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Abstract

Classification from independent and identically distributed random variables is consid-
ered. Classifiers based on over-parametrized transformer encoders are defined where all
the weights are learned by gradient descent. Under suitable conditions on the a pos-
teriori probability an upper bound on the rate of convergence of the difference of the
misclassification probability of the estimate and the optimal misclassification probability
is derived.
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1 Introduction

1.1 Scope of this article

One of the most recent and fascinating breakthroughs in artificial intelligence is Chat-
GPT, a chatbot which can simulate human conversation. ChatGPT is an instance of
GPT4, which is a language model based on generative predictive transformers. So if one
wants to study from a theoretical point of view, how powerful such artificial intelligence
can be, one approach is to consider transformer networks and to study which problems
one can solve with these networks theoretically. Here it is not only important what kind
of models these network can approximate, or how they can generalize their knowledge
learned by choosing the best possible approximation to a concrete data set, but also how
well optimization of such transformer network based on concrete data set works. In this
article we consider all these three different aspects simultaneously and show a theoretical
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upper bound on the missclassification probability of a transformer network fitted to the
observed data. For simplicity we focus in this context on transformer encoder networks
which can be applied to define an estimate in the context of a classification problem
involving natural language.

1.2 Pattern recognition

We study these estimates in the context of pattern recognition. Given (X,Y), (X1,Y1),
..oy (Xn,Yy) independent and identically distributed random variables with values in
R4 x {—1,1}, and given the data set

D, ={(X1,Y1),...,(Xn,Yn)}
the goal is to construct a classifier
() = nu(, Do) : R — {=1,1}
such that its misclassification probability

P{nn(X) # Y[Dn}

is as small as possible. Here the predictor variable X describes the encoding of a sequence
of length [ consisting of words or tokens, and each word or token is encoded by a value
in R?. The goal is to predict the label Y corresponding to the sentence described by X.

Let
m(z) =P{Y =1/ X =z} (zeR%) (1)

be the a posteriori probability of class 1. Then

(@) = {1, if m(z) > 1

—1, elsewhere

is the Bayes classifier, i.e., the classifier satisfying

P{n*(X)#Y} = min P{n(X)#Y
(X #Y) = min | PE(X) £Y)
cf., e.g., Theorem 2.1 in Devroye, Gyorfi and Lugosi (1996)).
(cf., e.g ye, Gy g
In this paper we derive upper bounds on

E{P{n.(X) #Y|Dn} — P{n"(X) #Y}}
=P{n(X)#Y}— min  P{n(X)#Y} (2)
R —{-1,1}

It is well-known that in order to derive nontrivial rate of convergence results on the
difference between the misclassification probability of any estimate and the minimal
possible value it is necessary to restrict the class of distributions (cf., e.g., Section 3.1 in
Gyorfi et al. (2002)). In this context we will assume that the a posteriori probability is
smooth in the following sense:



Definition 1 Let p = g+ s for some g € Ng and 0 < s < 1. A function m : R*" — R is
called (p,C)-smooth, if for every a = (o, ..., aq;) € NEU with Z?il a; = q the partial
derivative 09m/(0x* ... 0x55") ewists and satisfies

0%7m 97m

_ < Clix — zll°
8:1;?1...83:3,‘;'1@) 8m?1...8x2‘_‘j‘l(z) < Cllx — 2|

for all x,z € R¥! where || - || denotes the Euclidean norm.

In order to show good rates of convergence even for high-dimensional predictors we
use a hierarchical composition model as in Schmidt-Hieber (2020), where the a posteriori
probability is represented by a composition of several functions and where each of these
functions depends only on a few variables. We use the following definition of Kohler and
Langer (2021) to formalize this assumption.

Definition 2 Let d,l € N, m : R* — R and let P be a subset of (0,00) x N.
a) We say that m satisfies a hierarchical composition model of level 0 with order and
smoothness constraint P, if there exists K € {1,...,d -1} such that

m(x) =25 for allx = (W, ..., 28T e R

b) Let k € Ng. We say that m satisfies a hierarchical composition model of level
Kk 4+ 1 with order and smoothness constraint P, if there exist (p,K) € P, C > 0,
g:RE S Rand f1,..., fx : R* = R, such that g is (p,C)-smooth, fi,..., fix satisfy a
hierarchical composition model of level k with order and smoothness constraint P and

m(x) = g(f1(x),..., fx(x)) forallx € R

Let H(k,P) be the set of all functions m : R* — R which satisfy a hierarchical compo-
sition model of level k with order and smoothness constraint P.

A motivation of hierarchical models from an applied point of view can be found in
Kohler and Langer (2020a).

1.3 Learning of a transformer encoder

We apply gradient descent to an over-parametrized model of a transformer encoder in
order to learn its parameter. More precisely, let ® be the set of parameters of the
transformer networks {fy : ¥ € ©} (which we will introduce in detail in Section 2
below), and consider a linear combination

..........

of transformer networks fy,. Here (wy)x=1,. x are weights satisfying

K
wg >0 andZwkzl, (3)
k=1



¥y, are the weights of the transformer networks fy, (kK = 1,...,K,), and by choosing
K very large our model becomes over-parametrized in the sense that the number of its
parameters is much larger than the sample size. We will use

nn(X) = sgn(f(X))

as our prediction of Y, and in order to achieve a small missclassification probability our
aim will be to choose the parameters (wy)r=1,. x and (U)g=1,. x of f such that its
logistic loss

E {log (1 + exp(-Y - f(X))}

is small. To do this, we will randomly initialize its parameter in a proper way and then
perform ¢,, gradient descent steps in view of minimization of the empirical logistic loss

%Zlog (1 +exp(=Y; - f(X3)),
=1

where proper projection steps will ensure that (3) is satisfied and that the parameters Jj
will not move away too far from their random starting values (see Section 2 for details).
1.4 Main results

We show, that in case that the a posteriori probability satisfies a hierarchical composition

model with smoothness and order constraint P, the corresponding estimate 7, satisfies

; 1
P{n.(X)#Y} - i P{n(X)#Y} <ci - (logn)? - —min{ sty )
{m(X) #Y} e {n(X)#Y} <cr-(logn) X 5

And if, in addition,

P{Y =1|X} 1-P{Yy=1/X} 1
P{maX{I—P{Y:HX}’ P{Y = 1|X} }>”1/3}21_nl/3 (n € N)

holds (which implies that with high probability P{Y = 1|X} is either close to one or
close to zero) then we show that the estimates achieve the improved rate of convergence

P{n.(X)#Y}— min ~ P{n(X)# Y} <c-(logn)®  max n_min{ﬁ’%}.
R 5{—1,1} (p,K)€EP

In order to prove these results we derive a general result which gives an upper bound on
the expected logistic loss of an over-parametrized linear combination of deep networks
learned by minimizing an empirical logistic loss via gradient descent. In the proof of
this result we show that the projection of the outer weights enables us to bound the
generalization error of our over-parametrized linear combination of deep networks by the
Rademacher complexity of a class of single deep networks. And in the application of this
general result, we derive new approximation properties of Transformer networks with
slightly disturbed weight matrices.



1.5 Discussion of related results

Transformers have been introduced by Vaswani et al. (2017). In applications they are
usually combined with unsupervised pre-training and the same pre-trained transformer
encoder is then fine-tuned to a variety of natural language processing tasks, see Devlin
et al. (2019).

Approximation and generalization of Transformer encoder networks has been studied
in Gurevych et al. (2022). There estimates are defined as plug-in classifiers of the least
squares estimates based on transformer networks, and similar rate of convergence results
as in the current paper are shown. The main difference between our result in this paper
and the result in Gurevych et al. (2022) is that we define our estimates using gradient
descent, and consequently we have to take the optimization error into account too, which
forces us to derive technically much more complex approximation results for transformer
networks.

Much more is known about the deep neural network estimates. There exist quite a
few approximation results for neural networks (cf., e.g., Yarotsky (2018), Yarotsky and
Zhevnerchute (2019), Lu et al. (2020), Langer (2021) and the literature cited therein),
and generalization of deep neural networks can either be analyzed within the framework
of the classical VC theory (using e.g. the result of Bartlett et al. (2019) to bound the
VC dimension of classes of neural networks) or in case of over-parametrized deep neural
networks (where the number of free parameters adjusted to the observed data set is much
larger than the sample size) by using bounds on the Rademacher complexity (cf., e.g.,
Liang, Rakhlin and Sridharan (2015), Golowich, Rakhlin and Shamir (2019), Lin and
Zhang (2019), Wang and Ma (2022) and the literature cited therein).

Combining such results leads to a rich theory showing that owing to the network struc-
ture the least squares neural network estimates can achieve suitable dimension reduction
in hierarchical composition models for the function to be estimated. For a simple model
this was first shown by Kohler and Krzyzak (2017) for Holder smooth function and later
extended to arbitrary smooth functions by Bauer and Kohler (2019). For a more com-
plex hierarchical composition model and the ReLU activation function this was shown
in Schmidt-Hieber (2020) under the assumption that the networks satisfy some sparsity
constraint. Kohler and Langer (2021) showed that this also possible for fully connected
neural networks, i.e., without imposing a sparsity constraint on the network. Adapta-
tion of deep neural network to especially weak smoothness assumptions was shown in
Imaizumi and Fukamizu (2018), Suzuki (2018) and Suzuki and Nitanda (2019).

Less well understood is the optimization of deep neural networks. As was shown, e.g.,
in Zou et al. (2018), Du et al. (2019), Allen-Zhu, Li and Song (2019) and Kawaguchi
and Huang (2019) application of gradient descent to over-parameterized deep neural net-
works leads to neural network which (globally) minimizes the empirical risk considered.
However, as was shown in Kohler and Krzyzak (2021), the corresponding estimates do
not behave well on new independent data. So the main question is why gradient descent
(and its variants like stochastic gradient descent) can be used to fit a neural network to
observed data in such a way that the resulting estimate achieves good results on new
independent data. The challenge here is not only to analyze optimization but to consider



it simultaneously with approximation and generalization.

In case of shallow neural networks (i.e., neural networks with only one hidden layer)
this has been done successfully in Braun et al. (2023). Here it was possible to show
that the classical dimension free rate of convergence of Barron (1994) for estimation of a
regression function where its Fourier transform has a finite moment can also be achieved
by shallow neural networks learned by gradient descent. The main idea here is that the
gradient descent selects a subset of the neural network where random initialization of the
inner weights leads to values with good approximation properties, and that it adjusts the
outer weights for these neurons properly. A similar idea was also applied in Gonon (2021).
Kohler and Krzyzak (2022) applied this idea in the context of over-parametrized deep
neural networks where a linear combination of a huge number of deep neural networks
of fixed size are computed in parallel. Here the gradient descent selects again a subset of
the neural networks computed in parallel and chooses a proper linear combination of the
networks. By using metric entropy bounds (cf., e.g., Birman and Solomnjak (1967) and
Li, Gu and Ding (2021)) it is possible to control generalization of the over-parametrized
neural networks, and as a result the rate of convergence of order close to n~/(+d) (or
nt/(+d") in case of interaction models, where it is assumed that the regression function
is a sum of functions applied to only d* of the d components of the predictor variable)
can be shown for Holder-smooth regression function with Holder exponent p € [1/2,1].
Universal consistency of such estimates for bounded X was shown in Drews and Kohler
(2022).

In all those results adjusting the inner weights with gradient descent is not important.
In fact, Gonon (2021) does not do this at all, while Braun et al. (2023) and Kohler
and Krzyzak (2022) use that the relevant inner weights do not move too far away from
their starting values during gradient descent. Similar ideas have also been applied in
Andoni et al. (2014) and Daniely (2017). This whole approach is related to random
feature networks (cf., e.g., Huang, Chen and Siew (2006) and Rahimi and Recht (2008a,
2008b, 2009)), where the inner weights are chosen randomly and only the outer weights
are learned during gradient descent. Yehudai and Shamir (2022) present a lower bound
which implies that either the number of neurons or the absolute value of the coefficients
must grow exponential in the dimension in order to learn a single ReLU neuron with
random feature networks. But since Braun et al. (2023) was able to prove a useful
rate of convergence result for networks similar to random feature networks, the practical
relevance of this lower bound is not clear.

The estimates in Kohler and Krzyzak (2022) use a Lo regularization on the outer
weights during gradient descent. As was shown in Drews and Kohler (2023), it is possible
to achieve similar results without Lo regularization.

Often gradient descent in neural networks is studied in the neural tangent kernel set-
ting proposed by Jacot, Gabriel and Hongler (2020), where instead of a neural network
estimate a kernel estimate is studied and its error is used to bound the error of the
neural network estimate. For further results in this context see Hanin and Nica (2019)
and the literature cited therein. Nitanda and Suzuki (2021) were able to analyze the
global error of an over-parametrized shallow neural network learned by gradient descent
based on this approach. However, due to the use of the neural tangent kernel, also the



smoothness assumption of the function to be estimated has to be defined with the aid of
a norm involving the kernel, which does not lead to the classical smoothness conditions
of our paper. Another approach where the estimate is studied in some asymptotically
equivalent model is the mean field approach, cf., Mei, Montanari, and Nguyen (2018),
Chizat and Bach (2018) or Nguyen and Pham (2020). A survey of various results on over-
parametrized deep neural network estimates learned by gradient descent can be found in
Bartlett, Montanari and Rakhlin (2021).

1.6 Notation

The sets of natural numbers, natural numbers including zero, real numbers and non-
negative real numbers are denoted by N, Ny, R and R, respectively. We set R =
R U {—00,00}. For z € R, we denote the smallest integer greater than or equal to z by
[2], and we set zy = max{z,0} and z_ = max{—z,0}. The Euclidean norm of z € R? is
denoted by ||z|| and for x, z € R? its scalar product is denoted by < z,z >. For a closed
and convex set A C R? we denote by Projax that element Projaxz € A such that

|z — Proja| = min [l - 2|.
S
For f:RY = R
[flloc = sup [f(z)|
rER4

is its supremum norm, and for A C R? we set

[flloo.a = sup |f()].

z€A
For a vector = (zM, ..., 2T we denote by

|zl = max |2
i=1,...,n

its supremum norm, and if A = (a;;)i=1,..1,j=1,..,7 We set

Al =
14]lo z‘:l,...I,IIl,?il,...,J|aZ’J|

For j = (j(l), ... ,j(d)) = Ng we write
H-]Hl :j(l) + ... _|_j(d)

and for f: R — R we set

- Al f
i (BzM)iY . (9x( @)@

For ¢ € Ng and f : R — R we set

[l ey = mese {108 o = § € NG, [l < 0} -



Let F be a set of functions f : R — R, let z1,...,z, € R? set 2 = (x1,...,xy,) and
let p > 1. A finite collection f1,..., fx : R? = R is called an L, e-packing in F on z7 if
fi,--., fn € F and

n 1/p
1
. 1 Z ) . P
1§£21J'DSN (n k=1 ‘fl(xk) f] (xk)’ > =

holds. The L, e-packing number of 7 on 7 is the size N of the largest L, e-packing of
F on zf and is denoted by My (e, F, z7).

