with di,do > 1 and
let o(z) = max{x,0} be the ReLU activation function. We assume that there is given a
convolutional neural network mper € F(L,k, M) with L = ro + Lpet + 1 convolutional
layers and ky =t + rpet channels in the convolutional layer v (r =1,...,70 + Lpet + 1)
forro,t € N, and filter sizes My, ..., My 4, ..+1 € N with

M,yyy1 = ok for some k € N with ok < min{dy, da}.

The convolutional neural network mpe; is given by its weight matriz

w = (w(r)s < ) , (11)
DDSUS2 1< <My os1€{1,0 ke —1}82€{ Lok }rE{ L, ro+ Lner+1}
and its bias weights
s = <7")) . 12
Whias ( 52 ) el b €{Lo+ Lner+1} (12)
Set 10™) = {0, .. — 1} x {0,...2™ — 1} for m € Ny. Furthermore, let fi,..., fs :

[0, 1] 1)+I(k Y ]R be functions and let sa1,...,5210 € {1,...,t}. Assume that the
gwen convolutional neural network muet satisfies the following four conditions for all

(in,72) € {1,...,dy —2F + 1} x {1,...,dy — 2F +1}:
(ro) (ro) o
0(%’3]’2)752,1 a 0(23]2 ),52,2 fl( (i2,j2)+ Ik ) (13)
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(ro) (ro)
(i§+2k71’j2)7s2,3 o O(i20+2k717j2)782 4 B f (:1:(%2_!’_2]‘3 ! )+I(k 1)) (14)
(ro) (ro) —
O(Z’;),]'2+2k_1)782¢5 o 0(@;) Jo+2F—1),506 f3( (42 j2+2k71)+1(k71)) (15)
and
(ro) (ro) _
(i§+2k*1,j2+2k*1)782,7 N O(i§+2’“*17j2+2k71)152,8 o f4(m(i2+2k_l:j2+2k_1)+[(k71>)' (16)
Then we are able to modify the weights (11) and (12)
W s 0D (51 € {1,004 er}) (17)

in layersr € {ro+1,...,70+ Lpet+1} and in channels sy € {s29,5210,t+1,...,t+Tnet}
such that

(7"()+Lnet+1) o (TO+L'rLet+1)
(i2,42),52,9 (i2,42),52,10

:gnet<f1( (i9,j2) 41k~ 1)) f2( z2+2k717]‘2)+[(k—1))7
f3(5'3(i2,jz+2k*1)+1<k*1>)7 f4(x(i2+2k*17j2+2’<*1)+1(k*1) ))

holds for all (i, j2) € {1,...,dy —2F + 1} x {1,...,dy — 2F + 1}.

Remark 6. In the proof of Lemma 6 we only modify in layers rg + 1,...,79 + Lpet + 1
the filters and bias weights (17) in channels

t+1,...,t+?”net

and in layer rg 4+ Lpet + 1 the filters and bias weights in channels

52,9, 82,10-

This means that the calculation only takes place in these channels. The filter and bias
weights in the remaining channels can therefore be arbitrary.

Proof of Lemma 6. Let (i2,j2) € {1,...,d1 —2F+1} x {1,...,dy—2F +1} be arbitrary.
We modify the weights (15) by using the weights of gner. Here we assume that gpe is
given by

Tnet

Lne Lnet L’ﬂe
gnet() = 3w g™ (x) + wiig
=1

fOI“ g(Lnet) 9

; s recursively defined by

Tnet

Z r 1 7" 1) )+'UJ1(7E] 1)
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forie{l,....,rnet}, ¥ €4{2,..., Lpet}, and

4
0 = [ Y wla? 4wl | e {1,
j=1

In layer rg + 1 we modify the weights (17) in channel ¢ 4 ¢ by setting

(ro+1) =0
ti,te,st+i

for all t1,¢2 ¢ {1,1 +2¥"1} and all s ¢ {sa1,...,528} and choose the only nonzero
weights by

ﬁgitﬂ = wz(,ol)’ wgnljizl)gtﬂ = _wz(?l)7
wgi(-);“l—)l,l,sz,&t-i-i = wz(,o2)’ wgi);l_)l,l,s2,4,t+i = —wE,OQ),
WV e = 00 WV g e = 0
wﬁ;klf)l,1+2k*1,52,7,t+i = wfgf, w§1:£2+’v17)1,1+2k*1,52,8,t+i = —wgi)

and wgﬁ-ﬂ) = wg?o) for i € {1,...,7pet}. Then we calculate with the modified weights

and the assumptions (13)—(16)

(ro+1) RS (ro+1) (o) (ro+1)
ro+ _ ro+ ) ro+
Olinga)st+i 0 Z Z Wiy to,1,44+i " Oindtr—1,jotta—1),s1 T Wi

s1=1 tl,tze{l,..-,Mr0+1}
(ia+t1—1,jo+t2—1)€D

_ (0) (ro) (ro)
=0 (wi,l ’ (O(z’;jg),SQ,l o O(is,jz),SQ,z)

(0) (¢, (ro) ~(ro)

T Wi (0(i2+2’“‘1,j2)752,3 0(i2+2’“‘1,j2),82,4)
(0) (o) _ (ro)

T W3 (O(iz,j2+2k’l)782,5 O(i2’j2+2k71)732,6)

(0) (o) (o) (0)
TWig (0(12+2’“*1,j2+2k*1)752,7 B 0(i2+2k*17j2+2k’1),82,8) + wi70>
0 0
=0 (wz(,l)fl (@ (i3,ja)+1:-1) + wz(,Q)f2($(i2+2k*1,j2)+[<k71))

0 0 0
+ wz(,?))f3(x(i2,j2+2k*1)+l(k*1)) + wz(,4)f4(33(¢2+2k71,j2+2k71)+1<k71)) + wz(,(])>

1
:gi( ) (fl ($(i2,j2)+[(k—l> )s f2($(7;2+2k71,j2)+[(k—1) ),

fS(x(iQ,j2+2k—1)+1<k71> ), f4(x(i2+2k—1,j2+2k—1)+1(’€*1) ))
(18)
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forie {1,...,mnet}. Inlayers r € {ro+2,...,70 + Lpet} in channel ¢ 4+ i we modify the
weights (17) by setting
(r) =0

Wy, to,s,t4i —
for all (¢1,t2) # (1,1) and all s € {1,...,t} and choose the only nonzero weights by

