On the universal consistency of an
over-parametrized deep neural network estimate
learned by gradient descent -+

Selina Drews' and Michael Kohler
Fachbereich Mathematik, Technische Universitdt Darmstadt, Schlossgartenstr. 7, 64289
Darmstadt, Germany, email: drews@mathematik.tu-darmstadt.de,
kohler @mathematik.tu-darmstadt.de

August 22, 2022

Abstract

Estimation of a multivariate regression function from independent and identically dis-
tributed data is considered. An estimate is defined which fits a deep neural network
consisting of a large number of fully connected neural networks, which are computed in
parallel, via gradient descent to the data. The estimate is over-parametrized in the sense
that the number of its parameters is much larger than the sample size. It is shown that
in case of a suitable random initialization of the network, a suitable small stepsize of the
gradient descent, and a number of gradient descent steps which is slightly larger than the
reciprocal of the stepsize of the gradient descent, the estimate is universally consistent
in the sense that its expected Lo error converges to zero for all distributions of the data
where the response variable is square integrable.
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1 Introduction

Deep neural networks belong nowadays to the most promising approaches in many dif-
ferent applications. They have been successfully applied, e.g., in image classification (cf.,
e.g., Krizhevsky, Sutskever and Hinton (2012)), text classification (cf., e.g., Kim (2014)),
machine translation (cf., e.g., Wu et al. (2016)) or mastering of games (cf., e.g., Silver
et al. (2017)).

In the last few years various results concerning the approximation power of deep neu-
ral networks (cf., e.g., Yarotsky (2017), Yarotsky and Zhevnerchuck (2020), Lu et al.
(2020), Langer (2021b) and the literature cited therein) or concerning the statistical
risk of corresponding least squares estimates (cf., e.g., Bauer and Kohler (2019), Kohler
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and Krzyzak (2017), Schmidt-Hieber (2020), Kohler and Langer (2021), Langer (2021a),
Imaizumi and Fukumizu (2019), Suzuki (2018), Suzuki and Nitanda (2019), and the
literature cited therein) have been derived.

The above results ignore two important features of the typical application of deep
neural networks: Firstly, in practice the estimates are computed using gradient descent
and not (as in the theoretical results above) the principle of least squares. And secondly,
often the applied neural networks are over-parametrized in the sense that the number of
parameters is much larger than their sample size.

These two principles contradict classical theory. Nevertheless, to some surprise, they
work very well in practice. In Bartlett, Montanari and Rakhlin (2021), the theory of this
observation is explored in more detail. To do this, they put forward two hypotheses. The
first hypothesis concerns the tractability via over-parametrization. It is conjectured that
even if the objective function is non-convex, the hardness of the optimization problem
depends on the relationship between the dimension of the parameter space (the number
of optimization variables) and the sample size. Thus the tractability is given if and only
if a model is chosen that is over-parametrized. This is in contrast to the classical assump-
tion that statistical learning is achieved by restricting to linearly parameterized classes
of functions and convex objectives. The second hypothesis concerns generalization via
implicit reqularization. In classical theory, one wanted to avoid over-parametrized neural
networks and therefore restricted them to an under-parametrized regime or a suitable
regularizing regime. It was assumed that a method that has too many degrees of free-
dom by perfectly interpolating noisy data cannot have a good generalization. However,
it was observed in practice that over-parametrized models generalize well. This is very
interesting since empirical evidence shows that an optimization task is simplified if the
model is sufficiently over-parametrized.

Bartlett, Montanari and Rakhlin (2021) suggest that deep learning models can be
divided into a simple component and a spiky component. The simple component is
useful for prediction, and the spiky component is useful for overfitting. If the model is
suitably over-parametrized, this interpolation does not affect the prediction accuracy.

Nonconvex empirical risk minimization problems in a linear regime are solved efficiently
by gradient methods. In a linear regime, a parameterized function can be approximated
exactly by its linearization over an initial parameter vector. Bartlett, Montanari and
Rakhlin (2021) were able to show that for a suitable parameterization and initialization,
a gradient method remains in the linear regime. Further, it leads to linear convergence
of the empirical risk and to a solution whose prediction is well approximated by the lin-
earization of the initialization. Especially, they showed that for two-layer networks in the
linear regime, a suitably large over-parametrization together with a suitable initialization
is sufficient. This theory is not able to capture training schemes in which the weights
genuinely change.

One approach beyond the linear regime considered in Bartlett, Montanari and Rakhlin
(2021) is the mean field limit. Here, the weights move in a nontrivial way during training,
even though the network is infinitely wide. Using mean field theory, global convergence
results can be proved for two-layer (Mei, Montanari, and Nguyen (2018), Chizat and
Bach (2018)) and multi-layer neural networks (Nguyen and Pham (2020)).



Another approach is to consider the linearized evolution as a Taylor expansion of
the first order, and then construct higher-order approximations. Other approaches are
considered in Dyer and Gur-Ar (2019) and Hanin and Nica (2019).

It is well-known that gradient descent leads to a small empirical Lo risk in over-
parametrized neural networks, see, e.g., Allen-Zhu, Li and Song (2019), Kawaguchi and
Huang (2019) and the literature cited therein. However, such results are in general not
useful for the proof of the consistency of corresponding estimates, because it was shown
in Kohler and Krzyzak (2021) that any estimate which interpolates the training data
does not generalize well in a sense that its error does not converge to zero for sample size
tending to infinity in case of a general design measure.

In the current paper, we analyze deep neural networks in the context of nonparametric
regression. Here we consider an R? x R-valued random vector (X,Y) with EY? < oo,
where X is the so—called observation vector and Y is the so-called response variable. We
assume that a sample of (X,Y), i.e., a data set

D ={(X1,Y1),...,(Xn,Yo)}, (1)

where (X,Y), (X1,Y1), ..., (Xn,Y,) are ii.d., is available. We are searching for an
estimator

mn(-) = mp(-,Dy) : RT = R

of the so—called regression function m : R = R, m(z) = E{Y|X = 2} such that the
so—called Lo error

[ m(2) = m(a) PP (o)

is “small” (cf., e.g., Gyorfi et al. (2002) for a systematic introduction to nonparametric
regression and a motivation for the Lo error).

In Section 2 we introduce an over-parametrized deep neural network estimate, where
the weights are learned by gradient descent. Our main result is that in case we initialize
our starting weights randomly in a proper way, and proceed with a suitable number of
gradient descent steps with a sufficiently small constant stepsize, this estimate m,, is
universally consistent in the sense that

E/ |, () — m(:c)|2PX(dx) =0 (n— o)

holds for every distribution of (X,Y) with EY? < oo.

