Supplementary material to “Analysis of
convolutional neural network image classifiers in
a rotationally symmetric model”

The supplement contains additional material concerning the simulation studies from
Section 5, results from the literature used in the proof of Lemma 1 and Theorem 1, the
proofs of Lemma 3 and Lemma 4, as well as a bound on the covering number.

A. Additional material for Section 5

A.1. Creating the synthetic image data sets

In order to generate a random image with an appropriate label, we use the Python
package Shapely to theoretically define a continuous image as follows: Firstly, the gray
scale value of the background of the image area C} is set to 1 and for each of the three
squares it is randomly (independently) determined whether a quarter is removed or not.
The probability that a quarter is removed from a square is given by p = 1—0.5"/3, which
implies that the class Y of an image is discrete and uniformly distributed on {0,1}. Sec-
ondly, the area, rotation, and gray scale value of each geometric object are determined.
The area is determined for each object (independently) by a uniform distribution on
the interval [0.02,0.08] for complete squares and on the interval [0.02,0.06] for squares
missing a quarter (the second interval is smaller to avoid too large side lengths of these
objects). The angle by which an object is rotated is determined (independently) by a
uniform distribution on the interval [0,2n]. The gray scale values of the three objects
are determined by randomly permuting the list (0,1/3,2/3) of three gray scale values.
Finally, the positions of the objects are determined one after the other as follows: We
choose the position of the first object according to a uniform distribution on the re-
stricted image area so that the object is completely within the image area. We repeat
the positioning of the second object in the same way until the second object covers only
a maximum of five percent of the area of the first object. For the placement of the third
object, we use the same method until the third object covers only a maximum of five
percent of the area of the first and second object, respectively. We then use the Python
package Pillow to discretize the continuous image on G).

A.2. Rotation by nearest neighbor interpolation

In this section, we define the rotation function fr(gt), which is used in Section 5 for the

network architecture F4. We use a nearest neighbor interpolation here to implement
rotation by arbitrary angles for two reasons: Firstly, a nearest neighbor interpolation
can be easily implemented using the Keras backend library as a layer of a CNN, so the
corresponding classifier can be trained using the Adam optimizer. Secondly, our theory
could be easily extended to such an estimator, since the nearest neighbor interpolation
can be traced back to a self-mapping of G (cf., equation (34) below), which swaps



the image positions accordingly, and thus we can obtain a necessary bound for covering
number without much effort.

Since we may rotate parts out of the image area by rotating the input image by
arbitrary angles, we first introduce a zero padding function f, : [0,1]%* — [0,1]% +2=
that symmetrically adds z € Ny rows and columns of zeros on all four sides of the image.
The output of the function f, is given by
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fori,j € {1,...,A+2-z}. We choose

Z\ = F/E;_w (33)

to ensure that a rotated version of the image entirely contains the original image. To
rotate the images by a nearest neighbor interpolation, we define the function ¢(® : Gy —
G, that rotates the image positions with a resolution X € N by an angle o € [0, 27).
The output of the function is given by
g (v) = argmin lu — rot @ (v)|la (v € Gy), (34)
uEGA/
where we choose the smallest index in case of ties (we use a bijection which maps G/

to {1,..., M2} to obtain a corresponding order on the indices). The rotation function
fr(gt) : [0,1]% — [0,1]%*+2=x which rotates an image by the angle o € [0,27) is then
defined by

(o0 () = (Fr (Dgeory  (x € [0,0%)

forue Gria.z,-

B. Auxiliary results

In the following section, we present some results from the literature which we have
used in the proof of Lemma 1 and Theorem 1. Our first auxiliary result relates the
misclassification error of our plug-in estimate to the Ly error of the corresponding least
squares estimates.

Lemma 5 Define (g/\(q)),Y)’ (gk(q)l)vyvl); ) (gk(q)n)’yn)) and Dy, m, J* and f, as
in Section 1.1. Then

P{fu(0r(®) £ Y} = P{/ (@) £V} < 2+ [ Inn(a) = (@) Pyy ) (da)

2. ¢ [ 11a(@) = (@) 2Py, o) ()

IN

holds.



Proof. See Theorem 1.1 in Gyorfi et al. (2002). O
Our next result bounds the error of the least squares estimate via empirical process
theory.

Lemma 6 Let (X,Y), (X1,Y1), ..., (Xn,Yy) be independent and identically distributed
RY x R-valued random variables. Assume that the distribution of (X,Y) satisfies

E{exp(cig - Y?)} < o0

for some constant ci9 > 0 and that the regression function m(-) = E{Y|X = -} is
bounded in absolute value. Let m,, be the least squares estimate

my(:) = arg mlan]Y f(X

f€Fn M

based on some function space F, consisting of functions f : R — R and set m, =

Tpy10g(n)in for some constant cao > 0. Then my, satisfies
E/|mn ~m(z)[?Px (dz)
Co1 (10g(n))2 sSup,n E(R‘i (IOg (Nl (m cq log(n ).Fn,$1>) + 1)

n

+2 o / f(2) — m(x)|*Px(dz)

for n > 1 and some constant co1 > 0, which does not depend on n or the parameters of
the estimate.

Proof. This result follows in a straightforward way from the proof of Theorem 1 in
Bagirov, Clausen and Kohler (2009). A complete proof can be found in the supplement
of Bauer and Kohler (2019). O

The next result is an approximation result for (p, C')—smooth functions by very deep
feedforward neural networks.

Lemma 7 Letd € N, let f : R? — R be (p, C)-smooth for some p = q+ s, ¢ € Ny and
€ (0,1], and C > 0. Let M € N with M > 2 sufficiently large, where

4(q+1)
3l1+~~-+ldf
M? > ¢99 - [ max{2, su X
= 22 XE[—QITZ]d 8l133(1) Ce 6ld$(d) ( )
(I1,..,lq)EN?
Li+-+la<q

must hold for some sufficiently large constant coo > 1. Let 0 : R — R be the ReLU
activation function
o(x) = max{z,0}

and let L,r € N such that



(i)
L 25Md + {10g4 (M2p+4~d~(q+1) . 64(Q+1)‘(Md*1))—‘
- [logy (max{d, ¢} + 2)7 + [logy(M?P)]
(i)

d+gq

T2132-2d-[ed]-< g

) -max{q + 1, d?}

hold. Then there exists a feedforward neural network

fnet € gd(L7 k)

with k = (k1,..., k) and ky = --- =k, = r such that
sup [ f(x) = fner(x)]|
x€[—2,2]¢
4(q+1)
glt-taf )
< . - MTP,
Somtmay B S0 @ ) M
(I1,..,lq)EN?
li+-+la<q
Proof. See Theorem 2 b) in Kohler and Langer (2021). O

C. Proof of Lemma 3 and Lemma 4

Proof of Lemma 3. Because of inequality (18) it suffices to show that

(4) _ §()
’LGI{I]I.?IX,t} ueG, Hgli}i(l)gG)\ fl71 (X(27])+[(l)) fl71 (Xu+[(l> )‘
<(C+1)t max {Hgé’,} - 9(()1; [0,1],00> Hgl(i)s - §12?9||[0,2}4,oo} .

i€{l,....t}je{l,....4',
ke{l,...,1},s€{1,...,.4L =%}

This in turn follows from
A6 = )]
<(C+1k- 198 = G5 10,1000 19825 = 320 10.204.00 }

(35)

max {
me{l,....k},s€{1,...,.4-=m} je{1,... 41}

for all x € [0, 1]I(k), i€ {l,...,t} k€{0,...,1} and s € {1,...,4"F} which we show
by induction on k.



