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Abstract

Convolutional neural networks learned by minimizing the cross-entropy loss are nowa-
days the standard for image classification. Till now, the statistical theory behind those
networks is lacking. We analyze the rate of convergence of the misclassification risk of the
estimates towards the optimal misclassification risk. Under suitable assumptions on the
smoothness and structure of the aposteriori probability it is shown that these estimates
achieve a rate of convergence which is independent of the dimension of the image. The
study shed light on the good performance of CNNs learned by cross-entropy loss and
partly explains their success in practical applications.
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1 Introduction

Deep convolutional neural networks (CNNs) have achieved remarkable success in various
applications, especially in visual recognition tasks, see, e.g., LeCun, Bengio and Hin-
ton (2015), Krizhevsky, Sutskever and Hinton (2012), Schmidhuber (2015), Rawat and
Wang (2017). Recently it was shown in Kohler, Krzyzak and Walter (2020) that such
networks applied to image classification learned by minimizing the squared loss achieve a
dimension reduction provided suitable assumptions on the smoothness and structure of
the aposteriori probability holds. In practice CNNs are often learned by minimizing the
cross-entropy loss. The aim of this article is to show that these networks also achieve a
dimension reduction in image classification.
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1.1 Image classification

To achieve this goal we study image classification which we formalize as follows: Let
di,d2 € N and let (X,Y), (X1,Y7), ..., (X,,Y,) be independent and identically dis-
tributed random variables with values in

Here we use the notation

0,17 = {(aj)jes : a; €10,1] (j€ )}

for a nonempty and finite index set J, and we describe a (random) image from (random)
class Y € {—1,1} by a (random) matrix X with d; columns and dy rows, which contains
at position (7,7) the grey scale value of the pixel of the image at the corresponding
position. Our aim is to predict Y given X. Therefore we define a classifier as a function
f o [0, 1] {hdibxdlndal 5 R and predict the value +1 when f(X) > 0 and —1 when
f(X) <0. Let

1) =P{Y = 1[X =x} (x € [0, 1]{1dibx{ltaly M

be the so—called aposteriori probability. Our aim is to find a classifier which predicts
the right class with high probability. The so-called prediction error of our classifier is
measured by

P(Y f(X) < 0).

It is well-known, that Bayes’ rule

() = {17 if n(x) > 3

—1, elsewhere

minimizes the prediction error
P(Y f(X) <0),

l.e.

P{f(X)# Y} =P{f*(X) #Y}

min
f:[071}{1 ,,,,, dy}xA{1,..., d2}_>{_171}

holds (cf., e.g., Theorem 2.1 in Devroye, Gyorfi and Lugosi (1996)). Because we do not
know the distribution of (X,Y"), we cannot find f*. Instead we estimate f* by using the

training data
D, ={(X1,Y1),..., (X, Y)}.

A popular approach is estimating f* by the empirical risk minimization, i.e.,

o = ans i DT 06) #73)



where C,, is a given class of classifiers. In practice f, is not computational feasible, since
minimizing the empirical risk with the 0/1 loss over C, is NP hard (Bartlett, Jordan
and McAuliffe (2006)). By replacing the number of misclassifications by a surrogate loss
p, one can overcome computational problems. Instead of a class of classifiers C,, we
consider a class of real-valued functions JF,,. For a given loss ¢ we are searching for an
estimate fn € F, such that the surrogate empirical risk

=1

is small. There are different loss functions to choose (see Friedman, Hastie and Tibishirani
(2009) for an overview). A wide variety of classification methods are based on the idea
to replace the 0/1 loss by some kind of convex surrogate loss. In particular, AdaBoost
(Friedmann, Hastie and Tibshirani (2000)) employs the ezponential loss exp(—z), while
support vector machines often use the so—called hinge loss of the form max(1 — z,0)
(Vapnik (1998)) and logistic regression applies the log loss p(z) = log(l + exp(—=x))
(Friedman, Hastie and Tibishirani (2009)). In the context of CNNs and image classifi-
cation it is a standard to use cross-entropy loss or log loss. That is why we use this loss
function in the following. Cross-entropy loss is Fisher consistent, i.e.

f*=sgn (arg min E(w(Yf(X)))> ;

for all f
where
sgn(z)—{l for >0
—1 for z <0,
which follows since
fz = arg in Bp(Y £(X) = log ﬂjjgx)

(see Friedman, Hastie and Tibishirani (2009)). According to this, we define C,(x) =
sgn fn(x) as a classifier, where fn minimizes the cross-entropy loss over the function
space F,,. As function space F,, we choose a class of CNNs, which is defined in Section
2. Our aim is to construct our classifier C’n such that its misclassification risk

P{Cy(X) # Y|Dy}

is as small as possible. To analyze the performance of the classifier we derive a bound on
the expected difference of the misclassification risk of C}, and the optimal misclassification
risk, i.e., we derive an upper bound on

E {P{@(X) £ YD} - min P{f(X) # Y}}

0t X (T} (1

— P{CW(X) # Y} — P{f"(X) £V},



1.2 Rate of convergence

In order to derive nontrivial rate of convergence results on the difference between the
misclassification risk of any estimate and the minimal possible value it is necessary to
restrict the class of distributions (cf., Cover (1968) and Devroye (1982)). As in Kohler,
Krzyzak and Walter (2020) we use for this the following assumptions on the structure
and the smoothness of the aposteriori probability. For the formulation of the definition
we need the definition of (p, C)-smoothness, which is the following:

Definition 1 Let p = ¢+ s for some ¢ € Ny and 0 < s < 1. A function f : R - R
is called (p, C)-smooth, if for every a = (a1,...,aq) € N& with Z;-lzl a; = q the partial

derivative oz exists and satisfies

o1f
«
amll...azd

01f 01f

_ < (O - —zll®
8:E'1X1...(9:Egd(x) 856?1...6&3“1(2) <C-lx -2

for all x,z € R%.