For z € R and 8 > 0 we define Tz = max{—3, min{3, z}}. If f : RY — R is a function
then we set (Tsf)(x) = Tp (f(z)). For z € R we denote by

1 if z>0,
sgn(z) =<0  if 2 =0,
-1 ifz<0

its sign. For i, j € Ny we set
1 ifi=j
0ij = e
0 ifi#j.
1.7 Qutline

The over-parametrized transformer classifiers considered in this paper are introduced in
Section 2. The main result is presented in Section 3. In Section 4 we present a general
result concerning the expected logistic loss of an over-parametrized estimate defined by
a linear combination of deep networks. The proof of our main result is given in Section
5.

2 Definition of the estimate

2.1 Topology of the Transformer networks

Let K, € N be the number of transformer networks which we compute in parallel. The
over-parametrized transformer networks which we use for our classifier are of the form

Ky
f(wk)kzl,m,Kn7(Wk)k=1,4..,Kn7(Vk)k:1,.4.,Kn ({L‘) = Z W - Tﬁn (fWJka ({E)), (4>
k=1

where the outer weights (wy)r=1.... Kk, Will be chosen such that
K,
wp >0 (k=1,...,K;) and » wp<1 (5)
k=1

hold and where Wy and Vj are the weights used in the k-th Transformer network
T3, (fw,,v,) and B, = c3 -logn. This Transformer network is defined as follows:
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Figure 1: Illustration of the transformation of the input in case d = 2,1 =4, I = 10 and
h=2.

For input
= (21,...,7) € R

it computes in a first step a new representation

250 = (280,15 - - 2k,04) € RImoderxt

for some dyoger € N (which will be done in the same way for all k£ € {1,..., K,,}). Here
2,0, s a new representation of x; € R% of dimension

dmodel =h-1 (6>

(where h,I € N with I > d + [ + 4) which includes the original data, coding of the
position and additional auxiliary values used for later computation of function values.
More precisely, we set for s € {1,...,h- I}

z! if se{1,...,d}
) )1 ifs=d+1
k.0, 0o a1y ifsc{d+2,...,d+1+1}
0 ifse{dtl+2d+1+3,... h-I}

Ford = 2,1 =4, 1 = 10 and h = 2 the transformation of the input is illustrated in
Figure 1.
After that we compute successive representations

Zk7r = (Zkyr,:l? e 7Zk,7‘71) € RdMOdEZXl (7)

of the input for » = 1,..., N, and apply a feedforward neural network to z; n. Here 2,
is the representation of the input in the k-th transformer network in level r. It depends



on [ parts which correspond to x1, ..., ;. And N is the number of pairs of attention
and pointwise feedforward layers of our transformer encoder.

Given 2,1 for some r € {1,..., N} we compute 2, by applying first a multi-head
attention and afterwards a pointwise feedforward neural network with one hidden layer.
Both times we will use an additional residual connection.

The computation of the multi-head attention depends on matrices

unery,k,r,s; Wkey,k,r,s € deedemodEl and anlue,k,r,s € RdedmodEl (5 = 17 ey h)7
(8)
where h € N is the number of attentions which we compute in parallel, where dj., € N is
the dimension of the queries and the keys, and where d, = d,04¢1/h = I is the dimension
of the values. Here each of the h attention heads will be used to compute a new part of

length d,, = I of the representation 2y, ; of z; for i = 1,...,l. We use the above matrices
to compute for each component zj,_1; of 2,1 (i.e., for each representation of z; at
level r — 1 (i = 1,...,1)) corresponding queries

dkr—1,s,i = unery,k,r,s * Rkyr—14s (9)
keys

kk,r—l,s,i = Wkey,k,r,s *Rkar—14 (10)

and values

Vkr—1,s4 — anlue,k,r,s * Zkr—14 (11)

(se{l,...,h},i € {1,...,1}). Then the so-called attention between the component i of
2kr—1 and the component j of z,_1 (i.e., between the representations of z; and x; at
level r — 1) is defined as the scalar product

< qk,r—1,s,i> kk,r—l,s,j > (12)

of the corresponding query and key, and the index }k,T_LS’Z- for which the maximal value
occurs, i.e.,

Jkor—l,si = arg max < g1, Kkr—1,55 > (13)

is determined. The value corresponding to this index is multiplied with the maximal
attention in (12) in order to define

gk,r,s,i = ,Uk’T_lvs’jk,rfl,Syi ' JEI{I%?‘XJ} < qk7r_178,i’ kjk’r_1787j >
,Uk’T_Lsajr—l,s,i‘ < qk‘ﬂ“—LS,’ia klk’r_lvsvjk,rfl,s,i > (14)
(s € {1,...,h},i € {1,...,1}). Using a residual connection we compute the output of
the multi-head attention by
Yk = Zhr—1 + (G ts - - Port) (15)

where
gk,r,i = (gk’,’l‘,l,ia s 7gk,r,h,i) € Rdv.h = RdmOdel (Z € {17 ceey l})

10



Here y;., € RémodetX! hag the same dimension as 2 r—1-
The output of the pointwise feedforward neural network depends on parameters

Wip1 € R sXdmodel € RUS Wy g € RImodetXdss by o ¢ Rmodel (16)

which describe the weights in a feedforward neural network with one hidden layer and
dss € Nhidden neurons. This feedforward neural network is applied to each component of
(15) (which is analogous to a convolutionary neural network), i.e., to each representation
of x1, ..., x; computed up to this point on level r, and computes

Zk,r,s = yk,r,s + Wk,r,Z + 0 (Wk,r,l : yk,r,s + bk,r,l) + bk,r,? (S S {17 teey l})v (17>
where we use again a residual connection. Here
o(z) = max{z,0}

is the ReLLU activation function, which is applied to a vector by applying it to each
component of the vector separately. After computing z s (s € {1,...,(}) we define 2,

by (7).
Given the output zj n of the sequence of N multi-head attention and pointwise feed-

forward layers, we apply a (shallow) feedforward neural network with one hidden layer

d+1+2) .
and J, neurons to z,g ;f ), i.e., we set

d+1+2 d+1+2
f k(Z]E?,Ny]. )) = fnet,Jn,Vk(Z]E:,NJ ))’

where for z € R we define
LN 0 0
Jnet, 7, v, (2) = Z U,i]) -0 (v,ij)l A v,(w).@) .
j=1

Here o(z) = max{z,0} is again the ReLU activation function, and

1 0 0
Vi = ((v,(qj)sz...,Jn, (U;E;,])-,l)j=1,...,(1n, (U]i,])',o)j=l,...,Jn)

is the matrix of the weights of this feedforward neural network.
Because of

Tp,(2) = max{—pf,, min{f,,2}} = max{0, 8, — max{—LB,, —2}} — B
= max{0,28, — max{0, —z + Bn}} — Bn =0 (208, — o((—1) - 2+ Bn)) — Bn,
z + Tp, (%) is a neural network with two layers, one hidden neuron per layer and ReLU
activation function. This implies that T, (fv,(2)) is a feedforward neural network with

3 hidden layers, J,, neurons in layer 1 and one hidden neuron in layers 2 and 3, resp.
The output of our k-th transformer network is then

d+1+2
Ts, (Fwevi (@) = Ts, (fv, (™),
where z,gd;l;r 2 is one component of the output z; y of the N pairs of attention layers
and pointwise feedforward layers.

11



2.2 Initialization of the weights
We initialize the weights w(©) = (w,(co),W,(co), V,(CO)) k=1,..K, as follows: We set
w =0 (k=1,...,K,)

and choose the components of all other weight matrices independently from uniform
distributions on the interval
[—cq - n, ey -],

where ¢4, c5 > 0 are suitably large constants. After that we make a pruning step which
depends on a parameter 7 € N chosen in Theorem 1 below: We choose for each k €
{1,...,K,} and for each attention head in each matrix in each row 7 € N of its weights
randomly by independent uniform distributions and set all weights not chosen to zero.
Similarly, we choose for each k € {1,..., K,} and for each matrix Wj, ,.; in each row and
for each matrix Wj, , 5 in each column 7 of its weights randomly by uniform distributions
and set all weights not chosen to zero. Furthermore we set all entries in Wyyery.k,r1 and
Whey,k,r,1, all entries in the first d +1 + 1 columns of Wj,, o, and all entries in the last
two rows of Wyyery k,r,s and Wiey ks in columns greater than d + 1 + 1 to zero.

2.3 Learning of the weights of the transformer network

The aim in choosing the weights w = (wi, Wy, Vi)r=1,.. i, of our transformer network
is the minimization of the empirical logistic loss. Let

¢(2) = log(1 + exp(—2))

be the logistic loss (or cross entropy loss). Then the empirical logistic loss of fw =
f(wk)k:1 ,,,,, KnsWi)k=1,....kns(VE)k=1,....kn is defined by

F,(w) =

SRS

S oYi fulX0)). (18)
=1

We use gradient descent together with a projection step in order to minimize (18).
Let A be the set of all (wg)k=1,. K, which satisfy (5) and let B be the set of all
(W, Vi)k=1,. K, which have nonzero components only in components which have not
been set to zero in the pruning step of the initialization of the weights and which satisfy

|(Wk, Vi)k=1,. K, — (W](CO)yvl(cO))k:l,...,KnH < ¢, (19)

where cg > 0 is a constant which will be chosen sufficiently small in Theorem 1 below. Let
A, > 0 be the stepsize of the gradient descent and let w(®) = (W/,io)7 W}(€0)7 V](CO)) k=1,... K
be defined as in Subsection 2.2. Then we define w(t) = (W](:), W,(f), V;(f))kzl,...,Kn recur-
sively by setting

t+1 . ¢ OF,(w)
(o), = o (o 2t
e k=1,...,Kn

12



and
(W](Ct-‘rl) 7 V}E;t+l))k:1,...,Kn

= Projp (((W](Ct), V](:)) —An - V(Wk,Vk)(Fn(w(t))))kzl K )

(t=0,...,t, — 1), where ¢, € N is the number of gradient descent steps which will be
chosen in Theorem 1 below.

2.4 Definition of the estimate

We define our estimate as the plug-in classifier corresponding to the over-parametrized
Transformer network network with weight vector w(® where { € {0,1,...,t,} is the index
for which the empirical logistic loss is minimal during the training, i.e., we set

t=arg te{0r7111’i.r.1.7tn} Fp(w®), (20)
fnl®) = [ (@) (21)

and
() = sgn(fn())- (22)

3 Main result

Our main result is the following bound on the difference of the misclassification proba-
bility of our estimate and the minimal misclassification probability.

Theorem 1 Let A > 1. Let (X,Y), (X1,Y1), ..., (Xn,Y,) be independent and identi-
cally ~ distributed [—A, A% x  {=1,1} wvalued random  wvariables, and let
m(z) = P{Y = 1|X = z} be the corresponding a posteriori probability. Let P be a
finite subset of [1,00) x N and assume that m satisfies a hierarchical composition model
with some finite level and smoothness and order constraint P and that all functions
g : RE R in this hierarchical composition model are Lipschitz continuous and satisfy

9llcamey < 7 < o0,

where p = q+ s with s € (0,1] and ¢ € Ny (here (p, K) € P is the smoothness and order
corresponding to g in the hierarchical composition model). Let K, € N be such that

K,

Set B, = c3 - logn,
h:{(max n2P§K-‘, dep=2-h+2, I=/Tlogn], Jp = [es- 03], th=n-K,

p,K)eP

13



and
1

tn’

choose 7 € {l+ 1,1 +2,,...,l +d+ 1} and choose N € N sufficiently large, c¢ > 0
sufficiently small, cy4,c5 > 0 sufficiently large, diey > 4, and define the estimate 1, as in
Section 2.

a) We have for n sufficiently large

Ap =

. 1
P{n, (X Yl — 1 P X Y < - (1 3, _mm{2<(2p+1()7€}.
{m(X) #Y} n:IRd'lrgl?—l,l} {N(X)#Y} <cy-(logn) (pr,Ill(%}e(Pn D

b) If, in addition,

P{Y =1|X} 1-P{y=1|X} . 1
P{max{l_P{Y:HX}, POy Z1IX) }>n/3}21—nl/3 (neN) (24)

holds, then we have for n sufficiently large

. 1
P{n.,(X)#Y} - i P{n(X)#£Y}<ecip-(1 3. *mm{ﬁ@}.
{77 ( ) 7& } n:Rd‘lrgl?—l,l} {n( ) ?é } < cyo ( og n) (pI,IIl(%)e(Pn P

Remark 1 The upper bound in parts a) and b) of Theorem 1 do not depend on the
dimension d - | of X, hence the Transformer encoder estimate is able to circumuvent
the curse of dimensionality in case that the a posteriori probability satisfies a suitable
hierarchical composition model.

Remark 2 In the definition of the estimate we use twice a projection step in the defini-
tion of the gradient descent. Here the projection on the outer weights (wy)g=1,... K, S our
main tool which enables us to show that the over-parametrization of the estimate does not
hurt the generalization. The second projection is used to ensure that the change of the
inner weights during gradient descent does not hurt the approximation properties of the
estimate. For neural networks with smooth activation function it is possible to show that
such a projection step is automatically satisfied during gradient descent steps for suitable
chosen stepsizes and number of gradient descent steps, cf. Lemma 1 in Drews and Kohler

(2023).

Remark 3 The proof of Theorem 1 implies that the result also holds for an estimate
where gradient descent is only applied to the outer weights (wg)k=1,.. K, and for all other
weights their initial randomly chosen values are not changed. Consequently, our estimate
1s based on representation guessing and not representation learning.

Remark 4 By assumption (23) the number of parameters of our estimate grows ex-
ponential in the sample size, so as in many modern applications of deep learning our
estimate uses a massive overfitting.

14



4 A general result

Let W € N and let ® C R" be a closed and convex set of parameter values (weights)
for a deep network of a given topology. In the sequel we assume that our aim is to learn
the parameter ¥ € @ (vector of weights) for a deep network

fo R S R
from the data D,, such that
sgn(fo(z))
is a good classifier. We do this by considering linear combinations
Ky
Fewoy(@) =D wi - Ts,(f9,(2)) (25)
k=1
of truncated versions of estimates fy, (z) (k = 1,...,K,), where w = (wg)k=1,.. K,
satisfies
Knp
wp >0 (k=1,...,K,) and » wp<1 (26)
k=1

and ¥ = (V1,...,9k,) € ®FKn. Observe that by choosing w; = 1 and wy, = 0 for k& > 1
we get

fow,0) (@) =T, (f9,(2))

and in this way we can construct an estimate which satisfies

sgn(fiw,0)(2)) = sgn(fo, (x))

for any 91 € ©. And by choosing K, very large our estimate will be over-parametrized in
the sense that the number of parameters of the estimate is much larger than the sample
size.

