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Abstract

Image classi�cation from independent and identically distributed random variables is
considered. Image classi�ers are de�ned which are based on a linear combination of
deep convolutional networks with max-pooling layer. Here all the weights are learned by
stochastic gradient descent. A general result is presented which shows that the image
classi�ers are able to approximate the best possible deep convolutional network. In case
that the a posteriori probability satis�es a suitable hierarchical composition model it is
shown that the corresponding deep convolutional neural network image classi�er achieves
a rate of convergence which is independent of the dimension of the images.
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1. Introduction

1.1. Scope of the paper

In image classi�cation the task is to learn the functional relationship between input and
output, where the input consists of observed images and the output represents classes of
the corresponding images that describe what kind of objects are present in the images.
Since many years the most successful approaches in the area of image classi�cation are
based on deep convolutional neural networks (CNNs), see, e.g., Krizhevsky, Sutskever and
Hinton (2012), LeCun, Bengio and Hinton (2015) and Rawat and Wang (2017). Recently,
it has been shown that CNN image classi�ers that minimize empirical risk are able to
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achieve dimension reduction (see Kohler, Krzy»ak and Walter (2022), Kohler and Langer
(2020), Walter (2021) and Kohler and Walter (2023)). However, in practice, it is not
possible to compute the empirical risk minimizer. Instead, a gradient descent approach
based on smooth surrogate losses and over-parameterized networks having many more
trainable parameters than training samples is used.
In Kohler, Krzy»ak and Walter (2023) a plug-in classi�er based on convolutional net-

works, which is learned by gradient descent, has been analyzed. The main result there was
that this classi�er achieves a dimension reduction in an average-pooling model, however
in contrast to the results above for the estimates based on empirical risk minimization
the model there does neither use a (more realistic) max-pooling model nor any kind of
hierarchical structure.
In the present paper we consider the case of large datasets such as ImageNet, which

make use of gradient descent prohibitively expensive. To be able to deal with such large
data sets, we de�ne the estimate by using stochastic gradient descent. In addition, we
consider surrogate logistic loss and hierarchical models with max-pooling. Here we show
dimensionality reduction and independence of rates from image dimensions.

1.2. Pattern recognition

We study image classi�ers in the context of pattern recognition. Let d1, d2 ∈ N and
let (X,Y ), (X1, Y1), . . . , (Xn, Yn) be independent and identically distributed random
variables with values in

[0, 1]d1×d2 × {−1, 1}.

Here we use the notation

[0, 1]d1×d2 = [0, 1]{1,...,d1}×{1,...,d2}

and
[0, 1]J = {(aj)j∈J : aj ∈ [0, 1] (j ∈ J)}

for a nonempty and �nite index set J , and we describe a (random) image from (random)
class Y ∈ {−1, 1} by a (random) matrix X with d1 columns and d2 rows, which contains
at position (i, j) the grey scale value of the pixel of the image at the corresponding
position. Our aim is to predict Y given X. More precisely, given the data set

Dn = {(X1, Y1), . . . , (Xn, Yn)}

the goal is to construct a classi�er

Ĉn(·) = Ĉn(·,Dn) : [0, 1]d1×d2 → {−1, 1}

such that the misclassi�cation probability

P{Ĉn(X) 6= Y |Dn}

is as small as possible.
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Let
η(x) = P{Y = 1|X = x} (x ∈ [0, 1]d1×d2) (1)

be the so�called a posteriori probability of class 1. Then

f∗(x) =

{
1, if η(x) ≥ 1

2

−1, elsewhere

is the so�called Bayes classi�er, i.e., it satis�es

P{f∗(X) 6= Y } = min
f :[0,1]d1×d2→{0,1}

P{f(X) 6= Y }

(cf., e.g., Theorem 2.1 in Devroye, Györ� and Lugosi (1996)).
In this paper we derive upper bounds on

E
{

P{Ĉn(X) 6= Y |Dn} −P{f∗(X) 6= Y }
}

= P{Ĉn(X) 6= Y } − min
f :[0,1]d1×d2→{0,1}

P{f(X) 6= Y }. (2)

1.3. Main results

We de�ne deep convolutional neural network estimates by minimizing the empirical lo-
gistic loss of a linear combination of networks via stochastic gradient descent. Here we
use a projection step on the weights in order to ensure that we can control the over-
parametrization of the estimate. We use this estimate to de�ne an image classi�er Ĉn.
We show, that in case that the a posteriori probability η(x) = P{Y = 1|X = x}

satis�es a (p, C)�smooth hierarchical max-pooling model of �nite level l and supp(PX) ⊆
[0, 1]d1×d2 , we have

P
{
Y 6= Ĉn(X)

}
−P {Y 6= f∗(X)} ≤ c1 · (log n)2 · n−min{ p

4p+8
, 1
8
}
.

And if, in addition,

P

{
X : max

{
η(X)

1− η(X)
,
1− η(X)

η(X)

}
> n

1
4

}
≥ 1− 1

n
1
4

(n ∈ N)

holds (which implies that with high probability η(X) = P{Y = 1|X} is either close
to one or close to zero), then we show that the estimates achieve the improved rate of
convergence

P
{
Y 6= Ĉn(X)

}
−P {Y 6= f∗(X)} ≤ c2 · (log n)4 · n−min{ p

2p+4
, 1
4
}
.

In order to prove these results we derive a general result which gives an upper bound
on the expected logistic loss of an over-parametrized linear combination of deep convo-
lutional networks learned by minimizing an empirical logistic loss via stochastic gradient
descent.
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1.4. Discussion of related results

Stochastic gradient descent has been proposed in Robbins and Monroe (1951) and fur-
ther discussed in Nemirovsky et al. (2008), Polyak and Yuditsky (1992), Spall (2003)
and Kushner and Yin (2003). It is an e�cient alternative to the standard batch gradient
descent (GD) which has high computational complexity owing it to using all large-scale
data stored in memory in each iteration and not allowing online updates. In SGD one
sample is used to randomly update the gradient in each iteration, instead of directly
calculating the exact value of the gradient. SGD is an unbiased estimate of the real
gradient, its cost does not depend on the number of samples and it converges with sub-
linear rate, but achieves the optimal rate for convex problems, cf., e.g., Nemirovsky et
al. (2008). SGD algorithms have been used in many classical machine learning problems
such as perceptron, k-means, SVM and lasso, see Bottou (2012). Many improvements
of classical SGD have been introduced over the years. They include momentum, Nes-
terov Accelerated GD, Adaptive Learning Rate Method, Adaptive Moment Estimation
(ADAM), Stochastic Average Gradient, Stochastic Variance Reduction Gradient and Al-
tering Direction Method of Multipliers, see Sun et al. (2019) for a comprehensive survey.
Asymptotic and �nite-sample properties of estimators based on stochastic gradients were
investigated by Toulis and Airaldi (2017). Statistical inference for model parameters in
SGD has been discussed in Chen et al. (2020). An excellent survey of optimization
methods for large-scale machine learning including SGD is provided in Bottou, Curtis
and Nocedal (2018).
In recent years much attention has been devoted to properties of deep neural network

estimates. There exist quite a few approximation results for neural networks (cf., e.g.,
Yarotsky (2018), Yarotsky and Zhevnerchute (2019), Lu et al. (2020), Langer (2021)
and the literature cited therein). Generalization abilities of deep neural networks can
either be analyzed within the framework of the classical VC theory (using e.g. the result
of Bartlett et al. (2019) to bound the VC dimension of classes of neural networks) or
in case of over-parametrized deep neural networks (where the number of free parame-
ters adjusted to the observed data set is much larger than the sample size) by using
bounds on the Rademacher complexity (cf., e.g., Liang, Rakhlin and Sridharan (2015),
Golowich, Rakhlin and Shamir (2019), Lin and Zhang (2019), Wang and Ma (2022) and
the literature cited therein).
Combining such results leads to a rich theory showing that owing to the network struc-

ture the least squares neural network estimates can achieve suitable dimension reduction
in hierarchical composition models for the function to be estimated. For a simple model
this was �rst shown by Kohler and Krzy»ak (2017) for Hölder smooth function and later
extended to arbitrary smooth functions by Bauer and Kohler (2019). For a more com-
plex hierarchical composition model and the ReLU activation function this was shown
in Schmidt-Hieber (2020) under the assumption that the networks satisfy some sparsity
constraint. Kohler and Langer (2021) showed that this also possible for fully connected
neural networks, i.e., without imposing a sparsity constraint on the network. Adapta-
tion of deep neural network to especially weak smoothness assumptions was shown in
Imaizumi and Fukamizu (2018), Suzuki (2018) and Suzuki and Nitanda (2019).
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Less well understood is the optimization of deep neural networks. As was shown, e.g.,
in Zou et al. (2018), Du et al. (2019), Allen-Zhu, Li and Song (2019) and Kawaguchi and
Huang (2019) the application of gradient descent to over-parameterized deep neural net-
works leads to a neural network which (globally) minimizes the empirical risk considered.
However, as was shown in Kohler and Krzy»ak (2021), the corresponding estimates do
not behave well on new independent data. So the main question is why gradient descent
(and its variants like stochastic gradient descent) can be used to �t a neural network to
observed data in such a way that the resulting estimate achieves good results on new
independent data. The challenge here is not only to analyze optimization but to consider
it simultaneously with approximation and generalization.
In case of shallow neural networks (i.e., neural networks with only one hidden layer)

this has been done successfully in Braun et al. (2024). Here it was possible to show
that the classical dimension free rate of convergence of Barron (1994) for estimation of a
regression function where its Fourier transform has a �nite moment can also be achieved
by shallow neural networks learned by gradient descent. The main idea here is that the
gradient descent selects a subset of the neural network where random initialization of the
inner weights leads to values with good approximation properties, and that it adjusts the
outer weights for these neurons properly. A similar idea was also applied in Gonon (2021).
Kohler and Krzy»ak (2022) applied this idea in the context of over-parametrized deep
neural networks where a linear combination of a huge number of deep neural networks
of �xed size are computed in parallel. Here the gradient descent selects again a subset of
the neural networks computed in parallel and chooses a proper linear combination of the
networks. By using metric entropy bounds (cf., e.g., Birman and Solomnjak (1967) and
Li, Gu and Ding (2021)) it is possible to control generalization of the over-parametrized
neural networks, and as a result the rate of convergence of order close to n−1/(1+d) (or
n1/(1+d∗) in case of interaction models, where it is assumed that the regression function
is a sum of functions applied to only d∗ of the d components of the predictor variable)
can be shown for Hölder-smooth regression functions with Hölder exponent p ∈ [1/2, 1].
Universal consistency of such estimates for bounded X was shown in Drews and Kohler
(2022).
In all those results adjusting the inner weights with gradient descent is not important.

In fact, Gonon (2021) does not do this at all, while Braun et al. (2024) and Kohler and
Krzy»ak (2022) use the fact that the relevant inner weights do not move too far away
from their starting values during gradient descent. Similar ideas have also been applied
in Andoni et al. (2014) and Daniely (2017). This whole approach is related to random
feature networks (cf., e.g., Huang, Chen and Siew (2006) and Rahimi and Recht (2008a,
2008b, 2009)), where the inner weights are chosen randomly and only the outer weights
are learned during gradient descent. Yehudai and Shamir (2022) present a lower bound
which implies that either the number of neurons or the absolute value of the coe�cients
must grow exponential in the dimension in order to learn a single ReLU neuron with
random feature networks. But since Braun et al. (2024) was able to prove a useful
rate of convergence result for networks similar to random feature networks, the practical
relevance of this lower bound is not clear.
The estimates in Kohler and Krzy»ak (2022) use a L2 regularization on the outer
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weights during gradient descent. As was shown in Drews and Kohler (2023), it is possible
to achieve similar results without L2 regularization.
Often gradient descent in neural networks is studied in the neural tangent kernel set-

ting proposed by Jacot, Gabriel and Hongler (2020), where instead of a neural network
estimate a kernel estimate is studied and its error is used to bound the error of the
neural network estimate. For further results in this context see Hanin and Nica (2019)
and the literature cited therein. Suzuki and Nitanda (2019) were able to analyze the
global error of an over-parametrized shallow neural network learned by gradient descent
based on this approach. However, due to the use of the neural tangent kernel, also the
smoothness assumption of the function to be estimated has to be de�ned with the aid of
a norm involving the kernel, which does not lead to the classical smoothness conditions
of our paper. Another approach where the estimate is studied in some asymptotically
equivalent model is the mean �eld approach, cf., Mei, Montanari, and Nguyen (2018),
Chizat and Bach (2018) or Nguyen and Pham (2020). A survey of various results on over-
parametrized deep neural network estimates learned by gradient descent can be found in
Bartlett, Montanari and Rakhlin (2021).
In recent years deep transformer networks became very popular in research and appli-

cations. They have been introduced by Vaswani et al. (2017) and their approximation
and generalization properties have been investigated by Gurevych et al. (2022). The rates
of convergence of over-parametrized transformer classi�ers learned by gradient descent
have been studied by Kohler and Krzy»ak (2023).

1.5. Notation

The sets of natural numbers, real numbers and nonnegative real numbers are denoted
by N, R and R+, respectively. We de�ne furthermore R̄ = R ∪ {−∞,∞}. For z ∈ R,
we denote the smallest integer greater than or equal to z by dze, the largest integer less
than or equal to z by bzc, and we set z+ = max{z, 0}. The Euclidean norm of x ∈ Rd is
denoted by ‖x‖. For a closed and convex set A ⊆ Rd we denote by ProjAx that element
ProjAx ∈ A with

‖x− ProjAx‖ = min
z∈A
‖x− z‖.

For f : Rd → R
‖f‖∞ = sup

x∈Rd
|f(x)|

is its supremum norm, and we set

‖f‖∞,A = sup
x∈A
|f(x)|

for A ⊆ Rd.
For j = (j(1), . . . , j(d)) ∈ Nd0 we write

‖j‖1 = j(1) + · · ·+ j(d)
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and for f : Rd → R we set

∂jf =
∂‖j‖1f

(∂x(1))j
(1)
. . . (∂x(d))j

(d)
.

Let F be a set of functions f : Rd → R, let x1, . . . , xn ∈ Rd, set xn1 = (x1, . . . , xn) and
let p ≥ 1. A �nite collection f1, . . . , fN : Rd → R is called an Lp ε�packing in F on xn1 if
f1, . . . , fN ∈ F and

min
1≤i<j≤N

(
1

n

n∑
k=1

|fi(xk)− fj(xk)|p
)1/p

≥ ε

hold. The Lp ε�packing number of F on xn1 is the size N of the largest Lp ε�packing of
F on xn1 and is denoted byMp(ε,F , xn1 ).
For z ∈ R and β > 0 we de�ne Tβz = max{−β,min{β, z}}. If f : Rd → R is a function

then we set (Tβf)(x) = Tβ (f(x)). And sign(z) is the sign of z ∈ R̄.

1.6. Outline

A general result, namely a bound on the logistic risk of an over-parametrized deep con-
volutional network �tted to data via stochastic gradient descent, is presented in Section
2. The over-parametrized deep convolutional neural network classi�ers considered in this
paper are introduced in Section 3 and a bound on their misclassi�cation probability is
also presented in this section. Section 4 contains the proofs.