(r) _  (r—=ro—1) (r) _  (r—ro—1) .
Widppjeri = Wiy 0 Wi =W (J €A, . Tnet})

fori € {1,...,7het}. Thus we obtain
( Tnet ( ) ( )
ro+r) _ T 1) 7"0+r 1 r—1
(127]2 )it+i =9 ( Z Wy 12,]2 A+ + W; o )

for i € {1,...,rpet} and 7 € {2,..., Lpet}. Then we get by equation (18) and the
definition of gm that

7

OE:;Z))H =g\" (fl(if(l2 o)+ 1=)s J2(Z (35281 ) 16-1)

f3(~’5(z‘2,j2+2k*1)+1<k*1>)a f4(37(@2+2k71,j2+2k71)+1(k71)))

for i € {1,...,rpe} and r € {2,..., Lyt }. Now in layer 7o + Lper + 1 in channels
$2,9,52.10 € {1,...,t} we modify the weights (17) by setting

(TO+Lnet+1) _ (TO+L7L€t+1) _ 0
t1,t2,5,820 7 Tti,t2,s,52,10

for all (¢1,t2) # (1,1) and all s € {1,...,t} and choose the only nonzero weights by

(TO“I‘Lnet"Fl) _ (Lnet) (TO+Lnet+1) _ (Lnet)

Llttisee — Wii > Wilttisery —  Wii o

(ro+Lnet+1) _ , (Lnet) (ro+Lnet+1) _ _, (Lnet)
wszyg e - wl,O ’ wsg’lo e - wl,O

for i € {1,...,mpet}. Consequently, we get the following outputs:
0(m+Lnet+1 s z”: wiEnet) | p(rotLnet) o (Lner)
(i2,42),82,9 Li O iz, o) t+i 1,0
=0 (gna (fl (x(iz,jz)—i-l(k*l)% fz( 12+2k 1 )+I(k 1))

S3(E iy gy k1) 41010, Ja(@ (iyqon1 gy o1y 4 16— )))

and

Tnet
(T0+Lnﬁt+1) (Lnet 7‘0+Lnet) . (Lnet)
O(Z2J2) 52,10 Z W zz,jQ),t+z‘ Wi 0
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:0’( gnet<f1< (22j2)+[(k 1)) f2($(12+2k L o)1 (k— 1))

f (1‘(12 ]2+2k 1 +](k 1)) f4( 12+2k17j2+2k1)+](k—1)))>.

Finally, we obtain

(TO“I’Lnet“Fl) o (TO+Lnet+1)
(12,52),52,9 (i2,J2),52,10

= max {gnet (f1($(i27j2)+1(k—1)),f2( (ig+2k=1 o)+ T(k— 1))
f3(x(i27j2+2k 1y p(k— 1)) f4( 12+2k—17j2+2k—1)+1(k1)))30}
_max{ _gnet<fl( 127]2)+](7€ 1)) f?(x(12+2k Lojo)+T(k— 1))

fd( (12 ]2+2k 1 +Ik 1) ) f4( 12+2k—17]’2+2k—1)+1(k1)))70}

= Onet (fl (x(i27]‘2)+[(k—1)), f2(37(,-2+2k717j2)+1<k71) ),

fg(I(i27j2+2k 1 4+ [ (k— 1)) f4( 7,2+2k—17j2+2k—1)+1(k—1))).

Proof of Lemma 5. In the proof we will use the network f;; : R — R defined by
fia(x) = o(x) — o(—x) = max{z,0} — max{—=z,0} =z,

which enables us to save a value computed in layer » — 1 in channel s at position (i, j)
by a difference of the outputs of two neurons in distinct channels s; and s in layer r by

(r) () _ (r-1) (r=1)\ _ (r-1)
Oig)s1 — Clig)se — 0<0(i,j),s) - U( — 047, s) = 0(; i), (19)

Once a value has been saved in layer r by the difference of two neurons, it will be
propagated analogously to the next layer r + 1 by calculating

(r+1) (r+1) _ (r) (r) (r) (r) _ " (r)
O(ivj)vsl o O(ivj)752 - J( ( 7]) B O(ivj)752> o J(O(ivj)752 o O(i7j),51> - O(ivj)vsl _O(ivj)wSQ. <20)

In case we want to make use of equation (19) or equation (20), we have to choose the
filters (and the bias weights) of the convolutional neural network in layer r in the channels
s1 and sg accordingly from the set {—1,0,1}.

With this approach of storing and propagating calculated values, the idea of our proof
is to choose the filters (and the bias weights) such that our convolutional neural network
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saves in channels corresponding to position (,7) the values of x; j, fljs(w(ivj)ﬂu)) (s =
1,...,47h), f2,s($(i,j)+](2)) (s=1,...,472), ..., fl,s(x(qj,j)+](l)) (s = 1), where we set

1™ ={0,...,2™ =1} x {0,...,2™ — 1}

for m € Ng. To do this we need two neurons for each of the above values, so altogether

4t —1 2.4t 14
2. (1444424 44 =2. (14 = +

4—-1 3
channels or neurons for each position (i,7). Furthermore, we will need r,.; additional

channels to compute the networks gpes k5. So altogether we need

2.4 44
3

+ Tnet = kr

many channels in each convolutional layer r.

The convolutional neural network mper € F (Ipet, k, M), which we will construct to
prove the assertion, has the parameters /¢, k and M of Lemma 5. We make use of the
above idea by choosing the filters (and bias weights) of the convolutional neural 1,
network so that it has the following property for any &k € {1,...,l}:

For any s € {1,..., 4%} (i,5) € {1,...,dy —2F + 1} x {1,...,dy — 2F + 1}
and any r € {4V Lyes 4+ 4+ 4% Loy + k, ..., Inet s it holds that

(r) (r)
Ol ), 2+24l=1 b2 4l—h+1 42,51 — O(;j) 242.41-1 4oy 2.41—k+1 4 2.5 (21)

= fk,s(x(i,j)+[(k) )

Due to equation (20) is suffices to show equation (21) for r = 4" - Lo+ - -+47F Lo +k.
To construct our convolutional neural network my; so that the above property (21) is
fulfilled, we use an induction on k.