For many years it is well-known that universally consistent regression estimates exist,
see Stone (1977) for the first result in this respect and Gyorfi et al. (2002) for an extensive
overview of such results. So it is not surprising that deep neural networks have this
property, too. However, our main result presents interesting aspects of the application
of gradient descent to deep neural networks which are useful for proving such universal
consistency: Firstly, the over-parametrization is useful in our result since it ensures that
a finite subset of the initially chosen inner weights have nice properties. Secondly, due to
the fact that we use a small stepsize, gradient descent applied to a properly regularized



empirical Lo risk is able to adjust the outer weights in an optimal way. And thirdly,
due to the fact that the number of gradient descent steps is only slightly larger than the
reciprocal of the stepsize, the inner weights do not change drastically during our learning.
Altogether this enables our estimate to perform a kind of representation guessing instead
of representation learning.

In our proofs we use techniques that have been introduced in Braun et al. (2021) in
the context of the analysis of gradient descent of neural networks with one hidden layer.
These techniques have been also applied in Kohler and Krzyzak (2022) to analyze the
performance of over-parametrized neural networks with one hidden layer. But in contrast
to Kohler and Krzyzak (2022) we do not control the complexity of our estimate by using
a strong regularization term. Instead we combine the techniques introduced in Braun et
al. (2021) with the approach of Li, Gu and Ding (2021), which suggested to analyze the
complexity of over-parametrized neural networks with metric entropy bounds.

Throughout this paper we will use the following notation: The sets of natural numbers,
real numbers and nonnegative real numbers are denoted by N, R and R, respectively.
For z € R, we denote the smallest integer greater than or equal to z by [z]. The
Euclidean norm of 2 € R? is denoted by |z||. For f:RY — R

[ flloc = sup |f ()]
zCcRd
is its supremum norm. Let F be a set of functions f : R? — R, let z1,...,z, € R?, set

2 = (z1,...,2y) and let p > 1. A finite collection fi,..., fn : R? — R is called an L,
e—cover of F on z7 if for any f € F there exists i € {1,..., N} such that

n 1/1’
(i S 1) — fi<wk>|p) <e.
k=1

The L, e-covering number of F on z7 is the size N of the smallest L, e-cover of F on
x7 and is denoted by N, (e, F, z7).

If Ais a subset of R? and € R? then we set 14(z) = 1if 2 € A and 14(z) = 0
otherwise. For z € R and 8 > 0 we define T3z = max{—S3, min{8,z}}. If f : R — R is
a function and F is a set of such functions, then we set (Tsf)(z) = T (f(z)) and

TyF = {Tsf : f € F}.

In Section 2 we define our estimate. In Section 3 we present our main result concerning
the universal consistency of our deep neural network estimate learned by gradient descent.
The proof of the main result is given in Section 4.

2 Definiton of the estimate

Let o(z) = 1/(14 e %) be the logistic squasher. In the sequel we use a network topology
where we compute a linear combination of K, fully connected neural networks with L



layers and r neurons per layer, i.e., we define our neural network as follows: We set

K’!L
L L
ful@) =D wil; - £ @) (2)
j=1
for some wgﬁ{l, . ,wgﬁ{ x, € R, where f;ﬁ) are recursively defined by
l . -1 -1 -1
22(@ =0 Zwl(c,i,j) ) lf;,j )(33) + wl(f,i,o) (3)
j=1
for some w,(c{;é), e ,w,gl;:) eR(l=2,...,L) and
d
1 0 ' 0
@y =0 [ S w . a® 4w (4)
j=1
for some w,(gol.)o, . ,w,goi)d e R.

The above neural network consists of K, fully connected neural networks with depth
L, which are computed in parallel. These networks have r neurons in all layers except
for the last layer, where they only have one neuron. In the k-th such network we denote
the output of neuron ¢ in the [-th layer by félz, and the weight between neuron j in the

(I—1)-th layer and neuron i in the [-th layer is denoted by w,(gli_;). The number of weights

of the above neural network is given by
K, Q1+(L-1)-7r-(r+1)4+r-(d+1)).

In order to learn the weight vector w = (w,(gl)l j)kﬂ}j,l of our neural network we apply
gradient descent to a properly regularized empirical Lo risk of our estimate. We initialize
w(® by setting

wil, =0 forj=1,... K, (5)

O]

and by choosing all others weights randomly such that all weights w, j

randomly chosen, and such that all weights w,gl)i j with 1 <[ < L are uniformly distributed

are independently

on [—20d - (logn)?,20d - (logn)?], and all weights w,(c?gj are uniformly distributed on
[-n7,n"] for some fixed 0 < 7 < 1/(d+1). Then we set ay, = ¢; - logn, and compute

wit) = wlt) — X, (Vo EF) (WD) (t=0,...,t,—1)

where

2

n K,
1 ~ (L
Fp(w) = n Z | fw (Xi) — YHQ ) 1[fan,an]d(Xi) t+c2- Z |w§,1),j
i=1 =1

is the regularized empirical Lo risk of the network fy, on the training data. The step size
An > 0 and the number ¢, of gradient descent steps will be chosen in Theorem 1 below.



The estimate is defined by

M () = (Th, faettm (£)) - Ly, 0,2 (2);

i.e., as an estimate we use the neural network with the weight vector which we get after
t, gradient descent steps, and truncate this function on height —3, and (,, and set it
equal to zero outside of a cube. Here we set 5, = c3 - logn.

Because of (5) we have

w®) ZIYI2 L, an) (Xi)-

3 Main result
Our main result is the following theorem.

Theorem 1 Let o be the logistic squasher, and let K,,L,r € N and 7 € Ry. Assume
L>2r>2d,0<7<1/(d+1)

for some k >0,
B oo (n ) @
n’ -logn o0 AR o)
and set a, = c¢1 -logn, B, = c3 - logn,
1
An=-— and t,=[cs Ly logn| (8)
Ly,
for some L, > 0 which satisfies
Ln > (logn) 010 372 (9)

Let the estimate my,, be defined as in Section 2. Then we have
/\mn —m(@)PPx(dz) 0 (n - oo)

for every distribution of (X,Y) with EY? < co.

Remark 1. Condition (7) implies that K, is asymptotically larger than n", consequently
the number of parameters of our estimate is much larger than the sample size and our
estimate is over-parametrized. Nevertheless it generalizes well on new independent data
since its expected Lo error converges to zero for sample size tending to infinity. In its
definition we add a regularization term to the empirical Lo risk, however, this regulariza-
tion term is not really used to control the complexity of our estimate, it is only used to



help us in analyzing the gradient descent. We control the complexity of our estimate by
imposing bounds on the absolute values of the initial weights and by requiring that the
number of gradient descent steps is not much larger than the reciprocal of the stepsize.
In particular, the condition 0 < 7 < 1/(d+ 1) controls the range [—n",n"] of the weights
wliol) i and all initial weights of level 1,..., L — 1 are bounded in absolute value by some
logarithmic term.

Remark 2. We need only a single initialization of our random starting weights in
Theorem 1. This is due to the over-parametrization, which enables us to show that even
with one single initialization there exists with probability close to one a finite subset of
our K, fully connected neural networks where the initial inner weights have some nice
property.