2. A general result

Let Θ be a closed and convex set of parameter values (weights) for a deep convolutional
network of a given topology. In the sequel we assume that our aim is to learn the
parameter ϑ ∈ Θ (vector of weights) for a deep convolutional network

fϑ : [0, 1]d1×d2 → R

from the data Dn such that
sign(fϑ(x))

is a good classi�er. We do this by considering linear combinations

f(w,ϑ)(x) =

Kn∑
k=1

wk · Tβn(fϑk(x)) (3)

of truncated versions of deep convolutional networks fϑk(x) (k = 1, . . . ,Kn), where
w = (wk)k=1,...,Kn satis�es

wk ≥ 0 (k = 1, . . . ,Kn),

Kn∑
k=1

wk ≤ 1 and

Kn∑
k=1

w2
k ≤ αn (4)
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for some αn ∈ [0, 1], where ϑ = (ϑ1, . . . , ϑKn) ∈ ΘKn and where βn = c3 · log n. Observe
that by choosing αn = 1

Nn
, wj = 1

Nn
(j = 1, . . . , Nn), ϑj = ϑ (j = 1, . . . , Nn) and wk = 0

for k > Nn we get
f(w,ϑ)(x) = Tβn(fϑ(x))

and in this way we can construct an estimate which satis�es

sign(f(w,ϑ)(x)) = sign(fϑ(x))

for any ϑ ∈ Θ. And by choosing Kn very large our estimate will be over-parametrized in
the sense that the number of parameters of the estimate is much larger than the sample
size.
Let

ϕ(z) = log(1 + exp(−z))

be the logistic loss (or cross entropy loss). Our aim in choosing (w, ϑ) is the minimization
of the logistic risk

F ((w, ϑ)) = E
{
ϕ(Y · f(w,ϑ)(X))

}
.

In order to achieve this, we start with a random initialization of (w, ϑ): We choose

ϑ
(0)
1 , . . . , ϑ

(0)
Kn

(5)

uniformly from some closed and convex set Θ0 ⊆ Θ such that the random variables in
(5) are independent and also independent from (X,Y ), (X1, Y1), . . . , (Xn, Yn), and we
set

w
(0)
k = 0 (k = 1, . . . ,Kn).

Then we perform tn ∈ N stochastic gradient descent steps starting with

ϑ(0) = (ϑ
(0)
1 , . . . , ϑ

(0)
Kn

) and w(0) = (w
(0)
1 , . . . , w

(0)
Kn

).

Here we assume that tn/n is a natural number, and for s ∈ {1, . . . , tn/n} we let

j(s−1)·n, . . . , js·n−1

be an arbitrary permutation of 1, . . . , n, we choose a stepsize λn > 0 and we set

w(t+1) = ProjA

(
w(t) − λn · ∇wϕ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))
,

ϑ(t+1) = ProjB

(
ϑ(t) − λn · ∇ϑϕ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))

for t = 0, . . . , tn − 1. Here A is the set of all w which satisfy (4), and

B =
{
ϑ ∈ ΘKn : ‖ϑ− ϑ(0)‖ ≤ 1

}
,

and ProjA and ProjB is the L2 projection on A and B. Our estimate is then de�ned by

fn(x) = f(ŵ,ϑ(tn))(x) (6)
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where

ŵ =
1

tn
·
tn−1∑
t=0

w(t). (7)

Our main result in this general setting is the following bound on the logistic risk of
the above estimate.

Theorem 1 Let (X,Y ), (X1, Y1), . . . , (Xn, Yn) be independent and identically dis-

tributed random variables with values in [0, 1]d1×d2 × {−1, 1}. Let Nn, In, tn ∈ N and

let Cn, Dn ≥ 0. Set βn = c3 · log n,

αn =
1

Nn
, λn =

1

tn
, Kn = Nn · In

and de�ne the estimate fn as above.

Let Θ∗ ⊂ Θ0 and set

Θ̄ =

{
ϑ ∈ Θ : inf

ϑ̃∈Θ0
‖ϑ− ϑ̃‖ ≤ 1

}
.

Assume

‖fϑ − fϑ̄‖∞,supp(X) ≤ Cn · ‖ϑ− ϑ̄‖ for all ϑ, ϑ̄ ∈ Θ̄, (8)

εn = P
{
ϑ

(0)
1 ∈ Θ∗

}
> 0, (9)

Nn · (1− εn)In ≤ 1

n
(10)

and

‖∇wϕ(y · f(w,ϑ))‖ ≤ Dn (11)

for all x ∈ [0, 1]d1×d2, y ∈ {−1, 1}, w ∈ A, ϑ ∈ Θ̄, t ∈ {0, . . . , tn − 1}.
Then we have

E {ϕ(Y · fn(X))} − min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))}

≤ c4 ·

(
log n

n
+ βn · sup

x1,...,xn∈[0,1]d1×d2
E

{∣∣∣∣∣sup
ϑ∈Θ̄

1

n

n∑
i=1

εi · Tβnfϑ(xi)

∣∣∣∣∣
}

+
Cn + 1√
Nn

+
D2
n

tn

+
n · βn ·

(
Kn + Cn · supw∈A,ϑ∈Θ̄Kn ,y∈{−1,1},x∈[0,1]d1×d2 ‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

)
tn

+ sup
ϑ∈Θ∗

E {ϕ(Y · Tβnfϑ(X))} − min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))}

)
,

where ε1, . . . , εn are independent and uniformly distributed on {−1, 1} (so-called Rademacher
random variables).
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Remark 1. Our result above extends Theorem 2 in Kohler and Krzy»ak (2023) from
gradient descent to the case of stochastic gradient descent. To be able to do this we
need in the de�nition of the estimate an additional L2 penalty on the weights in the
linear combination of the networks (depending on αn). Furthermore, assumption (8)
is substantially stronger than the corresponding assumption in Theorem 2 in Kohler
and Krzy»ak (2023), because there it is only required that (8) holds for networks which
have good approximation properties (which is because of the maximal attention used in
Transformer networks crucial for Transformer networks).

3. Image classi�cation using deep convolutional neural

networks

3.1. Convolutional neural network classi�ers

We aim to learn feature representations of the inputs by means of L (hidden) convolu-
tional layers. Each of these r ∈ {1, . . . , L} feature maps consists of kr channels. The
input image is considered as layer 0 with only one channel, i.e. k0 = 1.
A convolution in layer r is performed by using a window of values of the previous layer
r − 1 of size Mr. The window has to �t within the dimensions of the input image, i.e.
Mr ≤ min{d1, d2}. It relies on so-called �lters, i.e. a weight matrix that determines how
a neuron is computed from a weighted sum of neighboring neurons from the previous
layer. The weight matrix is de�ned by

w =
(
w

(r)
i,j,s1,s2

)
1≤i,j≤Mr,s1∈{1,...,kr−1},s2∈{1,...,kr},r∈{1,...,L}

.

Furthermore we need some weights

wbias = (w(r)
s2 )s2∈{1,...,kr},r∈{1,...,L}

for the bias in each channel and output weights

wout = (ws)s∈{1,...,kL},

which are required for the max-pooling layer de�ned below.
In the following the ReLU function σ(x) = max{x, 0} is chosen as activation function.
The value of a feature map in the s2-th channel of layer r at the position (i, j) is recursively
de�ned by:

o
(r)
(i,j),s2

= σ

kr−1∑
s1=1

∑
t1,t2∈{1,...,Mr}

(i+t1−1,j+t2−1)∈D

w
(r)
t1,t2,s1,s2

o
(r−1)
(i+t1−1,j+t2−1),s1

+ w(r)
s2

 , (12)

where (i, j) ∈ D = {1, . . . , d1} × {1, . . . , d2}, s2 ∈ {1, . . . , kr} and r ∈ {1, . . . , L}.
The anchor case r = 0 of this recursion re�ects the values of the input image

o
(0)
(i,j),1 = xi,j for i ∈ {1, . . . , d1} and j ∈ {1, . . . , d2}.
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In de�nition (12) above we see that weights generating the feature map o
(r)
(:,:),s2 are shared.

Weight sharing is used to reduce model complexity, thereby increasing the network's
computational e�ciency. In the last step a max-pooling layer is applied to the values in
the kL channels of the last convolutional layer L, such that the output of the network is
given by a real-valued function on [0, 1]{1,...,d1}×{1,...,d2} of the form

fw,wbias,wout(x) = max

{ kL∑
s2=1

ws2 · o
(L)
(i,j),s2

: i ∈ {1, . . . , d1 −ML + 1}

, j ∈ {1, . . . , d2 −ML + 1}
}
.

Our class of convolutional neural networks with parameters L, k = (k1, . . . , kL) and
M = (M1, . . . ,ML) is de�ned by FCNNL,k,M. As in Kohler, Krzy»ak and Walter (2022), the
de�nition of the summation index over t1, t2 ∈ {1, . . . ,Mr}, such that 1 ≤ i+ t1− 1 ≤ d1

and 1 ≤ j + t2 − 1 ≤ d2, corresponds to zero padding to the left and to the bottom
of the image. Thus, the size of a channel is the same as in the previous layer (see
Kohler, Krzy»ak and Walter (2022) for a further illustration). Our �nal estimate is a
composition of a convolutional neural network out of the class FCNNL,k,M and a shallow
neural network, which is de�ned as follows: The output of this network is produced by
a function g : R→ R of the form

g(x) =

L
(2)
n∑
i=1

w
(1)
i σ

(
w

(0)
i,1 · x+ w

(0)
i,0

)
+ w

(1)
0 , (13)

where w
(1)
0 , w

(1)
1 , w

(1)
1,0, w

(1)
1,1, . . . , w

(1)

L
(2)
n

, w
(0)

L
(2)
n ,0

, w
(0)

L
(2)
n ,1
∈ R denote the weights of this net-

work and σ(z) = max{z, 0} is again the ReLU activation function. We de�ne the function

class of all real-valued functions on R of the form (13) with parameter L
(2)
n by FFNN

L
(2)
n

.

Our �nal function class Fn is then of the form

Fn =
{
g ◦ f : g ∈ FFNN

L
(2)
n

, f ∈ FCNN
L

(1)
n ,k,M

}
, (14)

which depends on the parameters

L = (L(1)
n , L(2)

n ), k =
(
k1, . . . , kL(1)

n

)
, M = (M1, . . . ,ML

(1)
n

).

3.2. De�nition of the estimate

Let Θ be the set of all weights of the function class

Fn = {fϑ : θ ∈ Θ}

introduced in the previous subsection. In the sequel we �t a linear combination

f(w,ϑ)(x) =

Kn∑
k=1

wk · Tβnfϑk

11



to the data where w satis�es the assumption (4) and ϑ = (θ1, . . . , θKn) ∈ ΘKn .
Depending on some Bn > 0, which will be de�ned in Theorem 2 below, we choose

ϑ
(0)
1 , . . . , ϑ

(0)
Kn

(15)

uniformly from
Θ0 = {ϑ ∈ Θ : ‖ϑ‖∞ ≤ Bn}

such that the random variables in (15) are independent and also independent from (X,Y ),
(X1, Y1), . . . , (Xn, Yn) and we set

w
(0)
k = 0 (k = 1, . . . ,Kn).

Then we perform tn ∈ N stochastic gradient descent steps starting with

ϑ(0) = (ϑ
(0)
1 , . . . , ϑ

(0)
Kn

) and w(0) = (w
(0)
1 , . . . , w

(0)
Kn

).

As in the previous section we assume that tn/n is a natural number and for s ∈
{1, . . . , tn/n} we let

j(s−1)·n, . . . , js·n−1

be an arbitrary permutation of 1, . . . , n. We choose a stepsize λn > 0 and set

w(t+1) = ProjA

(
w(t) − λn · ∇wϕ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))
,

ϑ(t+1) = ProjB

(
ϑ(t) − λn · ∇ϑϕ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))

for t = 0, . . . , tn − 1. Here A is the set of all w which satisfy (4), and

B =
{
ϑ ∈ (Θ(0))Kn : ‖ϑ− ϑ(0)‖ ≤ 1

}
,

and ProjA and ProjB is the L2 projection on A and B. In order to compute the gradient
with respect to the inner weights we use the following convention: We set

σ′(z) =
∂

∂z
max{z, 0} =

{
1, if z ≥ 0

0, else

∂

∂z
Tβnz =

∂

∂z
max{−βn,min{βn, z}} =

{
1, if |z| ≤ βn
0, else

and
∂

∂ϑj
max {f1,ϑ1(x), . . . , fL,ϑL(x)} =

∂

∂ϑj
fl,ϑl(x)

where l ∈ {1, . . . , L} satis�es

max {f1,ϑ1(x), . . . , fL,ϑL(x)} = fl,ϑl(x)

12



and
l = 1 or max

{
f1,ϑ1(x), . . . , fl−1,ϑl−1

(x)
}
< fl,ϑl(x).

Our classi�er Ĉn(x) is then de�ned by

Ĉn(x) = sign(fn(x)), (16)

where

fn(x) = f(ŵ,ϑ(tn))(x) and ŵ =
1

tn
·
tn−1∑
t=0

w(t). (17)

3.3. Main result

It is well known that one needs smoothness assumptions on the a posteriori probability
in order to derive non-trivial rate of convergence results for the di�erence between the
misclassi�cation risk of any estimate and the optimal misclassi�cation risk (cf., e.g.,
Cover (1968) and Section 3 in Devroye and Wagner (1982)). For this we will use our
next de�nition.

De�nition 1 Let p = q + s for some q ∈ N0 and 0 < s ≤ 1. A function f : Rd → R
is called (p, C)-smooth, if for every α = (α1, . . . , αd) ∈ Nd0 with

∑d
j=1 αj = q the partial

derivative ∂qf

∂x
α1
1 ...∂x

αd
d

exists and satis�es∣∣∣∣ ∂qf

∂xα1
1 . . . ∂xαdd

(x)− ∂qf

∂xα1
1 . . . ∂xαdd

(z)

∣∣∣∣ ≤ C · ‖x− z‖s

for all x, z ∈ Rd.

Furthermore we will use a model from Kohler, Krzy»ak and Walter (2022) to be able
to derive rates of convergence which do not depend on the dimension d1 ·d2 of the images.
In order to be able to introduce this model, we need the following notation: For M ⊆ Rd
and x ∈ Rd we de�ne

x+M = {x+ z : z ∈M}.

For I ⊆ {1, . . . , d1} × {1, . . . , d2} and x = (xi)i∈{1,...,d1}×{1,...,d2} ∈ [0, 1]{1,...,d1}×{1,...,d2}

we set
xI = (xi)i∈I .

The basic idea behind the next de�nition is that the a posteriori probability is a
maximum of probabilities that special objects occur in subparts of the image, and that
the decision about the latter events are hierarchically decided.