We start with & = 1. First we note that

fl,s(x(i,j)+[(1>) = Qnet,l,s(ﬂf(i,j)a L(i41,5)> 55(1',3‘+1)737(i+1,j+1))

for s € {1,...,4"" '} and (i,5) € {1,...,d; —1} x{1,...,dy —1}. So we have to compute
the networks gnet,1,1;. - - ,Gner,1,41-1 applied to the input of our convultional network. The
idea is to use Lemma 6 for each network gnes,1,s- Therefore, we first make sure that the
assumptions (13)-(16) are fulfilled as we need them. In the first convolutional layer we
copy «; ; in the first two channels using the weights as in equation (19), and we propagate
these values in the successive layers using the weights as in equation (20). So after the
first layer we have available the input in the first two channels in all convolutional layers,
so that for all r € {2,..., [} and all (4,5) € {1,...,d1} x {1,...,d2} it holds that

o) ()

(i.),1 ~ )2 = T(g):
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For the filter size it holds that
M,=2 (renx'(1)={1,2,...,4" " Lo +1}).

Starting already in parallel in the first layer, we compute successively the networks
Gnet, 1,15+ 1Gnet,1 411 10 layers

1,245V Lo+ 1

in the channels . . l
2-4'+4 2-4'"+4 2-4"4+4
3 1, 3 +2"”’T+Tnet

for the computation of their hidden layers and the ouput layers in channels 241,...,2+
2. 471 by applying Lemma 6 4! times. We now describe how to use Lemma 6 to
compute gpet1,s (s =1,... ,471). In particular, we specify how to choose the parameters
$2.1,-..,52,10 from Lemma 6. The computation of gnes,1,s takes place in layers

(8_1)'Lnet+17--~75'Lnet

in channels . . l
2-4'+4 2-4'+4 2-4"4+4
3 1, 3 +2"”’T+Tnet

for the computation of its hidden layers and its output layer is computed in layer s- Ly +1
in channels sp9 = 2 + 25 — 1 and s210 = 2 + 25. As input the network gper,1,s uses the
first two channels for s > 1 such that

52,1 = 823 = S25 =527 =1 and S92 = 524 = S26 = 528 = 2,

and in case s = 1 it selects its input from the input of the convolutional network and
then use a simple variation of Lemma 6 by adapting the assumptions (13)—(16). The
computed function value of gnet,1,5 1s then saved in the two channels s99 = 2 4+ 25 — 1
and s3 10 = 2 + 2s. Here we propagate again the value of these neurons successively to
the next layer by using the weights as in equation (20). So after layer 4=1 - Lo + 1 we
have available the values of all fl,s in the channels 241, ..., 2+2-4"1 5o that for any
se{l,...,4 Y and any (i,5) € {1,...,d; — 1} x {1,...,ds — 1} it holds that

(4171‘Lnet+1) (4171'Lnet+1) =
0(i,j),2+2-571 - 0(i,j),2+2-s = gnet,1,8<x(i,j)7 L(i41,5)> x(i,j+l)7x(i+l7j+l))

= f_l,s(x(i,j)-i-l(l))'

Thus property (21) holds for k£ = 1.
~ Now we assume that equation (21) holds for k& € {1,...,1 — 1}. We use the values
fk,s(x(m)H(k)); which are given by equation (21), to compute all values of

Jit1,5(T 5 )1 10641)) = et kt1,s (fk,4.(s—1)+1(x(iQ,jQ)H(k)), Jra-s—1)+2(T g0k jo)+10)),

fk,4'(s—1)+3(x(m,j2+2k)+1<k> ) fk,4-s(x(i2+2k,j2+2k)+1<k> ))
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for s € {1,...4=++D1 ysing Lemma 6. We proceed similarly to the above case of k = 1.
For the filter size it holds that

M, =21 (ren l(k+1)),
where 7 1(k + 1) is given by
(A Lper 4+ 47 L+ (k+ 1), 47 L+ 45D L4+ (k+ 1))

By applying Lemma 6 Al=(k+1) times we compute successively the networks gnet x4+1,1,- - -

Gnet ki+1,41-(+1), in the corresponding layers
4l71 'Lnet+' ’ '+4lik ‘Lnet+k+1; s 74l71 'Lnet+' ’ '+4lik ‘Lnet+4l7(k+l) 'Lnet+k+ 17
where the computation of their hidden layers takes place in channels

2-4l+4+12-4l+4+2 2.4+ 4
3 3 g

and the computation of their ouput layers takes place in channels

Tnet

24247 4o poaalth g 24 2.4 49 gl (kD)

As above we describe how to use Lemma 6 to compute Gpet k1,5 (s =1,... ,41=(E+1)y and
specify how to choose the parameters sz 1,...,s2,10 from Lemma 6. The computation of
Onetk+1,s (s=1,... 74l_("3+1)) takes place in layers

41_1'Lnet+' : '+4l_k'Lnet+k+(5_1)'Lnet+1a cee 74l_1'Lnet+' : '+4l_k'Lnet+k+5'Lnet

in channels . . l
2-4'+4 2-4'+4 2-4"4+4
3 +1, 3 —|—2,...,T—|—Tnet

for the computation of its hidden layers and its output layer is computed in layer

4l_1'Lnet+"'+4l_k'Lnet+k+3'Lnet+1

in channels

s99=2+2-471 . 4 2.4k o5 1 (22)
and
so10=2+2-4" 4. 4 2.47F 4 9 (23)
We choose
-1 ‘
Som =2+ ( Z 2-42> +2-4-(s—=1)+m
i=l—(k—1)
for m € {1,...,8}, because then we have

(r) (r) _ 7
O(i7j)752,2~m71 o 0(i7j)752,2~m - fk’4(s_1)+m(x(lvj)+1<k))
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form € {1,...,4} and any r € {471 - Lyt + - + 4% - Lyt + k, ..., luet} and any
(i,5) € {1,...,d1 —2F +1} x {1,...,dy — 2 +-1} due to the induction hypothesis. Then
Lemma 6 let us choose the corresponding weights of the network my.; such that

(4l_1'Lnet+"’+4l_k'Lnei“l‘k“l‘s'Lnet“l‘l) _ (4l_1'Lnet+"'+4l_k'Lnet"!‘k“l‘s'Lnet“Fl)
(4,4),52,9 (1,5),82,10

= Onet,k+1,s (fk,4.(s—1)+1(x(i,j)+1<k))a fk,4~(s—1)+2(x(i+2k,j)+1(k))a
fk,4~(s—1)+3 (w(z’,j+2k)+[(k) )7 fk,4-s($(i+2k7j+2k)+[(k) ))