Remark 3. In the proof of Theorem 1 we use that the inner weights do not change much
during gradient descent and that gradient descent is able to find proper values for the
outer weights of our network. In this sense our network is not based on representation
learning, instead it is using a representation guessing.

4 Proofs

4.1 Auxiliary results

In this subsection we present various auxiliary results which we will need in the proof of
Theorem 1.

Lemma 1 Let F : REX — R, be a nonnegative differentiable function. Lett € N, L > 0,
ap € REX and set .

A= —
L
and

apr1 =a;r — A (VaF)(ag) (ke {0,1,...,t — 1})

Assume

I(VaF)(a)| < v/2-t- L-max{F(ao),1} (10)
for all a € RE with ||a — ap|| < /2t -max{F(ag),1}/L, and

[(VaF)(a) = (VaF)(b)[| < L - [la—b] (11)

for all a,b € RE satisfying

||a—a0|yg\/s-z.max{F(ao),u and ]b—a0||§\/8-z-max{F(ag),1}. (12)

Then we have

llax — apl| < \/2 : % < (F(ag) — F(ag)) forallke{l,... t},



s—1
Sl — agl? < % (F(ao) — F(ay)) for alls € {1,....t}

k=0
and
F(ay) < F(ag-1) = 57 - [VaF(ap-1)|* forall k € {1,... 1},
Proof. The result follows from Lemma 2 in Braun et al. (2021) and its proof. (]

Lemma 2 Let 0 : R — R be bounded and differentiable, and assume that its derivative
s bounded. Let ooy > 1,1, > Ly, v 21, By, > 1, r > 2d,

]wkﬂ7]| <B, forl=1,...,.L—1 (14)
and
, 2,
lw —v|5, < T -max{F,(v),1}. (15)

Then we have

|(VawF) (W) < cs5- K32 B2 (77)% - a2 ¢ 2 max{Fy(v), 1},

n

Proof. We have
IV w Fo(w)]|?

n 0 W
=Y (Z D (Yo = forl X)) 1y ayga(Xs) %J;HXS)

k,ij,l s=1
( > |
€2+ ‘w1 1 7"
6wk,z,ﬂ

2
1 — 0 fw
<8 ) =D (Ve fwl X)) Ly a0 (Xs) - | =G (X0)
kgl s=1 awk,i,j
8 Ky ()’
2
5 O fw
<c¢g-Ky-L-r°-d- max T(Xs) 1_q, an}d(Xs)
k,i,j,l,s awkij ’
1 n
E Z(Ks - fw(Xs))2 : 1[fan,an]d( ) +8- C2 (’Yn) .
s=1

The chain rule implies

3w
o 3 Y O (z +w,<;zo)

awkz,z,g Sp42=1 sp—1=1




T
(I+1) / (I+1) (+1) (I+1) (1+2)
.wk,sl+27i g Z wkysurz,t "Ikt ( ) + wy, Sig2,0 | wk7sl+37sz+2

t=1
D= 2 L0e2) (1+2) (L—2)
g (Z wk,susﬂf "kt (:U) + wk7sz+370)  Whisy 1,500
t=1
T
/ (L-2) (L-2) (L-2) (L-1)
N (Z k‘SL 1,t fk; ( )+ kSL 10> 'wk‘,l,stl
t=1

a (L—1 L—1) L—1 L
o’ (Z W1t ) f( ( )+ l(clo)> 'w§,1),kv (16)
=1

where we have used the abbreviations

() if 4
o, |z if je{1,...,d}

and

@) =1 (1=1,...,L-1).

Using the assumptions of Lemma 2 we can conclude

2
of x
max [ () | A 0,0(X0) < 6 r2 - max{[o'|2F, 1) B2E - (47)? - o
kﬂ/v]vlvs awk‘ i j

By the Lipschitz continuity of ¢ together with the assumptions of Lemma 2 we get for
any r € [_O‘m an]d

| fw(@) = fo(@)] < 2- K max{[|o"[|3, 1} 55 (2r+1)" By - - max{||o]| oo, 1} [|W = V]|oo-

(cf., e.g., Lemma 5 in Kohler and Krzyzak (2021) for a related proof). This implies
1 n
E Z(YS - fw(Xs))2 : 1[—an,an}d(XS)
s=1

<2. Fn(V) + %Z(fv(XS) - fW(XS)>2 ’ 1[—0én7an]d(Xs)

s=1
<2 Fo(v) +8-max{||o'||2£,1} - K2 - 422 - (2r + 1)%F - B . 02 - max{||0]| o0, 1}2
2t
1 max{F,(v), 1}.
Ly,
Summarizing the above results, the proof is complete. O

Lemma 3 Let 0 : R — R be bounded and differentiable, and assume that its derivative
is Lipschitz continuous and bounded. Let o, > 1, ty, > Ly, vy > 1, By, > 1, r > 2d and
assume

Jmax{(wi){") . (wo) ) M <7l (=1, K, (17)



[max{(w1), , (w2)\) } < By fori=1,...,.L—1

and y
[we —v|* < 8- L—n -max{F,(v),1}. (19)

Then we have

H(van)(Wl) - (VWFH)(W2)H

< e max{ VE(V), 1} ()7 BIE - K2 2w
Proof. We have

IVwFn(w1) — Van(W2)H2
2 — O fw
= Z (n Z(Y;‘ - fw1 (XS)) ’ 1[—an,an]d(XS) ) (l)l (XS)
kyij.l s=1 awk,z’,j
0 & L
+— ( > |<wl>§,3,r|2>
wk7z‘7j r=1
2 — O fw
-y (n (Ve fun (X)) 1y aa(Xe) - 222 ()
— — ow;’: .
k,i,5,0 s=1 k,i,j
B Ko . ’
+ 0 (02 Z|(W2)g 1)r|2> )
Gw,m] r=1
2
<16 Z ( Z(fW2 (XS) fW1 (XS)) 1[—o¢n o] ( S) 3w(l)1 (XS))
k,i,5, s=1 k,i,5
2
1 — 0 fw 0 fw
+16 - Z (n (Ks - fwz(XS)) ’ 1[fan,an]d(X5) ’ ( (l)l (XS) o (l)2 (XS)>)
— — ow, . . ow, . .
k.,i,7,l s=1 k,i,j k,i,j

10



+8- ¢ - w1 — wal|Z.

From the proof of Lemma 2 we can conclude

2
O fw

Z max ! (X | 1o, ana(Xs)

kzyl awk,z,g

< s Ko Lor?-d-r? maxf]|o’ |2, 1} - B2 - (33)? - o2,
N 5
n (fw2(XS)_fw1(XS)) '1[—an,an]d(XS)
s=1
< 4-max{||o’|3, 1} - K- (2r + 1) ()% BRE - o - max{ [0, 11 - w1 — w22

and

1
E Z(}/S - fwz (XS))Q : 1[fan,an}d(X5)
s=1

<2 Fo(v) + 8 max{[[o|32, 1} - K7 - (2r + 1)*" - (97)? - B - oy, - max{]|o]|o, 1}

SLtn max{Fy(v), 1}.
So it remains to bound
2
max (2D xy = Ohe ey ) a X
— s=1,....,n 8w(l) ) 8w(l) ) T
k,i,g,l k,i,j k,i,j
By (16) we know that
O fw
T (a)
0wk7m.

is for fixed x € [—ay, a,]? a sum of products of Lipschitz continuous functions (considered
as functions of w). Arguing as in the proof of Lemma 6 in Kohler and Krzyzak (2021)
we can show that we have for any = € [—ap, a,]?