For k=0,s¢c{l,...,4}andic {1,...,t} we have

|f60(@) = Fid(@)| = |ofh@) — gon(@)| < |labs — a6

[0,1],00

for all x € [0, 1]. Assume that equation (35) holds for some k € {0,...,l — 1}. Because
of the definition of f,glz, we have

0< fil(x)<2
for all x € [0,1]7", i e {1,...,t}, k€ {0,...,l —1} and s € {1,...,4/"%}. Then, the
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£ 60 = 7 9]

< ‘g (f(z) (@) T @)
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for all x € [0, 117" i e {1,... ¢} and s € {1,...,4-G+D}, O
In order to prove Lemma 4, we will use the following two auxiliary results.

Lemma 8 Lett € N, set Ly = [logyt], set rper = 3+t and let Gi(Lnpet, Tnet) be defined
as in (10). Then there exist gnet € G¢(Lnet, Tnet) Such that

Gnet(x) = max{xi,..., 2}



for allx = (x1,...,1;) € RL

Proof. W.l.o.g. assume that ¢ > 1. In the proof we will use the network g,qz : R> — R
defined by

Gmaz(T1,22) = 0(z2 — 1) + o(21) —o(—21) (21,22 € R)
which satisfies

Imaz(T1,22) = max{ze — x1,0} + max{x;,0} — max{—x1,0} = max{zy, z2}

=x1
for all 1,29 € R. For t € N\ {1} we set
r(t) = 3- 28011 and  L(t) = [logy t]
and show the assertion by showing the more powerful assertion that for all t € N\ {1}
there exists

r(t)<rnet
Gnet € gt(Lneta T(t)) C gt (Lneta 7"net)

such that
Gnet(x) = max{z1,..., 2}

for all x € Rt. We show this by induction on ¢.
For t = 2 the assertion follows by using the network g,,q,. Now let t > 2 and assume
the assertion holds for all natural numbers less than ¢ and greater than one. Then there

exist g € Gryo1(L([t/2]),7([t/2])) such that
g(x) = max{w1,...,xp/0}
for all x € RI*/21. We then define g,e; € Gi(L([t/2]) + 1,2 - 7([t/2])) by
Inet(X) = Gmaz(9(@1, -, 211/91)s 9(T1j2) 415 - - 20)) = max{zy, ..., x4}
It is now sufficient to show that
L(t)=L([t/2]) +1 and r(t) =2-r([t/2])).
Since 2F < t < 281 for some k € N we have
[logs (2 [¢/2])] > logy(t)] = k + 1 = [log, (2-2%) | > [logy (2 [¢/2])]

which implies
[logy(2 - [t/2])] = [logy(t)]. (36)

By using equation (36) we get

L(t/2]) +1 = [logy[t/2]] +1 = [logy(2 - [t/2])] = [logy t] = L(t)



and

2. 7r([t/2])) = 2- 3 - 2Mlesa([t/2])] -1
— 3. 9[loga(t/2])]+1-1
— 3. glloga(2t/2])]-1
— 3. 9floga(H)]-1
=r(t).

O
The next lemma allows us to compute the standard feedforward neural networks
oo gf;e)tykys from Lemma 4 within a convolutional neural network. Since the input di-
mension of the standard feedforward neural networks is d = 1 for k = 0 and d = 4 for
k e {1,...,l} we consider the general case d € N. Lemma 9 is a modified version of
Lemma 3 in Kohler, Krzyzak and Walter (2022) and Lemma 2 in Walter (2021). The
idea of filter factorizations for 2-D CNNs using enough channels described in Lemma
9 appeared also in He, Li and Xu (2020). The realization of fully connected ReLU

networks by 1-D CNNs can be found in Zhou (2020).

Lemma 9 Let d € N and gnet € Ga(Lnet, Tnet) for some Lyer,net € N. Let o(z) =
max{x,0} be the ReLU activation function. We assume that there is given a convolu-
tional neural network fonn € fLC’ZIX{QCLB with L = rg 4 Lpe + 1 convolutional layers and
ky =t + Tpet channels in the convolutional layer v (r = 1,...,70 + Lpet + 1) fort € N
and ro € No, and filter sizes My, ..., Myt L,+1 € N with Myo41 = Lgsoy - 2F + 3 for
some k € Ny. Let

(i17j1)7"‘7(id7jd) € {_I\2k71 + 1J7"'707‘ ) L2k71 + 1J}27

so €4{1,...,t} and s1,...,54 € {1,...,kr,}. The convolutional neural network fonn is
given by its weight matriz

— (™
W= (w" J”S’S’)1§z",j’§Mr,se{1,...,kH},s'e{1,...,k:r}re{l,...,ro+Lm+1} ’ (37)
and its bias weights
Y A ()
Whias = (ws' )s/e{l,...,kr},re{l,...,ro-i-Lnet-s-l}' (38)
Then we are able to modify the weights (37) and (38)
wg,)t2,s,s” wg) (S € {17 e at + 7ﬁnet}) (39)

in layersr € {ro+1,...,70+ Lpet + 1} and in channels s’ € {so,t+1,... ,t+ rpett such
that

(ro+Lnet+1) _ (o) (o) (o)
Oit,"),50 B G(gnd (O(i’+i17j'+jl)751 1 Oir+in,j'+j2) 527 " " ’O(i/+id7j’+jd)7sd)) (40)
for all (i',7") € {1,...,\}2, where we set 08,07;,)78 =0 for (i',7') ¢ {1,...,A}%



Proof. We assume that the standard feedforward neural network g, is given by

Tnet
ne TLE LTLS
Gnet(x Zwlz g i t(x)+ got)7
(Lnet) - .
where g, is recursively defined by

Tnet
P y——
forie{l,...,mnet}, 7 €{2,..., Lpet}, and

d
dMNx) =0 (Z w e + wz(,%)) ({1l mnet}).