= fk+1,s (ﬂf(i,j)+1<k+1) )-

for any (i,5) € {1,...,d; — 2" 41} x {1,...,ds — 2¥*1 +-1}. By propagating again the
values of these neurons successively to the next layer we have available the values of all
fr41,s after layer

L N R SN LG SR RS |
in the channels
24247 4oy 24k 24248 2 gl (D

so that for any s € {1,...,4"¢+D} and any (i,7) € {1,...,dy — 2K 1} x {1,...,dy —
2F+1 1} it holds that

0(41_1’Lnet+"'+4l_k'Lnet+4l_(k+1)'Lnet+k+1) _ 0(41_1'Lnet+'"+4l_k'Lnet+4l_(k+1)'Lnet+k+1)
(3,5),242-4 1o 2.4l =k 4251 (3,§), 242414241~k 4 251
= fk+1,s($(i,j)+1(k+1))'

So property (21) holds for all k£ € {1,...,1}.
Hence in layer

4t —1

lnet:4lil'Lnet+4li2'Lnet+"'+40'Ln€t+l: 3

' Lnet +1

we have by equation (21)

(lnet) _ (lnet) — I
(i) 24241442411 ~ 9(i,5), 242414 q 2442 — fl’l(x(i,j)JrN))

for all (7,7) € {1,...,d; —2' +1} x {1,...,dy — 2" 4+1}. Now we choose the outer weights
Wyt Of our convolutional neural network my,e; such that

1,ifs=24+2-4"14...42.441
ws=4{ -1, iffs=2+2-4"14...4£2.442

0, else.
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This implies that the output of our network is given by

. (lnet) _ (lnet)
Mipet(X) = max {O(i,j),2+2~4l1+~~-+2-4ll+1+1 Oi,7),242-41=1 4.4 2.41-1+1 42

(z’,j)e{1,...,d1—2l+1}x{1,...,d2—2l+1}}

:max{f(x(m)_kl) : (i,j)EZQ,(i,j>+Ig{1,...,d1}>< {1,...,612}}

m(x).

6.3 A bound on the covering number

The purpose of the subsection is to show the following bound on the covering number of
T (L kW k@ M).

Lemma 7 Let o(x) = max{x,0} be the ReLU activation function, define
F=F (L, kD k@ M)
as in Section 2 and set
—— {k§”, kD D k(Li)} , Myge = max{M, ..., M}

and
Lypgr = max{Ly, Lo}.

Assume dy - do > 1 and ¢4 -logn > 2. Then we have for any € € (0,1):

. s;lu%) — log (N7 (€, Teytog nF» XT))
X?E(R ,,,,, 1 x4, 2 )n

-1
<ecr- Lfnaz 108(Limaz - d1 - d) - log <W>
€

for some constant ¢y > 0 which depends only on kmaz and Mgz

With the aim of proving Lemma 7, we first have to study the VC dimension of our
function class F; (L,k(l),k@),l\/[). For a class of subsets of R? the VC dimension is
defined as follows:

Definition 2 Let A be a class of subsets of R® with A # ) and m € N.

1. For x1,...,Xm € R% we define

s(A {1, o x}) = [{AN{x1,....,xn} : A€ A}
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2. Then the mth shatter coefficient S(A,m) of A is defined by

S(A,m) = max  Ss(A, {x1,...,Xm}).

{x1,...y%Xm }CRE
3. The VC dimension (Vapnik-Chervonenkis-Dimension) V4 of A is defined as
Vai=sup{meN : S(A,m)=2"}.

For a class of real-valued functions, we define the VC dimension as follows:

Definition 3 Let H denote a class of functions from R? to {0,1} and let F be a class
of real-valued functions.

1. For any non-negative integer m, we define the growth function of H as

y(m) = max Rd|{(h(x1),...,h(xm)) cheH}|.

X1yeeesXm €

2. The VC dimension (Vapnik-Chervonenkis-Dimension) of H we define as

VCdim(H) = sup{m € N : IIy(m) = 2"}.

8. For f € F we denote sgn(f) = Iis>0) and sgn(F) = {sgn(f) : f € F}. Then the
VC dimension of F is defined as

VCdim(F) := VCdim(sgn(F)).
A connection between both definitions is given by the following lemma.
Lemma 8 Suppose F is a class of real-valued functions on R, Furthermore, we define
Fr={{(x,y) eR'xR: f(x) >y}: f € F}
and define the class H of real-valued functions on R x R by

H={hlxy) =fx)—y: feF}

Then, it holds that
Vr+ = VCdim(H).

Proof. For all (x1,91),- -, (Xm,¥m) € R? x R with m € N it holds that

8(F+,{(X1,yl);~-v(xm7ym)})
= ‘{Am{(Xl,yl)w-v(xm?ym)} : A€f+}‘

= [{{xw) € R xR 760 2 9} 0 {Geim), s (ko)) < f € F
= [{{65.9) € {1, 0), o (@)} F) 2 0} ¢ f € FY
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=[{{ie{l,....m}: f(xi) Zwi} : fe T}
= {(sgn(f(x1) = w1),-- - sen(f (xXm) — ym)) : [ € F}
= {(sgn(h(x1, 1)), - - -, sgn(h(Xm, ym))) : h € H}|.
It follows that
S(FF,m) = Iy (m)
holds for all m € N, which implies
Vr+ = VCdim(H).

O
In order to bound the VC dimension of our function class, we need the following two
auxiliary results. The first one is also known as weighted AM-GM inequality.

Lemma 9 Suppose x1,...,xn, >0 and wy, ..., wy, > 0. We denote w =", w;. Then,
it holds that .
w;g n w
II(2) < (==7) (21)
=1 \Wi w

Proof. Since the natural logarithm is a concave function on {z € R : = > 0} and
S % =1, Jensen’s inequality implies that

=1 w
"\ Sy ()
log ((lel x,) ) =w-log [ ——— "2
w

w

vV

3

[~]=
e
5

o
7 N\
g |5
N——

g

0]
=
=F
N

g|x

N———
&
N————

Furthermore, the inverse function of the logarithm u +— e" (u € R) is an increasing

function, hence we get
n T w; ZTL €T w
- ws w

The second auxiliary result is about the number of possible sign vectors attained by
polynomials of bounded degree.