0 0 i}

f(vlv)l ) — f("l")z (ac) ch'B%L"Yn'Oén'HW1—W2H,
Owy; QWi j

which implies
2
0 0
Sirllaxn fEIZV)l (Xs) — %(XS) ].[_a”“an} (XS)
kgl \ QW Qw5 i

<c-Kyp-L-7r%-d- B4L ('y;';)z-afl-le—wQHQ.

Summarizing the above results we get the assertion. U

11



Lemma 4 Leta>1,8>0andlet A,B,C > 1. Let o : R — R be k-times differentiable
such that all derivatives up to order k are bounded on R. Let F be the set of all functions
fw defined by (2)-(4) where the weight vector w satsifies

Ky
>l <c, (20)
j=1
) |<B (kef{l,....K.}ijef{l,....r}le{l,...,L—1}) (21)
and
i | <A (ke {l,... K} ie{l,... rhje{l,....d}. (22)

Then we have for any 1 < p < 00, 0 < € < 3 and z} € R?
Np (Ev{Tﬁf 1[—a,a]d S f}’x?>
8P c12~ad-B(L*1>'d~Ad-(%)d/k-i-cw
< <C11 : ep> .
Proof. In the first step of the proof we show for any fo € F, any z € R? and any
S1y...,8c € {1,...,d}

0" fu

S oty @) S C-BETUE AR < (23)
The definition of fy, implies
a’ffw i o 117 (x) @
O wi?; 920D . 9zw )

hence (23) is implied by

P2t 9200 %) < eis- BETUEL AR, (24)
We have
8f,£lz —1) l Dy 8f,51j_1)
61’(8) ({E) = Zl it "kt + k i 0 Zl . W(ﬁ)
-1
afy Y

a (1-1 1-1) -1
- Z kz,j ’ (Z k’zt) f( ( ) + /E:ZO)>' Ox(s) (@)
j=1 t=1

12



and

a d
sz Z RO IO O

833(5) k,i,j k,z,O wk,i,s'

By the product rule of derivation we can conclude for [ > 1 that

l
s
Ox(s1) . 9z(sk)

(z)
is a sum of at most r - (r + k)*~! terms of the form
(1-1) (1-1)
Z k KN fk ] ) t+w k ,0

ot fkl 1) 8ts'fk,jg
D) L 9glrin) (@) Oz(rs1) . Qx(rsits) o

where we have s € {1,...,k}, |lw| < B® and ¢; + - - - + ts = k. Furthermore

1
O i
Oz(s1) ... Ox(sk)

()
is a given by

k
0 0
[T, - ot (z +w,azo)
=1

Because of the boundedness of the derivatives of o we can conclude from (22)

1
i
Ox(s1) . Oxlsk

()| < erg - A*

for all k € Nand sq,...,s; € {1,...,d}.
Recursively we can conclude from the above representation of (25) that we have

ot
Ox(s1) .{Cyam(sk) ()| <er7- BU=1k . gk,

Setting | = L we get (24).
In the second step of the proof we show

N, (e,{Tgf-l[,ma}d : fe]:},x’f) <N, ( , TG oI, :1;1>

13
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where G is the set of all polynomials of degree less than or equal to £ — 1 which vanish
outside of [—a, a]? and II is the family of all partitions of R? which consist of a partition
of [~a,a]? into K many cubes of sidelenght

r-2)”

where c19 = c19(d, k) is a suitable small constant greater than zero and the additional
set R\ [—a, o]

A standard bound on the remainder of a multivariate Taylor polynomial together with
(23) shows that for each fw we can find g € G o II such that

[fw(z) = g(z)] <

N o

holds for all € [—a, a]?, which implies (26).
In the third step of the proof we show the assertion of Lemma 4. Since Goll is a linear
vector space of dimension less than or equal to

s (E)d/k

€

we conclude from Theorem 9.4 and Theorem 9.5 in Gyo6rfi et al. (2002),

€ e p e p Czo'ad'(g)d/k+1
Np(i?Tﬂg oll,at) <3 <2(e(f£; log <3(€(/2218)27 >> .

Together with (26) this implies the assertion. O

Lemma 5 Let o be the logistic squasher and let 0 < 6 <1, 1 < a, < logn, u,v € R?
with

oD —u®D >25 forle{l,...,d}
and x© € [—an,an)?. Let Lyr,n € N with L > 2, 7 >2-d, n > 8d and n > exp(r + 1).
Let

where f,glz (x) are recursively defined by (3) and (4).

Assume
0 4d - (logn)? 0 4d - (logn)? ; .
5])] = (5 ) and wi}o = —(5) a9 for j e {1,...,d}, (27)
0 4d - (logn)? 0 4d - (logn)? ; .
0l gy =~ E g wfl) gy = MEEE 0 orje 1 a9
w, =0 ifs<2ds#t,s#t+dandt >0, (29)
wgl)i =8- (logn)2 forte{l,...,2d}, (30)
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1
i)y = —8 - (logn)? (2d - 2) , (31)
w) =0 fort>2d (32)
1,1t — )
wﬁ)m 6- (logn)? forle {2 , L}, (33)
wgl?)m = —3-(logn)® forle{2,...,L} (34)
and
wf’lt_o fort>1andle{2,...,L}. (35)
Let w be such that
\w%l’z’]—wlwl<logn foralll=0,...,L—1. (36)

Then, we have
fa(@) > 1— 2 iz e w® 46,00 — 6] x - x [u® 45,0 _ g]
n

and

fa(@) < = if 29 ¢ W — 5,00 4 6] for some i € {1,...,d}.

:\H

Proof. At the beginning we define
7l . _(1=1) & (-1
@) =0 ( b Ty @)+ ,i,l-,(ﬂ)
j=1
fori=2,...,L and

In the first step of the proof we show

fw(z)>1-— % for all z € [u) 46,01 — 6] x -+ x [u® + 6,0 —g].