For our next definition we also need the following notation: For M C R% and x € R¢
we define
x+M={x+2z:2z¢€ M}

For I C{1,...,d1} x {1,...,d2} and X = (2;)ie(u, . d}x{1,...do} € [0, 1] {0 {1 d2}
we set
X7 = (xi>iEI-

Definition 2 Let di,ds € N with dy,dy > 1 and m : [0, 1]{1--dbx{led2} R
a) We say that m satisfies a max-pooling model with index set

I1C {0,...,d1—1} X {0,...,d2—1},
if there exist a function f :[0,1]0DH 5 R such that

— L c 0 1 {1,..‘,d1}><{1,...,d2} .
mix) (m’)eZQ:(m)ﬂrg?l),{...,dl}x{1,...,d2}f(x(”)“) (e [0.1] )

b) Let I ={0,...,2" =1} x {0,...,2 — 1} for some | € N. We say that
£ [0’ 1]{1,...,21}x{1,...,2l} SR
satisfies a hierarchical model of level [, if there exist functions
Grs RV = [0,1] (k=1,...,5,s=1,...,47%)

such that we have

J=ria



for some fi s : [0, 1}{1"“’2k}x{1"“’2k} — R recursively defined by

frs(x) = gk,s(fk71,4-(sfl)+1(X{l,...,zk—l}x{l,...,zk—l})7
fk71,4-(sfl)+2(X{Q’“—1+1,...,2’“}><{1,...72’“—1})a
fk71,4-(sfl)+3(X{l,...,2k—1}><{2k—1+1,...72k})7
fk:—l,4~s(X{2k71+1,...,2k}x{2k71+1,‘..,2k}))
(X e [0, 1]{1,...72’“}><{1,...,2k})

fork=2,...,1,s=1,...,47% and

fis(xia, x12, 221, %22) = g1,s(T1,1, 1,2, T21,T22) (21,1, 21,2, T2,1, 22,2 € [0,1])

fors=1,...,41
c) We say that m : [0,1]{Ldbx{l.d2} R sqtisfies a hierarchical max-pooling
model of level | (where 28 < min{dy,ds}), if m satisfies a maz-pooling model with

index set
I:{O,...,2l—1}X{O,...,Ql—l}

and the function f : [0, 1](1’1)” — R in the definition of this maz-pooling model satisfies
a hierarchical model with level [.

d) We say that the hierarchical max-pooling model m : [0, 1}{1""’d1}x{1"“’d2} — R of level |
is (p, C)—smooth if all functions gy, s in the definition of the functions m are (p, C')—smooth
for some C > 0.

This definition is motivated by the following observation: Human beings often decide,
whether a given image contains some object, i.e. a car, or not by scanning subparts of
the image and checking, whether the searched object is on this subpart. For each subpart
the human estimates a probability that the searched object is on it. The probability that
the whole image contains the object is then simply the maximum of the probabilities for
each subpart of the image. This leads to the definition of a max-pooling model for the
aposteriori probability.

Additionally, the probability that a subpart contains the searched object is composed
by several decisions, if parts of the searched objects are identifiable. This motivates the
hierarchical structure of our model.

1.3 Main result

The goal of this paper is to study CNNs minimized by cross-entropy loss from a statistical
point of view. We show that (under suitable assumptions on the aposteriori probability)
we can derive convergence results for CNN classifiers (with ReLU activation function)
learned by cross-entropy loss, which are independent of the input dimension of the image.
In particular, we show in Theorem 1 a) below that in case that the aposteriori probability



satisfies a (p, C')—smooth hierarchical max-pooling model, the expected misclassification
risk of the estimate converges toward the minimal possible value with rate

—mind -2 _ 1
n mm{4p+8,8}

(up to some logarithmic factor). If in addition the conditional class probabilities of most
data are sufficiently close to either 1 or zero, the rate can be further improved to

—mind -2 1
n m1n{2p+4,4}

(see Theorem 1 b)). Since human beings are quite good in recognizing images, this
assumption is not unusual in the context of image classification. In both cases, our
classifier circumvents the curse of dimensionality in image classification. These results
shed light on the good performance of CNN classifiers in visual recognition tasks and
partly explain their success from a theoretical point of view.

1.4 Discussion of related results

CNNS5s trained with logistic loss have achieved remarkable success in various visual recog-
nition tasks, cf., e.g., LeCun et al. (1998), LeCun, Bengio and Hinton (2015), Krizhevsky,
Sutskever and Hinton (2012), He et al. (2016) and the literature cited therein.

But, as already mentioned in Rawat and Wang (2017) and Kohler, Krzyzak and Walter
(2020) there is a lack of mathematical understanding. There are only a very few papers
analyzing the performance of CNNs from a theoretical point of view. Oono and Suzuki
(2019) (and the literature cited therein) showed that properly defined CNNs are able
to mimic feedforward deep neural networks (DNNs) and therefore derive similar rate of
convergence results. Unfortunately, those results do not demonstrate situations, where
CNNs outperform simple feedfoward DNNs, which is the case in many practical appli-
cations, especially in image classification. Lin and Zhang (2019) derived generalization
bounds for CNNs. In case of overparametrized CNNs, e.g. Du et al. (2019) could show
that the gradient descent is able to find the global minimum of the empirical loss func-
tion. But, as shown in Kohler and Krzyzak (2019), overparametrized DNNs minimizing
the empirical loss do not, in general, generalize well. Yarotsky (2018) obtained inter-
esting approximation properties of deep CNNs, but, unfortunately, only in an abstract
setting, where it is unclear how to apply those results. Kohler, Krzyzak and Walter
(2020) analyzed CNNs in the context of image classification and showed that in case
that the aposteriori probability satisfies a generalized hierarchical max-pooling model
with smoothness constraint p; and po (see Definition 1 in Kohler, Krzyzak and Walter
(2020)), suitable defined CNNs achieve a rate of convergence which does not depend on
the input dimension of the image. In this result, the CNNs are learned by the squared
loss. As, e.g. experimental results in Golik, Doetsch and Ney (2013) show, DNNs learned
by cross entropy loss allow to find a better local optimum than the squared loss criterion.
Thus the CNNs learned by cross entropy loss are of higher practical relevance.