O

Lemma 10 Suppose W < m and let fi,..., fm be polynomials of degree at most D in W
variables. Define

K = {(sgn(fi(a), ... .sen(fm(a))) : 2 € RV}].

W
ng.(“mD> ,

Then we have

w

34



Proof. See Theorem 8.3 in Anthony and Bartlett (1999). O
To get an upper bound for the VC dimension of our function class F; (L, k(M) k@), M)
defined as in Section 2 we will use a modification of Theorem 6 in Bartlett et al. (2019).

Lemma 11 Let o(z) = max{z,0} be the ReLU activation function, define
F=F (L, RO M)
as in Section 2, set
| A—— {k{l), kY kD .,kfg} . Mpaw = max{M,..., Mz}

and
Lmam = maX{Ll, LQ}
Assume di - do > 1. Then, we have
Vrs < c10 - Ly <1085 (Limag - dy - da)
for some constant c19 > 0 which depends only on kpmar and Mqz .-

Proof. We want to use Lemma 8 to bound Vz+ by VCdim(#), where # is the class of
real-valued functions on [0, 1]#1-@bx{Ld2} 5 R defined by

H={h((xy)) =f(x)—y: feF}
Let h € H. Then h depends on t convolutional neural networks
fioeoo fo € F(L, kW, M)
and one standard feedforward neural network g € G;(Lo, k) such that

h(x,y)) =go(fr,.-- . f)(x) -y

Each one of the convolutional neural networks f1,..., f; depends on a weight matrix

b _ (,,br)
( ) - (wlj 51,52 .. (1) (1) )
R 1§Z,]§MT,81E{l,‘..,kr_l},SQE{l,...,kr hre{l,...,Li}

the weights

(b) ( (br))
w,. = wy
bias 2 ) sae{ly kY refl, L1}

for the bias in each channel and each convolutional layer, the output weights

® _ 0
Wout (ws )86{1,...,143(;1)}
for b € {1,...,t}. The standard feedforward neural network g € G;(Lo, k) depends on

the inner weigths
w™™Y

.3

35



for j € {0,.. '7k£3)1}7 ie{l,.. .,k,(?)} and r € {1,..., Ly} and the outer weights

wZ(LQ)

for i € {0,... ,k(LQQ)} (where k(()2) =1t).

We set ) ) , ,
k= (ko,..., kL +1041) = (1,]47% ), .. '7k21)7t7 k§ ), e ,kéQ))
and count the number of weights used up to layer r € {1,..., L1} in the convolutional
part by

W=t (iM?-ks-ks_l +Zk> :
s=1 s=1

for r € {1,..., L1} (where we set Wy := 0) and
WL1+1 = WL1 +t- kLl-

We continue in the part of the standard feedforward neural network by counting the
weights used up to layer r € {1,..., Lo} by

Wiiti4r = Wiyr + (kpy4r +1) - kg1
and denote the total number of weights by
W =Wpr 41,42
=Writpyi1 +koiyr,1+1
<Lyt (M,?m K2+ kmaz) - knas
+ Lo ((kmaz +1) - kmaz) + kmae +1
<Lyt (M,fwx  (kmaz + 1) - km> (25)

+ L2 : ((kmax + 1) : kma:p)
+ 2t (kmaz + 1)
S (Ll +L2 + 2) -t ngfuzaj . (kmax + 1) . kmax
<2 (Lt Lo+2) b My ki,
We define I = @) and for r € {1,..., L1 + Ly + 2} we define the index sets
1™ ={1,...,W,}.

Furthermore, we define a sequence of vectors containing the weights used up to layer
r €{1,..., L1} in the convolutional part by

an. — (a wlbr) wlb) w'br) wd)
1) =\ =10 Wi 110 W, My kg ke W Weyo T
(t.7) (t,r) (t,r) (t,r) W,
W s Wag A e o WT e W e R
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(where ay denotes the empty vector),

. (1) (1) (t) (t) w
Apry+1) = (a[(Ll),wl ,...,kal,...,wl ,...,kal) € R"WELit+t,

and by continuing with the part of the standard feedforward neural network we get for
re {1,...,L2}

— (T_l) (T_l) WT+L +1
Ar(r+Ly+1) = (aI(HLl) yWig Ty Kt Ly 415Kt L eR 1
and
. Ly Lo w
a:= <aI(L1+L2+1),w(() ),...,w( )) eR

With this notation we can write
H={(xy) = h((x,y),a) ra € R"}
and for b € {1,...,t}
F(L1, kD M) = {x — fiy(x,a) :a e RV},

where the convolutional networks fi1,...,f; € ]:(Ll,k(l),M), as described above, each
depends only on Wp, 41/t variables of a. To get an upper bound for the VC-dimension
of H, we will bound the growth function Il 47y (m). In the following we assume that m
is a positiv integer with

m>W (26)

since this will allow us several uses of Lemma 10. To bound the growth function
Hggn(30)(m), we fix the input values

(X17 yl)y RN} (Xm7 ym) € [07 1]{1,...,d1}><{1,...,d2} x R
and consider h € H as a function of the weight vector a € RW of h

a— h((Xk,yx),a) =go (fi,..., fr)(xx,a) — yx = hi(a)
for any k € {1,...,m}. Then, an upper bound for
K = [{(sgn(hi (@), ..., sgn(hm(a))) : a € RV}
implies an upper bound for the growth function Iz, 3 (m). For any partition
S={S1,....,5u}

of RW it holds that

{(sgn(hi(a)),...,sgn(hm(a)) :a € S;}|. (27)

||M§
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We will construct a partition S of RW such that within each region S € S, the func-
tions hg(+) are all fixed polynomials of bounded degree for k € {1,...,m}, so that each
summand of equation (27) can be bounded via Lemma 10. We do this in two steps.

In the first step we construct a partition SV of RW such that within each S € S()
the t convolutional neural networks fi(a),..., fix(a) are all fixed polynomials with
dergee of at most Ly + 1 for all k£ € {1,...,m}, where we denote

foje (@) = fo (xx,)
for b € {1,...,t}. We define
D=A{1,...;di} x{1,...,da2}.
For b € {1,...,t} we have

kr,

fox (a) = max { w0l (@) s () € D},
s=1

(L1)

where o; ]1.) bsy x(@7(L1)) is Tecursively defined by

R G

kr—l

N (b,r) (r—1) (b,r)
=0 § : § : Wiy ta,51,82 O(i+t171,j+t271),b,sl,x(alo"_l)) + w,
s1=1  ty1,te€{l,....M,}
(i+t1—1,j+t2—1)eD

for (i,j) € D and r € {1,..., L1}, and by
0 .
Ogi,)j),b,l,x(aﬂ‘))) =wm;; for (i,j) € D.