Let € [u® + 6,00 — 6] x - x [ul® + 6, 0@ —§]. Then we get for any i € {1,...,d}
by (27), (29) and (36)

7‘7-7' ’
j=1
d d
_(0 0 ; _(0 0 0 ; 0
= Z(wg,i),j - w%,z‘),j) 2l 4 (wg,i),o - wg,i),o) + Z wg,i),j -2l wg,i),o
=1 =1
2
d(logn) - logn + d(lc;g n) (u® +6) — 4d(105gn)u(i)

15



= 3d(logn)? — logn
>logn

and for any i € {d+1,...,2d} by (28), (29) and (36)

1,45 s
j=1
d d
(0 0 ; _(0 0 0 ; 0
= Z(w§7i),j - w§,z‘),j) a4 (wg,i),o - wg,z‘{o) + Z wg,i{j -2l wg,i),O
J=1 j=1
4d(1 2 4d(1 2
> —d(logn) - o, — logn — (ngn)(v(’d) —6) + (O(;gn)v(zd)
= 3d(logn)? — logn
> logn.
This implies
D) > o1 :1_L>1_l
A @) > allogm) =1- s > 1

for any ¢ € {1,...,2d}.
Using (30)-(32) and |o(u)| <1 for any u € R we get similarly as above

r 0 . L
Sl iY@ +all,

J=1

> —(r+Dlogn+ Y wi - i (@) +wli,
j=1

2d r
= —(r+Dlogn+ > wl) - @) + wi) - (@) +wll

j=1 j=2d+1
1 1
> —(r+1)logn + 2d - 8(logn)? <1 )= 8(logn)? <2d - 2)
1 2
= —(r+1)logn + 8(logn)? < — d)
2 n
> logn.
Therefore, we obtain
F () > 1+
1,1 (z) > n
With the same argument as above and with (33)-(35), we can recursively conclude for

[=3,...,L that we have

16



_(1-1)  #i-1) -1
Z g,l,J) fl] (z) + gl())

-1
—(r+ )logn+2w1 f1] ( )+ wg’w)
7j=1

1
> —(r +1)logn + 6(logn)? (1 - n> — 3(logn)?
= —(r+1)logn + 3(logn)? — §(log n)?
n

2 (logn)? — g(log n)?
n
> logn.

Therefore, we obtain

forl=3,...,L.
This implies

fw(z)>1- % if 2 € [uM) 406,00 — 6] x - x [uD +6,0@ —4g].

In the second step of the proof we show

fa(@) < = if 2@ ¢ [u® — 5,09 + 8] for some i € {1,...,d}.

3\'—‘

Let i € {1,...,d} and assume 2 ¢ [u() — § v() 4+ §]. Then, we can argue similarly
as above. In case (V) < u() — § for some i € {1,...,d} we obtain by (27), (29) and (36)

4d(logn)?

i 4 ?
: (u — ) - ==

< d(logn) - oy, + logn +
—3d(logn)? + logn

<
< —logn

and in case (9 > v( 4§ for some i € {1,...,d} we obtain by (28), (29) and (36)

d

—(0) —(0)
Z Wy itdj " )+ Wy itrdo
7j=1

2 2

J
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< —3d(logn)® +logn
< —logn.

Together with the logistic squasher it holds

P (@) < o~ logn) = —— < =
V@) < o(-logm = —- < -
for some i € {1, ..., 2d}.
Similar to above we get with (30)-(32) and (36)
(1) g (1
Z wg,l),j : fl(,j) (z) + 5 1)0
j=1
< (r+Dlogn+ 3 wi ;- 1) () + wil
j=1
1 1
< (r+1)logn + (2d — 1) - 8(logn)* + 8(logn)* - — — 8(logn)? <2d — 2)
n

1 1
= (r + 1) logn + 8(log n)? <n - 2>

—logn.
From this we obtain
#(2) 1
f 1,1 (z) < —.

Using (33)-(36) we can argue similarly as above and conclude recursively for [ =

3,...,L
- (1-1 1-1) _(1-1
Z 171,1) f( () wg,l,o)
j=1
<+ Dlogn+ Y w4 V) 4l
7=1

1
< (r+1)logn+6-(logn)?- o 3(logn)?
1
< (logn)? + 6 - (logn)? - o 3(logn)?

1
= —2.(logn)? +6 - (logn)? - -

—logn.

So we get f1 1( x) < % for I = 3,..., L. Therefore,

2@ ¢ [ — 5,0 4+ 8] for some i € {1,...,d}

holds.
This yields the assertion.
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Lemma 6 Let 0 < § < 1, 1 < a, < logn and let o be the logistic squasher, let m :
R? — R be Lipschitz continuous with Lipschitz constant CrLip, let L,r,n € N with L > 2,
r>2d,n>8d,n>exp(r+1) and let K € N with K¢ < K,,. Furthermore define fg by

Z 1,173 Js1

for some wgﬁ{l, . »ngl)Kn € R, where fj(? are recursively defined by

=1

for some w,(ﬁlzé),...,uf)(lfl) eR(=2,...,L) and

k,i,5 Js
Jj=1
Choose w such that
()
0 4d - (logn)? 0 —4d - (logn)? - u ,
w](k?]J = f (lTLd w](-k?jp == 5 k fO’f‘ J € {]-a e ad}? (37)
€)
© —4d - (logn)? 0) 4d - (logn)? - v ,
]k7]+d.7 5 and w]k ]+d0 6 k fOT'_] S {17"‘7d}7
(38)
w](-g?&t:() if s<2d,s#t,s#t+d andt >0, (39)
w](-i?u =8 (logn)? forte{l,...,2d}, (40)
1
wffo =8 logn)? (24~ 3 (a1)
wil =0 fort>2d, (42)
wi) | =6-(logn)® forle{2,...,L}, (43)
wj(‘i?l,o = —3(logn)*> forle{2,...,L} (44)
and
w](-gu =0 fort>1landle{2,...,L} (45)

forallke{1,... K9},
Let ay,...,aq,b1,...,bg € [—am,an]® with b; —a; = A for all i € {1,...,d} and
A € Ry. Then there exist

ar,. ..o € =Moo, Imlso] (46)
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and u1,v1, ..., Ugd, Vd € [a1,b1) X -+ X [ag,bq) such that for all pairwise distinct

Jis--yJra €{1,..., K,} the inequality

| fw(x) —m(z)| < oo <CLip : % +K? :L) (47)

holds for all x € [a1,b1] X -+ X [ag, bg] which are not contained in

U U {xE]Rd: x(i)—<ai—|—j-bi;(ai>‘<5} (48)
§€{0,1,.... K} ie{1,...,d}
and for all weight vectors w which satisfy
_(L _(L . :
o), =ar (kef{l,... . KY), @7, =0 (k¢ ... jxa}) (49)
and
]wj(i)kl — wj(i)m\ <logn forallle{0,...,L—1},s€{1,...,K%}. (50)

For 6 < % and v € R we get additionally

¢, K°
[l < il (374725 651)
Proof. We partition [a1,b1) X --- X [ag,bg) into K¢ equivolume cubes of side length

%. For comprehensibility, we number these cubes C; by i € {1,..., K%}, such that C;
corresponds to the cube
(1) (1)> N [u(-d) (d))'

i oY

Since m is Lipschitz continuous with Lipschitz constant C'r;,, m can be approximated
by an approximand S that is piecewise constant on each cube. S can be expressed in the
form

where a; = m(z;) for i € {1,..., K%} and z; is the center of the cube C;.
S(x) has value m(z;) for x € C;. Therefore it follows from the Lipschitz continuity of
m

1S(z) —m(x)| < Crip - |21 — x]|2

if € C; for some i € {1,..., K%}. Since every cube has a side length of £ we obtain

A
1S(x) — m(z)| < Cpip - Vd - — for @ € fay,b) x - % [ag, ba).