Cross entropy loss or, more general, convex surrogate loss functions have been studied in



Bartlett, Jordan and McAuliffe (2006) and Zhang (2004). Bartlett, Jordan and McAuliffe
(2006) showed that for convex loss functions satisfying a certain uniform strict convexity
condition the rate of convergence can be strictly faster than the classical n=/2 | depend-
ing on the strictness of convexity of ¢ and the complexity of class of classifiers. Zhang
(2004) analyzed how close the optimal Bayes error rate can be approximately reached
using a classification algorithm that computes a classifier by minimizing a convex upper
bound of the classification error function. Some results of this article (see Lemma 1) are
also used in our analysis. In Lemma 1 b) we derive a modification of Zhang’s bound
which enables us to derive better rate of convergence under proper assumptions on the
aposteriori probability.

Much more theoretical results are known for simple feedforward DNNs. Under suitable
compository assumptions on the structure of the regression function, those networks are
able to circumvent the curse of dimensionality (cf., Kohler and Krzyzak (2017), Bauer and
Kohler (2019), Schmidt-Hieber (2020), Kohler and Langer (2020), Suzuki and Nitanda
(2019) and Langer (2020)). Imaizumi und Fukumizu (2019) derived results concerning
estimation by neural networks of piecewise polynomial regression functions with parti-
tions having rather general smooth boundaries. Eckle and Schmidt-Hieber (2019) and
Kohler, Krzyzak and Langer (2019) analyzed regression functions which have the form
of a common statistical model, i.e., which have the form of multivariate adaptive re-
gression splines (MARS), and showed that in this case the convergence rate by DNNs
can also be improved. Kim, Ohn and Kim (2019) analyzed classification problems with
standard feedforward DNNs and derived fast rate of convergence for DNNs learned by
cross-entropy under the condition that the conditional class probabilities of most data
are sufficiently close to either 1 or zero. The condition formulated in this article is also
used in the analysis of our CNNs.

1.5 Notation

Throughout the paper, the following notation is used: The sets of natural numbers,
natural numbers including 0, integers and real numbers are denoted by N, Ny, Z and R,
respectively. For z € R, we denote the smallest integer greater than or equal to z by [z].
Let D C R? and let f : R — R be a real-valued function defined on R¢. We write x =
arg mingep f(z) if mingep f(z) exists and if x satisfies x € D and f(x) = mingep f(2).
For f:RY = R

1 Flloo = sup |/(3)

x€R4

is its supremum norm, and the supremum norm of f on a set A C R? is denoted by

[f]l 4,00 = sup | f(x)].

xX€EA
Let F be a set of functions f : RY — R, let x1,...,x, € R? and set x} = (x1,...,Xp).
A finite collection fi, ..., fy : R? — R is called an e cover of F on x7 if for any f € F



there exists ¢ € {1,..., N} such that

n

316k — i) < =

k=1

The e-covering number of F on x7 is the size N of the smallest e—cover of F on x} and
is denoted by N1 (e, F,xT).
For z € R and § > 0 we define Tz = max{—/3, min{f3, z} }. Throughout the remainder
of this paper
¢(z) = log(1 + exp(—2))

denotes the cross entropy or logistic loss.

1.6 Outline of the paper

In Section 2 the CNN image classifiers used in this paper are defined. The main result
is presented in Section 3 and proven in Section 4.

2 Definition of the estimates

The architecture of CNN is ingpired by the natural visual perception mechansim of the
humans. The first modern framework was published by LeCun et al. (1989), called
LeNet-5, which could classify handwritten digits. Even though today exist numerous
variants of CNN, the basic components are still the same, namely convolutional, pooling
and fully-connected layers. The convolutional layers aims to learn feature representations
of the inputs.

input image

. fi
or input feature map output feature maps

(T
%&

Figure 1: Illustration of a convolutional layer

As shown in Figure 1 each convolutional layer | (I € {1,...,L}) consists of k; € N
channels (also called feature maps) and the convolution in layer [ is performed by using a
window of values of layer [ —1 of size M; € {1,...,min{dy,d2}}. Specifically, each neuron
of a channel is connected to a region of neighboring neurons in the previous layer. A new
channel can be obtained by first convolving the input with a weight matrix (so—called



filter) and then applying an element-wise nonlinear activation function o : R — R on the
convolved result. As activation function we choose the ReLU function o(x) = max{z,0}
in the following. The weight matrix is defined by

0 >
W = (’LU' . .
DI 1< G< My s1€{L, k-1 }isa€{1 ki b lE{L, . L}

Furthermore we need some weights

_ l
Whias = (05 ) spe (1, kb ieft, L)

for the bias of the channels and some output weights

Wout = (wS)S€{17-~~7kL}'

Mathematically, the channel value at location (7,j) in the k;-th channel of layer [ is
calculated by:

k-1

O] _ Z Z O] (i-1) )
O(i,j),sg =0 wtl,t2,81,S2O(i+t1—1,j+t2—1),51 + Wsy | > (2)
s1=1  t1,ta€{l,...,M;}
(i4+t1—1,j4+t2—1)€D

where D ={1,...,d1} x {1,...,d2} and
0 . ‘
Ogi,)j),l =ux;; forie{l,...,di}and j e {1,...,da}.
Here one may see that weights generating the feature map o(f): , are shared, which has
the advantage that it can reduce the model complexity and the duration of the networks’

training. In our network, only in the last step a max-pooling layer is applied to the
values of the last convolutional layer L. Thus, the output of the network is given by a

kr,
fwuwbiamwout (X) :max{ Z wSQ : 0574'[3‘)732 : ,L G {17 st 7d1 - ML + 1}

so=1
,je{l,...,dgML+1}}.