Firstly, we construct a partition Sy, = {51, ..., S} of RY such that within each S € Sy,

(L1)
O(ivj),b,S,xk (aI(Ll) )

is a fixed polynomial for all k € {1,...,m}, se€{1,...,kr},be {1,...,t} and (i,j) € D
with degree of at most L in the Wy, variables a;,) of a € §. We construct the
partition Sy, iteratively layer by layer, by creating a sequence Sy, ...,Sr,, where each
S, is a partition of R" with the following properties:

1. We have |Sy| =1 and, for each r € {1,..., L1},

|Sr| . Qie-toky-di-do-m-r\""
|Sr—1] — W,
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2. For each r € {0,...,L1}, and each element S € S,, each (i,j) € D, each s €
{1,...,k},each k € {1,...,m}, and each b € {1,...,t} when a varies in S,

01 oy (@10)

is a fixed polynomial function in the W, variables a; of a, of total degree no more
than r.

We define Sy := {R"}. Since

0)
Ogi,j),b,s,xk (a;0) = (k)i
is a constant polynomial, property 2 above is satisfied for r = 0. Now suppose that
So, . ..,Sr_1 have been defined, and we want to define S,.. For S € S,_1 let

p(i,j),b,sl,xk,S(a[(r—l) )

(r=1)

denote the function o;. .
(’L,]),b,Sl,Xk

(a;e—1)), when a € S. By induction hypothesis

p(i,j),b,sl,xk,S(a[(r—l) )

is a polynomial with total degree no more than r —1, and depends on the W,._; variables
a;o—1 of a for any b € {1,...,t}, k € {1,...,m}, (i,5) € D and s; € {1,...,k—1}.
Hence for any b€ {1,...,t} ke {1,...,m}, (i,j) € D and sy € {1,...,k.}

k'rfl

(r) b,r
Z Z Wiy ,t2,51,52 'p(i+t1*1,j+t2*1)7b781,Xk,S(aI(T*U) + w£2 )

s1=1  ty,t2€{1,...,M;}
(i4+t1—1,j+t2—1)€D

is a polynomial in the W, variables a;.) of a with total degree no more than r. Because
of condition (26) we have t -k, -m - dy - do > W,.. Hence, by Lemma 10, the collection of
polynomials

krfl
(b,r) b,r) .
Z Z Wiy ,t2,51,52 'p(i+t1—17j+t2—1),b781,Xk,S(aI(T*U) + wgz )

s1=1  ¢1,t2€{1,...,.My}
(i4+t1—1,j+t2—1)€D

be{l,...,th,ke{l,....m},(i,j) € D,ss € {1,... ,k.}

attains at most

H::2<2-e-t~kr-m'd1-d2-r>WT
Wi
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distinct sign patterns when a ) € RWr and therefore the above collection of polynomi-
als also attains at most II distinct sign patterns when a varies in R" since the above
polynomials depend only on the W, variables a;.) of a. Therefore, we can partition
S c RW into II subregions, such that all the polynomials don’t change their signs within
each subregion. Doing this for all regions S € S,_1 we get our required partition S,
by assembling all of these subregions. In particular, property 1 (inequality (28)) is then
satisfied.
Fix some S’ € S,.. Notice that, when a varies in S’ all the polynomials

kr'fl

(byr) b,r) .
Z Z Wiy ,t2,51,52 'p(i+t1—17j+t2—1)7b781,XmS(aI(T*U) + wgg )
s1=1 ¢1,ta€{1,...,.My}
(i4+t1—1,j+t2—1)€D

be{l,...,th,ke{l,....,m},(i,j) € D,ss € {1,... ,k-}
don’t change their signs, hence

(r)
O(Z'hj)vbzs%xk (aI(") )

kr—l

_ (byr) (r=1) (byr)
=0 Z Z wt17t2751752 O(i+t171,j+t271),b,sl,xk <aI(r71>) + w52
s1=1  ty,to€{l,....M;}

(i+t1—1,j+t2—1)eD

kr—l

- (byr) (r—1) (b,r)
= max Z Z Wty tg,51,52 0(i+t1—17j+t2—1)7b751,xk (31(7»71)) T W, 0
s1=1  tq,toe{l,...,.M,}
(i+t1—1,j+t2—1)eD

is either a polynomial of degree no more than r in the W, variables a;.) of a or a
constant polynomial with value 0 for all (i,5) € D, b € {1,...,t}, so € {1,...,k-} and

k € {1,...,m}. Hence, property 2 is also satisfied and we are able to construct our
desired partition Sr,. Because of inequality (28) of property 1 it holds that

Lq W,
2-e-t-kp-dy-dyg-m-r\""
sl < TT2( i )

r=1
For any (i,j) € D, be {1,...,t} and k € {1,...,m}, we define

kr,

— b) . ,(L1)
f(i,j),b,xk,(a](L1+1)) = Z w§2) '0(i7]1')7b’527xk (aI(Ll))'
so=1
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For any fixed S € Sp,, let p(iyj),bﬁ,xk(aluﬁn) denote the function f(@j)’b’xk (aI<L1+1>),
when a € S. By construction of Sz, this is a polynomial of degree no more than L +1 in
the W, 11 variables a;,+1) of a. Because of condition (26) we have t-d3-d3-m > Wi, 41.
Hence, by Lemma 8, the collection of polynomials
{P(z‘l,jl),b,s,xk (a71+1)) = Plia,jo) b,5x, (Apza+1)) :
(ilajl)v (i27j2) € Da (ibjl) 7'é (i27j2)7 be {17 st t}) ke {17 s 7m}}

attalns at most

A::2<2-e-t-d%-d%-m-(Ll—irl))WLl“
WL1+1

distinct sign patterns when ajwz,+1) € RWzi+1 and therefore the above collection of
polynomials also attains at most A distinct sign patterns when a varies in R" since
the above polynomials depend only on the Wy, 1 variables a;r,+1) of a. Therefore, we
can partition S C R" into A subregions, such that all the polynomials don’t change
their signs within each subregion. Doing this for all regions S € Sr, we get our required
partition S() by assembling all of these subregions. For the size of our partition S we
get

a Wr 2 2 Wi, 1
‘S(l)|§H2 QtBdelde’r‘ 9. 2etd1d2m(Ll+1) 1+'
r=1 Wr WL1+1

Fix some S’ € SW. Notice that, when a varies in S, all the polynomials

{p(il,ﬁ),b,s,xk (Ar(zy+1) = Plin ja) b, Sixs (Ap(L1+1)) ©

(i1,31): (i2,32) € Dy (i1,31) # (iz, o). b € {1t} k € {1, m} }
don’t change their signs. Hence, there is a permutation 7(*) of the set