Now, because of (49) and the definitions of S and fw(z), we have

Kd
$(@) = fa(@) = > ar (1, (@) = [ (@) -
k=1
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Application of Lemma 5 yields

1S(2) — fo(2)] < co3- K- %

for all x € [a1,b1) X -+ X [ag, bg) which are not contained in (48).
From this we obtain

A
’fv—v(x) — m(x)‘ = ‘fw(az) - S(x)‘ + ‘S(I) - m(x)’ < cos <Kd —+Crip- K)
for all € [a1,b1) X -+ X [ag, bg) which are not contained in (48). This implies (47).
To show inequality (51), we assume that 2 € R%. Then for § < % and every fixed x
we get,

Kd
_(L) #(
fal@)| = Doapn, - fil@)
k=1
_(L (L
= > o1, Fo (@)
ke{l,..,K4} : zeful) =508 48] x - x [ul®? —5,0(P 44]
_(L (L
+ Z wiﬁjk ‘ f;k)1 (z)

ke{l,.. K9} : agul =50 48] x - x [ul® —5,0(P 45]

There are at most 3¢ many cubes [ugl) —4, vl(l) +4]x - % [ugd) -9, vl-(d) + 6] which contain
x. Together with the definition of w11 j, for k € {1,..., K%} we get

_(L (L d
Z w§71),jk : f](k)l(ﬂf) < 3% M| co-
k{1l K9} ¢ wefuft =000 +0]xx uf =500 +9]

By Lemma 5 we know that fj(kL)l(a:) <lforke{l,. . Ki}ifa¢g [u,(cl) — 0, v,gl) +

d] x ++- X [u,g) 0, ’U,(C) + 0]. Thus we get together with the definition of wy, for
ke{l,...,K%
L L 1
> i, Fi @) S K2 o
ke{l,.., K4} : agul) =508 +5]x - x [ul® 5,0V 4]
This results in

1
[fa(@)] < 3% [[mlloo + K- o Imlle

for z € R,
O

Lemma 7 Let o be the logistic squasher, let 1 < o, < logn, let m : R* — R be
Lipschitz continuous as well as bounded, let L,r,n € N with L > 2, r > 2d, n > 8d and
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n>exp(r+1) and let K € N with 2 < K < a,, — 1 and (K% +1)3? < K,,. Choose w
such that

0 0 j .
w), = 4K (logm)? and wl; o = —4d-K*(logn)*uf for j € {1,....d}, (52)
w4 = —Ad- K (logn)? and w0 =4d-K* (logn)?-vi)  for j€{1,....d}
Jidtdog & ij+d,0 g . J - E53)7
w](-g?s,t:() ifs<2d,s#t,s#t+dandt >0, (54)
w]('i?l,t = 8 : (log n)2 fO?” t S {17 e 72d})7 (55)
1 1
w§k?1,0 = —8 - (logn)? <2d - n> (56)
w =0 fort>2d (57)
Jr> 1t )
wl) | =6-(logn)? forle{2,...,L}, (58)
w§i),1,0 = —3-(logn)? forle{2,...,L} (59)
and
w§i),1,t =0 fort>1andle{2,...,L} (60)

forall k€ {1,... (K% + 1)3d}.

Then there exists

[[772]] oo [[172]] oo

QLo QR247)3d S _(K2+1)2d7 (K2+1)2d (61)
and u1,v1, . .. U2y 1)3d, V(g241y8a € [— K — 2 K] such that for all pairwise distinct
Jls s J(K241)3d € {1,..., K.}

/|fvv($) — m(z)]* Px (dx)

1 K12d Kﬁd 2
Sesc | o — +1) -Px(R*\ [-K, K] 9
< 25 <K+n2 +<n+> x(R\ [-K, K]%) (62)

holds for all weight vectors w which satisfy

_(L _(L . .
wg,gjk —ap (ke {l,... (K2+1)3)), wgl{k =0 (k¢ {j1.- e ducpapa))  (63)
and

Wl o~ @ | <logn forallle{0,...,L—1}s€{l,....(K2+1)*}.  (64)
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Proof. We subdivide [-K — %, K]? in (K2 + 1)¢ cubes of side length Z. We number
these cubes C; by i € {1,...,(K? 4 1)}, such that C; corresponds to the cube
[u(d) (d))'

y U;

X e X i

Let CL;, be the Lipschitz constant of m. Then by Lemma 6 applied to m/(K? + 1)
and § = % we know that

1
‘fw@) R m(z)

CLip 2 2 a 1

holds for all z € [-K — %, K]¢ which are not contained in

A= U U {xeRd:x(j)—<—K—I2(+i-I2(>‘<5}. (65)

i€{0,1,....K+1} je{1,....d}
d

Next we repeat the whole construction (K2 + 1)2¢ many times, which results in an

approximation fg of
1

K2 12d_7_
E V™ gy

which satisfies
1 2 3d 1
forw) = m(@)| < eag - (o + (K2 + 1% (66)

n

outside of A.

Now we want to move the grid so that [~ K, K]? is always covered. We slightly shift
@) G
i Y

the whole grid of cubes along the j-th component by modifying all u by the same

additional summand. This summand is chosen from the set

2
{k’m . kIO,l,,K—l}

for fixed j € {1,...,d}. In this way we can construct K different versions of fg that still
satisfy (66) for all 2 € [~ K, K]? up to corresponding versions of A.

Since we shift the grid of cubes we obtain for fixed j € {1,...,d} K disjoint versions
of Uiegor,.... k113 {zeR?: ‘x(j) —(-K—2%+i-2)| <6}. Because the sum of Px-
measures of these K disjoint sets is less than or equal to one, at least one of them must
have measure less than or equal to % Consequently we can shift the u; and v; such that

1 d
Px= > %=%
JE{L,d}

holds.
Now we have found a shifted version of the grid such that the set (65) has a measure

less than or equal to %. By (66) we know that | fw(z) —m(z)| < co7 - ( ++ KTM) holds
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for x € [-K, K]\ A. From this together with the second assertion from Lemma 6 we
obtain

/ () — m(@)* Px(de)
- / fa(z) — m() Px(dz) + / () — m(a) P (da)
[-K,K]N\A A

o\ L) — m(T 2 X
e ol) ~ @ Pc(a)