Let

p(2) = log(1 + exp(—=2))
be the logistic loss (or cross entropy loss) and let m(x) = P{Y = 1|X = z}. Then

00 if m(z) =1,
for(z) = { log 13&%) if 0 <m(z) <1,
—00 if m(x) =0

minimizes the expected logistic loss, i.e.,
E{o(Y - fo- (X))}
= E{m(X) -log(1 + exp(—f,+(X))) + (1 — m(X)) - log(1 + exp(f,~(X)))}

= min_E{p(Y - f(X))}
fRELSR
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holds. Because of

conlfr(2)) = {1 if m(x)

>
-1 ifm(z) <

N|— N[~

)
this implies

P{sgn(f~(X)) #Y} = min  P{f(X)#Y},

R {-11}

i.e., we can compute the optimal predictor of Y given X by minimizing the expected
logistic loss.
Our aim in choosing (w,?) is the minimization of the empirical logistic loss

Fal(w, ) = = 3" 0% frin(X0).
=1

In order to achieve this, we start with a random initialization of (w,4): We choose
0 0
90,0 (27)

randomly from some set ®° C @ such that the random variables in (27) are independent
and also independent from (X,Y), (X1,Y1), ..., (Xp,Ys), and we set

w? =0 (k=1,...,K,).
Then we perform ¢, € N gradient descent steps starting with
90 — (79&0), .. ,ﬂgi) and w(® = (w%o), .. .,wggr)b).
To do this, we choose a stepsize A, > 0 and set
w ) = Proju <w(t) — An - Ve Fn(w®), 19(t)))) ,

9D = Projg (W—An.an((w“),ﬁ(ﬂ)))

fort =1,...,t,. Here A is the set of all w which satisfy (26), and
B={0cof -0 <c5}.
where cg > 0 is a constant, and Proja and Projp is the Ly projection on the closed and

convex sets A and B. (Here closeness and convexity of B is implied by the closeness and
convexity of ®.) Our estimate is then defined by

f= i F,(w® 9® 28
arg _ min (W', 9'%)) (28)

and
fn(@) = f i gy (@) (29)

16



Theorem 2 Let (X,Y), (X1,Y1), ..., (Xn,Yn) be independent and identically dis-
tributed random variables with values in R x {—1,1}. Let t,, N, I, € N, set

choose cg > 0, and define the estimate f, as above.
Let ©* C O and set

O = {196@ :inf |9 =9 S%‘}-
Je@0
Let Cp, D,, > 0 and assume

”fﬁ_fﬂ*”oo,supp(X) <Cp- Hﬁ_ﬂ*H (30)

for all9* € ®* and allY € {9 € © : ||J — 9*|| < cg},

€n =P {19%0) € 8*} > 0, (31)
I 1
Ny (1—ep)m < — (32)
n
and
IVwFn((w,9))|| < D, for allw € A9 € ©. (33)
Then we have
E{o(Y - fu(X))} - fmin E{e(Y - f(X))}
logn 1< Cn+1 D?
< +E{sup (= ) e Tp, (fo(Xi))| p + + =
< n {ﬂe@ n Zz; g v Ny, tn
+ sup E{p(Y - fy(X))} — min E{e(y - f(X))} |,
IEO* fR&I—
where ey, . .., €, are independent and uniformly distributed on {—1,1} (so-called Rademacher

random variables) and independent from Xy, ..., X,.

Remark 5 In Theorem 2 the Rademacher complezity

o2 000
Je®
1s used to control the generalization error of the estimate,

sup E{p(Y - fo(X))} = min E{p(Y- f(X))},

JeO* fRdl
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which describes the worst error occuring in the set ©* of “good” parameter values, is used
to measure the approximation error, and

Cn+1+g2

VN, | ta

1s used to bound the error occuring due to gradient descent.

Proof of Theorem 2. Let E,, be the event that there exist pairwise distinct j1,...,jn, €
{1,..., K,} such that

195?)66*
holds for all i = 1,..., N,. If E, holds set
wj, = N (t=1,...,N,) and w;p=0 (ke {l,....K,}\{j1,---.in,})
n

and w* = (w})k=1,..K,, otherwise set w* = 0.
We will use the following error decomposition:

E{w(Y-fn(X))}— min E{e(Y- f(X))}

=E{o(Y - fu(X)) - 1Ea}

oo (e a0 0] 5 s 1

E{:LZQO(Yi'fn(Xi))‘lEn} — min _E{p(Y - f(X))}
i—1

FREISR

= Tl,n + T2,n + T3,n-

In the first step of the proof we show

1
P{E;} < —. (34)
n
To do this we consider a sequential choice of the initial weights 1950), el 19&831. By

definition of €, we know that the probability that none of 19(0) ey 1952)

©®* is given by

is contained in

(1— €)™,
This implies that the probability that there exists I € {1,...,N,} such that none of
19%?) I AREERERE ﬁl@l)n is contained in ©* is upper bounded by

Ny, - (1— en)I”.

Using (32) we can conclude

P{ES} < N,-(1—ep)ln <

Sl
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In the second step of the proof we show

logn
T1,n§012'( S )

To do this, we observe that for |z| < §,, we have
¢(2) = log(1+exp(—2)) < (log4)- It~ 13 +log(2-exp(—2))-I.<_1} < 3+|2| < c13-logn,
from which we can conclude by the first step of the proof

1
Tin < c13- (logn) - P{E;} < c13- (log n)

Let F be the set of all f(y, y) where w € A and ¥ € ©Xn . In the third step of the proof
we show

TQnSE{ {sup(E{g&( }—fZ<p )}m}

This follows from

Tt s 0 ) ) ]
{;ug (E{sO(f(X) Y} - %Z‘P(f(Xi) Y)> ‘0(0)} : 1En}
€ i—1

- E {E {;ug (E{so(f(X) V)Y e (x) Y)) } ~ 1En} .
€ i=1

Here the first inequality followed from w(®) € A and 9) € @5~ (t € {0,1,...,t,}).
In the fourth step of the proof we show

E{JSJE‘E (E{w( }—*Zso )}

{sup ZEZ X; } (35)

fermn

IN

=
——

=

Choose random variables (X1,Y7), ..., (X],,Y,)) such that
(le Yl)v ceey (XnaYn)y €1,---,€n, (Xia )/1,)5 (qufm Yr{)

are independent and such that

(X17Y1)7--w(XTL?Yn)v(X{?Yl/) (X/ Y/)

n'-n

19



are identically distributed and set (X,Y)} = ((X1,Y1),...,(Xn,Ys)). We have

o (Bt }"E )|

—E{Sup (E{ Z‘P {)I(XaY)?}—nZﬂf(Xi)-Yé))}
=1

feF
<® {E {?“5 (iZﬂf(Xf) V)= Y el (X m) (X, Y)’f}}
€ i=1 i=1
{sup< Zso 1Zso<f<xi>-m>}.
fer "o

Since the joint distribution of (X1, Y1), ..., (Xpn, Yy), (X1, YY), ..., (X],Y,)) does not change
if we (randomly) interchange (X;,Y;) a d (X!1,Y/), the last term is equal to

Next we use a contraction-style argument. Because of the independence of the random
variables we can compute the expectation by first computing the expectation with respect
to €; and then computing the expectation with respect to all other random variables.
Consequently, the last term above is equal to

1 1
2-E - sup
2 fer

6 - o(f(X;) Y;) + % ~p(f(Xq) - Y1)>
2
1 1
+2-sup< € - (9(Xe) - Yi) — — - o(g(X1) - Y1)> }
geF i—9 n
1

:uMz

S|

:E{ sup (n ei - p(f(Xi) '5/1')4'%262"90(9(&)'3@)

[9eF 2 i=2

P2 p(f(X0) V) — - plg(X0) m)}
Because of )
) = T P (1) €10

20



 is Lipschitz continuous with Lipschitz constant 1 which implies

1 1 1
o o(f(X1) - Y1) — -~ p(g(X1) Y1) < o |f(X1) - Y1 —g(Xq) -1
1
< E'|f(X1)—9(X1)|-
Hence the last expectation above is upper bounded by

S|

E{ sup (izei-so(f(mnw Zei-so<g<xi>.m+i-\f<xl>g<X1>>}.

FoeF \ iz i=2

For fixed (X1,Y1), ..., (Xn,Yy), €2, ..., €, the term

n

i (g(X0) - Yi) + - [1(X0) = g(X0)
1=2

S

S e p(f(X) V) +
=2

is symmetric in f and g. Therefore we can assume w.l.o.g. that f(X7) > g(X7) holds
which implies that we have

sup (; S plF) ¥+ S e plo(X0) - ¥i) - |f(X) - g<X1>|)
IS =2 =2

= sup <1Zei-¢<f<xi>-n> F S e plg(X) ¥ + - () —g<X1>>>.
1=2 =2

fgeF \ Vi Z

In the same way we see that the term above is also equal to

s (i S @l (X0) Y+ D e plg(Xe) - Yi) — - (F(X0) - g<X1>>>,
9 i=2 i=2
and we get
E{ sup (1 € (P(f(Xz) sz)""_l € So(g(Xi) E)
figeF n =2 n =2
P 10) — g(x0) }
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f.9eF 1=2
=2 E{;gg (;;el-w(f()ﬁ)-yi)%—n.el-f(X1)>}>

where we have used that —e; has the same distribution as ;.
Arguing in the same way for ¢ = 2,...,n we get

2.E{sup (iZQ'SO(f(Xi)'Yi))}

n
fer i—

§2~E{sup (iZEi'sO(f(Xi)'Yi)+i-61'f(X1)>}
i=2

ferF

<2 E{ sup (i e pFX) Y+ (- X)) + e f(X2>)> }

fer \"i=s

IN

1 n
<2-E{sup—- > - f(Xy) o,
which finishes the fourth step of the proof.

In the fifth step of the proof we show

E{supIZq'f(Xi)} 1p, < E{sup

fer n i=1 V€O

LS e (@, (X))

n
=1

} |

Let W be the set of all weight vectors w = (wr)k=1,....Kn» (Ok)k=1,.. K,) Which satisfy
V= (Vk)k=1,.. K, € ©%n and (26). Because of f = 0 is contained in F it implies

Suplzﬁi'f(Xi)ZO

n
fer 4
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from which we can conclude

g S0} e

fern
< E{SZ%ZQ Zw] T,anﬁ )))}
= { sup ij Z z(Tanﬁ](XZ)))}
WGW n i=1

K n
~ 1
< E} sup |w;]| - sup — > € (Tp, f9,(Xi)))
{ WGW; ! ﬂEéK",k‘E{l,---,Kn n ; ' *
1 n
<1-E{  sup = e (Tp, f9,(X)))
ﬁe@K’ﬂ,ke{l,...,Kn} n i=1

n

T <Tﬁnfm<xi>>>‘ }

=E< sup
YE@Kn n i=1

1 n
—E SN (Ts, (Fo(Xa
{;gg nE €i - (T, (f3(Xi))
{Tﬁnfﬁk VRS @K",/{ S {1,...,Kn}} = {T/jnfﬁl NS @}

i=1
where the last inequality followed from

In the sixth step of the proof we show

C,+1 D?
Tz, < cig- + -2+ sup E{p(Y - fo(X
3, 14 (m p, s {o(Y - fo(X))}

- in E{p(Y- f(X ))}>-
f: Rl

Application of standard techniques concerning the analysis of gradient descent in case of
convex function (cf., Lemma 1) yields

> el X)) 1,

(
=1
— ; ) 9@y .
Jpin, By (W, 0%) - 1g,

cosln

tn

< Fal(w'9) 1, + - SO B, 00)) = Eu((w*, 9O))] -1,
mot=1
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lw'|? D2

+ 2 2ty

By the definition of w* we know

w2 _ 1
2 - 2-N,

The logistic loss is convex (since ¢”(z) > 0 for all z € R) from which we can conclude

E{Fn((w*,ﬁ(o))) : 1En}
~E{E {Fn((w*7 19(0)))‘19(0)} ' 1En}

n Np,
= E{E{iZw(z\l,nZm-fﬁimxi))w(“)} : 1En}
=1 k=1
1 Ny, 1 n
<E {Nn kZ:lE {n;w(Yi : fg§2)(Xi))\79(O)} ' 1En}

< sup E{p(Y - fo(X)}.
Je*

Finally we conclude from the fact that ¢ is Lipschitz continuous with Lipschitz constant
1, the Cauchy-Schwarz inequality and assumption (30) that we have

1 &

o > IFu((w*, 0M)) = Fu(w*,9))] - 1,
nog=1
1 tn 1 n
nog=1 i=1
StT{laXt Z_IIlEBLX \f(w ﬁt))( i) — f(w ,9(0) (Xi)| - 1g,
<  Jmax - max Z lwy|? - Z ’fﬂ(t) 19(o) (X)I?-1g,

N, N,
1 - £ 40) 1 gt g(0)
< . ZC%.Hﬁ(,_ 0= | Y 10— 02
/Nn — J J \/]Tn — J J

1 C
< —Cp - 99 — 9O || < - —2.
=N, | I'< e I,

Here (30) is applicable because the definition of the estimate implies

N
1950 = 0501 <\ SO0 = 0512 < (/1190 — 002 < ¢,
s=1

Gathering the above results completes the proof. O
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5 Proof of Theorem 1

In the sequel we show

E{e(Y - sgn(fa(X))} — E{o(Y - f3(X))}

< cgs - (log n)6 - max n min{@pik)%}_ (36)
B (p,K)eP

This implies the assertion, because by Lemma 2 a) we conclude from (36)
P (Y £ son(fu(X)I} ~ P (Y #7°())
1
<B{ 5 (BLolY - LD~ BLolY - - (X))}

< = VB LX)} ~E{alY - £ (X))

< cg6 - (log n)3 . max n mi“{ﬁvé}
(p,K)eP

And from Lemma 2 b), (24) and Lemma 2 ¢) we conclude from (36)
P{Y 7 sgn(fn(X))[} = P{Y # 7" (X)}
<2 (B{p(Y - fulX))} ~ B (Y - fipr (X)) +4- “T 108"

. P 1
< cgs - (logn)® - max nfmm{%”"g}.
< e (logn)”- max,

Here we have used the fact that

max{ P{Y =1|X} 1-P{y= 1|X}} s
1-P{Y =1X} P{Y =1/X}

is equivalent to
P{Y =1|X}
1-P{Y =1|X}

So it suffices to prove (36), which we do in the sequel by applying Theorem 2.

In the first step of the proof we define ®, ®% and ©*.