De�nition 2 Let d1, d2 ∈ N with d1, d2 > 1 and m : [0, 1]{1,...,d1}×{1,...,d2} → R.
a) We say that m satis�es a max-pooling model with index set

I ⊆ {0, . . . , d1 − 1} × {0, . . . , d2 − 1},

13



if there exist a function f : [0, 1](1,1)+I → R such that

m(x) = max
(i,j)∈Z2 : (i,j)+I⊆{1,...,d1}×{1,...,d2}

f
(
x(i,j)+I

)
(x ∈ [0, 1]{1,...,d1}×{1,...,d2}).

b) Let I = {0, . . . , 2l − 1} × {0, . . . , 2l − 1} for some l ∈ N. We say that

f : [0, 1]{1,...,2
l}×{1,...,2l} → R

satis�es a hierarchical model of level l, if there exist functions

gk,s : R4 → [0, 1] (k = 1, . . . , l, s = 1, . . . , 4l−k)

such that we have

f = fl,1

for some fk,s : [0, 1]{1,...,2
k}×{1,...,2k} → R recursively de�ned by

fk,s(x) = gk,s
(
fk−1,4·(s−1)+1(x{1,...,2k−1}×{1,...,2k−1}),

fk−1,4·(s−1)+2(x{2k−1+1,...,2k}×{1,...,2k−1}),

fk−1,4·(s−1)+3(x{1,...,2k−1}×{2k−1+1,...,2k}),

fk−1,4·s(x{2k−1+1,...,2k}×{2k−1+1,...,2k})
)(

x ∈ [0, 1]{1,...,2
k}×{1,...,2k}

)
for k = 2, . . . , l, s = 1, . . . , 4l−k, and

f1,s(x1,1, x1,2, x2,1, x2,2) = g1,s(x1,1, x1,2, x2,1, x2,2) (x1,1, x1,2, x2,1, x2,2 ∈ [0, 1])

for s = 1, . . . , 4l−1.

c) We say that m : [0, 1]{1,...,d1}×{1,...,d2} → R satis�es a hierarchical max-pooling

model of level l (where 2l ≤ min{d1, d2}), if m satis�es a max-pooling model with

index set

I =
{

0, . . . , 2l − 1
}
×
{

0, . . . , 2l − 1
}

and the function f : [0, 1](1,1)+I → R in the de�nition of this max-pooling model satis�es

a hierarchical model with level l.
d)We say that the hierarchical max-pooling model m : [0, 1]{1,...,d1}×{1,...,d2} → R of level l
is (p, C)�smooth if all functions gk,s in the de�nition of the function m are (p, C)�smooth
for some C > 0.

Our main result is the following theorem, in which bounds on the di�erence between the
misclassi�cation probability of our classi�er and the optimal misclassi�cation probability
are derived.
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Theorem 2 Let p ≥ 1 and C > 0 be arbitrary. Assume that the a posteriori probability

η(x) = P{Y = 1|X = x} satis�es a (p, C)�smooth hierarchical max-pooling model of

�nite level l and assume that supp(PX) ⊆ [0, 1]d1×d2 holds. Set βn = c3 · log n,

L(1)
n =

4l − 1

3
· dc5 · n2/(2p+4)e+ l and L(2)

n = dc6 · n1/4e,

Ms = 2π(s) (s = 1, . . . , L(1)
n ),

where the function π : {1, . . . , L(1)
n } → {1, . . . , l} is de�ned by

π(s) =
l∑

i=1

1{s≥i+
∑l−1
r=l−i+1 4r·dc5·n2/(2p+4)e},

choose k = (c7, . . . , c7) ∈ NL
(1)
n and set

Bn = e
√
n,

assume that Kn ∈ N satis�es

Kn

e2·n1.5 →∞ (n→∞)

and set

αn =
1

n2 · e2·n and tn =
⌈
n2 ·Kn

⌉
.

De�ne the classi�er Ĉn as in Section 3.2. Assume that the constants c3, c5, c6, c7 are

su�ciently large.

a) There exists a constant c8 > 0 such that we have for n su�ciently large

P
{
Y 6= Ĉn(X)

}
−P {Y 6= f∗(X)} ≤ c8 · (log n)2 · n−min{ p

4p+8
, 1
8
}
.

b) If, in addition,

P

{
X : max

{
η(X)

1− η(X)
,
1− η(X)

η(X)

}
> n

1
4

}
≥ 1− 1

n
1
4

(n ∈ N) (18)

holds, then there exists a constant c9 > 0 such that we have for n su�ciently large

P
{
Y 6= Ĉn(X)

}
−P {Y 6= f∗(X)} ≤ c9 · (log n)4 · n−min{ p

2p+4
, 1
4
}
.

Remark 2. The rates of convergence above do not depend on the dimension d1 ·d2 of the
image, hence in case that the a posteriori distribution satis�es a hierarchical composition
model, our estimate is able to circumvent the curse of dimensionality.
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4. Proofs

4.1. Proof of Theorem 1

In the proof of Theorem 1 we will need the following auxiliary result.

Lemma 1 Let l1, l2, tn ∈ N, let Dn ≥ 0, let A ⊂ Rl1 be closed and convex, let B ⊆ Rl2
and let Ft, F : Rl1 × Rl2 → R+ (t = 0, . . . , tn − 1) be functions such that for all t ∈
{0, . . . , tn − 1}

u 7→ F (u, v) is di�erentiable and convex for all v ∈ Rl2 ,

u 7→ Ft(u, v) is di�erentiable for all v ∈ Rl2 ,

and

‖(∇uFt)(u, v)‖ ≤ Dn (19)

for all (u, v) ∈ A×B. Choose (u0, v0) ∈ A×B, let v1, . . . , vtn ∈ B and set

ut+1 = ProjA (ut − λ · (∇uFt) (ut, vt)) (t = 0, . . . , tn − 1),

where

λ =
1

tn
.

Let u∗ ∈ A. Then it holds:

1

tn

tn−1∑
t=0

F (ut, vt) ≤ F (u∗, v0) +
1

tn

tn−1∑
t=1

|F (u∗, vt)− F (u∗, v0)|+ ‖u
∗ − u0‖2

2
+

D2
n

2 · tn

+
1

tn

tn−1∑
t=0

< (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ > .

Proof. By convexity of u 7→ F (u, vt) and because of u∗ ∈ A we have

F (ut, vt)− F (u∗, vt)

≤< (∇uF )(ut, vt), ut − u∗ >

=
1

2 · λ
· 2· < λ · (∇uFt)(ut, vt), ut − u∗ > + < (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ >

=
1

2 · λ
·
(
−‖ut − u∗ − λ · (∇uFt)(ut, vt)‖2 + ‖ut − u∗‖2 + ‖λ · (∇uFt)(ut, vt)‖2

)
+ < (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ >

≤ 1

2 · λ
·
(
−‖ProjA(ut − λ · (∇uFt)(ut, vt))− u∗‖2 + ‖ut − u∗‖2 + λ2 · ‖(∇uFt)(ut, vt)‖2

)
+ < (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ >

=
1

2 · λ
·
(
‖ut − u∗‖2 − ‖ut+1 − u∗‖2 + λ2 · ‖(∇uFt)(ut, vt)‖2

)
+ < (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ > .
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This implies

1

tn

tn−1∑
t=0

F (ut, vt)−
1

tn

tn−1∑
t=0

F (u∗, vt)

=
1

tn

tn−1∑
t=0

(F (ut, vt)− F (u∗, vt))

≤ 1

tn

tn−1∑
t=0

1

2 · λ
·
(
‖ut − u∗‖2 − ‖ut+1 − u∗‖2

)
+

1

tn

tn−1∑
t=0

λ

2
· ‖(∇uF )(ut, vt)‖2

+
1

tn

tn−1∑
t=0

< (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ >

=
1

2
·
tn−1∑
t=0

(
‖ut − u∗‖2 − ‖ut+1 − u∗‖2

)
+

1

2 · t2n

tn−1∑
t=0

‖(∇uF )(ut, vt)‖2

+
1

tn

tn−1∑
t=0

< (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ >

≤ ‖u0 − u∗‖2

2
+

1

2 · t2n

tn−1∑
t=0

‖(∇uF )(ut, vt)‖2

+
1

tn

tn−1∑
t=0

< (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ > .

Using the above result and (19) we get

1

tn

tn−1∑
t=0

F (ut, vt)

≤ 1

tn

tn−1∑
t=0

F (u∗, vt) +
‖u∗ − u0‖2

2
+

1

2 · t2n

tn−1∑
t=0

‖(∇uF )(ut, vt)‖2

+
1

tn

tn−1∑
t=0

< (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ >

≤ F (u∗, v0) +
1

tn

tn−1∑
t=0

|F (u∗, vt)− F (u∗, v0)|+ ‖u
∗ − u0‖2

2
+

D2
n

2 · tn

+
1

tn

tn−1∑
t=0

< (∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗ > .

�
Proof of Theorem 1. LetEn be the event that there exist pairwise distinct j1, . . . , jNn ∈
{1, . . . ,Kn} such that

ϑ
(0)
ji
∈ Θ∗
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holds for all i = 1, . . . , Nn. If En holds set

w∗ji =
1

Nn
(i = 1, . . . , Nn) and w∗k = 0 (k ∈ {1, . . . ,Kn} \ {j1, . . . , jNn})

and w∗ = (w∗k)k=1,...,Kn , otherwise set w∗ = 0.
We will use the following error decomposition:

E {ϕ(Y · fn(X))} − min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))}

= E
{
ϕ(Y · fn(X)) · 1Ecn

}
+E

{
E
{
ϕ(Y · f(ŵ,ϑ(tn))(X))

∣∣ϑ(0),Dn
}
· 1En

}
−E

{
1

tn

tn−1∑
t=0

E
{
ϕ(Y · f(w(t),ϑ(tn))(X))

∣∣ϑ(0),Dn
}
· 1En

}

+E

{
1

tn

tn−1∑
t=0

E
{
ϕ(Y · f(w(t),ϑ(tn))(X))

∣∣ϑ(0),Dn
}
· 1En

}

−E

{
1

tn

tn−1∑
t=0

E
{
ϕ(Y · f(w(t),ϑ(t))(X))

∣∣ϑ(0),Dn
}
· 1En

}

+E

{
1

tn

tn−1∑
t=0

E
{
ϕ(Y · f(w(t),ϑ(t))(X))

∣∣ϑ(0),Dn
}
· 1En

}
− min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))}

=: T1,n + T2,n + T3,n + T4,n.

In the �rst step of the proof we show

P{Ecn} ≤
1

n
. (20)

To do this we consider a sequential choice of the initial weights ϑ
(0)
1 , . . . , ϑ

(0)
Kn

. By

de�nition of εn we know that the probability that none of ϑ
(0)
1 , . . . , ϑ

(0)
In

is contained in
Θ∗ is given by

(1− εn)In .

This implies that the probability that there exists l ∈ {1, . . . , Nn} such that none of

ϑ
(0)
(l−1)·In+1, . . . , ϑ

(0)
l·In is contained in Θ∗ is upper bounded by

Nn · (1− εn)In .

(10) implies

P{Ecn} ≤ Nn · (1− εn)In ≤ 1

n
.

In the second step of the proof we show

T1,n ≤ c10 ·
(log n)

n
.
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To do this, we observe that for |z| ≤ βn we have

ϕ(z) = log(1+exp(−z)) ≤ (log 4)·I{z>−1}+log(2·exp(−z))·I{z≤−1} ≤ 3+|z| ≤ c11 ·log n,

from which we can conclude by the �rst step of the proof

T1,n ≤ c11 · (log n) ·P{Ecn} ≤ c11 ·
log n

n
.

In the third step of the proof we show

T2,n ≤ 0.

This follows from the convexity of the logistic loss, which implies

E
{
ϕ(Y · f(ŵ,ϑ(tn))(X))

∣∣ϑ(0),Dn
}

= E

{
ϕ(Y · 1

tn

tn−1∑
t=0

f(w(t),ϑ(tn))(X))
∣∣ϑ(0),Dn

}

≤ E

{
1

tn

tn−1∑
t=0

ϕ(Y · f(w(t),ϑ(tn))(X))
∣∣ϑ(0),Dn

}

=
1

tn

tn−1∑
t=0

E
{
ϕ(Y · f(w(t),ϑ(tn))(X))

∣∣ϑ(0),Dn
}
.

In the fourth step of the proof we show

T3,n ≤ 2 · Cn√
Nn

.

Due to the fact that the logistic loss is Lipschitz continuous with Lipschitz constant 1
and by assumptions (4) and (8) we have

T3,n

≤ 1

tn

tn−1∑
t=0

E
{∣∣∣ϕ(Y · f(w(t),ϑ(tn))(X))− ϕ(Y · f(w(t),ϑ(t))(X))

∣∣∣}
≤ 1

tn

tn−1∑
t=0

E
{
|f(w(t),ϑ(tn))(X)− f(w(t),ϑ(t))(X)|

}
≤ 1

tn

tn−1∑
t=0

E

{
Kn∑
k=1

w
(t)
k · |Tβnfϑ(tn)

k

(X)− Tβnfϑ(t)
k

(X)|

}

≤ 1

tn

tn−1∑
t=0

E

{
Kn∑
k=1

w
(t)
k · |fϑ(tn)

k

(X)− f
ϑ

(t)
k

(X)|

}
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≤ 1

tn

tn−1∑
t=0

E


√√√√Kn∑

k=1

(w
(t)
k )2 ·

√√√√Kn∑
k=1

|f
ϑ

(tn)
k

(X)− f
ϑ

(t)
k

(X)|2


≤ 1

tn

tn−1∑
t=0

E

√αn ·
√√√√Kn∑

k=1

C2
n · ‖ϑ

(tn)
k − ϑ(t)

k ‖2


=

Cn√
Nn
· 1

tn

tn−1∑
t=0

E

{√
‖ϑ(tn) − ϑ(t)‖2

}
≤ 2 · Cn√

Nn
.

In the �fth step of the proof we apply Lemma 1 to T4,n. Set

F ((w, ϑ)) = E{ϕ(Y · f(w,ϑ)(X))} and Ft((w, ϑ)) = ϕ(Yjt · f(w,ϑ)(Xjt)).

Then Lemma 1 implies

T4,n ≤ E
{

E
{
ϕ(Y · f(w∗,ϑ(0))(X))

∣∣ϑ(0),Dn
}
· 1En

}
− min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))}

+
1

tn

tn−1∑
t=1

E

{∣∣∣∣∣E{ϕ(Y · f(w∗,ϑ(t))(X))
∣∣Dn, ϑ(0)

}
−E

{
ϕ(Y · f(w∗,ϑ(0))(X))

∣∣Dn, ϑ(0)
} ∣∣∣∣∣
}

+
1

2
· 1

Nn
+

D2
n

2 · tn

+
1

tn

tn−1∑
t=0

E
{
< (∇wF ) (w(t), ϑ(t))− (∇wFt) (w(t), ϑ(t)),w(t) −w∗ >

}
.

In the sixth step of the proof we show

E
{

E
{
ϕ(Y · f(w∗,ϑ(0))(X))

∣∣ϑ(0),Dn
}
· 1En

}
− min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))}

≤ sup
ϑ∈Θ∗

E {ϕ(Y · Tβnfϑ(X))} − min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))}

)
.