) 1 Kﬁd 2 J Kﬁd 2 d
sar\gt ) TPt ) ®

which implies the assertion. O

In order to be able to formulate our next auxiliary result we need the following notation:
Let (z1,41),. .., (Tn,yn) € R x R, let K € N, let By,...,Bg : R = R and let cp > 0.
In the next lemma we consider the problem to minimize

n K K
1 n
Fla) — = ] N a2 _ 2
(a) n Z | Z ag Bk(:U’L) yz| + c2 Z ag, (67)
i=1 k=1 k=1
where a = (ay,...,ax)", by gradient descent. To do this, we choose a(®) € RX and set
alt) —a® _ ) . (V. F)(a®) (68)

for some properly chosen A\, > 0.
Lemma 8 Let F be defined by (67) and choose agy such that

F(agp) = min F(a).

acRX

Then for any a € RE we have
I(VaF)(@)|*> > 4-c2- (F(a) = Fagp))-

Proof. The proof is a modification of the proof of Lemma 3 in Braun, Kohler and Walk

(2019).
Set
1 00 0
01 0 0
E= C2 . )
0 0 0 1
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0T ) >

1
B = (Bj(%i)i<icni<jcx  and A= n B' B+ E.

Then A is positive definite and hence regular, from which we can conclude

1
Fla) = —-(B-a-y)'-B-a—y)+c-al -E-a
n
1 1
= alAa—2y' -Ba+ —yTly
n n
= (a-A'-B'y)’A(@a- A" =By) + F(asu),
where . ) )
Flag)=—y'y—y" -~ B-A™".~-Bly.
n n n
Using

b’Ab > ¢y -b’Eb=1c¢y-b’b
and AT = A we conclude
F(a) — F(agp)
1 1
=(AYHT(a-A 1;BT.V))TAW(EJI —A 1;BTY)
1

IN

11 1
(AT (a— A -BTy)) ALY (a— A~ ~Bly)

Q
[\

(A (a~ AT IBTy) A~ A~ BTy)

Sl=2 -

1 1
-(Aa—-B'y)"(Aa- -B'y)
n n

_ 1 2.7 7 2.7

~Ia (2Aa nB y) (2Aa nB y)
1

= I(VaF) (@),

_4-62

where the last equality follows from

1 1 2
(VaF)(a) = Va (aTAa — 2y’ ~Ba+ yTy> =2Aa - —Bly.
n n n

4.2 Proof of Theorem 1

Let € > 0 and K € N be arbitrary. W.l.o.g. we assume K, > (K? + 1)3¢. Choose a
Lipschitz continuous and bounded function m : R* — R such that

/ () — m()| 2P x (dz) < e. (69)
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Let A, be the event that firstly the weight vector w(©) satisfies
|(w(© ))g?kz —wJ kil <logn foralll e {0,.. — 1Y, se{l,..., (K2+1)3%

for some weight vector w which satisfies the conditions (52)—(60) of Lemma 7 for m and
some j1, ..., j(g241y3¢ € {1,..., Kp}, and that secondly

DRGEY
n-
i=1
holds. Define the weight vectors (w*)® by

(W) D= (w) D forall 1=0,...,L -1

and

(W =ay forallk=1,...,(K>+1)*

and .
(W) =0 forall k¢ {i,.... Jce 1)

where ay is chosen as in Lemma 7 in case that Ay, holds and where aq = ... = o(g241)30 =
0 in case that A,, does not hold.

In the first step of the proof we decompose the Lo error of m, in a sum of several
terms. We have

/ () — () PP (da)

= (E{|ma(X) = Y]?|Dn} = E{Im(X) = Y[*}) - 14, + / () — m(a)*Px (do) - 1ag
= (E{|ma(X) = YD}
~E{jmn(X) = Y* 1[0, 0,0¢(X)[Dn}) - 14
+H(E{ma(X) = Y1* - 1o, 0,0¢(X)[Dn}
~(1+€) E{lma(X) = T5,Y* - 1_q, 0,10(X)|Dn}) - 14
+((1 + ) - B{[ma(X )—TB Y21 000 (X)IDn}

—(1+4e¢) Z mn (X)) — T, Vi - 1, anga(Xi)) - 1a,
1 =+ 6 Z ’mn ’L TBnYHQ ' 1[—an,an]d(Xi)
1 + 6 Z |fW(t") TBnY;|2 ' 1[_an7an]d(Xi)) : 1An

+(1+e) Z | faottm (Xi) = T3, Yil? - 1 _a, ana (Xi)
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—(1+¢)- Z|fw(tn) Yil? 1 g anga (X)) - 14,

1+6 Z|f () (

/ () — m(@) 2P x(de) - Lag

2 A apand (Xi) = E{m(X) = Y*}) -1

In the second step of the proof we show
limsup ET},, <0 for j € {1,2,5}.

n—o0

Because of a;, — 00 (n — 00) and EY? < oo it holds
ETl,n = E{|Y|2 . 1Rd\[fozn,an]d(X)} —0 (TL — OO)

Using (a+b)> < (1+¢€)-a?+ (14+2)-b? (a,b € R) we get

1
BTy, < (141) B(7,Y - V)
€

and )

Because of 3, — 0o (n — oo) and EY? < oo this implies the assertion of the second

step.
In the third step of the proof we show

limsup ETy ,, < 0.

n— oo
If |y| < B, then it holds for any z € R

s,z —yl < |z —yl.
This implies

1 n
E Z |mn(X1) - T/Bny;|2 ! 1[—an,an]d(Xi)
=1

1 n
o Z T, fagtom (Xi) = T3, Yil? - 1, )2 (Xi)

| /\

. Z |fw(t" Tﬁny| 1[fan,an]d(Xi)’
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hence Ty, < 0 holds, which implies the assertion of the third step.
In the fourth step of the proof we show that the assumptions of Lemma 1 are satisfied
if A, holds. If A,, holds, then we have

Fuw®) = 13 vz < g,
n
=1

Hence if the assumptions of the two conditions, which we have to show in Lemma 1, hold
for ag = w(), then we can conclude from the random initialization of w(® that (13),
(14), (17) and (18) hold with v = co3 - (logn)? and B, = ca4 - (logn)?. From this and
Lemma 2 and Lemma 3 and the assumptions on L, and t, in Theorem 1 we get that
(10) and (11) hold.