J=1

W.lo.g. we can assume that (sn,in,Jn) # (Smsim,Jm) for distinct n,m € {1,...,d}
(otherwise one can show the assertion for a accordingly defined ¢/,.; € Ga(Lnet, "net)
with d’ < d). Since M,,+1 = 2- |27 + 3 and [M,,41/2] = [2¥71] + 2 we have

(ro+1)
(#,5")t+i
krg
_ (ro+1) (ro) (ro+1)
=0 Z Z Wity 5,04 " Oirty —[Myg +1/2],5'+ta—[Mrg41/2])s T Wi
s=1 t17t2€{1,.4.7M7<0+1}
'+t~ [ Myry+1/21€{1,..., A}
3 Hta—[Mry41/2]1€{1,...,A}
S ( (ro) )
_ ro+1) 70 (ro+1
=0 Z Z W ok | fopty, |25 424,541 Olil b1/ +ta),s T W
s=lty tae{— (28141, [25 141}
(i +t1,5"+t2)€{1,...,A}?
(41)

for all i € {1,...,7pe} and (i, 5') € {1,...,A}2. We aim to choose the weights in (41)
such that

d
(r +1 . (0)
O j ; )tti U( Z w (i +zn,J tin)n T qu)

o (ro) (o)
= 4| (0 (i, i) 10 O/ +iz, g +j2) 527 ’O(i’+z’d,j’+jd),sd)
for all i € {1,... 70} and (7', 5') € {1,...,A}2. Therefore we choose the only non-zero
weights by
(ro+1) _ (0 (ro+1) _  (0)
(261 |42 i 251 |42 st — Wi AR Wi = wig



forne {1,...,d} and i € {1,...,7rpe} and obtain

d
(r +1 o (0)
O j ; )ot+i ( Z (i +’Ln,]l+] )sSn +w; >

(ro (ro) (ro) )

G +u 1)1 O iz, gl +a),s27 0 (il +ia, ' +a) sa

(42)

0

for all i € {1,...,7me} and (i,5') € {1,..., A}2. For the following layers we have

kr0+'r71
(rotr)
O jni+i — 7 Z Z
s=1 tytee{l Mg}
il+t1_’VMT0+T/2]E{17"'7)‘}
j/+t2_[MTO+T/21€{17"'7>‘}

w(roJrr) . (r0+r 1) +w (ro+r)
t1,t27s,t+i (’L +t1—[MrO+r/2] 7.7 +t2 [MT()‘H“/Z—I) t+l

k'r0+'r71
('S >
s=1 ty,toe{l— ’—MT0+T/2-‘ yeeesMpg4r— |—Mr0+r/2-|}
(' +t1,5 +t2)€{1,... . A}

(roJrr) . 0(r0+r71) + w(r0+r)
O My 10 /21480, Myg 0 /2] +t25,t+1 " O +,5/+2) 5 t+i

forr € {2,..., Lpet}, i € {1,...,7net} and (i',5") € {1,...,A}2. Here we aim to choose
the weights such that

Tnet
4 1) +r—1 -1
o= o (Sl ol + ol 8

forall ¥ € {2,..., Lpet}, 3 € {1,...,mnet} and (i, 5") € {1,..., A\}2. Therefore we choose
the only nonzero weights by

(ro+r) (r—1)

_ (ro+r) (r—1)
[MT0+T/2]7[Mr0+r/2]:t+j7t+i B wivj

and w0 = wig

forre{2,...,Lpet}, i €{1,...,mnet} and j € {1, ..., 7pet } which implies equation (43).
In layer » = rg + Lpet + 1 we have

kr—1
(TO+Lnet+1) o
Wi =\ 2
s=1 t17t2€{17|VM7“()+Lnet+1/2-|7"'7M7"0+Lnet+17(M7'0+Lnet+1/2-|}
(il+t17jl+t2)€{17"'7)‘}2

(TO+L7L€t+1) . 0(T0+L7L€t) + w(TO+Lnet+l)
[Mrg+Lyep+1/214t0, [ Mrg Ly i +1/214t2,8,50 (8 +t1,5"+12),5 50



for (i',7") € {1,...,A}? and want to choose the weights such that
E:0+L;mt+1) (Z wanct) (TO+)L;thZ) + wj([ﬁ)net)) (44)

for all (i,5") € {1,...,A}2. For this purpose we choose the only nonzero weights by

(ro+Lnet+1) . (Lnet) +Lnet+1) _ , (Lnet)
[]\047‘0+Lrtet+1/2—‘7[MTO+Lnet+1/2Lt+i7$0 = Wiy t and wggo = W10 t

for i € {1,...,rnet} which implies equation (44). Combining equations (42), (43) and

(44) then yields the assertion. O

Proof of Lemma 4. In the proof we use that for x > 0 we have

o(x) = max{z,0} =z

which enables us to propagate a nonnegative value computed in a layer of a convolutional
neural network in channel s’ at position (7', ;') to the next convolutional layer by

() _ (r—1) _ (r-1)
Ot j),s" = 9 (0<",' : ) = O0(ir j1),s' (45)

with corresponding weights in the r—th layer in channel s” which are choosen accordingly
from the set {0, 1}.
Firstly, let gmaz € Gi(Lt, 7¢) be the neural netork from Lemma 8 such that

n(x) = ma max 1 (xy, o)
ueGy : u+I(l)CG>\ i€{l,...,t} L1\ ut]
£(2)
= max max 77 Xy rw)
ie{l,...,t} ueG), : U+I(Z)§G>\ 1,1 u+7
7(1) #(t)
= gmax max 1 Xyrw), - max 5 (% )
(uEG,\ s ut+I(OCGy, b1 u ks ’UEG)\ s utIDCG, L1 et

for all x € [0,1]%*. Because of the definition of the function class F5'VV, it is thus
sufficient to show that for all i € {1,...,¢} there exists f; € FEN 5 such that

fx) = max D (xg0) (46)

ueGy : l.l-i-I(l)gG)\

for all x € [0,1)%*. Therefore, in the remaining of the proof let i € {1,...,t} be fixed.
The idea is to successively compute the outputs of the functions

7 (%) £ (1)

fo’llv"‘v 0?4l7"'a kl”"’fk4l ks> l 115"'afl 14afll
of the discretized hierarchical model fl(zl) by computing the functions { f],(;)s} by repeatedly
applying Lemma 9, where for £k = 0 we apply Lemma 9 with d =1 and for k =1,...,!

we use d = 4. We store the outputs of the functions féil(xuﬂ(k)) by the above idea of
equation (45) in corresponding channels, so that we can use the outputs severals times.