This follows from the convexity of the logistic loss, which implies

E
{

E
{
ϕ(Y · f(w∗,ϑ(0))(X))

∣∣ϑ(0),Dn
}
· 1En

}
= E

{
E

{
ϕ(

1

Nn

Nn∑
k=1

Y · Tβnfϑ(0)
jk

(X))
∣∣ϑ(0),Dn

}
· 1En

}

≤ 1

Nn

Nn∑
k=1

E

{
E

{
ϕ(Y · Tβnfϑ(0)

jk
)
(X))

∣∣ϑ(0),Dn
}
· 1En

}
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≤ sup
ϑ∈Θ∗

E {ϕ(Y · Tβnfϑ(X))} .

In the seventh step of the proof we show

1

tn

tn−1∑
t=1

E
{∣∣∣E{ϕ(Y · f(w∗,ϑ(t))(X))

∣∣Dn, ϑ(0)
}
−E

{
ϕ(Y · f(w∗,ϑ(0))(X))

∣∣Dn, ϑ(0)
}∣∣∣}

≤ Cn√
Nn

.

The Lipschitz continuity of the logistic loss and assumption (8) imply

1

tn

tn−1∑
t=1

E
{∣∣∣E{ϕ(Y · f(w∗,ϑ(t))(X))

∣∣Dn, ϑ(0)
}
−E

{
ϕ(Y · f(w∗,ϑ(0))(X))

∣∣Dn, ϑ(0)
}∣∣∣}

≤ 1

tn

tn−1∑
t=1

E
{∣∣∣ϕ(Y · f(w∗,ϑ(t))(X))− ϕ(Y · f(w∗,ϑ(0))(X))

∣∣∣}
≤ 1

tn

tn−1∑
t=1

E
{∣∣∣f(w∗,ϑ(t))(X)− f(w∗,ϑ(0))(X)

∣∣∣}
=

1

tn

tn−1∑
t=1

E

{∣∣∣∣∣
Kn∑
k=1

w∗k · (Tβnfϑ(t)
k

(X)− Tβnfϑ(0)
k

(X))

∣∣∣∣∣
}

≤ 1

tn

tn−1∑
t=1

E


√√√√Kn∑

k=1

|w∗k|2 ·

√√√√Kn∑
k=1

(Tβnfϑ(t)
k

(X)− Tβnfϑ(0)
k

(X))2


≤ 1

tn

tn−1∑
t=1

E


√√√√Kn∑

k=1

|w∗k|2 ·

√√√√Kn∑
k=1

(f
ϑ

(t)
k

(X)− f
ϑ

(0)
k

(X))2


≤ 1

tn

tn−1∑
t=1

E

 1√
Nn

√√√√Kn∑
k=1

C2
n · ‖ϑ

(t)
k − ϑ

(0)
k ‖2


=

1

tn

tn−1∑
t=1

E

{
Cn√
Nn
· ‖ϑ(t) − ϑ(0)‖

}
≤ Cn√

Nn
.

Let W be the set of all weight vectors w = ((wk)k=1,...,Kn , (ϑk)k=1,...,Kn) which satisfy
ϑ = (ϑk)k=1,...,Kn ∈ Θ̄Kn and (4). Let (X ′1, Y

′
1), . . . , (X ′n, Y

′
n), ε1, . . . , εn be independent

random variables such that (X ′j , Y
′
j ) has the same distribution as (X,Y ) and such that

P{εj = 1} = 1/2 = P{εj = −1} (j = 1, . . . , n). In the eighth step of the proof we show

1

tn

tn−1∑
t=0

E
{
< (∇wF ) (w(t), ϑ(t))− (∇wFt) (w(t), ϑ(t)),w(t) −w∗ >

}
≤ 4 ·E

{
sup
w∈W,

k∈{1,...,Kn}

(
1

n

n∑
i=1

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

)}
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+
n ·
(
Kn · 2 · βn + 2 · (βn + 1) · Cn · supw∈W,y∈{−1,1},x∈[0,1]d1×d2 ‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

)
tn

.

We have

ϕ′(z) =
1

1 + exp(−z)
· (− exp(−z)) =

−1

1 + exp(z)
,

which implies

∂

∂wj
ϕ

(
Y ·

Kn∑
k=1

wk · Tβnfϑk(X)

)
=

−Y · Tβnfϑj (X)

1 + exp
(
Y ·
∑Kn

k=1wk · Tβnfϑk(X)
)

and

∂

∂wj
E

{
ϕ

(
Y ·

Kn∑
k=1

wk · Tβnfϑk(X)

)}

= lim
h→0

E

ϕ
(
Y ·
∑Kn

k=1(wk + h · I{k=j}) · Tβnfϑk(X)
)
− ϕ

(
Y ·
∑Kn

k=1wk · Tβnfϑk(X)
)

h


= E

 lim
h→0

ϕ
(
Y ·
∑Kn

k=1(wk + h · I{k=j}) · Tβnfϑk(X)
)
− ϕ

(
Y ·
∑Kn

k=1wk · Tβnfϑk(X)
)

h


= E

 −Y · Tβnfϑj (X)

1 + exp
(
Y ·
∑Kn

k=1wk · Tβnfϑk(X)
)
 ,

where we have used∣∣∣∣∣∣
ϕ
(
Y ·
∑Kn

k=1(wk + h · I{k=j}) · Tβnfϑk(X)
)
− ϕ

(
Y ·
∑Kn

k=1wk · Tβnfϑk(X)
)

h

∣∣∣∣∣∣
= |ϕ′(ξ)| ≤ 1

and the dominated convergence theorem in order to interchange limites and expectations
above.
Consequently,

1

tn

tn−1∑
t=0

E
{
< (∇wF ) (w(t), ϑ(t))− (∇wFt) (w(t), ϑ(t)),w(t) −w∗ >

}

= E

{
1

tn

tn−1∑
t=0

Kn∑
k=1

(
E

 −Y · Tβnfϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn, ϑ(0)


−

−Yjt · Tβnfϑ(t)
k

(Xjt)

1 + exp
(
Y · f(w(t),ϑ(t))(Xjt)

)) · (w(t)
k − w

∗
k)

}
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≤ 1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · Tβnfϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn, ϑ(0)


−

−Yjt · Tβnfϑ(t)
k

(Xjt)

1 + exp
(
Y · f(w(t),ϑ(t))(Xjt)

)) · (w(t)
k − w

∗
k)

}
.

During n gradient descent steps the parameter (w, ϑ) changes in supremum norm at
most by

n · λn ·max

{
sup

w∈W,y∈{−1,1},x∈[0,1]d1×d2
‖∇wϕ(y · f(w,ϑ)(x))‖∞,

sup
w∈W,y∈{−1,1},x∈[0,1]d1×d2

‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

}

≤ n · λn ·

(
βn + sup

w∈W,y∈{−1,1},x∈[0,1]d1×d2
‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

)

=
n ·
(
βn + supw∈W,y∈{−1,1},x∈[0,1]d1×d2 ‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

)
tn

.

Using

Kn∑
k=1

(
E

 −Y · Tβnfϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn, ϑ(0)


−E

 −Y · Tβnfϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn, ϑ(0)


−

−Yjt · Tβnfϑ(t)
k

(Xjt)

1 + exp
(
Y · f(w(t),ϑ(t))(Xjt)

)
+

−Yjt · Tβnfϑ(s·n−1)
k

(Xjt)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(t)
k − w

∗
k)

≤
Kn∑
k=1

(
βn ·E

{
|f(w(t),ϑ(t))(X)− f(w(t),ϑ(s·n−1))(X)|

∣∣∣∣Dn, ϑ(0)

}

−E

{
|f
ϑ

(t)
k

(X)− f
ϑ

(s·n−1)
k

(X)|
∣∣∣∣Dn, ϑ(0)

})
· |w(t)

k − w
∗
k|

≤
Kn∑
k=1

(
βn · Cn ·max

j
‖ϑ(t)

j − ϑ
(s·n−1)
j ‖∞ + Cn · ‖ϑ(t)

k − ϑ
(s·n−1)
k ‖∞

)
· |w(t)

k − w
∗
k|
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≤
2 · (βn + 1) · Cn · n · supw∈W,y∈{−1,1},x∈[0,1]d1×d2 ‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

tn

and

Kn∑
k=1

(
E

 −Y · Tβnfϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn, ϑ(0)


−

−Yjt · Tβnfϑ(s·n−1)
k

(Xjt)

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(t)
k − w

(s·n−1)
k )

≤ 2 ·
Kn∑
k=1

|w(t)
k − w

(s·n−1)
k | ≤ 2 ·Kn · n ·

βn
tn

we can conclude

1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · Tβnfϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn, ϑ(0)


−

−Yjt · Tβnfϑ(t)
k

(Xjt)

1 + exp
(
Y · f(w(t),ϑ(t))(Xjt)

)) · (w(t)
k − w

∗
k)

}

≤ 1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · Tβnfϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn, ϑ(0)


−

−Yjt · Tβnfϑ(s·n−1)
k

(Xjt)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(s·n−1)
k − w∗k)

}

+
n ·
(
Kn · 2 · βn + 2 · (βn + 1) · Cn · supw∈W,y∈{−1,1},x∈[0,1]d1×d2 ‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

)
tn

.

We continue by deriving an upper bound on the �rst term of the sum of the right-hand
side above. We have

1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · Tβnfϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn, ϑ(0)


−

−Yjt · Tβnfϑ(s·n−1)
k

(Xjt)

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(s·n−1)
k − w∗k)

}

≤ 1

tn/n
·
tn/n∑
s=1

E

{
sup

w∈W

1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

{
−Y · Tβnfϑk(X)

1 + exp
(
Y · f(w,ϑ)(X)

)}
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−
−Yjt · Tβnfϑk(Xjt)

1 + exp
(
Yjt · f(w,ϑ)(Xjt)

)) · (wk − w∗k)
}

= E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

(
E

{
−Y · Tβnfϑk(X)

1 + exp
(
Y · f(w,ϑ)(X)

)}

−
−Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗k)
}

= E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

(
E

 −Y ′j · Tβnfϑk(X ′j)

1 + exp
(
Y ′j · f(w,ϑ)(X

′
j)
)∣∣∣∣Dn


−

−Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗k)
}

≤ E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

(
−Y ′j · Tβnfϑk(X ′j)

1 + exp
(
Y ′j · f(w,ϑ)(X

′
j)
)

−
−Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗k)
}

= E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

εj ·

(
−Y ′j · Tβnfϑk(X ′j)

1 + exp
(
Y ′j · f(w,ϑ)(X

′
j)
)

−
−Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗k)
}

≤ E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

εj ·

(
−Y ′j · Tβnfϑk(X ′j)

1 + exp
(
Y ′j · f(w,ϑ)(X

′
j)
)) · (wk − w∗k)

}

+E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

εj ·

(
Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗k)
}

= 2 ·E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

εj ·

(
Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗k)
}

≤ 2 ·E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

εj ·
Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · (wk − w∗k)+

}

+2 ·E

{
sup

w∈W

1

n

n∑
j=1

Kn∑
k=1

(−εj) ·
Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · (w∗k − wk)+

}

≤ 2 ·E

{
sup

w∈W

Kn∑
k=1

sup
w̄∈W,k̄∈{1,...,Kn}

1

n

n∑
j=1

εj ·
Yj · Tβnfϑ̄k̄(Xj)

1 + exp
(
Yj · f(w̄,ϑ̄)(Xj)

) · (wk − w∗k)+

}
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+2 ·E

{
sup

w∈W

Kn∑
k=1

sup
w̄∈W,k̄∈{1,...,Kn}

1

n

n∑
j=1

(−εj) ·
Yj · Tβnfϑ̄k̄(Xj)

1 + exp
(
Yj · f(w̄,ϑ̄)(Xj)

) · (w∗k − wk)+

}

≤ 2 ·E

{
sup

w∈W,k∈{1,...,Kn}

1

n

n∑
j=1

εj ·
Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · sup
w∈W

Kn∑
k=1

(wk − w∗k)+

}

+2 ·E

{
sup

w∈W,k∈{1,...,Kn}

1

n

n∑
j=1

(−εj) ·
Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · sup
w∈W

Kn∑
k=1

(w∗k − wk)+

}

≤ 4 ·E

{
sup

w∈W,k∈{1,...,Kn}

1

n

n∑
j=1

εj ·
Yj · Tβnfϑk(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)}.
In the ninth step of the proof we derive an upper bound on

E

{
sup
w∈W,

k∈{1,...,Kn}

(
1

n

n∑
i=1

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

)}
.

To do this we use a contraction style argument. Because of the independence of the
random variables we can compute the expectation by �rst computing the expectation
with respect to ε1 and then by computing the expectation with respect to all other
random variables. This yields that the last term above is equal to

1

2
·E

{
sup
w∈W,

k∈{1,...,Kn}

(
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

+
1

1 + exp(Y1 · f(w,ϑ)(X1))
· Y1 · Tβnfϑk(X1)

)}

+
1

2
·E

{
sup
w∈W,

k∈{1,...,Kn}

(
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

− 1

1 + exp(Y1 · f(w,ϑ)(X1))
· Y1 · Tβnfϑk(X1)

)}

=
1

2
·E

{
sup

w,w̄∈W,
k,k̄∈{1,...,Kn}

(
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

+
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w̄,ϑ̄)(Xi))
· Yi · Tβnfϑ̄k̄(Xi)

+
1

1 + exp(Y1 · f(w,ϑ)(X1))
· Y1 · Tβnfϑk(X1)

− 1

1 + exp(Y1 · f(w̄,ϑ̄)(X1))
· Y1 · Tβnfϑ̄k̄(X1)

)}
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≤ 1

2
·E

{
sup

w,w̄∈W,
k,k̄∈{1,...,Kn}

(
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

+
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w̄,ϑ̄)(Xi))
· Yi · Tβnfϑ̄k̄(Xi)

+βn · |f(w,ϑ)(X1)− f(w̄,ϑ̄)(X1)|+ |Tβnfϑk(X1)− Tβnfϑ̄k̄(X1)|

)}
.