Let ® = ©g be the set of all pairs (W, V) of weight matrices of the transformer
networks fw, v,) introduced in Subsection 2.1. In the supplement we will introduce
Transformer networks with good approximation properties, and we use here these Trans-
former networks for the definition of ®@*: Let ®* be the set of all weight matrices (W, V)
where W is from the weight matrices introduced in Theorem 3 in supremum norm not

1
| for (X)| = |log >§'10gn.

further away than
1

€E= —,
cs89 * nc90
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and where V is from the weight matrix introduced in Lemma 12 in supremum norm not

further away than
1

= ——.
091 . n092
In the second step of the proof we show that

Cn = cg3 - n*

satisfies (30). We will show this in the Supplement in Lemma 13, which is applicable
provided we choose ¢ < 1/(2 - cg2).
In the third step of the proof we show that €, defined by (31) satisfies

1
2 flogntva’

The event {9:(10) € O} occurs if the pruning step selects the right subset of size
L, < cg5 - y/n out of all subsets of size L, of the possible set of parameters, which has
size less equal than cgg-n, and if the uniform distributions (on intervals of length 2-c4-n%)
choose each of these L, parameters correctly from an interval of size 1/(cg7 - n“8). This
implies for large n

1 1 1
(cos - n)696~\/ﬁ 2 ¢y - N - cyy - NCS = e(logn)2-y/n’

P{0\” c @} >
In the fourth step of the proof we show that
Np =0, I, = [(logn)? - eleam™vm

satisfies (32) for n large.
This follows from

IN

1 [(logn)2-elios V]
n®9 . <1 )
ellogn)? /i

N, - (1 —ey)m

IN

1
n
for n large.
In the fifth step of the proof we show that

Dn: \/Knﬂn

satisfies (33).
We will show this in Lemma 3 in the Supplement.
In the sixth step of the proof we show

d

1 & __p 1
sup — € - Tg, (fo(X; < c100 logn3-< max n 2r+K +n_3>.
sup 5 2 T (ol m‘} (logn)* -  max_
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To see this, we use standard techniques from empirical process theory which are sum-
marized in Lemma 4 in the Supplement. From this we conclude

E{ sup — ZG’ T, (fo(X ))‘}

9@ 1
< c1o1 -

\/max{h I.dgs, Jo} - (logn)?
vn
(VIogn - max(, gyep X/ @22+ 4 5 - (logn)?
vn

< - o (e, 5 ).

< ci02 -

In the seventh of the proof we show

logn (@) 7o)
sup B{e(Y - f5(X))} = min_ B{o(Y - [(X))} < caou- g +eros - maxh /5
YEO* fRd Iyt
We have

SUp. E{p(Y - fo(X))} = min E{p(Y - f(X))}
ve fRE—SR

= sup E{p(Y'- fy(X)) = o(Y - for (X))}

Ye®

— sup E{l{m} (@ (fa(X)) — o (fir (X))

Ye®*

Fly=—1y - (P(=fo(X)) = (= fr (X)) }

= sup E{m(X) (p(fo(X)) = e(f (X))

Ye®*

+(1 =m(X)) - (e(=fo(X)) — (=[x (X)) }

< sup sup (Im(:v)l-Iw(qu(fv))—sO(fw(x))l

YEO* gcRa-
1 =m(x)] - lp(=fo(x)) — p(—for (2))] )

Application of the approximation results for Transformer networks derived in the Sup-
plement, i.e., application of Lemma 12 and Theorem 3 (which is applicable because of
the pruning step in the gradient descent introduced in Section 2, which implies in par-
ticular that some components of zj, do not change during the computation) yields the
assertion.
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In the eighth step of the proof we complete the proof by showing (36).
Thanks to the results of the steps 1 through 5 we know that the assumptions of
Theorem 2 are satisfied. Application of Theorem 2 yields

E {p(Y - sgn(fn(X)))} —E{p(Y - fo- (X))}

logn 1 & C. +1 D2
30106‘(§+E{SUPZei-Tﬁn<fﬂ<Xi>>|}+ ntly D

ve® T i=1 \/m 128
+ sup E{p(Y - fy(X))} — min E{so(Y-f(X))})-
YE@* fRELSR

Plugging in the results of steps 6 and 7 and the values of C,,, N,, and D,, derived in steps
2, 4 and 5 yields the assertion. O
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SUPPLEMENTARY MATERIAL

.1 A result for gradient descent

Lemma 1 Let di,dy € N, let D,, > 0, let A C RY and B C R% be closed and convex,
and let F: R% x R% — R, be a function such that

w— F(u,v) s differentiable and convex for all v € R%

and

[(VuF)(u,v)|| < Dy, (37)
for all (u,v) € A x B. Choose (ug,vg) € A x B, let vy,...,v, € B and set

Ur1 = Proja (ug — N - (Vo F) (ug,ve))  (t=0,...,t, — 1),

where .
A= —.
tn
Let u* € A. Then it holds:
t
1 n * 2 D2
t:I[I)}.iE ) F(ug,ve) < F(u*,v9) + ™ ; |F'(u*, ve) — F(u*,vo)| + lu 2u0|| 5. Zﬂ

Proof. The result follows from the proof of Lemma 1 in Kohler and Krzyzak (2023).
For the sake of completeness we give nevertheless a complete proof here.
In the first step of the proof we show

tn—1 tn—1 t
L < L < " lu” = ol . 2
™ ; F(ur, ) < ; Fu",0) + = tg Z (Vo F) (g, 00)|°. - (38)

By convexity of u — F(u,v;) and because of u* € A we have

F(ug,v) — F(u*,v)
< (qu)<'U;t,’Ut),Ut - U,* >

1
= ﬂ 2. <A (qu)(’U,t,Ut),Ut — U* >
1
= o (Hllue = w" = A (VuP) (g, ) [+ flue = [+ - (Vo) (u, v0) )
L — 1 _ k12 %2 2 2
< gy (IProjatus = A+ (VuF)(uts00) = w1 + e = | 4+ 22 (V) (e, ) )
1 . .
=5 (lue—u 1P = lluern = u* | + X2 [(VuF) (ug, 00) ) -

This implies
tn—1 tn—1

%ZFut,vt tleu vt)
n

n
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~
3
I

[

1
= (F(ug,v) — F(u*,vp))
" t=0
tn—1 tn—1
1< 1 . . 1 2\
<= (e = = e = lP) =Y S (VaF) (g, )2
tn 2-A tn 2
t=0 t=0
1 tn—1 tn—1
=5 (e = w[* = fJuers — u*|?) + =5 > (V) (ur, v0)|
2 212
t=0 t=0
tn—1
[Jug — u*||? 1 <
< 5 to g > V) (g, ve) ||,
" =0

In the second step of the proof we show the assertion.
Using the result of step 1 we get

7min F(ut, ’Ut)

t= 7--~7tn
1 bl
S ? F(uhvt)
" =0
tn—1 ¢ 1
1 ) s —wol? 1 %
< F(u*,v) + 5 +3 2 > (VuF) (ug,ve) |
t=0 —o
1 tn—1 Hu* _ U0||2
< F(u*,UO) + — Z |F(u*,’l}t) o F(U*7’l) )‘ +
tn t=0 2
1 ol
o 2 N(VuF) (v
n
t=0
By (37) we get
tn—1 P
1 R | M D2
7 2 |Vl o)l < 5755 3 D=

Summarizing the above results, the proof is complete.

.2 An auxiliary result

Lemma 2 Let ¢ be the logistic loss. Let (X,Y),(X1,Y1),...,(Xn,Yn) and n*, Dy, fn
and 1y, as in Sections 1 and 2, and set

for =arg min E{p(Y - f(X))}.
fRELSR

a) Then

PLY 7 nn(X)[Dn} = PLY # 1" (X)}
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S;jGHﬂYJMXMEJ—EWO“h%XMV”
holds.
b) Then
P{Y £ 0u(X)|Da} — P{Y £ 77 (X)}
<2 (B{p(Y - fo(X)[Du} — B{o(Y - fr (XD} +4- B {p(Y - fr (X))}
holds.

c) Assume that

P{Ifp (X)| > B} 21—

for a given sequence {Fn}neN with F,, = co. Then

E{p(Y - for (X))} < c15- Fr - et
holds.

Proof. a) This result follows from Theorem 2.1 in Zhang (2004), where we choose s = 2
and ¢ = 271/2,

b) This result follows from Lemma 1 b) in Kohler and Langer (2020b).

c) This result follows from Lemma 3 in Kim, Ohn and Kim (2019). O

.3 A bound on the gradient

In the proof of Theorem 1 we will apply Theorem 2. For this we need the following bound
on the gradient (with respect to the outer weights) of Fj,.

Lemma 3 Let F,, be defined by (18). Then we have
Proof. For k € {1,..., K,} we have

OF,(w)
8wk

= %Z@/(K fw(X3)) Y- T, (fw,, v (X3)).
=1

Because of |¢'(2)| < 1 we can conclude

‘0F<W>' <5,
awk
and
Kn 2
OF,(w)
2 _ n 2
”V(wk)kﬂ ,,,,, KnFn(W)H = ; ka <K, - pB;.
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.4 Generalization error
Lemma 4 Let dpoge; = h - 1 and let F be the set of all functions

(d+142)
(T1,...,27) — 2\ N1

where z1 N1 s defined in Section 2 depending on

(unery,l,r,& Wkey,l,r,sa anlue,1,7”,5)7"6{1,...,N}78€{1,...,h} (39>

and on
(W1, 01,00, Wi, b1r2)re(1,.. N} (40)

and where the total number of nonzero components in each row in all the matrices in (39)
is bounded by T € N and where all matrices Wy ,1 and Wi ,2 in (40) have the property
that in each row in Wi ,.1 and in each column in Wi ,o there are at most T nonzero
entries. Let G be the set of all (shallow) feedforward neural networks g : R — R with one
hidden layer and J, hidden neurons and ReLU activation function. Assume

max{N, dpey, dv, 1} < ci6 and max{J,,h,I,dss} < ci7-n7.

Let A > 1, let X1,...,X, be independent and identically distributed [—A, A]*'-valued
random vectors and let €1, ..., €, be independent Rademacher random variables, which
are independent from Xi,..., X,. Then we have

vmax{h-I,dss, Jp} - (logn)?
<cg- n .

In order to prove Lemma 4 we need the following bound on the covering number.

n

Lemma 5 Define F and G as in Lemma 4. Let 3 > 0 and let TgG o F be the set of all
functions g o f truncated on height 8 and — where g € G and f € F. Then we have for
any 0 < e < 3/2

sup log M(e,T3G o F, 27")

Zre(RdH)n
<cig-7 -max{h- I dss, Jn}- N3. log(max{Jy,, N, h,dss,I,dpey,dy,1,2})log (6> .
€
In order to prove Lemma 5 we will first show the following bound on the VC-dimension
of subsets of F, where the nonzero components appear only at fixed positions.

Lemma 6 Let F be the set of all functions

(d-+1+2)
(T1,...,27) — 2 N1 s

where z1 n1 is defined in Section 2 depending on (39) and (40) and where in all matrics
in (39) there are in each row at most T fized components where the entries are allowed
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to be nonzero, and where all matrices Wi 1 and Wi ,2 in (40) have the property that
in each row in Wi ,1 and in each column in Wy .o there are at most T fized components
(depending on r) where the entries are allowed to be nonzero. Let G be defined as in
Lemma 4. Then we have

Vigor)+ < c20- 7 -max{h-I,dyss, Jn} - N? log(max{Jy, N, h,d s, dkey, dv, 1, 2}).

The proof of Lemma 6 is a modification of the proof of Lemma 9 in Gurevych, Kohler
and Sarin (2022), which in turn is based on the proof of Theorem 6 in Bartlett et al.
(1999). In the proof of Lemma 6 we will need the following two auxiliary results.

Lemma 7 Suppose W < m and let fi,..., fm be polynomials of degree at most D in W
variables. Define

K = [{(sgn(fi(a)), ... 5n(fm(a))) : 2 € RV},

Then we have

2.-¢-m-D\"W
KL2. | —— .
= (M)
Proof. See Theorem 8.3 in Anthony and Bartlett (1999). O

Lemma 8 Suppose that 2™ < 2L . (m - R/w)" for some R > 16 and m > w > L > 0.
Then,
m < L+ w-logy(2- R -logy(R)).

Proof. See Lemma 16 in Bartlett et al. (2019). O
Proof of Lemma 6. Let H be the set of all functions h defined by

h:RYUXR SR, hlxy) =gx)—y
for some g € Go F. Let (x1,91), ... (Zm, ym) € R¥ x R be such that
[{(sgn(h(zr,91)), .-, sgn(h(zm, ym))) = h € H}| = 2™ (41)
It suffices to show
m < eso 7 max{h-I,dss, Jp} - N° - log(max{Jy, N, h,d ¢, dgey, duv, 1, 2}). (42)
To show this we partition G o F in subsets such that for each subset all
goflz;) (i=1,...,m)

are polynomials of some fixed degree and use Lemma 7 in order to derive an upper bound
on the left-hand side of (41). This upper bound will depend polynomially on m which
will enable us to conclude (42) by an application of Lemma 8.
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Let

0 = ((unery,r,Sa Wkey,r,sa anlue,r,s)re{l,...,N},se{l,...,h}a

(©

(Wrtsbr1, We2, br2)rern Ny (O ) veqn, oy (089 )re{l,...,Jn},s€{0,1}>

be the parameters which determine a function in G o F. By assumption, each function
in G o F can be also described by such a parameter vector. Here only

Lp=N-h-(2-dpey+dy) - 7+ N-(ds-(T+1)+h-I-(7+1))+3-J,

components of the matrices and vectors occuring in the parameter vector are allowed
to be nonzero and the positions where these nonzero parameters can occur are fixed.
Denote the vector in R which contains all values of these possible nonzero parameters
by 6. Then we can write

GoF ={g(-,0) :R* 5 R : g € Rln},

In the sequel we construct a partition Py,1 of RE such that for all S € Pny1 we have
that

g($179)7 s 7g($ma0)

(considered as functions of ) are polynomials of degree at most 8" + 2 for § € S.
In order to construct this partition we construct first recursively partitions Py, ...,
Px of R such that for each r € {1,..., N} and all S € P, all components in

2z =zp(x) (v €{z1,...,Tm})

(considered as a function of #) are polynomials of degree at most 8" in 6 for 6 € S.
Since all components of zp are constant as functions of ¢ this holds for r = 0 if we set

7)0 = {RL"}.
Let r € {1,..., N} and assume that for all S € P,_; all components in

erl(fn) (l’ € {1'1, Ce ,ﬂj‘m})

(considered as a function of ) are polynomials of degree at most 8”1 in 6 for § € S.
Then all components in

QT—l,s,i(x)’ kr—l,s,i(x) and Ur—l,s,i(a:) (.T S {xlu cee 7xm})

are on each set S € P,_; polynomials of degree at most 8"~ + 1. Consequently, for each
S € P,_1 each value