10



For the computation of the maximum in equation (46) we will finally use the global
max-pooling layers of our CNN architecture (cf., equation (7)).
A convolutional neural network f; € .FLC{X ]1& g is of the form

fi —max{ Z Wgt + O z’ i), (i/,j/)€{1+B,...,)\—B}2},

" — 1
with the weight vector
(r)

5505808 J 1<t j1 <M s' € {1, ko1 o8 €1, ke e {1, L)
J

bias weights

Whias =

(r)
(ws,, )s”E{1,...,k,~},r6{1,...,L} ’
and the output weights
Wout = (w5)56{17...,kL}‘

In the first step we show how to choose the weight vector w and the bias weights w5

such that L
Ez ") f ( (’/\1/2 1 4/-1/2 1)+I(l)) (47)

for all (i, 5) € {271 +1,..., A =271 — (1 = 1)}2. For k=0,...,1 we set

k
r(k) =Y 4" (Lpet + 1)

m=0

and show equation (47) by showing via induction on & that

]

(r(k))
(

R TR RV WY )

for all (i', ') € {[2F "1 +Fk, ..., A\=[2""1]—(k—1)}2, k€ {0,...,l} and s € {1,...,4"7F}.
We start with k¥ = 0 and show that

02:/(0-2)) s— 0 (gw(lie)t,(],s <xi’1/2_1 j’1/2_1)>
J)s X 27 X 2

_ (4) (0)

¢ (gnet,o,s ( (i’,j'»l))

for all (i',7") € {1,...,A}? and s € {1,...,4'}. The idea is to successively use Lemma 9
for the computation for each network

(4) (0)
{G (gnet,O,s ( Oir,4),1 >>}(z",j’)€{1,...,)\}2 (49)
for s € {1,...,4!} and store the computed values in the corresponding channels
1,...,4

11



using equation (45). Before we apply Lemma 9, we choose the weights in channel
4t 41
as in equation (45) such that

(r) _ (0
O jhat+1 — 0,41

forall 7 € {1,...,7(0)} and (¢, 5') € {1,...,A}2. Next, let us specify how to use Lemma
9. We first note that
My, ... 7Mr(0) =3.

Now, by using Lemma 9 with parameters d = 1,

1 Cifs=1
S1 =

4+ 1  elsewhere

so=s8,and rg = (s — 1) - (Lnet + 1) we can calculate the values (49) in layers
ro+1,...,70+ Lper +1
by choosing corresponding weights in channels
$,5-47 141, .54 4

such that we have

o = o (gl (07 n1))

for all (i/,4') € {1,...,A\}> and s € {1,...,4'}. Once a value has been computed in layer
S+ (Lpet + 1) for s € {1,... A4 }, it will be propagated to the next layer using equation

(45) such that we have
r©) _ (1) (0)
O(i,’j,)vs = (gnet,O,s (O(ilvj,)vl))

for all (¢/,5") € {1,...,A}? and s € {1,...,4!}, which imply that equation (48) holds for
k=0.

Now assume that property (48) is true for some k£ € {0,...,l — 1} and show that
property (48) holds for k + 1 by choosing the corresponding weights in layers

r(k)+1,...,r(k+1)

such that

) = (g, (7O (s ) )
(i ,47),8 net,k+1,s\ 7 k,4-(s—1)+1 (#*%7#*%)+ik,4-(571)+1+1(k> )

) ( )
X/l — il
k4 (s—1)+2 (Vfl/?_%va’fl/?_%)+ik’4'(571)+2+1(;¢) )

£ (%) ( )
X/ i . >
Tras—ns\ X121 vmae g o w)

oy o)
k’4's< (-3 5524 Hika st I®
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for all x € [0,1]%*, (i,5") € {2F +k+2,..., A —2F —k —1}? and s € {1,...,4/-(++D,
Since )
. |-2k71J +1 L2k71J+1
fps€q -\ ,0,...,
’ A A

for all s € {1,...,4"%} we have
(@)X dps € {2 ko A= 2M — (k- 1))

for all (i',5/) € {28 +k+1,...,A —2F — k}? and s € {1,...,47%}. Because of the
induction hypothesis equation (50) then is equivalent to

(r(k+1)) _ (@) (r(k)) (r(k))
O(ilrj/)rs =0 gnet,kJrl,s O(i/»jl)+)"ik,4‘(sfl)+l73’O(i/vj/)+)"ik,4‘<sfl)+275’

(r(k)) oK) ))
(i,)j/)+)"ik,4-(s—1)+3757 (i,uj,)+)"ik,4~svs ’

Analogous to the induction base case, the idea is to successively use Lemma 9 for the

computation of each network

(%) (r(k)) (r(k))
g (gn€t7k+178 (O(i'7j/)+>\'ik,4~(s—1)+178’ O(i':j')+>\'ik,4~(s—1)+2,S’ (51)
olr(k) olr(k) ))
(3N g 4o (s—1)43,87  (1,5" )+ N ik 45,8
for s € {1,... ,41*(’““)} and store the computed values in the corresponding channels

1,...,4- (kD)

using equation (45). Before we apply Lemma 9, we choose the weights in channels
gl 1) g =G gl

such that
(r) _ (r(k))

Ot 1) al= k1) g = Oif 57),s

forall r € {r(k)+1,...,r(k+ 1)}, (#,5') € {1,...,A\}? and s = 1,...,4"% by another
application of equation (45). Next, let us specify how to use Lemma 9. We first note
that

Myys1s - My = 2+ 2671 + 3.

Now, by using Lemma 9 for s € {1,...,4'"~(**D} with parameters d = 4,

4 (s-1)+m ,ifs=1
T4l L4 (s — 1) +m, elsewhere
form=1,...,4,§=s,and ro = r(k) + (s — 1) - (Lpet + 1) we can calculate the values

(51) in layers
T0+1,...,T0+Lnet+1

13



by choosing corresponding weights in channels
5,5-47 41,545 gy

such that we have

(r(k)+s (Lnet+1)) _ (@) (r(k)) (r(k
(3,5"),s - U<gnet,k+1,s (O(i’,j’) Oy
(r(

)
T 4. (s—1) 41587 (V35)F N i 4 (s—1) 42587
k) (r(k))

(3") O(i’,j’)ﬂ-ik,m,s))

for all (',5) € {28 +k+2,..., A =28 —k —1}2 and s € {1,...,4""( D}, Once a value
has been saved in layer (k) +s- (Lpet 4 1) for s € {1,...,4"=*+D1 it will be propagated
to the next layer using equation (45) such that we have

o .
A g 4. (s—1)+3>5

(r(k+1)) _ (@) (r(k)) (r(k))
O(ilvj/)vs - (gn6t7k+178(O(ilvj/)+)"ik,4-(sfl)+175’O(ilaj/)+)"ik,4-(sfl)+2757
(r(k)) (r(k))
O(i’»j’)+)\‘ik,4<(571)+3:S’ O(i/vj/)+)"ik,4-svs>)

forall (i',5') € {28 +k+2,..., A =28 —k—1}2 and s € {1,...,4""++D} which concludes
the first step.