Our class of convolutional neural networks with parameters L, k = (ki,...,kr) and
M = (My,...,Mp) is defined by FENN. As in Kohler, Krzyzak and Walter (2020) we
use a so-called zero padding in the definition of the index set D in (2). Thus, the size of
a channel is the same as in the previous layer (see Kohler, Krzyzak and Walter (2020)
for a further illustration). Our final estimate is a composition of a convolutional neural
network out of the class fgg le/[ and a fully-connected neural network, which is defined

as follows: The output of this network is produced by a function g : R — R of the form

kr,
g@) =Y wM g (@) + wl", (3)
=1



where w[()L), ... ,w,(é) € R denote the output weights and for ¢ € {1,...,kp} the g(L) are

recursively defined by
k'rfl
T r—1) (r—1 r—1
9@ =0 | Do wl gl @) + ol
j=1

for w%ﬁl),...,wgki)l eRie{l,.. .k}, re{l,...,L}, k=1 and

9 (@) = =.
Here the function o : R — R denotes again the ReL U activation function
o(x) = max{x,0}.
We define the function class of all real-valued functions on R of the form (3) with pa-

rameters L and k = (k1,...,kr) by ]-"E{XN.

Our final function class F,, is then of the form

CNN FNN
JT-.TL = {go f : f € .FL»(,LI),k(l),M’g € JT-'L»(,LQ),k(Q)’ Hgo f||OO S 6%}7

which depends on the parameters
1 1 2 2
L=, 2@), kO = (b, k) k@ = (6P k) M= (M, M)

and 8, = c¢1 - logn. Let

n

. 1
n = in — 1 1 =Y - f(X;
fo = arg min - ; og(1 + exp(—Y; - f(X;))

be the CNN, which minimizes cross entropy loss on the trainings data D,,. We define our
CNN image classifier by

~ ~

Cn(x) = sgn(fn(x)).

3 Main results

Our main result is the following theorem, which presents two upper bounds on the dis-
tance between the expected misclassification risk of our CNN classifier and the optimal
misclassification risk.

Theorem 1 Let p > 1 and C' > 0 be arbitrary. Assume that the aposteriori probability
n(x) = P{Y = 1|X = x} satisfies a (p,C)—smooth hierarchical maz-pooling model of
finite level | and supp(Px) C [0,1]91%%2 Set

1S T [z -n¥ P 11 and L2 = [ey - n/4],

10



M, =2 (s=1,...,L1),
where the function 7 : {1,..., L%l)} —{1,...,1} is defined by
l

m(s) = Z ]l{SZi-FZlf:%_iH 47 [eyn2/ (2pHD] )

=1

(1) (2) .
choose k1) = (cyq,... cq) € NI and k) = (¢5,...,¢5) € NIv | and define the estimate
C,, as in Section 2. Assume that the constants co, ..., cs5 are sufficiently large.

a) There exists a constant cg > 0 such that we have for any n > 1
P {Y ” C‘n(X)} CP{Y # Y (X)) < c6- (logn) -0~ mnlaEes],

b) If, in addition,

P{X:f;(X)|>;-logn}21—\/1% (neN) (4)

holds, then there exists a constant c; > 0 such that we have for any n > 1
P{Y #C.(X)} ~P{Y £ (X)) <7 (logn)? - " ed)

Remark 1. The rate of convergence in Theorem 1 does not depend on the dimension
di - dy of the predictor variable, hence under the assumptions on the structure of the
aposteriori probabilities in Theorem 1 our convolutional neural network classifier is able
to circumvent the curse of dimensionality.

Remark 2. Assumption (4) requires that with high probability the aposteriori proba-
bility is very close to zero or very close to one, and hence the optimal classification rule
makes only a very small error. This is in particular realistic for many applications in
image classification, where often there is not much doubt about the class of objects (cf.,
Kim, Ohn and Kim (2019)).

Remark 3. The definition of the parameter L,(f) of the estimate in Theorem 1 depends
on the smoothness and the level of the hierarchical max-pooling model for the aposteriori
probability, which are usually unknown in applications. In this case it is possible to define
this parameter in a data-dependent way, e.g., by using a splitting of the sample approach
(cf., e.g., Chapter 7 in Gyorif et al. (2002)).

4 Proofs

Lemma 1 Let ¢ be the logistic loss. Let (X,Y),(X1,Y1),...,(X,,Y,) and Do, fn, Cn
and fg as in Section 1.
a) Then

P {Y 4 én(X)\Dn} -P{Y # [*(X)}

11



<55+ (B{or -GN} B 20}
holds.
b) Then
P{Y # Ca(X)|Da} — P{Y # f7(X)}
<2 (E{o(vV - CaX))Du} — E{o(Y - [3(XD)}) +4- E{p(Y - [5(X))}.
holds.

¢) Assume that
p {X X)) > Fn} >1-— et

for a given sequence {Fy, }nen with F,, — co. Then

E{o(Y  fi(X)} <cg- Fyp-e P
holds.