< Gr-15i(®), kro155(x) > (€ {m1,...,2m})
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is (considered as a function of #) a polynomial of degree at most 2 - 8"~ + 2 for § € S.
Application of Lemma 7 yields that

< qT‘fl,S,i(x)a k:rfl,s,jl (IL‘) > =< qT‘fl,S,i(x)a k;rfl,s,jz (:L‘) >

(se{l,....,h},i,51,52 € {1,...,l},x € {z1,...,2n}) has at most

2. h-l3m- (2.8 4+2)\ "
Ao ( chlom: (2-877 +2)
Ly,
different sign patterns. If we partition each set in P,_; according to these sign patterns
in A subsets, then on each set in the new partition all components in

UT_lusair—l,s,i(x). < %ul,s,z’(-f), kr—l,sﬁr—l,s,i (33) > (:U € {ml’ e ,l‘m})
are polynomials of degree at most 3-8 ! + 3 (since on each such set
< qrilﬁﬂ:(x)’ kT_lyszj'r—l,s,i (x) >

is equal to one of the < ¢,—1 5i(2), kr—1,5(x) >). On each set within this partition every
component of the R%7-valued vectors

Wet-yrs(x) +br1 (s=1,...,hze{z,...,zn})

is (considered as a function of #) a polynomial of degree at most 3 - 8"~ + 4.
By another application of Lemma 7 we can refine each set in this partition into

, (2.e.h.dff-m-(3-8T—1+4)>L"
Ly

sets such that all components in
Wr,l : yr,s(x) + br,l (-’E € {-731’ .. ,.Tm}) (43)

have the same sign patterns within the refined partition. We call this refined partition
P,. Since on each set of P, the sign of all components in (43) does not change we can
conclude that all components in

oc(Wr1-yrs(x) +bp1) (x€{zr,...,zm}) (44)

are either equal to zero or they are equal to a polynomial of degree at most 3-8 ! 4 4.
Consequently we have that on each set in P, all components of

zr(;p) (x S {(El, R ,a:m})

are equal to a polynomial of degree at most 3-8 ! +5 < 8",
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The partition Py satisfies

N L
B [Py | 2-e-h- l3 m - 8" 2-e-h-dpp-m-8\"
|7DN|_||’PT_1’<||2 -2- 7 .
r=1 n

7’L

Next we construct a partition Py of RLn such that for all S € Prn+1
d+l+2 0 d+142 0
g Z () (]<1> A >(x)+v§,0>> (z € {z1,...,2m})

(considered as a function of ) is a polynomial of degree at most 8 + 2 for ¥ € S.
For all S € Py all components in

(@ +g) L e dmn )

Y1
(considered as a function of #) are polynomials of degree at most 8" + 1. Application of
Lemma 7 implies

v](?l) -z](\cflj“m(x) + vj(»%) Ge{l,....,n}t,xe{xrr,...,zn})

has at most

. . . . N En
A:2-<2 e Jn gL (8 —1—1))

different sign patterns. If we partition in each set in Py according to these sign patterns
in A subsets, then on each set in the new partition Py41 all components in
0 d+1+2 0 ,
o (vj(l) '25\771 )(g;) —I—U;O)) Gel{l,....,ht,ze{xy,...,zn})
are polynomials of degree at most 8% +1 (since after the application of o(z) = max{z,0}

the component is either equal to zero on the set or equal to the argument of o). Conse-
quently on each set in Py

JIn
g(z,0) = Zv](.l)(x) o (U](?l) . (z](\[ﬁl—%m (?0)) (x € {z1,...,2m})
=1

(considered as a function of ) is a polynomial of degree 8V 4 2.
The partition Py satisfies

P
|Pnt1] = | ’g;‘lf - |Pn|

2-e-Jp-m-(8V +1) Lo N 2.e-h-13-m-8\""
2. _ . HQ. _
L, - Ly,

VAN
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9 2-e-h-dgy-m-8 Ln
Ly

and has the property that for all S € Py and for all (z,y) € {(x1,v1),.--, (Tm,Ym)}

g(ZL‘) = g(:n, 0) and h(x7y) = g(x, 9) -
(considered as a function of ) are polynomials of degree at most 8 + 2 in 6 for 6 € S.
Using
|{(Sgn(h(x1, yl))? s sgn(h(wm, ym))) the IH}‘
< Y Hisgn(g(@1,0) = 1), sgn(g(zm, 0) — ym)) : 0 € S}|

SE'PN+1
we can apply one more time Lemma 7 to conclude
2m
= [{(sgn(h(z1,91)), .- Sgn(h(l'm,ym))) :hoe M}l

2. N9
S’PN+1'2'< S (8 - )>

n

§2'<2-e-mL;(8N+2)>_ <H2 (2 e-h-1%-m- 8T>

n n

y (2ehdgm 8T\ 2e gy me 8V 4+ 1) Ln
Lo, Ly

< 92 N+2,

m - 2¢ - (2N + 2) - max{Jy, h} - (max{l,ds;})? - (8" +2)\ *VH
< (2N +2)- L, > :

Assume m > (2N +2)- (N -h-(2-dpey +dy) -7+ N - (dfp-(74+1)+h-I-(74+1))+3-Jy).
Application of Lemma 8 with L = 2-N+2, R = 2e- (2N +2) -max{J,, h}- (max{l,ds})3
(8N +2) and w = (2N +2) - L,, yields

m (2-N+2)+ (2N +2)- Ly, -logy(2- R-logy(R))

<
< co -7 omax{h-I,dyss, Jp} - N* -log(max{J,, N, h,dys,1,2}),

which implies (42). O
Proof of Lemma 5. The functions in the function set T3G o F depend on at most
[coo - (N - h*+ Jp) - I - max{dy,dyys,dy}]

many parameters, and of these parameters at most

Ly=N-h-(2-dpey+dy) T+ N-(ds-(t+1)+h-1-(1+1)+3-J,
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are allowed to be nonzero. We have
([022 (N -h2+J,) _I max{dyey, dff, dv}]>
Ly
< ((022 (N - h? + Jn) I+ max{dkey,dff,dvﬂ)in
many possibilities to choose these positions. If we fix these positions, we get one function

space G o F for which we can bound its VC dimension by Lemma 6. Using Lemma 6,
Virs6or)+ < Vigor)+, and Theorem 9.4 in Gyorfi et al. (2002) we get

de - 3 Ge - 5)‘/@390?)*
- log
€ €

Mi(6,T3G o F,x7) < 3- <

6e - B 2~020~‘r-max{h'l,dff,Jn}-N3'10g(max{Jn,N,h,dff,dk.ey,dv,l,Q})
< 3-
€

From this we conclude
sup log Mi(e, TG o F, 27)
2P e(RIN))
< Ly, -log ([eaz - (N - h? + J,) - I - max{dkey, dss,dy}])

€

+2 - coo - 7-max{h-I,dss, Jp} - N* - log(max{J,, N, h,dyf, dyey, du, 1, 2}) - log (5)

< cp3-7 -max{h-I,dss, Jp}- N3. log(max{Jy,, N, h,I,dss,dpey,dy,2}) - log <B> )
€
O
Proof of Lemma 4. For §,, > 0 we have

1 n
QAT

i=1

€i - (Tp, (f(Xi))

> t} dt.

Using a standard covering argument from empirical process theory we see that for any
Bn >t > 9, we have
> t}

On,
< sup M, (2,{T5nf:f€gof}7l’?>
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By Lemma 5 we know

cos - Bn ) cog-max{h-I-dss,Jn}-log(n)

On n
sup) My (2,{Tgnf:fego]-"},$1> §cz4-( 5

zPe(REHn
By the inequality of Hoeffding (cf., e.g., Lemma A.3 in Gyorfi et al. (2002)) and

T, (F())] < B (x € RY
2.n -t
>t} <2-exp <_452>

Bn Cos - ﬁ cog-max{h-I-dss,Jn}-log(n 2.1 . t2
<4 : - 2.
< n+/6 €24 ( 5 > exp( 1. [32 )

Bn Cor - 6 cog-max{h-I-dss,Jn} log(n
<d +/ C4'<25 n) exp( >
" Sn 2 On 9. 52

. cog-max{h-I-dss,Jn}-log(n 4 . 52
§5n+024'<625 ﬁ") n.in - exp <_Zﬁg>
n n

we have for any f € Go F

P{‘;Zei-m(ﬂx
=1

Hence we get

With

2. 32
On = \/max{h-l-dff,Jn}-logn- nﬁn

we get the assertion. O

.5 Approximation error

Lemma 9 Let 7 € {{+1,l+2,...,0+d+1}. Letl,h,I € N and set dpoger = h - I.
Let dkey > 3. Setd, = dmodel/h = 1. Let sy € {1, h} 81,82 € {1 model}
jed{l, .. i} ke{l,. ... 00\ {j}, ss€{(so—1)-dy+1,...,50dy}, ﬂeR 520and

1
B 2 168-dy 7 1-(61+1) anl o max(s® 1), 0 < < i {1, @)
367 - ||z0”oo

Then there exist
unery,O,soa Wkey,(),so and anlue,O,so
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such that in each row of the above matrices at most T of its entries are not equal to zero,
such that in the last two rows of W guery,0,s0 and Wiey o5, all entries in any column
greater than d+ 141 are zero, such that all entries are bounded in absolute value by 2- B,
and such that we have for all 2, Zo, € Rmodel sqtisfying

2 ifse{l,....d},
NIRRT T A S o)
Os—d—1,r ifse{d+2,...,d+1+1}
(re{l,...,1}) and
||20,7” - ZO,rHoo < 67

(re{l,...,1}) and all
Wouery 0,50 Wheyos  and  Woatueos
(s € {1,...,h}) which satisfy
W guery,0,50 — Wauery,0,50lloc < €,

||V~Vkey70,so - Wkey,O,so Hoo <,

vaalue,O,so - anlue,(],sOHoo <e,

and where in the last two rows of unery,[)’SO and VNVkeyy()VSO all entries in any column
greater than d+1+1 are zero and where in une'r’y,(),so —W guery,0,s0 Wkey’o,s() ~Wiey,0,50
and Wyaiue,0,50 — Woalue,0,s0 11 €ach row at most T entries are nonzero, that the following
holds:

If we set for s € {1,...,h}, i €{1,...,l}

q0,s,i = YWquery,0,s * 20,1" kO,s,i = Wkey,(),s : 20,7L and V0,s,i = anlue,ﬂ,s : 20,2"

js,i = arg max < q0,s,i5 kO,s,j >,
Jje{1,...,0}

ng,sJ = U075’35‘i' < q0,s,i» kO,S,js,i >,
Yo, = (Jo,1,i5 - - > Yo,hsi)
and
Yo,i = 20 + Yo.i

then we have:
jso,l = j7 jso,r =k ’if?‘ > 17 (47)

g6 — () + 260 (@) +B))
<136 - diey - ™1 (18] +1) - |20l - B - max{¢® 1} - €

+25-7 - (|8] + 1) - |20/ o0 - max{s, 1} - § (48)
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and

G < 136 - djey - 70 1- (18] + 1) - 20]% - B - max{8%,1} - €

+25-7- (161 +1) - [[20]l 00 - max{d, 1} - 6
whenever r >1 ors € {(so—1)-dy+1,...,50-dp} \ {s3}.

Proof of Lemma 9. W.lo.g. we assume dy, = 3.

In the first step of the proof we define W gyery,0,50, Wkey,0,50 a0d Wgiue.0,5, and present

some of their properties.

Set
0O ... 0 0 0O0O 00 0 0
Waweryo,5o =1 0 ... 0 =B 0 0 0 00 0 0
0 0 0 011 10 0 0
where all columns are zero except columns number d + 1, d + 3, ..., d+1+1and
S1,
szey,O,so =
0 0 68 0 0 0 0 0 00 0 0 010 0
0 0 0 1 11 1 1 01 10 000 0
0 0 0 O 0 2-B 0 0 00 0 0 000 0
where in the first row only the entries in columns d + 1 and sy are nonzero, where in the
second row only the entries in columns d+2,d+3, ..., d+1+j5j—-1,d+1+4+j5+1,
d+14+j54+2,...,d+ 141 are nonzero, and where in the third row only the entry in
column d 4+ 1 + k is nonzero, and
0 0 00 0
0 0 00 0
anlue,O,so = 0 0 10 0
0 0 00 0
0 0 00 0

where all rows and all columns are zero except column number d+ 1+ j and row number

S3 — (So — 1) . dv.
Then we have

2(51)

07701

Wauery,0,50 = 20,1 = -B s Whey,0,50 - 20,2 =

l
Zi:Q (57"1,1'

and

B+ 247,

;T2

Die{1, P\ {5} Oraii

anlue,O,so T R0,ry = 57"2,j " €s3—(s0—1)dy
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where e, denotes the r-th unit vector in R%. Hence

< unery,O,SOZO,rla Wkey,O,SOZO,Tz >
l

= Z[()',S’I}B : (IB—’_Z(():;TS‘Q)) -B- Z 57‘27’i +Z(5T1,’i : 67‘2,k <2 Ba

ie{1,... 0\ {5} i=2
which implies
< W W, . _ (s1) (s2) 50
query,0,5020,15 VVkey,0,50%0,j > = Z(),l ' (ﬁ + Zo,j )’ ( )
for ro # j
< W W, _ (s1) (s2)y _ p
query,0,5020,15 Wkey,0,50%0,r2 > = %1’ ° B+ zO,TQ) -5
forry >1
W W, _ (s1) (s2)y 4 p
< Wauery,0,s020,r1 5y Wkey,0,5020,k > = 20,0 (6 + 20,k ) + 5,
and for r1 > 1, o € {1,...,1}\ {k}
s s
< unery,O,sozo,m; Wkey,O,SOZO,m > = 267;1) ’ (/6 + Z((),fz)) - B- (1 - 67’2,j)'
Because of
B> 4-max|z{) - (8 +252)|
71,72
we conclude
< unery,O,SOZO,ly Wkey,O,soZO,j >
B
> — + mix < unery,O,soZO,la Wkey,O,SOZO,Tg > (51)
T27F]
and for r; > 1
< unery,O,so 20,m1 5 Wk:ey,O,so 20,k >
B
> = + max < uneT‘y,O,SOZOJj; Wk€y70750Z07T2 > . (52)
2 ok
Furthermore we have
anlue,O,SOZO,T = 57‘,_7' “Cs3—(s0—1)dy- (53)

In the second step of the proof we bound the difference between
< unery,(),sogo,rla Wkey,(),sogo,rg > and < unery,O,soZO,m; Wkey,O,sozﬂ,m >
We have

| < Wauery,0,5020,r1s Whey,0,5020,r2 > — < Wauery,0,5020,r1s Whey,0,5020,r2 > |
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= | < Wauery,0,50 — Wauery,0,50) 20,1 + Wauery,0,50 (20, — 20,r1) + Wauery,0,50 20,71
(Wkey:O,So - Wk6y70750)z~0$2 + Wkey,O,so (20,7’2 - ZO,T2) + Wk€y70,80207T2 >
—< une”y,O,Sonﬂ’lv Wkey,U,SOZoﬂ”z > ‘