In the second step we choose the output weights wy,; such that (46) holds. Here we
simply choose w1 = 1 and ws = 0 for s € {2,...,kr} and together with equation (47)
we obtain

kr
fi(x) = max{ > wyr - ogf,)j,) g @ ef2 v =2 (1 - 1)}2}

s''=1

— max {ogﬁ?j,),l C@ e {2 b =2 (- 1)}2}

= max {fl(,il)(x(i'—;/z | j1-1/2 1)+I(l)) R b e A N 1)}2}

7(7)
= max Jii (%gq1w)
weG : utIhcay bt U

where we used that
(i’ —1/2 _1 j =12 B 1) 70
A 2’ A 2

_{i'—le—l+1/2_1 i/+2l1+(l_1)+1/2_1}

A 27 A 2

y j -2t —i+1/2 1 JH2 - +1/2 1
A 27 A 2 ("
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D. A bound on the covering number

In this Section, we present the following upper bound for the covering number of our
convolutional neural network architecture .7-"00 NN defined as in Section 3.

Lemma 10 Letn, A € N\{1} and let o(x) = max{x,0} be the ReLU activation function,

define
F = FZNN

with @ = (t, L, k, M, B, Lpet, Tnet) as in Section 3, and set
kmaz = max {ki,...,kp,t,Tnet}, Mmaz = max{My,..., Mp}.
Assume caq -logn > 2. Then we have for any € € (0,1):

sup log (Nl (67 TCQ4-10g H‘F7 x?))
xpe(RA)"

< 95 L2 log(L - A) - log (W)

€
for some constant co5 > 0 which depends only on Lpet, kmar and Mipaz.

The proof of Lemma 10 is analogous to the proof of Lemma 4 in Kohler, Krzyzak
and Walter (2022). For the sake of completeness, we have adapted the proof below to
the slight differences in network architecture (in Kohler, Krzyzak and Walter (2022)
asymmetric zero padding is used in the convolutional layers and the output bound in (7)
is applied one-sided). With the aim of proving Lemma 10, we first have to study the VC
dimension of our function class .7-"00 NN For a class of subsets of R¢, the VC dimension
is defined as follows:

Definition 4 Let A be a class of subsets of R with A+ 0 and m € N.

1. For x1,...,Xm € R% we define

S(A X1, oy X)) = [{AN{x1, ... xm} + A€ A}

2. Then the mth shatter coefficient S(A, m) of A is defined by

S(A,m) = max  s(A, {x1,....,xm}).

{X1,..0;xm }CR?
3. The VC dimension (Vapnik-Chervonenkis-Dimension) Vi of A is defined as

Vi=sup{meN : S(A,m)=2"}

For a class of real-valued functions, we define the VC dimension as follows:

Definition 5 Let H denote a class of functions from R? to {0,1} and let F be a class
of real-valued functions.
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1. For any non-negative integer m, we define the growth function of H as

IIy(m) =  max IRd|{(h(x1),...,h(xm)) :he H}|.

2. The VC dimension (Vapnik-Chervonenkis-Dimension) of H we define as

VCdim(H) = sup{m € N : IIy;(m) = 2™}.

3. For f € F we denote sgn(f) = lys>0y and sgn(F) = {sgn(f) : f € F}. Then the
VC dimension of F is defined as

VCdim(F) := VCdim(sgn(F)).

A connection between both definitions is given by the following lemma.

Lemma 11 Suppose F is a class of real-valued functions on R, Furthermore, we define
Fr={(xy) eR'xR: f(x) 2 y}: feF}
and define the class H of real-valued functions on R% x R by
H={h((xy) =fx)—y: feTF}

Then, it holds that
Vr+ = VCdim(H).

Proof. See Lemma 8 in Kohler, Krzyzak and Walter (2022). O
In order to bound the VC dimension of our function class, we need the following auxiliary
result about the number of possible sign vectors attained by polynomials of bounded
degree.

Lemma 12 Suppose W < m and let fi,..., fm be polynomials of degree at most D in
W wariables. Define

K = [{(sgn(fi(a),..,sen(fm(a))) : 2 € RV}

Then we have

2.e¢-m-D\W
K<2. | — .
< (5 )
Proof. See Theorem 8.3 in Anthony and Bartlett (1999). O

To get an upper bound for the VC dimension of our function class ]-"oc NN defined as in
Section 3 we will use a modification of Theorem 6 in Bartlett et al. (2019).
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Lemma 13 Let o(x) = max{z,0} be the ReLU activation function, define

F = FZNN

with @ = (t, L,k, M, B, Lyet, Tnet) as in Section 3, and set
kmaz = max {ki,..., k0, t,Tnet}, Mmaz = max{My,..., Mp}.
Assume A > 1. Then, we have
Ve < cog- L? -logy(L - )
for some constant cog > 0 which depends only on Lyet, kmar and Mgz .

Proof. We want to use Lemma 11 to bound Vz+ by VCdim(H), where H is the class
of real-valued functions on [0,1]%* x R defined by

H={n((x,y) = fx)—y: feF}
Let h € H. Then h depends on t convolutional neural networks
fi,oo fr € FENN(Lk, M, B)
and one standard feedforward neural network gnet € G¢(Lnet, Tnet) such that

h((%,9)) = gnet © (f1,- -, [1) (%) —y

Each one of the convolutional neural networks fi,..., f; depends on a weight matrix

W(b) = (w(b?T) )
bI5152 ) 1<4 j< My s1€{1 0 kr—1},52€ {1, kr }r€{1 0, L}

the weights
) _ (,,br)
Whias ( 52 )s2e{l,...,kr},re{l,...,L}

for the bias in each channel and each convolutional layer, the output weights

b
Wgu)t = (wgb))se{l,.‘.,kL}
for b € {1,...,t}. The standard feedforward neural network g,; depends on the inner

weigths
(r-1)
Wi,j
forr€{2,...,Lpet}, 7 €{0,... .1t} and i € {1,..., e} and

(0)
Wi
for j € {0,...,t}, i € {1,...,7net} and the outer weights

w(Lnet)

7
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fori € {0,...,kL,., }-

We set
(k(]a o 7kL+Lnet+1) == (17 klu DRI kLv t7 Tnety - - - 7Tnet)
and count the number of weights used up to layer » € {1,...,L} in the convolutional
part by

W, =t (ZMf~ks~ks_1+st> :
s=1 s=1
for r € {1,..., L} (where we set Wy :=0) and
Wi =Wr+t¢- kr,.

We continue in the part of the standard feedforward neural network by counting the
weights used up to layer r € {1,..., Ly} by

Wiiitr = Wiyr + (kpar + 1) - krjria
and denote the total number of weights by

W =WiriL,a+2
=WitLne+1 +kitnn+1+1
< Lot (Mge - Faas + kmaz) + 1 knas
+ Lnet * (kmaz + 1) * kmaa) + Kmaa + 1
<Lt (M2, (mas + 1) Fomas ) (52)

+ Lnet : ((kmaa: + 1) : kmaz)
+2-t- (kpaz + 1)
S (L + Lnet + 2) -t M72nax : (kmaaz + 1) : kma:c
<2-(L+Lpet+2)-t-M2, -k,
We define I©) = () and for r € {1,..., L + Lye + 2} we define the index sets
I ={1,...,W,}.