{1,...,d1 — Mp, +1} x{1,...,do — My, + 1}
forany b€ {1,...,t} and k € {1,...,m} such that
fw(bﬂk)((l,l)),b,xk (arr+n) >+ > fﬁ(b,k)((dl—MLl—i-l,dz—MLl+1)),b,xk (aa+n)
forae 5" and any k € {1,...,m} and b € {1,...,t}. Therefore, it holds that
fo.x(a) = max {f(l,l),b,xk (A, 1) v (a0, 4 1de— My, 1) b (a1<L1+1>)}

= fﬂ(bvk)((l,l)),b,xk (aI(Ll"'l))a

for a € S’. Since fﬂ(b,k)((lyl)),b’xk(aI(L1+1)) is a polynomial within ', also fy(a) is a
polynomial within S" with degree no more than L; + 1 and in the Wy, variables
Ar(Lg+1) of a € R,
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In the second step we construct the partition S starting from partition S such that
within each region S € S the functions hg(-) are all fixed polynomials of degree of at
most Ly + Ly + 2 for k € {1,...,m}. We have

KLi+Lg+1

hk(a) = Z wZ(LQ)gi(’?:) (a](L1+L2+1)) + w(()LZ) — Yk
i=1

where the gﬁf) are recursively defined by

kLl +r

gz(Tk) (aj@itrin) =0 Z w ng (aI(Ll“))

for r € {1,..., Lo} and
gi(,ok) (aywien) = fik(a)

for i € {1,...,kp,+1} (kr,+1 = t). As above we construct the partition S iteratively
layer by layer, by creating a sequence Sp,...,Sr,, where each S, is a partition of R
with the following porperties:

1. We set Sy = S and, for each € {1,..., Ly},

Wi r
ISy | <2(2‘6‘k’L1+r+1'm'(L1—}—r+1)) L1++17 29)

|Sr71| - WL1+7‘+1
2. For each r € {0,..., L2}, and each element S € S,, each i € {1,...,kr,4+r+1}, and
each k € {1,...,m} when a varies in S,

91(772 (a](L1+T+1))

is a fixed polynomial function in the Wy, 4,41 variables a;i,+-+1) of a, of total
degree no more than L +r + 1.

As we have already shown in step 1, property 2 above is satisfied for » = 0. Now suppose
that Sp,...,S,—1 have been defined, and we want to define S,.. For § € S,_1 and
je{l,....kr,+r} let pjrs(ayw,+n) denote the function gj(fk_l)(a]@ﬁr)), when a € S.
By induction hypothesis p; i s(a;,+) is a polynomial with total degree no more than
L1 +r, and depends on the Wy, 4, variables a;z,+- of a. Hence for any k € {1,...,m}

and 7 € {1, .. '7kL1+7“+1}

1
Z ) p]kS a[(L1+7"))+w(T )
7=1
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is a polynomial in the Wy, 4,41 variables a;,+-+1) variables of a with total degree no
more than L; +r+1. Because of condition (26) we have kr,4r4+1-m > Wr,4r4+1. Hence,
by Lemma &, the collection of polynomials

kL1+7"

Z w png aI<L1+r))+wl(0 2 ke {1,...,m},i S {1,...,]6L1+r+1}

attalns at most

I:=2 (2 e kpprp1-m- (L +1+ 1)>WL1+T+1
' Wiitr41

distinct sign patterns when a;r,+r+1) € RWei+r+1 and therefore the above collection of
polynomials also attains at most II distinct sign patterns when a varies in R since the
above polynomials depend only on the Wy, 41 variables a ., +-+1) of a. Therefore, we
can partition S C RW into IT subregions, such that all the polynomials don’t change
their signs within each subregion. Doing this for all regions S € S,_1 we get our required
partition S, by assembling all of these subregions. In particular property 1 is then
satisfied. In order to see that condition 2 is also satisfied, we can proceed analogously to
step 1. Hence, when a varies in S € S the function

kL,+ro+1

hk(a) = Z wEL)gZ-(i,Q) (a[(L1+L2+1)) + w[()L) — Yk
=1

is a polynomial of degree no more than Li 4+ Ly 4+ 2 in the W variables of a € RV for
any k € {1,...,m}. For the size of our partition S we get

|S‘<ﬁ2 <2~€~t-kr-d1~d2~mc’)">Wr 5 <26d%d%m(Ll—|—1)>WL1+l
_7":1 WT WL1+1

r=1 Wri4r+1

L1+L2+12 <26tk,«d%d%mr>wr

<
< ];[1 T
By condition (26) and another application of Lemma 10 it holds for any S’ € S that

{(sgn(h(a)), ... sgn(hm(a))) - a € S’}

w
<2‘<2-e-m-(L1—|—L2—|—2)>
- %4

Now we are able to bound K via equation (27) and because K is an upper bound for the
growth function we set kr, 41,42 =1 and get

Li+La+2 2 12 W

2-e-t-k,-di-d5-r-m

Hsgn(?—l) (m) < | | 2 < Wl 2 )
r=1 r
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Li+Lo+2
1+2+WT

Li+L>+42 S
(?)QMM'(ZTI” 2‘€'t-kr~d%-d§-r.m)

Li+Lo+2
Zril ? Wr
S Eitlat2 gy,
r=1 T
_ 2L1+L2+2 . R-m (30)
ZL1+L2+2 W ’
r=1

with R = 2etd}d3 2L1+L2+2 k. - r. In the third row we used inequation (24) of Lemma
7. Without loss of generality, we can assume that VCdim(#) > S22 211 hecause
in the case VCdim(H) < Zf;YL'ﬁz W, we have