Proof. a) This result follows from Theorem 2.1 in Zhang (2004), where we choose s = 2
and ¢ = 271/2, R
b) Set f,,(x) = 1/(1 + exp(—fn(x)). Then we have

P {Y # sgn(fu(X)IDa} — P{Y £ *(X)}
< (0= 000 17, g0 09+ 060) 1, ) )

— (1= 0(0) Ty 1(00) +1(%) - L0213 () ) Px ()
) <0y (¥)
20} (9) = 23 15, 9.0y (%)
>0y (%) + In (%) - Ly, (<0 (¥)
]l{n(:p< }( )

= [ (=000 = 1 Fa30) 17 g 09+ (1) = Fa) - 17, (0
(1= ) = 14 19) - Ly (30) 4+ (Fal30) = 1(30) - L1, (0
—i—(l—fn(X))-ﬂ{fn(x)zo}(x)—i‘fn( x)-1 (fn (x)<0}( x)
—(1—fn(x))-]l{n(x)2%}(x) fu(x) - ]l{n(x)< }( )) x (dx)

12



<2 E{’fn(X) - n(X)HDn}
Here the last inequality follows since

~

fn(x) > 0 implies f,,(x) >

fn(x) < 0 implies f,(x) <

N — DN

and consequently we have

(1= Fa(3)) L, im0y ) + Fu(3) 15 01 (%)

:min{} — fa(x), fu(x)}

<1 = fa(x)) - Lgp> 13 (%) + fu(¥) - g 9 < 1y (%)

Furthermore we can bound (5) by

2'E{’¢<Y'logm)—so<rlog%

1- fn(X)

Here we used that for g(z) = log 1% with z € (0,1),

hﬂZ)=@%1-9@0)=1m§<1+eXP<—Jog

1—
:10g<17L Z)
z

z

1—2z

z
and
z
ha(e) = (-1 g(e)) =log (14 1 )
1
—1
()
— —log(1 - 2),
we have
1

and consequently

1
1 - 2]

1
|74 (2)] = 2] = 1 and [l (2)] =

13

o}

)

> 1 for z € (0,1).



Using mean value theorem it follows for j € {1,2} and 21, 23 € [0, 1]
|hj(z1) = hj(z2)l =2 1 [z1 — 2.
Since
la—b] <l|a|+|b| =a+0b fora,b>0

we can finally bound (6) by

2-E {‘cp <Y-10g T-7.X) ﬁ}f&@) —p <Y - logi1 i(;((;())’ Dn}
<2-B{o (V- £uX)) + ¢ (V- £5(X) |Da
_2.E {cp (Y . fn(X)) — o (V- £2(X)) ’Dn} +4-E{p (V- £1(X)) D0}

c¢) This result follows from Lemma 3 in Kim, Ohn and Kim (2019). O

Lemma 2 Let ¢ be the logistic loss. Define (X,Y),(X1,Y1),...,(Xy,Y,) and D, fn
and f} as in Section 1. Let Fy, be a function space consisting of functions f : Rérxd2 4 R
Then

E{o(V - fu(X))Da} ~ B{o(Y - £3(X)))
<2 sup [B{e(V - (KD} = 3 (Y- (X))
€Sn =1

+ inf B{e(Y-f(X)} - E {o(Y - f5(X)} .

Proof. This result is the standard error bound for empirical risk minimization. For the
sake of completeness we present nevertheless a complete proof.
Let f € F,, be arbitrary. Then the definition of f, implies

E{o(Y - fu(X)IDa} ~E{o(Y - £(X))}
gE{ (Y - fu(X) }——Z@Y fn(X

+% > e(Yi fu(X3) - — Z PV fX
i=1 =1

% 3oV f(X0) — E{e(Y - /(X))
=1

+E{o(Y - f(X)} - E{e(Y - f3(X))}

gE{ (Y - fu(X) }—*Z@Y fn(X

14



0+ L e ) - B e 00}
PRI SX) — B Lo X))
<2 sup E{p(Y - 9(X))} - iis@(Yi - 9(X4))
B (oY (X)) B {p(Y - £X))}
U

Lemma 3 Let ¢ be the logistic loss and (X,Y), (X1,Y1),..., (X, Ys) be independent
and identically distributed R <% x R-valued random variables. Let F, be defined as in
Section 2. Then

E< sup

fe€Fn

In order to prove Lemma 3 we need the following bound on the covering number of
F.

9 max{L%l), Lg)}
NG )

E{p(Y - FX))} = Vi f(X)

} < ¢ - (logn)

Lemma 4 Let o(x) = max{x,0} be the ReLU activation function, define F, as in Sec-
tion 2 and set

Kyron = max {k{”, . ,k(ngw A k(;%)} \ Mg = max{Mi,..., M, )}

and
Lmaz = ma'X{LSll)a Lg)}

Assume dy -dy > 1 and B, = c¢1 -logn > 2. Then we have for any € € (0,1):

sup log (M (€, F, xT))

X;LG(R{l ..... dy}xA{1,..., dQ})n

-1
<ecio- L2, -1og(Lmas - d1 - d2) - log <010gn>

€

for some constant c1g > 0 which depends only on kpar and M.

Proof. See Lemma 7 in Kohler, Krzyzak and Walter (2020). O
Proof of Lemma 3. Since f € F, satisfies ||f|lcc < Bn = ¢1 - logn, we have for any
x € R4z and y € {—1,1}

o(y - f(x)) =log(1 + e ¥T™) < log(1 + ™) < log(1 + €) = ¢1; - logn.
Set

Z= (X’ Y)7Z1 = (Xla}/l)v e '7Zn = (Xn>Yn>7

15



and

Hy = {h:RD*%2 x R - R:3f € F, such that h(x,y) = ¢(y - f(x))}.