Furthermore, we define a sequence of vectors containing the weights used up to layer
r € {1,..., L} in the convolutional part by

o (1,r) (1,r) (1,r) (1,r)

arr) = (A7 Wi 115 s WpL My ko g o W1 e s We s
(t,r) (t,r) (t,r) (t,r) W,
WA s WAL M, ey WT e s W e R"™"

(where ay denotes the empty vector),

o (1) (1) (t) (t) w
ap+1) = (aI(L),wl s Wy s, Wy ,...,ka) € R"WE+L
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and by continuing with the part of the standard feedforward neural network we get for
re {]-a---aLnet}

o— (T_l) (T’—l) W, L4+1
Ar(r+L+1) = (aI(T+L),’w170 v W ke e R"r+l+
and (Lret) (Lret)
. Lnet Lnet w
a:= (aI(HLndH),wO L wp ) e R™.

With this notation we can write
H={(xy) = h((x,y).a) :acR"}
and for b € {1,...,t}
FONN(L,k,M, B) = {x — fy(x,a) :a € RV},

where the convolutional networks fi,..., f; € FCNN (L,k,M, B), as described above,
each depends only on Wi/t variables of a. To get an upper bound for the VC-
dimension of H, we will bound the growth function Ilg, 4 (m). In the following we
consider first the case where

m>W (53)

since this will allow us several uses of Lemma 12. To bound the growth function
Hggn(3)(m), we fix the input values

(X1,91); -+ s (X, Ym) € [0, 1] x R
and consider h € H as a function of the weight vector a € RW of h
a— h((xk,yx),a) = go (fi,..., ft)(xXk,a) — yr = hi(a)
for any k € {1,...,m}. Then, an upper bound for
K = [{(sgn(h1(@)), ..., sgn(hn(a)) : a € RV}
implies an upper bound for the growth function Il (5 (m). For any partition
S={51,....,5u}

of RV it holds that
M
K < Z |{(sgn(h1(a)),...,sgn(hm(a)) :a € S;}. (54)
i=1

We will construct a partition S of R" such that within each region S € S , the functions
hi(-) are all fixed polynomials of bounded degree for k € {1,...,m}, so that each
summand of equation (54) can be bounded via Lemma 12. We do this in two steps.
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In the first step we construct a partition S of RW such that within each § € S()
the t convolutional neural networks fi (a),..., fix (a) are all fixed polynomials with
dergee of at most L + 1 for all k € {1,...,m}, where we denote

fox (@) = fo (xx,a)
for b € {1,...,t}. For b e {1,...,t} we have

kr
for (a) = max { S w® o)y @) (1,0) € {1+ B, ... A - B}?},
s=1

(L)

WHETE 0(; j) b2 x

(ajzy) is recursively defined by

OE;)j),b,SQ,x (af(r)>

kr—l

_ (bsr) (r=1) br
=0 Z Z Wiy ta,51,82 " O(itts—[ M, /2] ,j+tgf(MT/21),b,sl,x(aI(T*U) + wgz )
s1=1 tlatQE{lv--'er}
itt1—[My/2]€{1,.. A}
JHta— My /2] €{1,... A}

for (i,5) € {1,...,A\}> and r € {1,..., L}, and by

05?72)7b717x(al(0)) = JZ(F;/Q 1 j—1/2 1) for (Z,]) S {1, . .,)\}2.

Firstly, we construct a partition Sz, = {51, ..., S} of RW such that within each S € Sp,

(L)

is a fixed polynomial for all k € {1,...,m}, se€ {1,...,kp}, b€ {l,...,t} and (i,5) € D
with degree of at most L in the W, variables a;) of a € §. We construct the partition
Sy, iteratively layer by layer, by creating a sequence Sg,...,Sr, where each S, is a
partition of RV with the following properties:

1. We have |So| = 1 and, for each r € {1,..., L},

Wy
|Sy| 2-e-t k- A2-m-r
<9 , 55
|Sr71|_ Wr ( )

2. For each r € {0,...,L}, and each element S € S,, each (i,7) € {1,...,)}?, each
se{l,...,k.},each k€ {1,...,m}, and each b € {1,...,¢} when a varies in S,

0 s (A1)

is a fixed polynomial function in the W, variables a;.) of a, of total degree no
more than 7.

20



We define Sy := {R"}. Since

OE?,)J'),b,s,xk (aj0) = (931@)(1‘71/2 1j-1/2 1)

is a constant polynomial, property 2 above is satisfied for r = 0. Now suppose that
So, ..., Sr_1 have been defined, and we want to define S,.. For S € S,_1 let

p(ivj)zbzsl Xk »S(al("'fl) )

(r—1)

denote the function Oi.) byt %k

(a;-1)), when a € S. By induction hypothesis

p(i,j),b,sl 7X1€,S(a](7'71) )

is a polynomial with total degree no more than r — 1, and depends on the W,_;
variables a 1) of a for any b € {1,...,t}, k € {1,...,m}, (i,j) € {1,...,2}? and
s1 €{1,...,k-—1}. Hence for any b € {1,...,t} k€ {1,...,m}, (i,5) € {1,...,A}? and
S2 € {1,...,]%}

kr—1

(b, b,
Z Z wt1,:2)751,52 *Plitti—[M,/2] 7j+t2—er/Q])757817Xk75(a1”—1)) + ng ")
s1=1 t1,t2€{1,....M;}

it+t1—[Mr/2]€{1,...A}

jtto—[M,/2]€{1,.. A}
is a polynomial in the W, variables a;.) of a with total degree no more than r. Because
of condition (53) we have ¢ - k. - m - A2 > W,.. Hence, by Lemma 12, the collection of
polynomials

b,r
Z Z w§17t2)781782 “Plitt1—[M, /2] »j+t2—er/z])75781,Xk,5(al(“1)) + wgg,r) :
s1=1 t1,t2€{1,....,M;}
i+t1—[Mr/2]€{1,...,A}
Jtta—[My/2]1€{1,...,.A}

be{l,...,thke{l,....,m}(i,5) €{1,....,\}*, so € {1,..., k.}

(56)

attains at most

0o 2-e-t-kp-m-N-r Wr
= i

distinct sign patterns when a € S. Therefore, we can partition S C RWY into II sub-
regions, such that all the polynomials don’t change their signs within each subregion.
Doing this for all regions S € S,_1 we get our required partition S, by assembling all of
these subregions. In particular, property 1 (inequality (55)) is then satisfied.
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Fix some S’ € S,. Notice that, when a varies in S’, all the polynomials in (56) don’t
change their signs, hence