VCdim(H) < (Ly+ Ly +2)-W
(25) 2 2 2
< 2. (L1+L2+2) t-M2 -k

mazx " Mmazx

for some constant cjg > 0 which only depends on M4, and kpq, and get the assertion
by Lemma (8). Hence we get by the definition of the VC-dimension and inequality (30)
(which only holds for m > W)

odi S,
gVCdim(H) Hggn(2) (VCdim(H)) < olit+Lz+2 (Rlem(H)

ST
Since
1+1+42
R>2-e-t-di-d3- Y r>2-e-t-di-d3-10>16
r=1

Lemma 12 below (with parameters R, m = VCdim(H), w = ZflJsz’LQW and L =
L1 + Lo + 2) implies that

Li+La+2
VCdim(H) < (L1 + Ly + 2) + ( Z W) logy(2 - R - logy(R))

S(L1+L2+2) <L1+L2+2)-W
logy(2- (2-e-t-di-d5- (L1 + Lo +2) - kyax)”)
2'(L1+L2+2)'W'10g2<(2'€'t'(L1+L2+2)'kmax'd1'd2)4)

(25)
<16t (Ly+ Lo +2)% - ko - M2x

logy (2-e-t- (L1 4 La+2) - kymaz - di - d2)
<cio- L?naa} : logQ(Lmaax -dy - d2)7
for some constant cjg > 0 which only depends on knax and Mpax. In the third row we
used equation (25) for the total number of weights W. Now we make use of Lemma 8

and finally get
V]:+ S C10 * LrQna;t . 10g2(Lmax . d1 . dg)
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Lemma 12 Suppose that 2™ < 2. (m - R/w)® for some R > 16 and m > w > L > 0.
Then,
m < L+ w-logy(2- R -logy(R)).

Proof. See Lemma 16 in Bartlett et al. (2019). O

Proof of Lemma 7. Using Lemma 11 and

Vr,

cy-logn

7+ < Vet

we can conclude from this together with Lemma 9.2 and Theorem 9.4 in Gyorfi et al.
(2002)

Nl (67 Ta;-logn-/tv X?)

€ €

2-c10-L2,,.108(Limaz-d1-d2)
6e - cy-logn 10"Emaz 108
§3.< 4 g >
€

This completes the proof of Lemma 7. ([

6.4 Proof of Theorem 1

W.lo.g. we assume that n is so large that ¢4 -logn > 2 holds. Then z > 1/2 holds if and
only if T¢,.10gn2 > 1/2 holds, and consequently we have

1, if T,,. >1
fn(X) _ , 1 cq lognnn(x) - 92
0, elsewhere

Hence Lemma 1 implies that it suffices to show

9 4 __2p1 __2p2 .
E [ T 00gntn(x)—1(x)[*Px (dx) < c11-log(di-d2)-(logn)®-max ¢ n 271+t n Zpatd™ 5
By Lemma 2 we know

E/ ’T64-10gn"7n(x) - W(X)|2PX(dX)

. c12 - (logn)? - SUPyn (log <./\/1 (Wog(n)’ calog(n)F X1>> + 1)

n

+2- 1nf/|f x)|?Px (dx),
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where F = F; (L, kM) k@), M) Application of Lemma 7 yields

ciz - (logn)? - subsg (108 (N (iggay Tearostn F:X) ) +1)
n
log(d1 : d2) : (log 77,) L%naz lOg Limaz
n

<ci3-

4 _2p 2:pg
< ciq-log(dy - d) -log(n)” - max qn 2Piti n Zreatd® 5

where Ly, = max{Li, La}. Next we derive a bound on the approximation error

inf /\f x)|*Px (dx).

feFr

Because of the assumption on 7, we have
n(x) = g(mi(x),...,mg(x))
such that m, satisfies a max-pooling with index set
I=10,...,2" =1} x {0,...,2' — 1}
for any a € {1,...,d*} and m, satisfies a hierarchical model with level [ with functions
g,(gas) ‘R* = [0,1].

fora e {1,...,d*}, ke {1,...,l} and s € {1 .,4=FY Then, for any a € {1,...,d"},
ke{l,....l}andany s € {1,.... 4} let g, = € Gy (Lo, k) and gner € Gar (L, k)
be the neural networks from Lemma 3 which satisfies

a) (a) —n __m
95,5 = Tnetpsll—221400 S C1a- L * < c15-m 27te, (31)
and
_ _Zp2 oy
lg — gn6t||[_2’2]d*7oo <eci-Lpn & <cpg-n 2rtd, (32)
Then Lemma 5 let us choose
ml""’md* E‘F(Llak(l)ana> (33)
such that )
ma(x) = max f(x(’t,j)-‘rf)?

(1,§)EZ2:(i,§)+IC{1,....d1 }x{1,...,d2}
where f satisfies o
f=1rn
for some fj s : [0, 1}{1""72k}x{1""’2k} — R recursively defined by

Frs(X) = Gnet ks (Frm1a-(m1)11 (g1, ob-1yxq1,.. 25-11)5
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fk71,4-(371)+2(X{zk—1+1,...,2k}><{1,...,2k—1})7
St a1 13(Xg1, b1y q2r-141,. 28}):

fk—1,4-s(x{2k*1+1,...,2k}x{2’“*1—1—1,...,2’“}))
fork=2,...,l,s=1,...,4 % and
f1,s(@11, 21,2, 221, 22.2) = Gnet1,5(T1,1, 21,2, 2,1, T2,2)
for s = 1,...,471. Due to property (33) it holds that
Gnet © (M1,...,mg) € F. (34)

Since the functions 9/(:2 are [0, 1]-valued, inequalities (31) and (32) let us choose ¢; in

the definition of L,, sufficiently large such that the triangle inequality implies that

185 o sl 221,00 < 2

forall a € {1,...,d*}, k€ {1,...,1} and s € {1,...,4""%}. Then Lemma 4 implies

inf / (%) — n(x)[Px (dx)

fer

(34)
2 / |Gret (M1 (X), . . ., g (X)) — g(mi(x), ..., mg(x))|*Px (dx)

2
< c16- ( max {Hg;(gas) - g,ﬁ?t,k,s ‘[—2,2}4,007 lg — gnet”[2,2]d*,oo})

ac{l,....d*},ke{l,...,1},s€{1,...,4t =7}

(31),(32) _2p __2py
< cp7-maxqn 2pitd g 2eatdt 4

Summarizing the above results, the proof is complete. ([
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