By Theorem 9.1 in Gyorfi et al. (2002) one has, for arbitrary € > 0

P {;;}3 E{o(Y - f(X))} - ith(Y; f(Xa)| > 6}

=P< sup > €
f€HR

n52
<SE NG (5, M0 27) fe TR0,

EAZ) - L3 h(z)
=1

Let hi(x,7) = o(y- fi(x)) ((x,y) € RT1*42 x {1 1}) for some f; : R1*92 — R, Then it
follows with the Lipschitz continuity of ¢, that

=S (Z0) — ha(%)
=1
== (Vi A1(X)) — oY fo(X0)))|
i=1
< 23 VX)) - Yifa(X)]
=1

Thus, if {f1,..., fe} is a e-cover of F,, then {hy,...,hs} is a e-cover of H,,. Then
N (5 Z1) <N (507 XT)
Set Linge = max{Ly’, L}, Lemma 4 implies

2
€ C . 10 n clO'Lmax'log(Lmax'dl'dg)
M (—,fn,X{‘) < (H)
1 n

8 €
P {fsu}g E{p(Y - f(X))} - Y elYi- f(Xa)| > 6}
€/ i=1

c12 - logn c10-Liax10g(Lmax-di-d2) ) .2
S 8. s 9 e clg(logn)2 X
€

and

16



Set

_ Lo logny ([ (ero-logn) o HmotEne dt)
€n = 9 n g 1/n
(1) 7(2)
Ly, Ly 1
— (1 2, maX{ n s 4n > =
C14 (og n) \/ﬁ z

Here we have used for the last inequality that w.l.o.g. we can assume min{cyg, c12, c13} >

1. Then

E< sup
f€Fn
[e'e} . C10° Lmax 1Og(Lmax -dy- d2) . nt2
—c, +/ 8 { <012 thg n) }6 c13-(log n)2 dt
€n

‘L2 1 Lmax' :
S 012 . log n €10 max Og( dl d2) _ nt2 5 - nt2 5
= € + 8 s 2 e 2c13-(logn) e 2c13-(logn) dt

E{p(Y - f(X }—stoY fx

t

o0 nt2
eTL e T2 c13-(log n)2 dt
€n

n-en-t
<ep+ / e 2eiz(ogn)? ¢
€n

IN

1) 7@
max{ Ly, Ly,
SCIS'(lOgn)Q' { \/ﬁ }

O

Lemma 5 Let p > 1 and C > 0 be arbitrary. Assume that n : R1*% 5 R satisfies a

(p, C)—smooth hierarchical maz-pooling model. Let F,, be the set of all CNNs with ReLU
(1)

activation function, which have Ly’ convolutional layers with cq4 neurons in each layer,

(2)

where c4 1s sufficiently large, one mazx pooling layer and Ly~ additional layers with 7

neurons per layer. Furthermore assume (Lg))%/d > 16 Lg), Then

. log LS?) 1
f E{pY - E{p(Y - < .
flen]-'n Loy FX)) = {SO foX } ar ( Lq(f) i (L%l))zp/z;

In order to prove Lemma 5 we need the following four auxiliary results.
Lemma 6 Let d € N, let f : R? = R be (p,C)-smooth for some p=q+ s, ¢ € Ny and
€ (0,1], and C > 0. Let A > 1 and M € N sufficiently large (independent of the size
of A, but

4(g+1)
M >2 and M* > ¢ig - <max {A, Hf”ch([_A7A]d)}> ,

17



where

o

| fllca—a,a1)

QY yeney ag€Ng,
<

must hold for some sufficiently large constant c1g5 > 1).
a) Let L,r € N be such that

1. L > 5+ [log,(M?)] - ([logy(max{q,d} + 1})] + 1)
2.r>2%.64- (T - a%- (¢ +1)- M?

hold. There exists a feedforward neural network fretwidze with ReLU activation function,
L hidden layers and r neurons per hidden layer such that

4(q+1)

| f = Fretwidelloo,—a,412 < €19 - (maX {A, Hf”Cq([—AA]d)}) M. (7)

b) Let L,r € N be such that
1. L>5M%+ {10g4 <M2p+4-d~(q+1) .€4~(Q+1)'(Md—1)ﬂ
- [logy(max{q, d} + 1)] + [log, (M??)]
2.7 >132-2¢ [e] - (49) - max{q + 1,d?}

hold. There exists a feedforward neural network fret geep with ReLU activation function,
L hidden layers and r neurons per hidden layer such that (7) holds with fyetwide replaced

by fnet,deep-

Proof. See Theorem 2 in Kohler and Langer (2020). O
Lemma 7 Set
00 ,2=1
f(z)=1qlog% ,0<z<1
—00 ,2=20

and let K € N with K > 6. Letn:R? — [0,1] and let g : R — R such that ||g—1]lec < €
for some 0 < € < 1/K. Then there exists a neural network f : R — R with ReLU
activation function, K + 3 hidden layers with 7 neurons per layer, which is bounded in
absolute value by log(K + 1) and which satisfies

sup  ([n(x) - (2(f(g(x)) = (f(n(x))) | +[(1 = 0(x)) - (e(=F(3(x)) = o(=F(1(x)))])

x€Rd1Xd2

log K
< c0- e te).