< | < (uneT%O,SO - uneTy:0750)207r1)7 (Wkey,O,é‘o - Wkey,&so)g(),rz > |

1 < (Wauery,0,50 — Wauery,0,50)20,r1), Whey,0,50 (20,02 — 20,05) > |
| < Wauery.0,50 — Wauery,0,50) 20,01 » Whey,0,50 20,5 > |

+| < Wauery,0,50 (20,01 — 20,01) (Wkey,o,so — Whey,0,50) Z0,02 > |
+1 < Wauery,0,50 (20,0 — 20,r1)s Whey,0,50 (20,02 — 20,02) > |

+| < Wauery,0,50 (20,01 — 20,1 ), Whey,0,50 20,00 > |

| < Wauery,0,5020,01 s (Whey0,50 — Whey.0,50) 20,2 > |

"H < unery,O,soZO,rlyWkey,O,so (20,7“2 - ZO,T‘Q) > ‘
8
= Z T;.
=1

We have
T < dkey LT (Hzo”oo + 5)2 ’ 627

Ty <7 (20floc +0) - €6

(where we have used the fact that Zo,, — 20, 1S zero in components less than d + 1 + 2
and consequently only the first component of Wiey 0,50 (20,0, — 20,,) is nONZETO),

Ty <7 (zolloo +0) € (1814 1) lzolloo + 7 olloe - €L+ z0lloc + 7 - 0l - €2 B

(that is the consequence of the fact that the last two components of (Wyuery,0,59 —
Wauery,0,50)Z0,r1 depend on zp,, and not on Zy,,, which follows from the assumption
that in the last two rows of unery,ﬂ,so and Wkey,(},so all entries in columns greater than
d+ 1+ 1 are zero),

Ty <67 (||20]|cc +6) - €

(where we have used the fact that only the first component of Wyyery 0,50 (20,01 — 20,0, ) 18

noNZero)
T5 < d- (57

To < 0-(16] +1) - l120lloc,
T7 < ||z0lloo - 7 - € - (|20llo0 + 8) + (B +1) - [|20ll0 - 7 - € - [|20]| o0

(where we have used the fact that the last two components of (Wkey,o,so — Whey,0,50) 20,2
depend on zq,, and not on Z ,,, which follows as above from the assumption that in the
last two rows of Wyuery,0,50 and Wiey 0,5, all entries in columns greater than d +1+ 1 are

zero), and
Ts < llzolloo - (18] + 1) - 0
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(where we have used the fact that Zg ., — 20, is zero in components greater d+{+1 and
consequently only the first component of Wiey 0 s, (Z20,r, — 20,r,) is nonzero). This proves

| < Wauery,0,5020,m1 > Whey,0,5020,02 > — < Wauery,0,50 20,1 s Whey,0,50 20,5 > |
< 14 - djey - 2.0 (18] +1) - HongO . maX{52, 1} -€
+3- (18] + 1) - [[20/| o - max{d, 1} - &
+3-B-€e-1- Hongo (54)

Since we have

1

L, o5y B>36- 1) - |20/ - 5.1}
36'T'|Zol|§o} (18] + 1) - 205 - max{d, 1} - €

egmin{

and
B> 168 dyey - 7% 1- (18] + 1) - [|20]|* - max{6?,1} - €
the right-hand side of (54) is less than B/4.
In the third step of the proof we show (47).
To do this, we conclude from step 2 that we have

< une'ry,O,soZO,'rla Wkey,O,SOEO,'r’Q > —max < unery,(},sogo,m?Wkey,O,sogo,rg >

r3#£T2
B
> < unery,O,soZO,rly Wkey,O,SOZO,m > = m;?x < unery,O,soz(),nv Wkey,O,SOZO,rg > _5-
r3F£T2

The assertion follows from (51) and (52).
In the fourth step of the proof we show the assertion. Because of (47), (50) and (53) it
suffices to show

'|anlue,0,so 50,7’2' < unery,(],sog(),rla Wk:ey,(),so 20,7"2 >

_anlue,(),sozo,rz < unery,O,son,rla Wkey,O,SOZO,rg >

< 144 - dpey - ™1 (181 +1) - |20l - B - max{d®,1} - €
+24-7- (18] + 1) - [|20]|00 - max{d, 1} - 4.

We have

<

anlue,O,SOZO,rz' < unery,O,sozo,rla Wkey,O,so'gO,rg >

—Woalue,0,5020,r0 < unery,O,soZO,ruWkey,O,son,m >

o

anlue,O,sogo,rz : ( < uneTy,O,So£0,T1a Wk‘ey,O,so'gO,rz >

47



- < une"’y,oﬁozoﬂ’l?Wkey,O,SOZO,rz > >

(e 9]

+ (anlue,O,sogo,m - anlue,O,sozﬂ,m)' < unery,O,soz(],rp Wkey,O,SQZO,TQ >

%
< [ Woatue,0,50 20,20
| < Wauery,0,50 20,1 Whey.0,.50 200 > — < Wauery,0,50 20,1 Whey.0.50 20,2 > |
| Woatue.0.50 20,05 — Waalue,0,5020. lloo | < Wauery,0,50 20,01 » Whey,0.5020,r0 > |
< (T +1) (146 (2lloo +0) - (14 - dyey - 72 - 1- (18] + 1) - [|20]|% - max{6?,1} - €
3-(18l+1) - 20llc0 - max{8,1} -6 +3- B-e-7-|20]%)
| Woatue,0.50 20,72 — Woatue,0,50 20, lloo = (12010 - (18] + [|20lloc) + 2 - B).

With
H anlue ,0,s0 20,7"2 - anlue,O,so 20,7‘2 Hoo

< H( value,0,s0 — anlue,O,so)EO,rg Hoo + Hanlue,O,so (20,7‘2 - ZO,’I’Q)HOO
<71-€e-(J|z0]]oc +0) + 0

(where we have used that Zy,, — 20, is zero in components less than d + [ + 2) we get
the assertion. O

Lemma 10 Let € € [0,1), let 6 > 0 and let « € R. Let d¢f,dmoder € N and assume
dff >4. Let j1,J2 € {1, e 7dmodel} with j1 # jo. Then there exist

Wr,l € Rdff deodel’ br,l c Rdff’ I/VT72 c ]Rdmoclerdff7 br,2 e Rd’model7

where in Wy.1 in each row and in W, 2 in each column at most 2 components are not
equal to zero and where all entries are bounded in absolute value by max{|ca|,1}, such
that for all Wr 1 € Rss¥dmodet b 1€ Rers, Wrz € R¥moderxdyy brz € R¥model yith

”Wr,l *VNV,

o < €, ||br,1 - BT,IHOO <€, ||Wr,2 - I/T/vr,2||oo < €, Hbr,Z - ET‘,QHOO <€,
and all Yy i, Gr; € Rmodet (. € {1,...,1}) with
i — Grilloo <0 (i €{1,...,1})

and ) i i )
B = s + Wi 0 (Wt s + b1 ) 452 (5 € {1,..,1})

we have:

20 — o max{y, 0} < 5+ dgg - max{lal, 1} (s loe +1) - doatt - (5 + ),

‘27(?32)| §5dffmax{|a|71}( 1)'dm0del'(5+6)
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and

’27('?5) - y'r(‘,s)| <5 dff ’ max{|a|, 1} ' (Hyr,s 0 T 1) : dmodel : (5 + 6)

whenever j € {1,... ,dmodet} \ {J1,72}- '
Furthermore, the assertion of the lemma holds also if we replace « - max{yﬁf),O} by

oy

Proof. Set
Zrs =Yrs+Wro-0(Wet-yrs+br1) +bra (se€{l,...,1}).
In the first step of the proof we show that we can choose
W1 € RUsXImodet b 1 € RIS W, o € RImodet¥dss p o ¢ Rmodel,
such that at most 9 components are not equal to zero and such that

) = 0 maxy2.0), 9D =0 and =) =42
hold whenever j € {1,...,dmoder} \ {Jj1,J2}-
W.lo.g. we assume dyy =4 and j; < j2. We choose b,1 =0, b2 = 0,

1
-1

0
0
0 1
0

o O O O
o O o o
o O O O
o O O O
o O O O

-1

where all columns except columns number j; and jo are zero, and

0 0 0 O
0 0 0 O
-1 1 o O
0 0 0 O
WT,Q - 3

0 0 O

0 0 -1 1
0 0 0 O
0 0 0 O

where all rows except row number j; and jo are zero. Then we have

Woy -0 (Wi yrs+biy)+ bayr
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a- o) = (o) — a(—yh))

—(o(y2) — a(—y%2))

Because of
o(u) —o(—u)=u

for u € R this implies the assertion of the first step.
In the second step of the proof we show

"gﬁ,s) - 21(“,'3)’ <5-dyy- max{|a|, 1} - (Hyr,suoo +1) - diodet - (0 + €).
We have

||Wr,1 . gr,s + l;r,l - (Wr,l *Yr,s + br,l)”oo
<|[[(Wra = Wit) = Orslloo + [IWrt - (Grs — Yrs)|loo + €
< dmodel t€- (Hyr,suoo + 5) +d+e¢

< 0+ dmodel t€- (Hyr,s”oo +1+ 5)7
which implies

||‘7(V~VT,1 “Urs + Bnl) - U(Wnl “Yrys T+ br,l)”oo
< 0 + dmodel s€- (Hy?“,sHoo +1+ 5)

and

||U(Wr,1 : gr,s + Br,l)”oo
< 0 + dmodel c € (Hyr,sHoo +1+ 5) + HU(WTJ “Yr,s + bT‘71)||OO
< 0 + dmodel s € (”yr,sHoo +1+ 5) + ||y7°78||00‘

From this we conclude

() J
Z'r’,s - Zr,s|

< gr,s + Wr,2 -0 (Wr,l : gr,s + Br,l) + br,2
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- (yr,s + Wr,? -0 (Wnl *Yr,s + br,l) + bn?)

e}

< 0+ HWT,Q % (Wr,l : gr,s + Br,l) - Wr,2 4 (Wr,l *Yr,s + br,l)H +e€
S

<o+ || (Woo = Wiz) -0 (Wit - s + B )|

+ HWT,2 : (U <WT,1 : gr,s + I;r,l) — 0 (Wr,l *Yrs + br,l)) Hoo +e€
‘ : HU <Wr,1 : g'r,s + B’r,l)
g Wl |0 (Wo G+ bra) =0 (Wo - +bra) |+

<O+dppee (04 dmodet - € (|Urslloo +148) + [[9rs]lo0)
+dff ’ HlaX{|O(|, 1} ! (5 + dmodel c€- (Hy?",sHoo + 1+ 5)) +e€
<5 dff ’ maX{|a|a 1} : (Hyr,s oo T 1) - dimodel * (5 + 6).

< 5+dff . HWT,Q — Wi

HOO

By slightly changing the matrix W, o we conclude that the assertion also holds upon
(j2) (72)

replacing o - max{y;7s’,0} by - y5 . O
Lemma 11 Let I > d+1+4, let T € {{+1,1+2,....,0+d+1}. Letc>A>1, let
KeN, letu, € [-AA (k=1,...,K —1), set

Bj(x) =127 forj=0,1,....M

and set
Bj(z) = (x —uj_p)Y forj=M+1,M+2,....M+K —1.

Leti € {d+1+4,....,1}. Let h € Nwith1l < h < n and for s € {2,...,h} let
Jsir-rJsd €{0,1,..., M + K — 1} and ay € R. Let dyey > 3 and set dpp =2 - h + 2.
Then there exists a transformer encoder consisting of M - (d-1)+ 1 pairs of layers, where
the first layer is a multi-head attention layer with h attention units and the second layer
s a pointwise feedforward neural network, and where all matrices in the attention heads
have in each row at most T nonzero entries, and where all matrices Wy.1 and Wp.o in
the pointwise feedforward neural networks have the property that in each row in Wp
and in each column in Wy.o at most T of the entries are nonzero and where all matrices
and vectors depend only on (ug)r and as (s € {1,...,k}) and all entries are bounded in
absolute value by

Ca7

12]\/1-(d-l)
'n ' (dmodel

)12]\1<(d~l) 62.12]M-(d-l)

)

and where the matrices uner%o,s, Wkey,o,s and anlue,o,s satisfy the assumptions of
Lemma 9, which has the following property: Any transformer network which has the
same structure as the above Transformer network and whose weights are in supremum
norm no further than € away from the weights of the above network for some

. 1
OSEémm{l736,7_(2,A)M-d-l}

ol



has the property that if it gets as input Zy which satisfies (46) and
120 = z0lloc < c-€

for some zg € [—A, A]tdmodel defined as in Subsection 2.1 (which encodes in particular

z=(zF,.. . 2l) € RY) it produces as output Zpr.qi1, which satisfies for n sufficiently
large
6]VI~(d'l) 1 61\4-((i~l) 1 8M~(d~l)+2 2 (M-d-1+1
‘ZMdl ZaSHB]k |<c? T (dmodet) e 2 e
s=2
and
61V1»(d-l)+1 61VI-(d<l)+1 81\/1»(d-l)+2. M-d-l1+1
| Mdj Md]|<c “(dmodet) C ( )€

whenever j > 1 or

le{l,....dnoder} \{t, I +d+1+2, ] +d+1+3,2-T+d+1+2,
2. I+d+1+3,...;,(h=1)-IT+d+1+2,(h—1)- I +d+1+ 3}

Proof. In the first step of the proof we show that the h — 1 products of the B-splines
in the sum above can be computed in the first M - (d - [) pairs of attention heads and
pointwise feedforward network.

The basic idea is as follows. Each attention head of the network works only on one
of the parts 2,...,h of length I of the input. It uses the fact that each Bj(z) can be

written as
M
z) =[] Bjx(x)
k=1

where Bj () is one of the functions
z—1, z—z and z— (z—u)t.

Using Lemma 9 (with a suitable value for B, which will be chosen in the third step of the
proof) and Lemma 10 we can combine an attention layer and a pointwise feedforward layer
such that the following holds: They get as input an approximation Zy ; of zp ; where 2 ; is
given as in Lemma 9 and where the component (s—1)-14d+1+2 of 2y ; is zero, and they
modify the components (s—1)-I+d+1+2 and (s—1)-I+d+1+3 of z9 ;. More precisely, they
combine the attention head of Lemma 9 and the pointwise feedforward neural network of

1)-I+d+1+3 . .
T )IS an approximation

((s 1)-IT+d+1+3)

Lemma 10 such that they produce an output y; where g,
(d+1)

of the product of an approximation of either z5; " =1 or 2 and one of the
functions
e® 51, 2® s 2® and 2 s @® —w) . (re{l,...,K—1})
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and where g]j(-T) is approximately equal to z(()z)» otherwise (r € {(s—1)-I+1,...,s-1}\
{(s=1)-I+d+1+2,(s—1)-I+d+1+ 3}). Using this M - (d - 1) times we get an

approximation of
d-l
as [ Bi.. (=) (55)
k=1

in z](\f.d_j)jﬂdﬂ—%)) fors=2,...,h.