The sum inside the supremum above does not change its value if (w, k) is interchanged
with (w̄, k̄) . Consequently we can assume without loss of generality that f(w,ϑ)(X1) −
f(w̄,ϑ̄)(X1) is positive or that it is negative. Set ε̄1 = ε̄1(ε1, X1, Y1, . . . , Xn, Yn) = ε1 if the
functions f(w,ϑ)(X1)−f(w̄,ϑ̄)(X1) and Tβnfϑk(X1)−Tβnfϑ̄k̄(X1) which �attain� the above
supremum have the same sign, and set it equal to −ε1 otherwise. Then the right-hand
side above is equal to

1

2
·E

{
sup

w,w̄∈W,
k,k̄∈{1,...,Kn}

(
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

+
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w̄,ϑ̄)(Xi))
· Yi · Tβnfϑ̄k̄(Xi)

+βn · ε1 · (f(w,ϑ)(X1)− f(w̄,ϑ̄)(X1)) + ε̄1 · (Tβnfϑk(X1)− Tβnfϑ̄k̄(X1))

)}

≤ E

{
sup

w,∈W,
k∈{1,...,Kn}

(
1

n

n∑
i=2

εi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · Tβnfϑk(Xi)

+βn · ε1 · f(w,ϑ)(X1) + ε̄1 · Tβnfϑk(X1)

)}
,

where we have used that conditioned on (X1, Y1), . . . , (Xn, Yn) the random vector (ε1, ε̄1)
has the same distribution as the random vector (−ε1,−ε̄1).
Arguing in the same way for k = 2, . . . , n we see that we can upper bound the term

on the right-hand side above by

E

{
sup
w∈W,

k∈{1,...,Kn}

1

n

n∑
i=1

(
βn · εi · f(w,ϑ)(Xi) + ε̄i · Tβnfϑk(Xi)

)}

≤ βn ·E

{
sup

w∈W

1

n

n∑
i=1

εi · f(w,ϑ)(Xi)

}

+E

{
sup
w∈W,

k∈{1,...,Kn}

1

n

n∑
i=1

ε̄i · Tβnfϑk(Xi)

}
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≤ βn · sup
x1,...,xn∈Rd1×d2

E

{
sup

w∈W

1

n

n∑
i=1

εi · f(w,ϑ)(xi)

}

+ sup
x1,...,xn∈Rd1×d2

E

{
sup
w∈W,

k∈{1,...,Kn}

1

n

n∑
i=1

εi · Tβnfϑk(xi)

}

= βn · sup
x1,...,xn∈Rd1×d2

E

{
sup

w∈W

1

n

n∑
i=1

εi · f(w,ϑ)(xi)

}

+ sup
x1,...,xn∈Rd1×d2

E

{
sup
ϑ∈Θ̄

1

n

n∑
i=1

εi · Tβnfϑ(xi)

}
,

where the last equality follows from

{Tβnfϑk : w ∈ W, k ∈ {1, . . . ,Kn}} = {Tβnfϑ1 : w ∈ W}. (21)

In the tenth step of the proof we show for x1, . . . , xn ∈ Rd1×d2 arbitrary

E

{
sup

w∈W

1

n

n∑
i=1

εi · f(w,ϑ)(xi)

}
≤ E

{
sup
ϑ∈Θ̄

∣∣∣∣∣ 1n
n∑
i=1

εi · (Tβnfϑ(xi))

∣∣∣∣∣
}
.

We have

E

{
sup

w∈W

1

n

n∑
i=1

εi · f(w,ϑ)(xi)

}

= E

{
sup

w∈W

1

n

n∑
i=1

εi ·
Kn∑
j=1

wj · (Tβnfϑj (xi))

}

= E

{
sup

w∈W

Kn∑
j=1

wj ·
1

n

n∑
i=1

εi · (Tβnfϑj (xi))

}

≤ E

{
sup

w∈W

Kn∑
j=1

|wj | ·

∣∣∣∣∣ 1n
n∑
i=1

εi · (Tβnfϑj (xi))

∣∣∣∣∣
}

≤ E

{
sup

w∈W

Kn∑
j=1

|wj | · sup
w∈W,k∈{1,...,Kn}

∣∣∣∣∣ 1n
n∑
i=1

εi · (Tβnfϑk(xi))

∣∣∣∣∣
}

≤ 1 ·E

{
sup

w∈W,k∈{1,...,Kn}

∣∣∣∣∣ 1n
n∑
i=1

εi · (Tβnfϑk(xi))

∣∣∣∣∣
}

= E

{
sup
ϑ∈Θ̄

∣∣∣∣∣ 1n
n∑
i=1

εi · (Tβnfϑ(xi))

∣∣∣∣∣
}
,

where the last equality followed from (21).
Summarizing the above results, the proof is complete. �
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4.2. Proof of Theorem 2

In the proof of Theorem 2 we will need the following auxiliary results.

4.2.1. Using the logistic risk for classi�cation

Lemma 2 Let ϕ be the logistic loss. Let (X,Y ), (X1, Y1), . . . , (Xn, Yn) and f∗, Dn, fn
and Ĉn as in Sections 1 and 3, and set

fϕ∗ = arg min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))} .

a) Then

P
{
Y 6= Ĉn(X)|Dn

}
−P {Y 6= f∗(X)}

≤ 1√
2
· (E {ϕ(Y · fn(X))|Dn} −E {ϕ(Y · fϕ∗(X))})1/2

holds.

b) Then

P
{
Y 6= Ĉn(X)|Dn

}
−P {Y 6= f∗(X)}

≤ 2 · (E {ϕ(Y · fn(X))|Dn} −E {ϕ(Y · fϕ∗(X))}) + 4 ·E {ϕ(Y · fϕ∗(X))} .

holds.

c) Assume that

P
{
|fϕ∗(X)| > F̃n

}
≥ 1− e−F̃n

for a given sequence {F̃n}n∈N with F̃n →∞. Then

E {ϕ(Y · fϕ∗(X))} ≤ c12 · F̃n · e−F̃n

holds.

Proof. a) This result follows from Theorem 2.1 in Zhang (2004), where we choose s = 2
and c = 2−1/2.
b) This result follows from Lemma 1 b) in Kohler and Langer (2020).
c) This result follows from Lemma 3 in Kim, Ohn and Kim (2019). �

4.2.2. Lipschitz property of the networks

Lemma 3 Let Fn = {fϑ : ϑ ∈ Θ} be the class of deep convolutional neural networks

introduced in Subsection 3.1 (cf., (14)). Set

Mmax = max{M1, . . . ,ML
(1)
n
} and kmax = max{k1, . . . , kL(1)

n
}.
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Let ϑ, ϑ̄ ∈ Θ such that ∥∥ϑ− ϑ̄∥∥∞ ≤ 1 (22)

holds and all weights in fϑ are bounded in absolute value by Bn ≥ 0. Then

‖fϑ − fϑ̄‖∞,[0,1]d1×d2 ≤ 7 ·L(2)
n ·L(1)

n · kL
(1)
n +1

max · (M2
max + 1)L

(1)
n · (Bn + 1)L

(1)
n +3 · ‖ϑ− ϑ̄‖∞.

Proof. Let o(l), g and ō(l), ḡ be de�ned as in Section 3.1 using the weights in ϑ and ϑ̄,
resp., and set

‖o(l)(x)‖∞ = max
(i,j),s2

|o(l)
(i,j),s2

(x)|.

Then |σ(z)| ≤ |z| implies

|o(r)
(i,j),s2

(x)| ≤ kmax · (M2
max + 1) ·Bn ·max{‖o(r−1)(x)‖∞, 1}

≤ krmax · (M2
max + 1)r ·Br

n.

Using this together with |σ(z1)− σ(z2)| ≤ |z1 − z2| we conclude

|o(r)
(i,j),s2

(x)− ō(r)
(i,j),s2

(x)|

≤

∣∣∣∣∣
kr−1∑
s1=1

∑
t1,t2∈{1,...,Mr},
(i+t1−1,j+t2−1)

(
w

(r)
t1,t2,s1,s2

· o(r−1)
i+t1−1,j+t2−1,s1

(x)− w̄(r)
t1,t2,s1,s2

· ō(r−1)
i+t1−1,j+t2−1,s1

(x)
)

+w(r)
s2 − w̄

(r)
s2

∣∣∣∣∣
≤

kr−1∑
s1=1

∑
t1,t2∈{1,...,Mr},
(i+t1−1,j+t2−1)

∣∣∣w(r)
t1,t2,s1,s2

− w̄(r)
t1,t2,s1,s2

∣∣∣ · ∣∣∣o(r−1)
i+t1−1,j+t2−1,s1

(x)
∣∣∣+ |w(r)

s2 − w̄
(r)
s2 |

+

kr−1∑
s1=1

∑
t1,t2∈{1,...,Mr},
(i+t1−1,j+t2−1)

|w̄(r)
t1,t2,s1,s2

| ·
∣∣∣o(r−1)
i+t1−1,j+t2−1,s1

(x)− ō(r−1)
i+t1−1,j+t2−1,s1

(x)
∣∣∣

≤ kmax · (M2
max + 1) ·

(
‖ϑ− ϑ̄‖∞ · kr−1

max · (M2
max + 1)r−1 ·Br−1

n + (Bn + 1) · ‖o(r−1) − ō(r−1)‖∞
)

≤ r · krmax · (M2
max + 1)r · (Bn + 1)r−1 · ‖ϑ− ϑ̄‖∞.

From this and

|max{a1, . . . , an} −max{b1, . . . , bn}| ≤ max{|a1 − b1|, . . . , |an − bn|}

we conclude

|fw,wbias,wout(x)− fw̄,w̄bias,w̄out(x)|

≤ kmax · ‖ϑ− ϑ̄‖∞ ·Bn · kL
(1)
n

max · (M2
max + 1)L

(1)
n ·BL

(1)
n

n
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+kmax · (Bn + 1) · L(1)
n · kL

(1)
n

max · (M2
max + 1)L

(1)
n · (Bn + 1)L

(1)
n −1 · ‖ϑ− ϑ̄‖∞

≤ (L(1)
n + 1) · kL

(1)
n +1

max · (M2
max + 1)L

(1)
n · (Bn + 1)L

(1)
n +1 · ‖ϑ− ϑ̄‖∞.

This implies

|g(x)− ḡ(x)|

≤ (L(2)
n + 1) · ‖ϑ− ϑ̄‖∞ · 2 ·Bn · kmax ·Bn · kL

(1)
n

max · (M2
max + 1)L

(1)
n · (Bn + 1)L

(1)
n

+L(2)
n · (Bn + 1) ·

(
2 · ‖ϑ− ϑ̄‖∞ · kmax ·Bn · kL

(1)
n

max · (M2
max + 1)L

(1)
n · (Bn + 1)L

(1)
n

+(Bn + 1) · (L(1)
n + 1) · kL

(1)
n +1

max · (M2
max + 1)L

(1)
n · (Bn + 1)L

(1)
n +1 · ‖ϑ− ϑ̄‖∞

)
≤ 7 · L(2)

n · L(1)
n · kL

(1)
n +1

max · (M2
max + 1)L

(1)
n · (Bn + 1)L

(1)
n +3 · ‖ϑ− ϑ̄‖∞.

�

4.2.3. Approximation error

In our next lemma we present a bound on the error we make in case that we replace the
functions gk,s in a hierarchical model by some approximations of them.

Lemma 4 Let d1, d2, t ∈ N and l ∈ N with 2l ≤ min{d1, d2}. For a ∈ {1, . . . , t}, set
I = {0, 1, . . . , 2l − 1} × {0, 1, . . . , 2l − 1} and de�ne

ma(x) = max
(i,j)∈Z2 : (i,j)+I⊆{1,...,d1}×{1,...,d2}

fa
(
x(i,j)+I

)
and

m̄a(x) = max
(i,j)∈Z2 : (i,j)+I⊆{1,...,d1}×{1,...,d2}

f̄a
(
x(i,j)+I

)
,

where fa and f̄a satisfy

fa = f
(a)
l,1 and f̄a = f̄

(a)
l,1

for some f
(a)
k,s , f̄

(a)
k,s : R{1,...,2k}×{1,...,2k} → R recursively de�ned by

f
(a)
k,s (x) = g

(a)
k,s

(
f

(a)
k−1,4·(s−1)+1(x{1,...,2k−1}×{1,...,2k−1}),

f
(a)
k−1,4·(s−1)+2(x{2k−1+1,...,2k}×{1,...,2k−1}),

f
(a)
k−1,4·(s−1)+3(x{1,...,2k−1}×{2k−1+1,...,2k}),

f
(a)
k−1,4·s(x{2k−1+1,...,2k}×{2k−1+1,...,2k})

)
and

f̄
(a)
k,s (x) = ḡ

(a)
k,s

(
f̄

(a)
k−1,4·(s−1)+1(x{1,...,2k−1}×{1,...,2k−1}),
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f̄
(a)
k−1,4·(s−1)+2(x{2k−1+1,...,2k}×{1,...,2k−1}),

f̄
(a)
k−1,4·(s−1)+3(x{1,...,2k−1}×{2k−1+1,...,2k}),

f̄
(a)
k−1,4·s(x{2k−1+1,...,2k}×{2k−1+1,...,2k})

)
for k = 2, . . . , l, s = 1, . . . , 4l−k, and

f
(a)
1,s (x1,1, x1,2, x2,1, x2,2) = g

(a)
1,s (x1,1, x1,2, x2,1, x2,2)

and

f̄
(a)
1,s (x1,1, x1,2, x2,1, x2,2) = ḡ

(a)
1,s (x1,1, x1,2, x2,1, x2,2)

for s = 1, . . . , 4l−1, where

g
(a)
k,s : R4 → [0, 1] and ḡ

(a)
k,s : R4 → R

are functions for a ∈ {1, . . . , t}, k ∈ {1, . . . , l} and s ∈ {1, . . . , 4l−k}. Furthermore, let

g : Rt → [0, 1] and ḡ : Rt → R be functions. Assume that all restrictions g
(a)
k,s |[−2,2]4 :

[−2, 2]4 → [0, 1] and g|[−2,2]t : [−2, 2]t → [0, 1] are Lipschitz continuous with respect to the
Euclidean distance with Lipschitz constant C > 0 and for all a ∈ {1, . . . , t}, k ∈ {1, . . . , l}
and s ∈ {1, . . . , 4l−k} we assume that∥∥∥ḡ(a)

k,s

∥∥∥
[−2,2]4,∞

≤ 2. (23)

Then for any x ∈ [0, 1]{1,...,d1}×{1,...,d2} it holds:

|g(m1(x), . . . ,mt(x))− ḡ(m̄1(x), . . . , m̄t(x))|
≤
√
t · (2C + 1)l

· max
a∈{1,...,t},j∈{1,...,l},s∈{1,...,4l−j}

{
‖g(a)
j,s − ḡ

(a)
j,s ‖[−2,2]4,∞, ‖g − ḡ‖[−2,2]t,∞

}
.

Proof. See Lemma 1 in Kohler, Krzy»ak and Walter (2022). �

Lemma 5 Let d ∈ N, let f : Rd → R be (p, C)�smooth for some p = q + s, q ∈ N0 and

s ∈ (0, 1], and C > 0. Let A ≥ 1 and M ∈ N su�ciently large (independent of the size

of A, but

M ≥ 2 and M2p ≥ c13 ·
(

max
{
A, ‖f‖Cq([−A,A]d)

})4(q+1)
,

where

‖f‖Cq([−A,A]d) = max
α1,...,αd∈N0,
α1+···+αd≤q

∥∥∥∥ ∂qf

∂xα1
1 . . . ∂xαdd

∥∥∥∥
∞,[−A,A]d

,

must hold for some su�ciently large constant c13 ≥ 1).
Let L, r ∈ N be such that
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1. L ≥ 5Md +
⌈
log4

(
M2p+4·d·(q+1) · e4·(q+1)·(Md−1)

)⌉
· dlog2(max{q, d}+ 1)e+ dlog4(M2p)e

2. r ≥ 132 · 2d · dede ·
(
d+q
d

)
·max{q + 1, d2}

hold. There exists a feedforward neural network fnet,deep with ReLU activation function,

L hidden layers and r neurons per hidden layer where all weights are bounded in absolute

value by

ec14·(p+1)·Md

for some c14 = c14(f) > 0, such that

‖f − fnet,deep‖∞,[−A,A]d ≤ c15 ·
(

max
{
A, ‖f‖Cq([−A,A]d)

})4(q+1)
·M−2p. (24)

holds.