18



Proof. For k € {—1,0,..., K + 1} define

0 ,z<%
P L SN P
K(2) =9 o ka1 ko<, kil
(7 —2) g <z< i

0 ,z > Bl

(which implies By(k/K) =1 and By(j/K) =0 for j € Z\ {k}) and set

K-1
f(z) = fO/K)-(B-1(2) + Bo(2)) + ) f(k/K)- By(2) + f(1 = 1/K) - (Bg(2) + Br+1(2))
K+1 =
=: Z ay - B(z).
k=-1

Then f interpolates the points (—1/K, f(1/K)), (0, f(1/K)), (1/K, f(1/K)), (2/K, f(2/K)),
(K = 1)K, F((K = D)/K)), (1, 7(K = 1)/K)) and (1 + /K, f((K — 1)/K)),

is zero outside of (—2/K,1 + 2/K) and is linear on each interval [k/K, (k + 1)/K]
(ke {-2,..., K +1}). Because of

Bk<z>=a<f<-(z_";1>)_2.0<K.<z_f(>>+a(x.<z_kl+{1)>

f can be computed by a neural network with ReLU activation function and K + 3 hidden
layers with 7 neurons per layer. To see this we use that we have

o(x) — o(—x) = max{x,0} — max{—z,0} =2 for z € R,
which enables us to compute f recursively as follows:

Fla) = 710 = 70+

where
R=ofi =) +as Bra(i = i) forle {2, K +3),
fo=o(-fi'+ ) forlef2,... K+3}
fé =o( flmt _ifl) forl €{2,..., K + 3},
fi=o(-fA '+ fi7Y) forle{2,...,K +3}
and

]Fll =a-1 ‘B—l(x)7f21 :O7f231 = O'(SE) and f} :0(_x)'

By induction it is easy to see that the above recursion implies

=
fi—fi=z and fi—f3= Y a- By(x)

k=-1
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for 1 e {1,..., K + 3}.
Set

hi(z) = (f(2)) = log (1 +exp (— log 7 - Z)) = log (1 + 17) = —log 2

ha(2) = p(—f(2)) = log (1 +exp <log : i z)) = —log(1 — 2).

First we consider the case n(x) € [0,2/K], which implies f(n(x)) < f(2/K) = —log(K/2—
1) < 0. In this case we have —1/K < g(x) < 3/K and —log(K — 1) = f(1/K) <

fg(x)) < f(3/K) = —log(K/3 —1). Consequently we get
n(x) - (e(f(a(x) = e(f(n(x))] < n(x) - o(f(G(x)) +n(x) - ha(n(x))

< % ~log(1 + exp(log(K — 1)) +n(x) - log(n(lx))
log K
< 4 K

(where we have used z -log(1/z) < (2/K) - log(K/2) for 0 < z < 2/K) and

(1= n(x)) - (p(—F(Gx)) — o(~F(n(x)))|
P(—F(G(x) + o(~f(n(x))
log(1 + exp(f 1@( )))) + log(1 + exp(f(n(x))))
log(1 + exp(—log(K/3 —1))) + log(1 + exp(—log(K/2 — 1)))
6

2-exp(—log(K/3—-1)) = ——.

<
<
<
- K-3

Similarly we get in case n(x) > 1—2/K

() - (2(F(3(x)) = 2(f(0())) |+ |1 = 0(x)) - ((=F (@) = (=f (n(x)))]
log K
K_3

Hence it suffices to show

sup ( In(x) - (e(f(g(x)) — e(f(n(x)))]

xeRd
n(x)€2/K,1-2/K]

<12.

log K
< o1 ( i +

By the monotony of f, |f/(2)] = —— > 1 for z € (0,1), the mean value theorem

and the definition of f we can conclude that for any x € R? with n(x) € [2/K,1 —2/K]
we find &, 6x € R with || < %, |0x| < & + € and n(x) + 6« € [1/K,1—1/K] such that

f(g(x)):f( (%) + &) = fF(n(x) + 6x). (8)
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This implies

xeRd,
n(x)€l2/K,1-2/K]

sup ( [n(x) - ((f(3(x)) — (f(n(x)))]|

o <|n<x>y () + 62) — a (0()]

xeRd,
n(x)€l2/K,1-2/K]

+1 = n(x)] - |ha(n(x) + dx) — hz(n(X))) :

Consequently it suffices to show that there exists a constant cgo such that we have for
any z € [2/K,1—2/K] and any § € R with |[§| < + +eand 2+ 0 € [1/K,1 — 1/K]

|| - h1(z 4+ 6) — hi(2)] < co2- (Il{—i-e) (9)
and .
1= 2] a4 8) ~ ha(a)| S ean- (o ). (10)
We have 1
Ry (z) = -

By the mean value theorem we get for some { € [min{z + 0, z}, max{z + 9, z}]

1
€]

where we have used that z,z+ 9 € [1/K,1 —1/K] and § < 2/K imply 4[¢| > |z|.
In the same way we get

1
|z| - |h1(z 4+ &) — hi(2)] = |2] .’5‘§4.|5’§4,<K+6>’

1

hy(z) =
2(2) 1—2

and

[1— 2| |ha(z +0) = ha(z)] = [1 — 2] -

1 1
. < 4. <4.[ = .
T 0] <4-|0] <4 <K+e>

O

Lemma 8 Let di,dy,l € N with 2! < min{dy,d>} and set I = {0,1,...,2" — 1} x
{0,1,...,2 —1}. Define m and m by

00 = e R e,y O
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and

00 = ez T iyt OG-

where f and f satisfy _
f=fin and f=fi1

for some fi s, fk;,s CR{L2V L2 R recursively defined by

-----

frs(x) = gk,S(fk—lA-(s—l)-i—l(X{l 2’“*1}x{1,...72k*1})7

.....