(r)
03 5o i (AT

kr—l

_ (byr) (r=1) b,r
=o| X > Whyt,s1,52 " Oirtts— [ M /2] j4ta—[My/2]) b1 x B1C-D) + wly”)
s1=1 ti,t2€{l,....,M.}
i+t —[M,/2]€{1,....A}
j+ta—[Mr/2]€{1,....A}

kr—1
_ (br) (r=1)
= max{ Z Z Wty ta,s1,52 " Olitty —[ M, /2] ,j+t2—[M,./z]),b,sl,x(alﬁ'*w)
s1=1 t1,t2€{1 ..... Mr}
i+t = [My /2] {1, A}
jHta— M, /2] {1, A}

+ wg’;’? , 0}

is either a polynomial of degree no more than r in the W, variables a;y of a or a constant
polynomial with value 0 for all (i,5) € {1,...,A}%, b€ {1,...,t}, so € {1,...,k.} and
k € {1,...,m}. Hence, property 2 is also satisfied and we are able to construct our
desired partition Sy. Because of inequality (55) of property 1 it holds that

L 2 W
2-e-t k- XN-m-r
Sl < 2 .
= fla (o)
For any (i,5) € {1,...,A}2, b€ {1,...,t} and k € {1,...,m}, we define

kL
L
f(i,j),b,xk (31<L+1>) = Z wﬁ? 'OEL;),b,SLX,@ (aI(L))‘

so=1
For any fixed S € Sp, let p(; jy5,9.x, (27z+1)) denote the function f(; j) s, (a7z+1)), when
a € S. By construction of Sy, this is a polynomial of degree no more than L + 1 in the
W1 variables a;.11) of a. Because of condition (53) we have t-2\tom > Wr41. Hence,
by Lemma 12, the collection of polynomials
{p(il,jl),b,s,xk (Ar+1)) = Plin,ja) b,S,xs, (Apz+1)

(i1, 1), (i, j2) € {1, AP, (i1, 1) # (i ja2), b € {1,...,t} ke {1,... ,m}}

attains at most

Ao 2-e-t-AXm-(L+1) Wi
. W

distinct sign patterns when a € S. Therefore, we can partition S € R" into A sub-
regions, such that all the polynomials don’t change their signs within each subregion.
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Doing this for all regions S € Sy, we get our required partition 1) by assembling all of
these subregions. For the size of our partition SU) we get

1)|<ﬁ 2-t-e k- A2-m-r WT.Q‘ 2-e-t-M-m-(L+1) Wit
] W, Wit '

Fix some S’ € SM). Notice that, when a varies in ', all the polynomials

{p(il,jl),b,S,xk (aje+n) — P(iz,j2),b,5,% (az+n) :
(i1,41), (i, j2) € {1,..., Y%, (i, 1) # (i2, G2), b € {1, ., t} k€ {1,... ,m}}
don’t change their signs. Hence, there is a permutation 7(**) of the set
{1+B,...,A—B}?
for any b € {1,...,t} and k € {1,...,m} such that

Frwm (14B,14B)) b, Rr@en) 2 -+ 2 [ (0= B A-B)) bx, (B124D)

forae S and any k € {1,...,m} and b € {1,...,t}. Therefore, it holds that

for(a) = max {f(l—l—B,l—i—B),b,xk (@r+1) s+ s fO—BA-B) bxs (aI<L+1>)}
= fﬂ(b7k>((1+B,1+B)),b,xk (31<L+1>),

for a € §'. Since fro.m) (14B,148)) b.x, (@741 I8 a polynomial within S’ also fpr(a)is a
polynomial within S’ with degree no more than L+ 1 and in the Wy, variables a 11
ofa € RW.

In the second step we construct the partition S starting from partition S such that
within each region S € S the functions hy(-) are all fixed polynomials of degree of at
most L + Lper + 2 for k € {1,...,m}. We have

kL+Lnet+1 I I I
hk(a) — Z w( net) gf knet) (aI(L+Lnet+1)) + wé net) _ yk‘
=1

Lnet)

where the g, ;" are recursively defined by

L+r
1
gz(k) (ap+rin) = (Z w; - )9] k a](L+r)))

for r € {1,..., Lpet} and
0
9% @) = fir(a)
fori e {1,...,kp+1} (kr+1 =1t). As above we construct the partition S iteratively layer

by layer, by creating a sequence Sy, ...,Sr,.,, where each S, is a partition of R" with
the following porperties:
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1. We set Sy = SMW and, for each r € {1,..., Lyet},

e .m - Wrirs1
‘ST’ <2<2 € kL+7‘+1 m (L+T+1)> : (57)

Sl — Wiirs1
2. For each r € {0,..., Lyet}, and each element S € S,, each i € {1,...,kr4r11},
and each k € {1,...,m} when a varies in S,

gfrk) (ar@+rsn))

is a fixed polynomial function in the Wp 4,41 variables a;.++1) of a, of total degree
no more than L +r + 1.

As we have already shown in step 1, property 2 above is satisfied for r = 0. Now

suppose that Sy, ...,S,_1 have been defined, and we want to define S,.. For S € S,

and j € {1,...,krqr} let pj i s(ascen) denote the function gj(.kal)(a[(Hr)), when a € S.
By induction hypothesis p; i s(ayw+r) is a polynomial with total degree no more than
L + r, and depends on the Wy, variables a;+» of a. Hence for any k € {1,...,m}

and 7 € {1, .. -7kL+7‘+1}

kL+'r

-1 _
> wE?,j) ) piks(@gwen) + wg,ro
j=1

1)

is a polynomial in the Wy, variables a;4-11) variables of a with total degree no
more than L + r + 1. Because of condition (53) we have kry,41-m > Wri,11. Hence,
by Lemma 12, the collection of polynomials

kL+r
{ S wli ) pisstaeen) +wly Vike {1, mbie {1, .,mm}}
j=1

attains at most

Mo (2 e kpgrpr-m- (L7 4+ 1)>WL+T+1
' Witrs1

distinct sign patterns when a € S. Therefore, we can partition S ¢ RW into II sub-
regions, such that all the polynomials don’t change their signs within each subregion.
Doing this for all regions S € §,_1 we get our required partition S, by assembling all of
these subregions. In particular property 1 is then satisfied. In order to see that condition
2 is also satisfied, we can proceed analogously to step 1. Hence, when a variesin S € S
the function

KL4r,.;+1

hk(a) = wZ(L) . ggind) (aI(L+Lnet+1)) + w(()L) — Yk

=1
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is a polynomial of degree no more than L 4+ Ly + 2 in the W variables of a € RV for
any k € {1,...,m}. For the size of our partition S we get

|S\<ﬁ2 2-e-t-ky-A2-m-r W 5 2-e-M-m-(L+1) Wit
_’f‘_l WT‘ WL+1

'ﬁt? <2'e'kL+r+1 .m.(L+7a+1)>WL+r+1
i Wir

< 11 W

LtLner+1 <2-e-t-k: ~)\4~m-r>WT
2- -
r=1

By condition (53) and another application of Lemma 12 it holds for any S’ € S that