Proof. This theorem is proven without the upper bound on the absolute values of the
weights in Theorem 2 in Kohler and Langer (2021). It is explained in the supplement
how the above upper bound on the absolute value of the weights follows from the proof
given there. �

Lemma 6 Let d1, d2, l ∈ N with 2l ≤ min{d1, d2}. For k ∈ {1, . . . , l} and s ∈ {1, . . . , 4l−k}
let

ḡnet,k,s : R4 → R

be de�ned by a feedforward neural network with Lnet ∈ N hidden layers and rnet ∈ N
neurons per hidden layer and ReLU activation function, where all the weights are bounded

in absolute value by some Bn ≥ 1. Set

I =
{

0, . . . , 2l − 1
}
×
{

0, . . . , 2l − 1
}

and de�ne m̄ : [0, 1]{1,...,d1}×{1,...,d2} → R by

m̄(x) = max
(i,j)∈Z2 : (i,j)+I⊆{1,...,d1}×{1,...,d2}

f̄
(
x(i,j)+I

)
,

where f̄ satis�es

f̄ = f̄l,1

for some f̄k,s : [−2, 2]{1,...,2
k}×{1,...,2k} → R recursively de�ned by

f̄k,s(x) = ḡnet,k,s
(
f̄k−1,4·(s−1)+1(x{1,...,2k−1}×{1,...,2k−1}),

f̄k−1,4·(s−1)+2(x{2k−1+1,...,2k}×{1,...,2k−1}),

f̄k−1,4·(s−1)+3(x{1,...,2k−1}×{2k−1+1,...,2k}),

f̄k−1,4·s(x{2k−1+1,...,2k}×{2k−1+1,...,2k})
)
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for k = 2, . . . , l, s = 1, . . . , 4l−k, and

f̄1,s(x1,1, x1,2, x2,1, x2,2) = ḡnet,1,s(x1,1, x1,2, x2,1, x2,2)

for s = 1, . . . , 4l−1. Set

lnet =
4l − 1

3
· Lnet + l,

ks =
2 · 4l + 4

3
+ rnet (s = 1, . . . , lnet),

and set

Ms = 2π(s) for s ∈ {1, . . . , lnet},

where the function π : {1, . . . , lnet} → {1, . . . , l} is de�ned by

π(s) =
l∑

i=1

I{s≥i+∑l−1
r=l−i+1 4r·Lnet}.

Then there exists some mnet ∈ FCNNlnet,k,M
, where all the weights are bounded in absolute

value by Bn, such that

m̄(x) = mnet(x)

holds for all x ∈ [−2, 2]{1,...,d1}×{1,...,d2}.

Proof. This theorem is proven without the upper bound on the absolute values of the
weights in Lemma 2 in Kohler, Krzy»ak and Walter (2022). In its proof the weights from
the feedforward neural networks are copied in the convolutional neural network, and all
other weights occuring are bounded in absolute value by 1, therefore the bound on the
absolute values of the weights holds. �

Lemma 7 Set

f(z) =


∞ , z = 1

log z
1−z , 0 < z < 1

−∞ , z = 0,

let K ∈ N with K ≥ 6, let m : Rd·l → [0, 1] and let ḡ : Rd1×d2 → R such that

‖ḡ −m‖∞,[0,1]d1×d2 ≤ ε for some

0 ≤ ε ≤ 1

K
.

Then there exists a neural network f̄ : R → R with ReLU activation function, and one

hidden layer with 3 ·K + 9 neurons, where all the weights are bounded in absolute value

by K, such that for each network f̃ : R→ R which has the same structure and which has

weights which are in supremum norm not more than

0 ≤ ε̄ ≤ 1
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away from the weights of the above network we have that f̃ ◦ ḡ satis�es

‖f̃ ◦ ḡ‖∞,[0,1]d1×d2 ≤ 132 ·K2 · ε̄+ logK

and

sup
x∈[0,1]d1×d2

(∣∣∣m(x) ·
(
ϕ(f̃(ḡ(x)))− ϕ(f(m(x)))

)∣∣∣
+
∣∣∣(1−m(x)) ·

(
ϕ(−f̃(ḡ(x)))− ϕ(−f(m(x)))

)∣∣∣)

≤ c16 ·
(

logK

K
+ ε

)
+ 132 ·K2 · ε̄.

Proof. See Lemma 13 in Kohler and Krzy»ak (2023). �

Lemma 8 Let p ≥ 1 and C > 0 be arbitrary. Assume that η : Rd1×d2 → R satis�es a

(p, C)�smooth hierarchical max-pooling model. Let Fn be the set of all CNNs with ReLU

activation function, which have L
(1)
n convolutional layers with c7 neurons in each layer,

where c7 is su�ciently large, one max pooling layer and one additional layer with L
(2)
n

neurons. Furthermore assume (L
(1)
n )2p/4 ≥ c17 ·L(2)

n . Then there exists a network f ∈ Fn
where all the weights are bounded in absolute value by

max
{
L(2)
n , ec18(η)·(p+1)·L(1)

n

}
such that

E {ϕ(Y · f(X))} −E
{
ϕ(Y · f∗ϕ(X))

}
≤ c19 ·

(
logL

(2)
n

L
(2)
n

+
1

(L
(1)
n )2p/4

)

and such that f is bounded in absolute value by logL
(2)
n .

Proof. Use Lemma 5 (applied with d = 4 and

M =

⌊(
3

4l − 1
· (L(1)

n − l)
) 1

4

⌋
,

where l is the level of the hierarchical max�pooling model for η) and Lemma 6 to construct
a convolutional neural network ḡNN built on the basis of feedforward neural networks
which approximate the functions in the hierarchical model of the a posteriori probability
η in supremum norm up to an error of order

1

(L
(1)
n )2p/4

. (25)
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Application of Lemma 4 with t = 1 and g(x) = ḡ(x) = x yields that ḡNN approximates η
in supremum norm by an error of order (25). Next apply Lemma 7 (with ε = c20 · 1

(L
(1)
n )2p/4

and ε̄ = 0) to construct a neural network f̃ with one hidden layer and L
(2)
n neurons which

takes on function values bounded in absolute value by logL
(2)
n and which satis�es

sup
x∈[0,1]d1×d2

(∣∣∣η(x) ·
(
ϕ(f̃(ḡNN (x)))− ϕ(f(η(x)))

)∣∣∣
+
∣∣∣(1− η(x)) ·

(
ϕ(−f̃(ḡNN (x)))− ϕ(−f(η(x)))

)∣∣∣)

≤ c21 ·

(
logL

(2)
n

L
(2)
n

+
1

(L
(1)
n )2p/4

)
,

where f is the function de�ned in Lemma 7. Because of

f∗ϕ(x) = f(η(x))

this implies

E
{
ϕ(Y · f̃(ḡNN (X)))

}
−E

{
ϕ(Y · f∗ϕ(X))

}
= E

{
(1{Y=1} + 1{Y=−1}) ·

(
ϕ(Y · f̃(ḡNN (X)))− ϕ(Y · f(η(X)))

)}
= E

{
η(X) ·

(
ϕ(f̃(ḡNN (X)))− ϕ(f(η(X)))

)
+(1− η(X)) ·

(
ϕ(−f̃(ḡNN (X)))− ϕ(−f(η(X)))

)}

≤ sup
x∈[0,1]d1×d2

(∣∣∣η(x) ·
(
ϕ(f̃(ḡNN (x)))− ϕ(f(η(x)))

)∣∣∣
+
∣∣∣(1− η(x)) ·

(
ϕ(−f̃(ḡNN (x)))− ϕ(−f(η(x)))

)∣∣∣)

≤ c21 ·

(
logL

(2)
n

L
(2)
n

+
1

(L
(1)
n )2p/4

)
.

�

4.2.4. Generalization error

Lemma 9 Let {fϑ : ϑ ∈ Θ̄} be de�ned as in Subsection 3.2 and let βn = c1 · log n.
Then we have

sup
x1,...,xn∈[0,1]d1×d2

E

{∣∣∣∣∣sup
ϑ∈Θ̄

1

n

n∑
i=1

εi · Tβnfϑ(xi)

∣∣∣∣∣
}
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≤ c22 · (log n)2 ·

√
((L

(1)
n )2 + L

(1)
n · L(2)

n ) · log(max{L(1)
n , L

(2)
n })√

n
.

In the proof of Lemma 8 we will need the following bound on the VC dimension of the
class {fϑ : ϑ ∈ Θ̄} of functions.

Lemma 10 The VC dimension of the class {fϑ : ϑ ∈ Θ̄} of functions in Lemma 9 is

bounded from above by

c23 · ((L(1)
n )2 + L(1)

n · L(2)
n ) · log(max{L(1)

n , L(2)
n }).

Proof. The result follows from the proof of Lemma 7 in Kohler, Krzy»ak and Walter
(2022). �
Proof of Lemma 9. The results follows from Lemma 10 by an easy application of
standard techniques from VC theory. For the sake of completeness we present nevertheless
a detailed proof here.
Set F = {fϑ : ϑ ∈ Θ̄}. For δn > 0 and x1, . . . , xn ∈ [0, 1]d1×d2 we have

E

{
sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

εi · Tβn(f(xi))

∣∣∣∣∣
}

=

∫ βn

0
P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

εi · Tβn(f(xi))

∣∣∣∣∣ > t

}
dt

≤ δn +

∫ βn

δn

P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

εi · Tβn(f(xi))

∣∣∣∣∣ > t

}
dt.

Using a standard covering argument from empirical process theory we see that for any
t ≥ δn we have

P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

εi · Tβn(f(xi))

∣∣∣∣∣ > t

}

≤M1

(
δn
2
, {Tβnf : f ∈ F} , xn1

)
· sup
f∈F

P

{∣∣∣∣∣ 1n
n∑
i=1

εi · Tβn(f(xi))

∣∣∣∣∣ > t

2

}
.

Application of Lemma 10 and Theorem 9.4 in Györ� et al. (2002) yields

M1

(
δn
2
, {Tβnf : f ∈ F} , xn1

)
≤ c24 ·

(
c25 · βn
δn

)c26·((L(1)
n )2+L

(1)
n ·L

(2)
n )·log(max{L(1)

n ,L
(2)
n })

.

By the inequality of Hoe�ding (cf., e.g., Lemma A.3 in Györ� et al. (2002)) and

|Tβn(f(x))| ≤ βn (x ∈ Rd)
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we have for any f ∈ F

P

{∣∣∣∣∣ 1n
n∑
i=1

εi · Tβn(f(xi))

∣∣∣∣∣ > t

}
≤ 2 · exp

(
−2 · n · t2

4 · β2
n

)
.

Hence we get

sup
x1,...,xn∈[0,1]d1×d2

E

{
sup
f∈G◦F

∣∣∣∣∣ 1n
n∑
i=1

εi · Tβn(f(Xi))

∣∣∣∣∣
}

≤ δn +

∫ βn

δn

c24 ·
(
c25 · βn
δn

)c26·((L(1)
n )2+L

(1)
n ·L

(2)
n )·log(max{L(1)

n ,L
(2)
n })

·2 · exp

(
−n · δn · t

2 · β2
n

)
dt

≤ δn + c24 ·
(
c25 · βn
δn

)c26·((L(1)
n )2+L

(1)
n ·L

(2)
n )·log(max{L(1)

n ,L
(2)
n }) 4 · β2

n

n · δn
· exp

(
−n · δ

2
n

2 · β2
n

)
.

With

δn =

√
((L

(1)
n )2 + L

(1)
n · L(2)

n ) · log(max{L(1)
n , L

(2)
n }) · log n ·

√
2 · β2

n

n

we get the assertion. �

4.2.5. A bound on the gradient

Lemma 11 Let A, Θ̄ and f(w,ϑ) be de�ned as in Section 3, set

Mmax = max{M1, . . . ,ML
(1)
n
} and kmax = max{k1, . . . , kL(1)

n
}

and assume that all weights in f(w,ϑ) are bounded in absolute value by Bn ≥ 1. Then

sup
w∈A,ϑ∈Θ̄Kn ,y∈{−1,1},x∈[0,1]d1×d2

‖∇ϑϕ(y · f(w,ϑ)(x))‖∞

≤ L(2)
n · k2·L(1)

n +1
max · (M2

max + 1)2·L(1)
n +2 ·B2·L(1)

n +2
n .

Proof. Let

f(w,ϑ)(x) =

Kn∑
k=1

wk · Tβnfϑk(x)

where
fϑk(x) = gwk

(fwk
(x)),

gwk
(z) =

L
(2)
n∑
i=1

(wk)
(1)
i σ

(
(wk)

(0)
i,1 · z + (wk)

(0)
i,0

)
+ (wk)

(1)
0 ,
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fwk
(x) = max

{ k
L

(1)
n∑

s2=1

(wk)s2 · (o(wk))
(L

(1)
n )

(i,j),s2
: i ∈ {1, . . . , d1 −ML

(1)
n

+ 1}

, j ∈ {1, . . . , d2 −ML
(1)
n

+ 1}

}
,

(o(wk))
(l)
(i,j),s2

= σ

kl−1∑
s1=1

∑
t1,t2∈{1,...,Ml}

(i+t1−1,j+t2−1)∈D

(wk)
(l)
t1,t2,s1,s2

(o(wk))
(l−1)
(i+t1−1,j+t2−1),s1

+ (wk)
(l)
s2


for l ∈ {1, . . . , L(1)

n }, and

(o(wk))
(0)
(i,j),1 = xi,j for i ∈ {1, . . . , d1} and j ∈ {1, . . . , d2}.