fk—1,4-s(X{zk—lﬂ,...,zk}x{2k—1+1,...,2k}))

and

Frs(@) = Gs(Fomt (o)1 (Xq1, o135 g1, 26-1}),s
fk—1,4~(s—1)+2(X{2k*1+1,...,2k}><{17...,2k*1})7
fk—1,4-(s—1)+3(X{l,...,2k*1}><{2’V*1+1,...,2’V})a
fk—1,4-s(X{2k—1+1,...,2k}x{2k—1+1,...,2k}))

for ke {2, 1} s € {1,....4*}, and

f1,3(901,1,9€1,2,£'32,1, 902,2) = gl,s($1,1a $1,2,9U2,1,$2,2)
and
J1,s(x11, 21,2, 02,1, T2,2) = G1,5(T1,1, %12, 2,1, T2,2)

for s =1,...,47 . Assume that all functions ks - R* — [0, 1] are Lipschitz continuous
regarding the Euclidean distance with Lipschitz constant C > 0 and for oll k € {1,...,1}
and s € {1,...,47%} we assume that

1Gk,sll[—2,204,00 < 2. (11)
Then for any x € [0, 1]{1dbxd{bd2} Gt polds:

m(x) —m(x)| < (2C +1)" - max Ngis = Fisll-2,2)% oo
ie{l,...,.l},s€{1,..., 411}

Proof. The assertion follows from Lemma 4 in Kohler, Krzyzak and Walter (2020). O

Lemma 9 Letdy,ds,l € N with 2! < min{dy,ds}. Fork € {1,...,1} ands € {1,...,47%}
let
netk,s R* - R

be defined by a feedforward neural network with Lypey € N hidden layers and rpee € N
neurons per hidden layer and ReLU activation function. Set

I:{0,...,2’—1}x{O,...,?l—l}
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and define m : [0, 1]{Ldbx{ld2} R by

m(x) = ()€22 + (.4) AT (Lt} % {1 o) S (%)

where f satisfies -
f=ru
for some frs: [0, 1}{1"“’2k}x{1"“’2k} — R recursively defined by
Frs(®) = Getks (Frora(s-)+1 (g1, 2b-1)xq1,25-13),

Je—1,a-(s—1)r2(Xqor—141,. 25 x{1,...,25-1} )
Sreotas—1)13(Xg1, b1y q2r-141,.28}):
fk—1,4-s(X{2k71+1,...,2k}x{2k71+1,...,2k}))

fork=2,...,l,s=1,...,47% and

frs(T11, 212,221, 22.2) = Gnet1,5(T1,1, 01,2, T2,1, T2,2)

fors=1,...,4""1 Set

4t —1
lnet - 'Lnet+l7
2.4 44
ks:T—i—rmt (s=1,...,lnet),

and set
M, =27 forse{l,... lnet},

where the function m: {1,... lpet} — {1,...,1} is defined by

l
"= Z1 H{SZHZlf:LiH A" et}
Then there exists some Mper € F (lnet, kK, M) such that
m(x) = Mpet(X)
holds for all x € [0, 1]11-dibx{Lwda}

Proof. See Lemma 5 in Kohler, Krzyzak and Walter (2020).

]

Proof of Lemma 5. For each gy, 5 in the hierarchical max-pooling model for n we select
an approximating neural network from Lemma 6 a) which approximates gy, s : R* = R up

(1))

to an error of order (Ly,

~20/4 Then we use Lemma 9 to generate with these networks

a convolutional neural network, and combine this network with the feedforward neural

network with Lg) layers and 7 neurons per layer of Lemma 7. For the corresponding

network h € F,, we get by Lemma 7 and Lemma &

sup  (|n(x) - (e(h(x)) — e(f5(n(x)))] + |1 = n(x)) - (p(=h(x)) — (-

r€R41Xd2

23
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Because of
Jnf B{p(y - (X))}~ B {o(Y - f5(X))}
SE{p(Y - h(X)} ~E{p(Y - f5(X))}
— [ 69+ () + (1= 1) - 9(=h(x))) Pxc(x)
= [ n0) £ + (1= (o) - () P a)
< sup ([n60) - (p(h(x) = e(f50()))|

x€[0,1]41 % d2
(1= 0(0) - (p(=h(x)) = o(~ F1(x))] )
this implies the assertion.
Proof of Theorem 1. In the sequel we show
E{p(V - sgn(fa(X)) | = B{o(Y - f5(X)} < a1 (logn)? - n~ ™01,
This implies the assertion, because by Lemma 1 a) we can conclude from (12)
P{Y #sgn(fu(X)|} — PAY # £(X)}
. 1/2
<B{ T (B{etr sl ID.} - B f000}) )

<5 (logn) - n- min{ s ),

And from Lemma 1 b), (4) and Lemma 1 ¢) we can conclude from (12)
P{y #sen(fu(X)|} = P{Y £ [*(X)}

<2 (B{e(V sen(fuO) | ~B{o(Y - ZOO)}) +4- 22

— min{-—P_ 1
S cov - (log n)2 n mln{ 2P+4’4}.

So it suffices to prove (12). Application of Lemma 2, Lemma 3 and Lemma 5 yields

E{e(Y - fu(X))} — E{e(¥ - f5(X))}

24

co6 - logn

(12)



<2-E {fsu}g E{o(Y - f(X))} - %Zs@(Yi : f(Xi))‘}
S n i=1

+ jnf B{p(V - fX)} - E{e(V - f2(X))}

1) 7(2) (2)
Ly, Ly} log Ly, 1
- ' 2 max{ Ly, ‘
< cgg - (logn) NG + 29 ngz) + (Lg))Zp/zL
@) (2) (1)
Ly log Ly, Ly
< cos - (logn)? - == + ca9 - o8 +co8 - (logn)? - = + ca9 -

vn LY vn

—min{ﬁ,i}

(Lg))QpM

< ey - (logn)? -
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