In the second step of the proof we show how one pair of attention head and pointwise
feedforward neural network can be used to compute the sum of the values in (55). To do
this, we choose Wpue ar-(a-1)+1 = 0 (which results in YM-(d1)+1 = ZMm-(d1) and Yag. a1 =
2M~(d~l)) and choose Wl,M-(d~l)+1v bl,M~(d-l)+17 WQ,M-(dJ)—Ha b2,M~(d-l)+17 such that

Wont (a1 - & (Wi (d@t+1 - Uatdn+1 + 01 ar(@n+1) + 2,00 (d)+1
0
0

7 7 h s—1)-I4+(d+1+3 h s—1)-I+(d+1+3
= | 0 ai11) — oyt air )+ oy L T (ot g )
0

0
holds, where the nonzero entry is in row number 4.

In the third step of the proof we analyze the error occurring in the above approximation.
Here we describe in particular how the values of B in the application of Lemma 9 need
to be chosen. In the applications of Lemma 9 we will have

l20lloe < (2- A)M¥ and |B| < A.

In the first layer we set
B = By = cyq - > M+,

which implies
168 - dyey - 721+ (18] + 1) - ||20/|% - max{(c- €)%, 1} < 30 - AZM 4 max{(c- €)%, 1}
< ¢y - AMAAS max{e2, 1} < By.
From this we can conclude by Lemma 9 that the output of the first attention head has
an error not exceeding
136 - diey - 71 (18] + 1) - |20l - B1 - max{(c- €)1} - ¢

+25- (I8 +1) - [lz0llc0 - max{c- ¢, 1} - (¢ €)

P M-dI+T |

<ecs1- €.
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Application of Lemma 10 (where the input is bounded in absolute value by cs2 - AM-d-l <

c32-cM 41 yields that after the pointwise feedforward neural network the error is maximal

SM-d+T |

01 =c33-n- imodel * €.

In the second level we set

_ _ 2 2 14-M-d-14+14
B—Bz—034~n ‘dmodel'c

which implies

168 - dgey - 72+ 1+ (18] + 1) - |[20]13 - max{4F, 1}

2-M-d-l 6-M-d-I+7 2
<eczs-c max{(n “dimodel * € i 6) ?1}
<egsom?ed2 ) MMATHA e 3 <)

From this we can conclude by Lemma 9 that the output of the second attention head
has error not exceeding

136 - dkey . 7'3 - (‘ﬂ’ + 1) . HZ()HgO : BQ . max{(033 n- dmodel . Cl4'M‘d.l+14 . 6)3, 1} - €

+25 - (‘6| + 1) . HZOHOO . max{033 ‘n- dmodel : Cl4.M'd.l+14 =) 1} ' (033 cn- dmodel
MM

5. H9-M-dI+5T

< c36 - n5 : (dmodel) €.

Application of Lemma 10 (where the input is bounded in absolute value by cz7 - ¢M@1)

yields that after the second pointwise feedforward neural network the error is bounded
above by

C38-n-cM'd'l pode 'n5-dmodel'c59'M'd'l+57 € < ¢33 .S '(dmodel)ﬁl LS Medl+1) 5.
Arguing recursively with value

By =9, 1% - (dinoaer)?0 - (S AD
onlevel r € {1,..., M - (d-1)} we see that after level r the error of the output is at most

r

s r41, .
)6 B (M-di+1)

6
0 = C40,0 - TV (dmodel

The last pair of attention head and pointwise feedforward neural network in level M -
(d-1)+ 1, where the entries in all matrices are bounded by a constant and all entries in
all matrices in the attention head are all close to zero, increases this error at most by a
factor

HZM-(d-l)Hoo ~cq1 - h - dioder

(cf., Step 2 in the proof of Lemma 10), which implies that the error of the output of our
transformer network is bounded by

S (o)L SR QM)

C42 - T model €.
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Next we show how we can approximate a function which satisfies a hierarchical com-
position model by a Transformer encoder. In order to formulate this result, we introduce
some additional notation. In order to compute a function hgm) € H(k,P) one has to com-
pute different hierarchical composition models of some level i (i € {1,...,kx — 1}). Let
N; denote the number of hierarchical composition models of level 7, needed to compute

hgﬁ). Let
(@) . d-l
hj :R*™ - R (56)

be the j—th hierarchical composition model of some level i (j € {1,...,N;},i € {1,...,K}),
. . (1) . . . .
that applies a (p(-z), C')-smooth function gJ(.Z) :RE 5 R with p(z) = qj(.z) 159 ¢ ¢ No

. . q
: j A , j i
and s\ € (0,1], where (p\”, K\") € P (and K\ = d-1 (j = 1,...,N1)). With this
notation we can describe the computation of hgn) (x) recursively as follows:
@) () — 4@ [ 1) (i-1)
1009 = (W1 0, 00 Y ) 57
holds for j € {1,...,N;} and i € {2,...,x}, and
My — D
176 = 0" (wmimt e g, ) 58)

holds for j € {1,...,N;} for some function 7 : {1,...,N;} — {1,...,d}. Here the
recursion

Nit1

Ny=1land N;= Y K™V (iefl,....n—1}) (59)
j=1

holds.

Theorem 3 LetT € {l+1,l+2,...,l+d+1}. Let A>1, letm: Rd'f — R be contained
in the class H(k,P) for some k € N and P C [1,00) x N. Let N; be defined as in
(59). FEach m consists of different functions hg-z) (ed{1,..., Ni}, ie{l,...,k}) defined
as in (56), (57) and (58). Assume that the corresponding functions g](-i) are Lipschitz
continuous with Lipschitz constant Cr;, > 1 and satisfy

(@)
9; ) 6 < C43
1957 o 0

5

for some constant cy3 > 0. Denote by Kpqp = max;j Kj(i)
() (4)

dimension and set ¢pqx; = Max; ; q;" < o0, where q; 1s the integer part of the smoothness
p}i) of gj(.i). Let A > 1. Choose h € N such that

< oo the mazrimal input

ey <h<n (60)
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holds for n large and for some sufficiently large constant caq, choose

I>) Ni+d+1+4 and dyey >3
=1

and set
N:I'(Qmaz'Kmax+1)7 dmodel:h'Iv dv:I

Then there exists a transformer network fgy, where the matrices in the attention heads
have in each row at most nonzero T entries, where all matrices W, 1 and W, o in the
pointwise feedforward neural networks have the property that in each row of Wy 1 and in
each column of W, o there are at most T nonzero components, and where all parameters
are bounded in absolute value by cy5-nS provided cys,ca6 > 0 are sufficiently large, such
that for each Transformer network f5 which has the same structure and which weights
are in supremum norm not further away than

0<e< i

C47

from the weights of this network for some suitable large constant c47 > 1 and where the
matrices unm«y r.8) Wkey s and anlue r,s satisfy the assumptions of Lemma 9, satisfies
for n large

G) /g9
||f1§ - m”oo,[—A,A}d'l < ca8- (Kmax + 1) -max hPs /
7,0
I+1 -K 1
+cy49 - n(1+1) (gmaz-Kmax—+2) | dgn:_de)[ (gmaz-Kmaz+ )
provided € > 0 satisfies
1
€ < _ - . 1
- 9 8(2721 Ns)-(2-gmazx-Kmax+4) 8(27:1 Ns)-(2:-gmazx-Kmax+4) (6 )
"G50 "M " “model

Proof. From the Lipschitz continuity of the gj(.i) and the recursive definition of the hg-i)

we conclude that there exists 1 < A < ¢51 - A such that

(i) 1A
h;”(z) € [-A, A] (62)
holds for all = € [-A, A]%!, j e {1,...,N;} andi € {1,...,x — 1}.
Our transformer encoder successively approximates hgl)(l‘), ce hg\l,l) (x), h§2) (x), ...,
hg\z,g( ) - h( )( ) and saves the computed values successively in zﬁfll+l+5), zﬁfifrl%), e
z£ﬁ+l+4+ZZ: ’). Here hl(j ) is approximated by computing in a first step a truncated

power basis of a tensor product spline space of degree qZ(j ) on an equidistant grid in

—A-1,4+1]5
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consisting of h — 1 basis functions, which are evaluated at the arguments of hgj ) in (58),
and by using in a second step a linear combination of these basis functions to approximate

(4) (i-1) (i—1)
9; <h2] 1K(”+1(X)’ AN {Zth(n (X)> .

The approximate computation of this truncated power basis can be done as in Lemma
11 using layers (Ni_l +7—1) (Gmaz - Kmaz +1) + 1 till (Ni_l +7) - (¢maz - Kmaz + 1) of
our transformer encoder. Here the computed values of this basis will have an error not
exceeding

§(CIZ) Not9)-(2-amas Kmaz+4)

dg(zl ! N9+]) (2-9maz-Kmaz+4)
Cs1 N .

model "€

Using standard approximation results from spline theory (cf., e.g., Theorem 15.2 and

proof of Theorem 15.1 in Gyorfi et al. (2002) and Lemma 1 in Kohler (2014)) and the

Lipschitz continuity of gj(i) this results in an approximation

"

of g]@ which satisfies

~(7) ()
(@) _ o : 63
19;” — g; IIOOHA,AH]K;_) (63)

pl)/ (%)
<esp P esihen model

(i )/ <Z) 8(21;11 Ns+j)'(2'qmaz‘Kmaz+4) i: Ns+j)‘(2"Imaz'Kmaz+4>
+ C51 N dmodel - €.

(r)

The approximation fzgn) (x) of hy ’(x) which our transformer encoder computes is defined
as follows:

8(27;;11 Ns+3)(2-amaz-Kmaz+4) 8(21 ! Ns+3) (2-amaz-Kmaz+4)

-d

- €

<C52 h™ P;

(1) oy — ~(1)

hj (X) — Y5 <:L‘7r( iz 1 (1)+1)a s 7x7r(2.t7':1 Kt(l))>
for j € {1,...,N;} and

7)oy — =) [ 7(-1) 7 (i—1)

000 =38 (K 0, 00 Y 0 60)

(2
K
for j € {1,...,N;} and i € {2,...,K}.
Assume that (62) holds. From (61), (62) and (63) we conclude

A 601 < 1860 = 1P 60) + 1 ()] < A+ 1.
Consequently we get from (63) for n sufficiently large

A (x) — b (x)]

(@) (7,1 7(i—1) (Z) (i-1) 7(i—1)
< g (Z @ B 60 ) =0 (A o 0 Y 60

t=1 t=1
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A 7(i—1) (@) [ 4 (i-1) (i-1)
Hl? (i 71K<i>“<x>,...,hzgIK@(x))—gj (1) 00 Y 00

()/ (©)

< 652 h ) J + 651 S(Z -t N9+]) (2-gmaz-Kmaz+4) 8(23 1 N9+J) (2-gmaz-Kmaz+4)

-d

model "€

71 7 (i-1) (@) [ 5 G-1) (i-1)
+|gj <Z” lK(i)H(X)""’h ;- K(i)(x)>—gj (hzj‘lK(“H(X)"”’h i K()( )>|

(’)/ (l) B(Z ! N?"!‘J) (2-gmaz-Kmaz+4) 8(21 ! Ns+3)(2-amaz-Kmaz+4)

<c59 - h™P; -d

K
(z 1) (i—1)
+Cs3 Z h - 11K(z)+s(x) - hzj 1RO 4 ()],

+ C51 * €

model

where the last inequality follows from the Lipschitz continuity of g](-i). Together with
(1)/ (1)

8J:(2-gmaz-Kmaxz+4) dg] (2-gmaz - Kmaz+4)
" ®model "6

\E§)() hﬁl()l<654 h™Fs + 550

which follows again from (63), an easy induction shows

~ (@) g (@)

K K —p. K
1760 = PG| < s (Kmas + 1) - maxch ™5 /1
8(2?:1 Ns)-(2-gmaz-Kmaz+4) 8(2? 1 Ns)-(2-gmaz-Kmaz+4)

tesr-n ’ dmodel - €.

O

Remark 6 It follows from the proof of Theorem 3 (i.e., in particular from the proof of
Lemma 9) that even if e does not satisfy (63) then the all maximal attentions are attended
at some data-independent indices provided 0 < € < 1/csg holds.

Lemma 12 Set

00 ,z=1
f(z)=qlog% ,0<z<1
—00 ,2 =0,

let K € N with K > 6 and let A> 1. Let m : R* — [0,1] and let g : RY! — R such that
1G9 = mloo [~ a,4701 < € for some
1
0<e< =.
S€x K

Then there exists a neural network f : R — R with ReLU activation function, and one
hidden layer with 3 - K + 9 neurons, where all the weights are bounded in absolute value
by K, such that for each network f : R — R which has the same structure and which has
weights which are in supremum norm not more than

0<e<1
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away from the weights of the above network we have

sup <1m<x> (el (a@) = el fm(@))),

z€[—A,A]d!
+ |1 =m@) - (e(~F(3@) - (= Fm(a)) ) )
< cs8 - <10§(K+e> +132-K? &

Proof. In the first part part of the proof we show the assertion in case € = 0.
For k € {-1,0,...,K + 1} define

0 ,z<%
K-(z-') fpt<a<g
Bi(2) =\ g o1 _ koo, o ktl
( —2) g <z<

0 ,z > B

(which implies By(k/K) =1 and By(j/K) =0 for j € Z \ {k}) and set

K-1
f(2) = JU/K)-(Boa(2) + Bo(2)) + Y f(k/K)- Bi(2) + f(1 = 1/K) - (Bg(2) + Br41(2))
K+1 =
= Z ag - Bk(z)
k=-—1

Then f interpolates the points (—1/K, f(1/K)), (0, f(1/K)), (1/K, f(1/K)), (2/K, f(2/K)),
s (K= D/K F((K - 1)/K)), (L f(K - 1)/K)) and (1 + 1/K, f((K - 1)/K)),

is zero outside of (—2/K,1 + 2/K) and is linear on each interval [k/K, (k + 1)/K]
(ke {—2,...,K +1}). Because of

Bk(z):a<K.(z—kK1>>_2.0<K-<z—2>)+0<1{-(z—k;l>>,

f can be computed by a neural network with ReLU activation function and one hidden
layer with 3- (K + 3) =3+ K 4+ 9 neurons. Set

hi(2) = o(f(2)) = log (1 +exp <_ log = Z)) ~log (1 + 17) ~ logz

ha(2) = p(— f(2)) = log (1 +exp <Iog : i z)) = —log(1 — 2).
First we consider the case m(x) € [0,2/K], which implies

Fm(x) < f(2/K) = —log(K/2 — 1) < 0.

and
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In this case we have —1/K < g(x) < 3/K and
~log(K — 1) = f(1/K) < F(g0) < [(3/K) = — log(K/3 — 1)

(where we have used that f is monotone increasing and satisfies f(—%) = f(+) and
f(2) = f(3)). Consequently we get
[m(x

)+ (e(f(g(x) = p(f(m(x)| < m(x)-o(f(g(x)) +m(x) - hi(m(x))
< % -log(1 4 exp(log(K — 1))) + m(x) 'log(mgx))
log K
< 4 K
(where we have used the inequality z-log(1/z) < (2/K)-log(K/2) for 0 < z < 2/K) and
(1= m(x)) - (p(=F(ex) ~ e(~f(m(x))]
< (= f(g(x)) + (= f(m(x))
= log(1 + exp(f(g(x)))) + log(1 + exp(f (m(x))))
< log(1 + exp(—log(K/3 —1))) + log(1 + exp(—log(K/2 —1)))
<2 exp(~log(K/3 — 1)) = .