By the proof of Lemma 3 we know for any l ∈ {1, . . . , L(1)
n }

|(o(wk))
(l)
(i,j),s2

(x)| ≤ kL
(1)
n

max · (M2
max + 1)L

(1)
n ·BL

(1)
n

n . (26)

Using the chain rule we get for any l ∈ {1, . . . , L(1)
n } and suitably chosen (random)

(i0, j0) ∈ D

∂

∂(wk)
(l)

t̃1,t̃2,s̃1,s̃2

f(w,ϑ)(x)

= wk ·
∂

∂z
Tβnz

∣∣∣
z=fϑk (x)

·
L

(2)
n∑
i=1

(wk)
(1)
i σ′

(
(wk)

(0)
i,1 · fwk

(x) + (wk)
(0)
i,0

)
· (wk)

(0)
i,1 ·

k
L

(1)
n∑

s2=1

(wk)s2

·σ′


k
L

(1)
n −1∑
s1=1

∑
t1,t2∈{1,...,M

L
(1)
n
}

(i0+t1−1,j0+t2−1)∈D

(wk)
(L

(1)
n )

t1,t2,s1,s2
(o(wk))

(L
(1)
n −1)

(i0+t1−1,j0+t2−1),s1
+ (wk)

(L
(1)
n )

s2


·

k
L

(1)
n −1∑

s
(L

(1)
n )

1 =1

∑
t
(L

(1)
n )

1 ,t
(L

(1)
n )

2 ∈{1,...,M
L

(1)
n
}

(i0+t
(L

(1)
n )

1 −1,j0+t
(L

(1)
n )

2 −1)∈D

(wk)
(L

(1)
n )

t
(L

(1)
n )

1 ,t
(L

(1)
n )

2 ,s
(L

(1)
n )

1 ,s2

·σ′
( k

L
(1)
n −2∑
s1=1

∑
t1,t2∈{1,...,M

L
(1)
n −1

}

(i0+t
(L

(1)
n )

1 +t1−2,j0+t
(L

(1)
n )

2 +t2−2)∈D

(wk)
(L

(1)
n −1)

t1,t2,s1,s
(L

(1)
n )

1

·
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(o(wk))
(L

(1)
n −2)

(i0+t
(L

(1)
n )

1 +t1−2,j0+t
(L

(1)
n )

2 +t2−2),s1

+ (wk)
(L

(1)
n −1)

s
(L

(1)
n )

1

)

·

k
L

(1)
n −2∑

s
(L

(1)
n −1)

1 =1

∑
t
(L

(1)
n −1)

1 ,t
(L

(1)
n −1)

2 ∈{1,...,M
L

(1)
n −1

}

(i0+t
(L

(1)
n )

1 +t
(L

(1)
n −1)

1 −2,j0+t
(L

(1)
n )

2 +t
(L

(1)
n −1)

2 −2)∈D

(wk)
(L

(1)
n −1)

t
(L

(1)
n −1)

1 ,t
(L

(1)
n −1)

2 ,s
(L

(1)
n −1)

1 ,s
(L

(1)
n )

1

· . . . · σ

( kl−1∑
s1=1

∑
t1,t2∈{1,...,Ml},(i0+t

(L
(1)
n )

1 +···+t(l+1)
1 +t̃1+t1−(Ln−(l−2)),

j0+t
(L

(1)
n )

2 +···+t(l+1)
2 +t̃2+t2−(L

(1)
n −(l−2)))∈D

(wk)
(l−1)
t1,t2,s1,s̃1

· (o(wk))
(l−2)

(i0+t
(L

(1)
n )

1 +···+t(l+1)
1 +t̃1+t1−(L

(1)
n −(l−2)),

j0+t
(L

(1)
n )

2 +···+t(l+1)
2 +t̃2+t2−(L

(1)
n −(l−2))),s1

+ (wk)
(l−1)
s̃1

)
.

Using (26), |σ′(z)| ≤ 1 and that all weights are bounded in the absolute value by Bn we
get ∣∣∣∣∣ ∂

∂(wk)
(l)
t1,t2,s1,s2

f(w,ϑ)(x)

∣∣∣∣∣ ≤ L(2)
n · k2·L(1)

n +1
max · (M2

max + 1)2·L(1)
n +2 ·B2·L(1)

n +2
n .

Analogously we can derive bounds on all the other partial derivatives occuring in the
assertion. �

4.2.6. Proof of Theorem 2

It su�ces to show

E {ϕ(Y · fn(X))} − min
f :[0,1]d1×d2→R̄

E {ϕ(Y · f(X))} ≤ c28 · (log n)4 · n−min{ p
2p+4

, 1
4
}

(27)

for n su�ciently large.
This implies the assertion, because by Lemma 2 a) we conclude from (27)

P
{
Y 6= Ĉn(X)

}
−P {Y 6= f∗(X)}

≤ E

{
1√
2
· (E {ϕ(Y · fn(X))|Dn} −E {ϕ(Y · fϕ∗(X))})1/2

}
≤ 1√

2
·
√

E {ϕ(Y · fn(X))} −E {ϕ(Y · fϕ∗(X))}

≤ c8 · (log n)2 · n−min{ p
2·(2p+4)

, 1
8
}

And from Lemma 2 b), (18) and Lemma 2 c) we conclude from (27)

P
{
Y 6= Ĉn(X)

}
−P {Y 6= f∗(X)}
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≤ 2 · (E {ϕ(Y · fn(X))} −E {ϕ(Y · fϕ∗(X))}) + 4 · c29 · log n

n1/4

≤ c9 · (log n)4 · n−min{ p
2p+4

, 1
4
}
.

Here we have used the fact that

max

{
P{Y = 1|X}

1−P{Y = 1|X}
,
1−P{Y = 1|X}

P{Y = 1|X}

}
> n1/4

is equivalent to

|fϕ∗(X)| =
∣∣∣∣log

P{Y = 1|X}
1−P{Y = 1|X}

∣∣∣∣ > 1

4
· log n.

In the remainder of the proof we apply Theorem 1 in order to prove (27). Here we
assume throughout the proof that n is su�ciently large. Let fϑ be the network of Lemma
8 which satis�es

E {ϕ(Y · fϑ(X))} −E
{
ϕ(Y · f∗ϕ(X))

}
≤ c30 ·

(
logL

(2)
n

L
(2)
n

+
1

(L
(1)
n )2p/4

)
.

Since fϑ is bounded in supremum norm by logL
(2)
n ≤ βn (for c3 su�ciently large) this

implies

E {ϕ(Y · Tβnfϑ(X))} −E
{
ϕ(Y · f∗ϕ(X))

}
≤ c30 ·

(
logL

(2)
n

L
(2)
n

+
1

(L
(1)
n )2p/4

)
.

Set

δn =
1

n · en
and choose

Θ∗ = {ϑ∗ ∈ Θ : ‖ϑ∗ − ϑ‖∞ ≤ δn} .

Then it follows from the Lipschitz continuity of the logistic loss and Lemma 3 that we
have for any ϑ∗ ∈ Θ∗

|ϕ(Y · Tβnfϑ∗(X))− ϕ(Y · Tβnfϑ(X))| ≤ c31 · en · ‖ϑ∗ − ϑ‖∞ ≤
c32

n
,

from which we can conclude

sup
ϑ∗∈Θ∗

E {ϕ(Y · Tβnfϑ∗(X))} −E
{
ϕ(Y · f∗ϕ(X))

}
≤ c30 ·

(
logL

(2)
n

L
(2)
n

+
1

(L
(1)
n )2p/4

)
+
c32

n
.

Furthermore the de�nition of Θ∗ implies that

εn = P
{
ϑ

(0)
1 ∈ Θ∗

}
≥
(

1

n · en

)c33·(L(1)
n +L

(2)
n )

≥ e−n1.5
.
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So if we choose
Nn = n2 · e2·n, In = n2 · en1.5

(which is possible because of Nn · In ≤ Kn) then we have

Nn · (1− εn)In ≤ 1

n
,

so (10) holds.
By Lemma 3 we know that (8) is satis�ed for

Cn = c34 · en,

and because of

‖∇wϕ(y · f(w,ϑ)(x))‖2 ≤
Kn∑
k=1

|1 · Tβnfϑk(x)|2 ≤ Kn · β2
n

(11) is satis�ed for
Dn =

√
Kn · βn.

By Lemma 11 we know

sup
w∈A,ϑ∈Θ̄Kn ,y∈{−1,1},x∈[0,1]d1×d2

‖∇ϑϕ(y · f(w,ϑ)(x))‖∞ ≤ en.

Application of Theorem 1 together with Lemma 9 and the above results yields

E {ϕ(Y · fn(X))} − min
f :Rd1×d2→R̄

E {ϕ(Y · f(X))}

≤ c35 ·

(
log n

n
+ (log n)3

√(
n

4
2p+4 + n

2
2p+4 · n

1
4

)
· log n

√
n

+
en

n · en
+
Kn · β2

n

tn

+
n · βn · (Kn + en · en)

tn
+

logL
(2)
n

L
(2)
n

+
1

(L
(1)
n )2p/4

)
≤ c28 · (log n)4 · n−min{ p

2p+4
, 1
4
}
.
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A. Supplement: Proof of Lemma 5

In the following we prove the weight constraints of Lemma 5 by modifying the auxiliary
results of the proof of Kohler and Langer (2021).

A.1. Further notation and de�nitions

The following auxiliary notation is required for the statement of these resuts:
We introduce our framework for a fully-connected neural network g : Rd → R with

ReLU activation function σ(x) = max{x, 0}: Let

g(x) =

kL∑
i=1

v
(L)
1,i g

(L)
i (x) + v

(L)
1,0 , (28)

where output weights v
(L)
1,0 , . . . , v

(L)
1,kL
∈ R denote the output weights of the network.

The outputs of the neurons g
(L)
i are recursively de�ned by

g
(r)
i (x) = σ

kr−1∑
j=1

v
(r−1)
i,j g

(r−1)
j (x) + v

(r−1)
i,0

 ,

with inner weights v
(r−1)
i,0 , . . . , v

(r−1)
i,kr−1

∈ R for i ∈ {1, . . . , kr}, r ∈ {1, . . . , L}, k0 = d and

g
(0)
j (x) = x(j).

A fully-connected neural network of the form (28) is dependent on the number of layers
L and a width vector k = (k1, . . . , kL), hence we will denote the corresponding function
class by FFNNL,k . In case k1 = . . . = kL = r, we write FFNNL,r to indicate that all layers
consist of a constant number of r neurons. Further, we denote by vf the vector that
collects all weights required for the computation of f ∈ FFNNL,k :

vf =

((
v

(l)
i,j

)
i∈{1,...,kl+1}, j∈{0,...,kl}, l∈{0,...,L−1}

,
(
vL1,i
)
i∈{1,...,kL}

)
.

The proof is based on an approximation by a piecewise Taylor polynomial, which is
de�ned using a partition into equivolume cubes. If C is a cube, then Cleft is used to
denote the "bottom left" of C. We can thus write each half-open cube C with side length
s as a polytope de�ned by

−x(j) + C
(j)
left ≤ 0 and x(j) − C(j)

left − s < 0 (j ∈ {1, . . . , d}).

Furthermore, we describe by C0
δ ⊂ C the cube, which contains all x ∈ C that lie with a

distance of at least δ to the boundaries of C, i.e. C0
δ is the polytope de�ned by

−x(j) + C
(j)
left ≤ −δ and x

(j) − C(j)
left − s < −δ (j ∈ {1, . . . , d}).
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If P is a partition of cubes of [−a, a)d and x ∈ [−a, a)d, then we denote the cube C ∈ P,
which satis�es x ∈ C, by CP(x).
Let PN be the linear span of all monomials of the form

d∏
k=1

(
x(k)

)rk
for some r1, . . . , rd ∈ N0, r1 + · · ·+rd ≤ N . Then, PN is a linear vector space of functions
of dimension

dim PN =
∣∣∣{(r0, . . . , rd) ∈ Nd+1

0 : r0 + · · ·+ rd = N
}∣∣∣ =

(
d+N

d

)
.

A.2. Auxiliary results

Lemma 12 Let p = q+s for some q ∈ N0 and s ∈ (0, 1], and let C > 0. Let f : Rd → R
be a (p, C)-smooth function, let x0 ∈ Rd and let Tf,q,x0 be the Taylor polynomial of total

degree q around x0 de�ned by

Tf,q,x0(x) =
∑

j∈Nd0:‖j‖1≤q

(∂jf)(x0) · (x− x0)j

j!

Then for any x ∈ Rd

|f(x)− Tf,q,x0(x)| ≤ c35 · C · ‖x− x0‖p

holds for a constant c35 = c35(q, d) depending only on q and d.

Proof. See Lemma 1 in Kohler (2014). �
In the proof of Lemma 5 we use Lemma 12 and approximate our function by a piecewise

Taylor polynomial. To de�ne this piecewise Taylor polynomial, we partition [−a, a)d into
Md and M2d half-open equivolume cubes of the form

[α,β) = [α(1),β(1))× · · · × [α(d),β(d)), α,β ∈ Rd,

respectively. Let

P1 = {Ck,1}k∈{1,...,Md} and P2 = {Cj,2}j∈{1,...,M2d} (29)

be the corresponding partitions. We denote for each i ∈ {1, . . . ,Md} those cubes of P2

that are contained in Ci,1 by C̃1,i, . . . , C̃Md,i and order the cubes in such a way that the

bottom left of C̃1,i and Ci,1 coincide, i.e. such that we have (C̃1,i)left = (Ci,1)left and
that

(C̃k,i)left = (C̃k−1,i)left + ṽk (30)
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holds for all k ∈ {2, . . . ,Md}, i ∈ {1, . . . ,Md} and some vector ṽk with entries in
{0, 2a/M2} where exactly one entry is di�erent to zero. Here the vector ṽk describes the
position of (Ck,i)left relative to (Ck−1,i)left and we order the cubes in such a way that
the position is independent of i. Then Taylor expansion in Lemma 12 can be used to
de�ne a piecewise Taylor polynomial on P2 by

Tf,q,(CP2
(x))left(x) =

∑
k∈{1,...,Md},i∈{1,...,Md}

Tf,q,(C̃k,i)left(x) · 1C̃k,i(x)

and this piecewise Taylor polynomial satis�es

sup
x∈[−a,a)d

∣∣∣f(x)− Tf,q,((CP2
(x))left(x)

∣∣∣ ≤ c35 · C · (2 · a · d)p · 1

M2p
.

To compute Tf,q,(CP2
(x))left(x) the very deep neural network of Lemma 5 b) proceeds in

two steps: In a �rst step it computes (CP1(x))left and the values of

(∂lf)((Ci,1)left)

for each l ∈ Nd0 with ‖l‖1 ≤ q and suitably de�ned numbers

b
(l)
k,i ∈ Z, |b(l)k,i| ≤ e

d + 1 (k ∈ {1, . . . ,Md}),

which depend on Ci,1 for i ∈ {1, . . . ,Md}. Assume that x ∈ Ci,1 for some i ∈ {1, . . . ,Md}.
In the second step the neural network successively computes approximations

(∂lf̂)((C̃k,i)left), k ∈ {1, . . . ,Md}

of

(∂lf)((C̃k,i)left)

for each l ∈ Nd0 with ‖l‖1 ≤ q. To do this we start with

(∂lf̂)((C̃1,i)left) = (∂lf)((CP1(x))left).

By construction of the �rst step and since (C̃1,i)left = (CP1(x))left these estimates have
error zero. As soon as we have computed the above estimates for some k ∈ {1, . . . ,Md−1}
we use the Taylor polynomials with these coe�cients around (C̃k,i)left in order to compute

∑
j∈Nd0:

‖j‖1≤q−‖l‖1

(∂l+jf̂)((C̃k,i)left)

j!
·
(

(C̃k+1,i)left − (C̃k,i)left

)j

for l ∈ Nd0 with ‖l‖1 ≤ q and we de�ne

(∂lf̂)((C̃k+1,i)left) =
∑
j∈Nd0:

‖j‖1≤q−‖l‖1

(∂l+jf̂)((C̃k,i)left)

j!
·
(

(C̃k+1,i)left − (C̃k,i)left

)j
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+ b
(l)
k,i · c36 ·

(
2a

M2

)p−‖l‖1
where

c36 = C · dp ·max{c35(q, d), c35(q − 1, d), . . . , c35(0, d)}

(and c35 is the constant of Lemma 12). Assume that

∣∣∣(∂lf̂)((C̃k,i)left)− (∂lf)((C̃k,i)left)
∣∣∣ ≤ c36 ·

(
2a

M2

)p−‖l‖1
holds for all l ∈ Nd0 with ‖l‖1 ≤ q (which holds by construction for k = 1). Then∣∣∣∣∣ ∑

j∈Nd0:
‖j‖1≤q−‖l‖1

(∂l+jf̂)
(

(C̃k,i)left

)
j!