{(sgn(h1(a)), ... sgn(hm(a))) :a € S’}

w
<2.(2-e-m'(L+Lnet-|—2)> '
- w

Now we are able to bound K via equation (54) and because K is an upper bound for
the growth function we set kr4r, ., +2 = 1 and get

L+Lypet+2 4 W

2-e-t k- N*-r-m

Hsgn(?—l)(m) < I | 2- < W, )
r=1 r

L+Lpet+2
L+Lnet+2 4 Zr:l WT
<2L+Lnet+2 A Zr:l 2-e-t- /{)T A*r-m
N L+ Lot +2
Zri_l net Wrr-

L+Lypet+2 W

2.2 -
— oLt+Lnet+2 . ( R-m ) 1 , (58)

L+Lyet+2
Zr:l net WT

with R:=2-¢e-t-\*- Zfif"“” ky - r. In the second row we used the weighted AM-
GM inequality (see, e.g., Cvetkovski (2012), pp. 74-75). Without loss of generality,
we can assume that VCdim(H) > YLt ™2 17 because in the case VCdim(H) <
S EEnett2 17 we have

VCdim(H) < (L+ Lypet +2)- W

(52)
< 2 (L+ Lpet +2)2-t-M%,, - k2

max max
< o+ L?

for some constant cog > 0 which only depends on Lyet, Mpnq, and kpq, and get the asser-
tion by Lemma 11. Hence we get by the definition of the VC—dimension and inequality
(58) (which only holds for m > W)

L+Lyet+2

W,
A . R VOdim(#) | = '
VOdim(H Lt Lne+2

VEUR) = Ty, 3 (VCim(H)) < 20 FErert (Wy) |
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Since
14142

R>2-e-t- X > r>2-e-t-A"-10>16

r=1
Lemma 14 below (with parameters R, m = VCdim(H), w = Zfif””” W, and L' =
L + Ly + 2) implies that

L+Lnet+2
VCdim(H) < (L + Lpet +2) + ( > Wr> -logy(2 - R - logy(R))
r=1

S(L+Lnet+2)+(L+Lnet+2)'W
'10g2(2'(2'6't')\4'(L+Lnet+2)'kmax)2)
32-(L+Lnet+2)-W-log2((Z-e-t-(L+Lnet+2)'kmax-/\)8)

(52)
<32 t-(L+ Lyt +2)% k2, - M2,

log2(2et(L+Ln6t+2)kmaaz)\)
< ca6 - L? -logy(L - ),
for some constant cog > 0 which only depends on Liet, kmax and M. In the third row
we used equation (52) for the total number of weights W. Now we make use of Lemma

11 and finally get
Vs < co6 - L? - logy(L - ).

O

Lemma 14 Suppose that 2™ < ol (m-R/w)"¥ for some R>16 and m > w > L' > 0.
Then,
m < L'+ w-logy(2 - R-logy(R)).

Proof. See Lemma 16 in Bartlett et al. (2019). O

Proof of Lemma 10. Using Lemma 13 and

Vr

cq-logn

F+ < V}'-‘ra

we can conclude from this together with Lemma 9.2 and Theorem 9.4 in Gyorfi et al.
(2002)
Nl (67 TCQ4'10gTL‘F7 X?)

<3. (46 “Coa - logm -log Ge - coq - log”>VT624-10gnF+
- € €

. . 2-co5-L2log(L-)\?)
<3. <6€ Co4 logn) .
€

This completes the proof of Lemma 10.
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E. Proof of inequality (12)

The aim of this section is to prove equation (12) of Example 1 (see Section 4). For this
we first define the bilinear interpolation ¢y : C; — [0, 1] for some x € [0, 1] maz:
Let x € [0, 1] maz be fixed. For v i= (v1,v2) € Cy let
(@07, (@57, 07), (@1, 07), (5, 857) € o, (59)
be grid points such that v € [agv), bgv)] [agv), bgv)] and define the coefficients

kY Y Y kM e R

by
kY ad) b —af b e by QB [T b
o R e R O | R
k(V) mazx W) (v) v) _ ) a{") ) ’
2 as &) a; ay b17)
k:(gv) 1 —1 —1 1 ( (v) b(v))
where we note that
max {157, k5, 1657} < 2+ (Aaw = 1) (60)

The bilinear interpolation ¢« is then defined as
Px(v) = k:((]v) + k:gv) 1+ k:év) V2 + k:év) vy vy (veCh)

(see Figure 10 for an illustration of a bilinear interpolation and see, e.g., Kirkland (2010)
for a derivation of the above formula). Next, we show that

sup ‘¢X(V) - )‘ <16- )‘mam -0 (61)

z,veC : ||[v—2| <8

holds for arbitrary 0 < § < —. For v,z € (1 with ||v — z||oc < we can choose
the grid points (59) for the computatlon of ¢x(v) and ¢x(z) such that there exists some
u € (] satisfying

ue ([0, 6] x [a, 557]) 1 ([, 657] x [a$?, B57))

and
max{ v — e, |z — uf} < 4.

To compute ¢x(u) we can therefore use the same grid points (59) as for the computation
of ¢x(Vv), such that together with inequality (60) we get

[6x(v) = dx(@)] = [EY - (01 —ur) + &S - (vg —ug) + kS - (01 - 02 — uy - ug))|
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Figure 10: Illustration of a bilinear interpolation for A;,q. = 5.

< B Jor = ug| + Y] - v — ua| + S| - Jor - v2 — g - ug
<4 Aoz — D20+ [B] - (Jua] - [oa — ua| + Jua] - Jor — wa )
<8 (Amaz —1)* -6,

and analogously

|¢x(u) - ¢X(Z)| <8- ()\max - 1)2 : 67
which implies
|6x(V) = 6x(2)] < [dx(v) = dx(u)| + [¢x(0) — b (2)] <16 A7, - 0.

Using inequality (61), and under the assumptions of Assumption 2 and Example 1, we
then obtain

sup
z€C1 : |[v-zlec <5

fo.s <¢ 0Ty O rot(a)|0h0) — fos (¢(Z) : 1|ch0)

1
< sup o) / gomorot®|, (y)—d(z)-1 (Y)‘ dy
z2€C : ||[v—zllee <% h% Chyg M |Ch0 |Cho

< sup max |¢ o Ty o rot'® y) — é(z) - 1 y‘
2€C V-2 § YECH | oy, @) = 0(2) -1, (¥)
= sup 6(y) — 6(2)]
v:2€C1 ¢ |ly—2l|co<2-%
< M
o A
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