In the fifth step of the proof we show

e=]

P(A%) < %
To do this, we bound the probability that the weight vector w(® does not satisfy the
first condition in the definition of the event A, by considering a sequential choice of the
weights in the K, fully connected neural networks which we compute in parallel. In a
single fully connected neural network the probability that all (L—1)-r-(r+1)+r-(d+1)
weights satisfy the conditions of Lemma 7 for j; is bounded from below by

2. logn (L—=1)-r-(r+1) 2-logn r-(d+1)
<40d- (log n)2> ' ( 2n7T > '
Hence in the first K, /(K24 1)3? many fully connected networks the probability that the
condition for j; is never satisfied is bounded from above by

1 TN o I
20d - logn nT '

This implies that all conditions of Lemma 7 are satisfied outside of an event of probability

(L=1)r-(r+1) r(d 1) Ko/ (K212
(K2—|— 1)3d' (1 _ <1> ) <logn> > ’

Sw

20d - logn nT
which is for large n less than

n"-logn 2 3d
1 <(K2+1)3d.e—logn:u<l.@
n" - n -2 B3

(K?+1)%. (1 —

because of (7) and 0 < 7 < 1/(d + 1). Furthermore, we can conclude from Markov’s

inequality
1 — E{lS" v2 E{Y?
P{nZYZ2>B2}S {nzﬂj’g—l l}: {63 }
=1 n n
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In the sixzth step of the proof we show

limsup ET3,, < 0.

n—o0

We have
b
1+e€

4-52
< /0 P{(E{Imn(X) — T3, Y 1?1 a0 (X)|Dn}

-EA{T5,}

1 n
n D o Ima(Xi) = T3, Yil? - 1 g, aa(Xi) - 1a, > t} dt
=1

1 4-B2
S 9 +/ P (E{[mn(X) = T5, Y[ - 1_a, ana(X)|Dn}
nl/ 1/nl/4

1 n
— S () = T, Vi1 0,00(X0)) - L, > t} dt.
=1

We want to derive a bound for the above probability. For this we can assume without
loss of generality that A, holds. Due to the fourth step of the proof it is then possible
to apply Lemma 1 and to conclude

Hw(tn) _ W(O)Hoo S ||w(t") — W(O)H S Cc31 - (IOg n)z.

From this and the choice of w(®) we can conclude that my, 1s contained in the function
space

{Tﬁnf . 1[—an,an]d : feF}

where F is defined as in Lemma 4 with C' = ¢33 - VK, - (logn)?, B = c33 - (logn)? and
A = c34-n". Application of Lemma 4 together with standard bounds of empirical process
theory (cf., Theorem 9.1 in Gyorfi et al. (2002)) yields

P{(E{|mn(X) - Tﬂny|2 : 1[fan,an}d(X)|Dn}

1 n
n D Ima(Xi) = T, Yil* - g anga(X0)) - 1a, > t}
i=1

9\ d/k
c36-(log n)e37 . 7d. ( <38 VEn (ogn)” Teso )
5” t/8 n-t
=8 - exp .

s 1285]

1/4

By choosing k large enough the right-hand side above is for ¢ > 1/n'/* bounded from

above by
n - t? n
C40 - €Xp <_256 - 54> < c41 - €Xp <_25%/'>54> .
n n
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Consequently, we get

E{Tg,n}§(1+6).< 11/4—1—462 C42 - €XP <_256\/Z4>> —0 (n— o00).

In the seventh step of the proof we show

limsup E{T% ,} < 2e.
n—oo

W.lo.g. we assume ||m||o < Bn. The boundedness of m,, by 3, together with the fifth
step imply

E{T7,} < 2-45; P(A}) +2/m (2)*Px (dx)

< 248290 4o,

B3
Because of 3, — oo (n — o0) this implies the assertion of the seventh step.
In the eighth step of the proof we bound

ET;.,..

If A, holds, then we can apply Lemma 1, which together with Lemma 8 (which we can
apply if we use that the norm of the gradient of our nonlinear function is larger than the
sum of the squares of the partial derivatives with respect to the weights corresponding
only to the last layer L) yields

— Z ‘fw(tn) ‘ 1[_Oén7an]d(Xi>
1 K’IL
L
= n Z | Fawten (Xi) Y‘Q Lo, an) a(Xi) +co ((W(tn))g,l),k)z
= k=1
1

IN

W)~ Ly (R ) — ()

Fu
_ ( = ) Fy (w0 4 21;02 Ey ((w) (D)
(%

IN

IN
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2'62 tn (0) 2-02 2-02 k-t ( )
< — . 0 . _ *\ (tn—k
< (1 I ) F,(w™) + E 7 (1 I ) F,((w") ).

k=1
This implies
E {T&n}
2.\
<(1+e)?- (1— 7 2) CE{Y%}
n

+(1+€)2_22.02 . (1 B 2.c2>k1 <E{Fn((w*)(tnfk)> 1a,}

~E{lm(X) - Y[} - P(4,))
+((14€)?—1)-E{|jm(X) - Y|*}.
We have

2.\ —2-¢9 -ty
<1 — LCQ> < exp <C2> <exp(—cy3-logn) -0 (n — o0)
and

E{F, (W) ™) - 14,} — E{lm(X) - Y’} - P(4,)

K,
{Zu ey (X0) = Vil L g (X)L, + a3 (w2
j=1

~E{jm(X) - Y} - P(4y)

({ me* iy (X0) = Vi L oK) 1, }
~1+9-B{] me ey (X0) = T, Vi A 35X L, })

Hito (
{n

H

1+¢)-|E
)

Z|f<w ) (X3) = T Vil Ty, ,00(X0) - L, |

[ figwyon=1n(X) = Ta, YI* - L, 0,0(X) - La,
{|f((w*)(t"_k))(X) - TBTLY|2 " —am an]d 1An}
—(1+e€

i E{|f(<w*)<tn—k>)(X> =Y 1 00(X) 1An}>

+(1 + 6)2 . (E{|f((w*)(tn—k))(X) - Y|2 . ]]-[—an,an]d(X) . 1An}
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~E{jm(X) - Y[’} P(An)>

+H(1+6? = 1) -E{jm(X) = Y[’} +¢2- Zl P
=1Tgn +Ton +Tion +Ti1n + Ti2pn + T13,n-
Similar to the second step, we obtain

limsupTs, <0 and limsupTip, < 0.

n—0o0 n—oo

According to the assertion of Lemma 6 we know that fy« is bounded. Thus, we get as
in the sixth step

limsup 7y, < 0.

n—o0

The choice of m and Lemma 7 imply
Ti1n/(1+€)?
< B{ [ 1fueyin-0 (&) = m(a) PP (do): 1,4"}

< 28] / Fiweyen-n(®) = (@) PPx(da) - 14, } / (2)[2P x (da)
1 Kl K64 2
< cy - (K + 3 + <n + 1) Px(R?\ | ) + 2e,

from which we can conclude

1
limsup 711, < €44 - <K +Px (R [-K, K]d)> +2¢- (14 €)%

n—oo
Furthermore we obtain by Lemma 7
1 2
Tizpn < a5 (K* +1)% - ((K2+1)2d> :
Summarizing the above results yields

tn

lim sup
n—oo

o e Ln

~E{/m(X) ~ Y} - P(4,))

L d d 2 1\3d 1 ’
<C46'<K+PX(R \ [-K, K] )+€>+C45'(K +1) (W)
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and
hrILn—>S£pE{T6’n} <(1+¢)? <C46 ' <I1( +Px (Rd \ [-K, K]d) + 6) + - ([(2:_1>d>
+((1+e?=1) - E{m(X) - Y|*}.

In the ninth step of the proof we finish the proof of Theorem 1. The results of steps
1,2,3,6,7 and 8 imply for K — oo

lim sup E / () — m(2) 2P x (d) < cas - €.
n—oo

With € — 0 we get the assertion. O
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