Similarly we get in case m(x) > 1—2/K
Im(x) - (¢(F(3(x)) = o(f(m(x)))] + |1 = m(x) - (o(~F(G(x)) = ¢(~f(m(x)))]

log K

K-3

Hence it suffices to show

<12.

sup ( Im(x) - (¢(F(3(x) — @(f(m(x)))|

xERd,
m(x)e(2/K,1-2/K]

log K
<59 ( i +

By the monotonicity of f, |f'(2)| = ﬁ > 1 for z € (0,1), the mean value theorem

and the definition of f we conclude that for any x € R%! with m(x) € [2/K,1—2/K] we
find &, 0x € R with || < &, |6x| < & + € and m(x) + 0 € [1/K,1 — 1/K] such that

F(G(x) = f(g(x) + &) = f(m(x) + 5x). (64)
This implies

sup < Im(x) - (¢(f(3(x) — @(f(m(x)))|

xERd
m(x)€e[2/K,1-2/K]
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+ (1= m(x)) - ((~f(Gx) — (= f(m(x)))| )

_ sup <\m(x)y - [hi(m(x) + 0x) — h1(m(x))|

xERd,
m(x)€(2/K,1-2/K)]

+[1 = m(x)[ - [ha(m(x) + 0x) — hz(W(X))!)-

Consequently it suffices to show that there exist constants cgg, cg1 > 0 such that we have
for any z € [2/K,1 —2/K] and any § € R with |[§| < + +eand 2+ 0 € [1/K,1 — 1/K]

|z - |h1(z + &) — h1(2)| < cgo - <[1(+e> (65)
and
1= 2]« [ha(z + 8) — ha(2)] < co1 - <11{+e>. (66)
Obviously 1
W)=

By the mean value theorem we get for some & € [min{z + ¢, 2}, max{z + 4, 2 }]

1 1
- |h d)—h =lz]-—-10| <4-]0| <4 | =
ol I +8) = k()| = #] g ol <4+l <4 ().
where we have used that z,z+ 9 € [1/K,1 —1/K] and |§| < 2/K imply 4[¢| > |z|.

In the same way we get
1

1—2z

hy(z) =

and

1 1
1—2|- - =l—z - —— 5| <4-16] <4 (= .
1= 2| |ha(z 4 0) — ha(2)] = [1 — 2| g 0] <4-|6] < <K+e>

In the second step of the proof we show that if a network f has the same structure as
the network f in the first step of the proof and if the supremum norm distance between
the weights of f and f is at most €, then we have:

sup |f(g(@) = f(gla)| < 11-(3- K +9) - K -
T€ER®
Let
JIn
f(z) = vj(.l) a(vj(-?l) z—i—vj(%)>
j=1
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be a neural network with one hidden layer with J, neurons, where all the weights are
bounded in absolute value by 8 = K. It suffices to show that for any z € [—1, 2] and any
network f which has the same structure as f and where the weights are in supremum
norm not further away from the weights of f than €, it holds

1f(z) = f(2)| 11 8- Ty &
To prove this we observe
y@;"f -z+ﬁ§%) - (uz.(f)l) -z+v§%’)\ < y(@gj? —vﬁ)) Z+e<2-e+e=3-¢
which implies
|a(f1§f)1) CE4 171(00)) — a(vi(f)l) cz+ vg%))I <3¢

and
0@ -2 +59) <3 et oy -z +u) <3 e+56 < 86

i?

In JIn
|f(z) —fz)| = Z{/](-l) o ({1](-?1) -z 4+ Nj(-%)) — vj(l) o (UJ('?1) -z 4+ vj(-%))
j=1 j=1
Z ’~(1) U( )‘ o <’D(O) z+ ~(0)>
= = J J J1 J,0
Jn
+Z] j(l)| ’0’ (~](01) 2—1—77](%)> —a(vj(ol)-z+v§?())>’
j=1

< 8 B-Jy-E+B-Jn-3-€<11-B-J,-F

which yields the assertion.

Since ¢ is Lipschitz continuous the assertion of Lemma 12 follows from steps 1 and 2.
O

Lemma 13 Let A > 1 and let 0 < e < 1/(2 - cg2). Let fy be a transformer classifier
defined as in Section 2 where the weights in all attention units and in all piecewise
feedforward networks are in supremum norm not further away than 1/(2 - cg2) from the
weights of the transformer network in Theorem 3, and where the weights in the feedfoward
network are not further away than € from the weights of the feedforward neural network
in Lemma 12. Let f5 be a transformer classifier of the same form which satisfies

19 = Illo < €.

Assume dp =2-h+2, h < cea -1, dpoder = h -1 and I = [logn|. Then we have for
ces, Ces > 0 sufficiently large

f5 — folli—a,a141,00 < co5 - N - |9 — 9|00
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Proof. Since the weights in the transformer classifiers fy and fg« are not further away
than 1/cg3 from the weights of the transformer network in Theorem 3, it follows from the
proof of Theorem 3 that in both transformer network all maximal attention are attained
at the same indices, namely at the indices where the transformer network in Theorem 3
attains its maximal attentions (cf., Remark 6). Consequently we can ignore the selection
of the maximal attention in the rest of the proof.

Let

qk,r—1,s,i = unery,k,r,s * Rkr—14s kk,r—l,s,i = Wkey,k,r,s *Rkar—14s
Vk,r—1,s5 — anlue,k,r,s * Rkr—1is (jk,r—l,s,i = unery,k:,r,s : 'gk,r—l,iv

kk,rfl,s,i = Wkey,k,r,s : ék,Tfl,’ia 6]{),7’71,8,1‘ = anlue,k,r,s : gk,rfl,i

where all the weights in the matrices above are bounded in absolute value by B > 1, and
set

Ykri = Zkr—1,i + Vkr—1,s,r1" < qk,r—1,s,i> kk,r—l,s,n >
and

gk,r,z’ = ék,r—l,z’ + 'Dk,r—l,s,rl’ < Qk,r—l,s,ia kk;,r—l,s,rl > .

In the first step of the proof we show

| Fie,ri = Yrilloo

< o7+ dpey * A2 roger - B+ (max{ ||z r— 1,4l o0s | Z,r—1,3

oo 11)°

|c>07 ||Wkey,k,r—1,s - Wkey,k,r—l,s”om

- max { ||une7~y7k77’_175 - unery7k,7‘—1,s

H anlue,k,r‘fl,s - anlue,k,rfl,s Hoo }

+Ces - dkey ’ d?nodel - B (maX{HZk,T—LiHoov ||2k,r—1,i”oo, 1})2 . |‘,§k77n_1 — Zk,r—1Hoo~
We have
Hgk’,r,i - yk,r,i”oo
g ||2k7r7i - Zk,""ﬂ;HOO + ||f}k77’,7"1 - Uk;,”",’l‘l HOO ‘ | < qk,?“7’i7 k‘k,'f’,”"l > |
ok lloo - | < Qrris i > = < Qi Kk > |-
With

H@k,r,rl — Vk,rory ||oo

< ”(anlue,k,r,s - anlue,k,r,s) : Zk,r—l,rl ||oo + Hanlue,k,r,s . (Zk,r—l,rl - Zk,r—l,m)”oo
< dmodel : ||anlue,k,7‘,s - anlue,k,r,sHOO ' ”’gkﬂ“—lﬂ"l ”OO
+dmodel - B - ||2k,7’—1,7’1 — Rkor—1,r1 ||OO’

‘ < (jk,'r,i, l;k,r,m > ‘ < dkey : B2 : dmodel : Hgk,r—l,rl Hiov

||Uk:,r,i”oo < dmodel - B - ||Zk,r—1,i||oo
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and
| < s Kk > — < Qi Koy > |
< | < Qi — Goris Kby > | 1 < Qi Koy — Koy > |
< dey - (H(unery,k,r,s — Wauery kyr,s) * Zkr—15illoo
I Wanerykins - Grri = 21,0 ) * Wt oo
+dkey = 1@, illoo - (H(Wkey,k,r,s — Whey krs) * Zrr—1,illoo
HWhey ks - (Zrr—1,i — Zk,rfl,i)Hoo)

S dkey : (dmodel : Hunery,k,r,s - unery,k,r,s”oo : ||2k,r71||oo
+dmodel -B- Hgk,rfl - Zk,rfl”oo> : dmodel -B- Hgk,rfluoo
+dkey . dmodel -B- sz,rfl ’oo . (dmodel . HWkey,k,r,s - Wkey,k,r,s

+dmodel B - ||2k,7“—1 - Zk,r—l”oo)

oo’ Hgk,rfluoo

we get the assertion.
Set
Zrs = Yrs + Wr,2 e (Wr,l “Yrs T br,l) + br,2

and 3 }
Zr,s = gr,s + Wr,2 + 0 (Wr,l : gr,s + br,l) + br,27

where all weights of the neural networks above are bounded in absolute value by B > 1.
In the second step of the proof we show

Hzr,s - Zr,s”oo

S C69 - dff : dmodel B - maX{Hy’/‘,suom ng,s”oo; 1}
max { W2 = Wazlloos W = Watlloos [Br2 = bralloe: bra = braloc }

+c70 - dff - dmodet - B® - |Tr.s — Yrsloo-
We have
12,5 = Zrsloo
< s = Trolloo + 1Wez -0 (Wet G bt ) = Wez -0 (Wot - grs + br1) oo
+1br2 — br2lloo
< Ngris = Grslloe + 1(Wrz = Wez) -0 (Wit - G + b1 ) oo
HIWez - (0 (Wt G + B ) = & (Wt - s+ br,) oo + oz = braloc

< ”yr,s - gr,s”oo + dff : HWT,Q - Wr,QHoo : HWT,I ' gr,s + i)r,l”oo
+dff -B- HWr,l : gr,s - Wr,l *Yr,s + br,l - br,lHoo + ||b7‘,2 - br,?”oo-
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Using
HWr,l : gr,s + br,lHoo < dmodel B ||g7“,s||oo + B

and
”er :’jr,s - W,

< [[(W, rl Wr,l) : ?jr,SHOO + HWT,I ) (gr,s - yr,s)Hoo
< dmodel - HWr,l - Wr,lHoo : ng,sHoo + dimodel - B - ng,s - yr,s”oo

we get the assertion.

Let J
f(z)= Zv(l) o (vj(ol) Z 4+ v%)
j=1
and
; 1) (0) (0)
f(z)—;v ’U(g,l Z—i—’l)]’o)’

where all the weights of the networks above are bounded in absolute value by B > 1. In
the third part of the proof we show

()= F(2)] < en-Ju- Bomax{Zz,z 1} - max{[a{) — ofV] 59 — oL 150 — o))
“+c79 - Jn '32 . |§ — Z’

We have
1F(2) = f(2)]
JIn
(1 ~(0) -, ~(0 1 0 0
< Z| J( ) a(vj(-J) z—i—vj(.’())) vj(- ) a(vj( ) z+v](-70)) |
j=1
(1) (1) =(0) =, ~(0)
< Jn jnax (|v v o (’U]-J zZ+ j70)
—|-|v( )| lo (ﬁj(ol) Z+ ~J(-?0)> -0 (Uj(-?l) zZ+ U](?o)) |)
With
o (vj(.f’l) z +@§?>) <892+ < B3|+ B
and

~(0) -~ ~(0 0 0
‘U(UJ(-’l)-Z—I—UJ("O))—J(’U(-)~Z+Uj(-70))‘

~(0) - 0 (0 0) /- (0 0 ~(0 0
< 0.z {0 z—l—vj(o) ]<\U() (z—z)]—i—](v](.J)—v(-?l))-z]—i—\vj(-’o)—v](.’o)]

_7 1
(0)‘ (0)

SB'|5*Z‘+’UJ‘,1 |Z|+|U]0 Vol

we get the assertion.
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In the fourth part of the proof we use the above results to show the assertion of the
lemma.
All weights in the above transformer classifiers are bounded in absolute value by

cr3 N +e<2-cr3-n* =: B.

Because of
lokrlloo <2+ dpg - a2, - dmoaer - B - max{| 21,15, 1},

||Zk,7"||oo < 4- dff : dmodel : B2 : maX{Hyk,r 00 1}

and
[20,r]loc < A
an easy induction shows
2:r—2 2.-r—2 2.r—2 2.r—2 r
[ynrlloo < 128577 df, T dp gy - BY - A

and

32-7‘—2 42-772+1 42~7‘72+1 92<7‘—2+2 37
|2k lloo < 128 ~dyy d g B <A

for r > 1. The same inequalities also hold for gy, and Zj,. This implies

max {[|Yr.r[loo, 19k.rlloos |2k loos 12k rlloc} < €75 - 27

for r < N, where ¢75 = ¢75(N), ¢76 = c76(IN) > 0 are finite constants.
Consequently we can conclude from Step 1

| Tte,ri — Yieyrilloo

< cr7 - nee . maX{”unery,k,rfl,s - unery,k,rfl,suy HWkey,k,rfl,s - Wkey,k,rfl,s )
||anlue,k,r—1,s - anlue,k,'r—l,s”y ”21@,7‘—1 - Zk,r—lHoo}a

from Step 2

27,5 = Zr,s]

< cr9- neo . maX{HWr,2 - Wr,ZHoo’ HWT,l - Wnl”om ”BT,Q - br,2||oo;

[e.9]

187 = brotlloos Igns = yrsllos -
and from Step 3

1f5 = foll—a,4141 00

(1 1)) ~(0 0) (~(0 0)) |~
< cg1 - N’ -max{\vj(. ) v§ )|, |v](-71) — vj(.’1)|, |v§7()) — v}&], |ZN1 — 2N

o0}

Using these relations recursively we conclude

||f1§ o fﬁ”[_A,A]d-z’oo < cg3 - o

for cg3, cs4 > 0 sufficiently large (and depending on N). O
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