·
(

(C̃k+1,i)left − (C̃k,i)left

)j

− (∂lf) ((Ck+1,i)left)

∣∣∣∣∣
≤

∣∣∣∣∣ ∑
j∈Nd0:

‖j‖1≤q−‖l‖1

(∂l+jf̂)((C̃k,i)left)

j!
·
(

(C̃k+1,i)left − (C̃k,i)left

)j

−
∑
j∈Nd0:

‖j‖1≤q−‖l‖1

(∂l+jf)((C̃k,i)left)

j!
·
(

(C̃k+1,i)left − (C̃k,i)left

)j
∣∣∣∣∣

+

∣∣∣∣∣ ∑
j∈Nd0:

‖j‖1≤q−‖l‖1

(∂l+jf)(C̃k,i)left)

j!
·
(

(C̃k+1,i)left − (C̃k,i)left

)j

− (∂lf)((C̃k+1,i)left)

∣∣∣∣∣
≤

∑
j∈Nd0:

‖j‖1≤q−‖l‖1

1

j!
· c36 ·

(
2a

M2

)p−‖l+j‖1
·
(

2a

M2

)‖j‖1
+ c36 ·

(
2a

M2

)p−‖l‖1

≤(c36 · ed + c36) ·
(

2a

M2

)p−‖l‖1
.

This implies that we can choose b
(l)
k,i ∈ Z such that

|b(l)k,i| ≤ e
d + 1
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and ∣∣∣(∂lf̂)((C̃k+1,i)left)− (∂lf)((C̃k+1,i)left)
∣∣∣ ≤ c36 ·

(
2a

M2

)p−‖l‖1
.

Observe that in this way we have de�ned the coe�cients b
(l)
k,i for each cube Ci,1. We will

encode these coe�cients for each i ∈ {1, . . . ,Md} and each l ∈ Nd0 with ‖l‖1 ≤ q in the
single number

b
(l)
i =

Md−1∑
k=1

(
b
(l)
k,i + dede+ 2

)
· (4 + 2dede)−k ∈ [0, 1].

In the last step the neural network then computes

T̂f,q,(CP2
(x))left(x) :=

∑
l∈Nd0:
‖l‖1≤q

(∂lf̂)((CP2(x))left)

l!
· (x− (CP2(x))left)

l , (31)

where by construction we have CP2(x) = C̃k,i for some k ∈ {1, . . . ,Md}. Since∣∣∣T̂f,q,(CP2
(x))left(x)− Tf,q,(CP2

(x))left(x)
∣∣∣

≤
∑
l∈Nd0:
‖l‖1≤q

∣∣∣(∂lf̂ − ∂lf)((CP2(x))left)
∣∣∣

l!
· |x− (CP2(x))left|l

≤ ed · c36 ·
(

2a

M2

)p
(32)

the network approximating T̂f,q,(CP2
(x))left(x) is also a good approximation for Tf,q,(CP2

(x))left(x).

To approximate f(x) by neural networks the proof of Kohler and Langer follows four
key steps:

1. Compute T̂f,q,(CP2
(x))left(x) by recursively de�ned functions.

2. Approximate the recursive functions by neural networks. The resulting network is
a good approximation for f(x) in case that

x ∈
⋃

k∈{1,...,M2d}

(Ck,2)0
1/M2p+2 .

3. Approximate the function wP2(x) · f(x) by deep neural networks, where

wP2(x) =
d∏
j=1

(
1− M2

a
·
∣∣∣(CP2(x))

(j)
left +

a

M2
− x(j)

∣∣∣)
+

(33)
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is a linear tensor product B-spline which takes its maximum value at the center of
CP2(x), which is nonzero in the inner part of CP2(x) and which vanishes outside of
CP2(x).

4. Apply those networks to 2d slightly shifted partitions of P2 to approximate f(x) in
supremum norm.

We focus on step 2 and 3 and modify the construction of the auxiliary neural networks
by deriving constraints for the required weights.

A.2.1. Key step 1: A recursive de�nition of T̂f,q,(CP2
(x))left(x)

To derive a recursive de�nition of T̂f,q,(CP2
(x))left(x), we set

φ1,0 =
(
φ

(1)
1,0, . . . , φ

(d)
1,0

)
= x

φ2,0 =
(
φ

(1)
2,0, . . . , φ

(d)
2,0

)
= 0

and

φ
(l)
3,0 = 0 and φ

(l)
4,0 = 0

for each l ∈ Nd0 with ‖l‖1 ≤ q. For j ∈ {1, . . . ,Md} set

φ1,j = φ1,j−1,

φ2,j = (Cj,1)left · 1Cj,1(φ1,j−1) + φ2,j−1,

φ
(l)
3,j = (∂lf)((Cj,1)left) · 1Cj,1(φ1,j−1) + φ

(l)
3,j−1

and

φ
(l)
4,j = b

(l)
j · 1Cj,1(φ1,j−1) + φ

(l)
4,j−1.

Furthermore set

φ1,Md+j = φ1,Md+j−1, j ∈ {1, . . . ,Md},

φ2,Md+j = φ2,Md+j−1 + ṽj+1,

φ
(l)

3,Md+j
=

∑
s∈Nd0

‖s‖1≤q−‖l‖1

φ
(l+s)

3,Md+j−1

s!
· (ṽj+1)s
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+
(
b(4 + 2 · dede) · φ(l)

4,Md+j−1
c − dede − 2

)
· c36 ·

(
2a

M2

)p−‖l‖1
,

φ
(l)

4,Md+j
= (4 + 2 · dede) · φ(l)

4,Md+j−1
− b(4 + 2 · dede) · φ(l)

4,Md+j−1
c

for j ∈ {1, . . . ,Md − 1} and each l ∈ Nd0 with ‖l‖1 ≤ q and

φ5,Md+j = 1A(j)(φ1,Md+j−1) · φ2,Md+j−1 + φ5,Md+j−1

and

φ
(l)

6,Md+j
= 1A(j)(φ1,Md+j−1) · φ(l)

3,Md+j−1
+ φ

(l)

6,Md+j−1

for j ∈ {1, . . . ,Md}, where

φ5,Md =
(
φ

(1)

5,Md , . . . , φ
(d)

5,Md

)
= 0, φ

(l)

6,Md = 0

and

A(j) =
{
x ∈ Rd : −x(k) + φ

(k)

2,Md+j−1
≤ 0

und x(k) − φ(k)

2,Md+j−1
− 2a

M2
< 0 for all k ∈ {1, . . . , d}

}
.

Finally de�ne

φ1,2Md+1 =
∑
l∈Nd0:
‖l‖1≤q

φ
(l)

6,2Md

l!
·
(
φ1,2Md − φ5,2Md

)l
.

The next lemma shows that this recursion computes T̂f,q,(CP2
(x))left(x).

Lemma 13 Let p = q + s for some q ∈ N0 and s ∈ (0, 1], let C > 0 and x ∈ [−a, a)d.
Let f : Rd → R be a (p, C)-smooth function and let T̂f,q,(CP2

(x))left be de�ned as in (31).
De�ne φ1,2Md+1 recursively as above. Then we have

φ1,2Md+1 = T̂f,q,(CP2
(x))left(x).

Proof. See Lemma 11 in Kohler and Langer (2021). �

A.2.2. Key step 2: Approximating φ1,2Md+1 by neural networks

In this step we show that a neural network approximates φ1,2Md+1 in case that

x ∈
⋃

i∈{1,...,M2d}

(Ci,2)0
1/M2p+2 .

We de�ne a composition neural network, which approximately computes the recursive
functions in the de�nition of φ1,2Md+1.
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Lemma 14 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Let P2

be de�ned as in (29). Let p = q + s for some q ∈ N0 and s ∈ (0, 1], and let C > 0. Let
f : Rd → R be a (p, C)-smooth function. Let 1 ≤ a < ∞. Then there exists for M ∈ N
su�ciently large (independent of the size of a, but

M2p ≥ 24(q+1)+1 max{c37 · (6 + 2dede)4(q+1), c36 · ed}

·
(

max
{
a, ‖f‖Cq([−a,a]d)

})4(q+1)
(34)

must hold), a neural network f̂deep,P2 ∈ F(L, r) with

(i) L = 4Md +
⌈
log4

(
M2p+4·d·(q+1) · e4·(q+1)·(Md−1)

)⌉
· dlog2(max{q + 1, 2})e

(ii) r = max
{

10d+ 4d2 + 2 ·
(
d+q
d

)
·
(
2 · (4 + 2dede) + 5 + 2d

)
,

18 · (q + 1) ·
(
d+q
d

)}
such that

|f̂deep,P2(x)− f(x)| ≤ c38 ·
(

max
{

2a, ‖f‖Cq([−a,a]d)

})4(q+1)
· 1

M2p

holds for all x ∈
⋃
i∈{1,...,M2d} (Ci,2)0

1/M2p+2. The network value is bounded by

|f̂deep,P2(x)| ≤ 1 +

(
‖f‖Cq([−a,a]d) · e(Md−1)

+ (4 + 2 · dede) · (Md − 1) · e(Md−2)

)
· e2ad

for all x ∈ [−a, a)d.
f̂deep,P2 satis�es the weight constraint:∥∥∥vf̂deep,P2

∥∥∥
∞
≤ ec39·(Md+d)·2(q+1),

where c39 = c39(f).

As in Kohler and Langer (2021), auxiliary networks are required to prove these results.
We introduce the auxiliary networks with weight constraints and modify parts of the
proofs accordingly.
In the construction of our network we will compose smaller subnetworks to successively

build the �nal network. Here instead of using an additional layer, we "merge" the weights
of both networks f and g to de�ne f ◦ g. The following lemma clari�es this idea and
derives appropriate weight constraints:
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Lemma 15 Let f0 : Rk → R be a neural network of the class F(L, r) with weight vector

v0 and let f1, . . . , fk : Rd → R be neural networks of class F(L̄, r̄) with weight vectors

v1, . . . ,vk. Denote by v̄ the vector that contains (vj)j∈{1,...,k}.
Then the network f = f0(f1, . . . , fk) has L+ L̄ layers and at most max{k · r̄, r} neurons.

a) In general v satis�es the constraints

‖v‖∞ ≤ max
{
‖v0‖∞ , ‖v̄‖∞ ,

∥∥∥(v0)(0)
∥∥∥
∞
·
(
k
∥∥∥(v̄)(L̄)

∥∥∥
∞

+ 1
)}

.

b) If (vj)
(L̄)
1,0 = 0 for all j ∈ {1, . . . , k}, v satis�es :

‖v‖∞ ≤ max
{
‖v0‖∞ , ‖v̄‖∞ ,

∥∥∥(v0)
(0)
i,j>0

∥∥∥
∞
·
∥∥∥(v̄)

(L̄)
1,j>0

∥∥∥
∞

}
.

c) If additionally to (vj)
(L̄)
1,0 = 0 for all j ∈ {1, . . . , k}, we have

∥∥∥(v0)
(0)
i,j>0

∥∥∥
∞
≤ 1 or∥∥∥(v̄)

(L̄)
i,j>0

∥∥∥
∞
≤ 1, then v satis�es

‖v‖∞ ≤ max {‖v0‖∞ , ‖v̄‖∞} .

Proof. The network f = f0(f1, . . . , fk) is recursively de�ned as follows

f(x) =

r∑
i=1

(v0)
(L)
1,i f

(L̄+L)
i (x) + (v0)

(L)
1,0 ,

where for l ∈ {2, . . . , L} the outputs of the neurons f (L̄+l)
i are recursively de�ned by

f
(L̄+l)
i (x) = σ

 r∑
j=1

(v0)
(l−1)
i,j f

(L̄+l−1)
j (x) + (v0)

(l−1)
i,0


for i ∈ {1, . . . , r}. In layer L̄, the e�ect of "merging" the networks together becomes
apparent and we can see that layer L̄ the network f = f0(f1, . . . , fk) consists of k · r̄
neurons:

f
(L̄+1)
i (x) = σ

 k∑
j=1

(v0)
(0)
i,j fj(x) + (v)

(0)
i,0


= σ

 k∑
j=1

(v0)
(0)
i,j ·

(
r̄∑
l=1

(vj)
(L̄)
1,l · f

(L̄)
j,l (x) + (vj)

(L̄)
1,0

)
+ (v0)

(0)
i,0


= σ

 k∑
j=1

r̄∑
l=1

(v0)
(0)
i,j · (vj)

(L̄)
1,l · f

(L̄)
j,l (x) +

k∑
j=1

(v0)
(0)
i,j · (vj)

(L̄)
1,0 + (v0)

(0)
i,0


(35)
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for i ∈ {1, . . . , r}, where the f (s)
j,i (x) are de�ned by

f
(s)
(j−1)·i+i(x) = f

(s)
j,i (x) = σ

(
r̄∑
l=1

(vj)
(s−1)
i,l f

(s−1)
j,l (x) + (vj)

(s−1)
i,0

)
for j ∈ {1, . . . , k}, s ∈ {1, . . . , L̄} and i ∈ {1, . . . , r̄}. Finally we have

f
(s)
(j−1)·l+l(x) = f

(0)
j,l (x) = x(l).

for j ∈ {1, . . . , k}, l ∈ {1, . . . , d}.
In layers l ∈ {1, . . . L̄− 1}, the weights of f satisfy the same constraints as f1, . . . , fk,

in layers l ∈ {L̄+ 1, . . . , L+ L̄} the weight constraints of f correspond to the constraints
of f0. However, in layer L̄ we have to consider the product of the output weights of fi
for i ∈ {1, . . . , k} and the weights of the input layer of f0, as shown in (35). The weights
there satisfy

|(v0)
(0)
i,j · (vj)

(L̄)
1,l | ≤ max

j∈{1,...,k},l∈{1,...,r}

∣∣∣(v0)
(0)
i,j

∣∣∣ · ∣∣∣(vj)(L̄)
1,l

∣∣∣ ≤ ∥∥∥(v0)(0)
∥∥∥
∞
·
∥∥∥(v̄)(L̄)

∥∥∥
∞

and ∣∣∣∣∣∣
k∑
j=1

(v0)
(0)
i,j · (vj)

(L̄)
1,0 + (v0)

(0)
i,0

∣∣∣∣∣∣ ≤
∥∥∥(v0)(0)

∥∥∥
∞
·

 k∑
j=1

∥∥∥(vj)
(L̄)
∥∥∥
∞

+ 1

 ,

which implies part a) of the assertion.

If, additionally, (vj)
(L̄)
1,0 = 0 for all j ∈ {1, . . . , k}, the latter bound can be re�ned to

|(v)|(L̄)
i,0 =

∣∣∣(v0)
(0)
i,0

∣∣∣ ≤ ∥∥∥(v0)(0)
∥∥∥
∞
.

Since
∥∥(v0)(0)

∥∥
∞ ≤ ‖(v0)‖∞, this case no longer in�uences the upper bound and we can

reduce the third argument of the maximum to
∥∥∥(v0)

(0)
i,j>0

∥∥∥
∞
·
∥∥∥(v̄)

(L̄)
i,j>0

∥∥∥
∞
, which implies

the upper bound of part b) of the assertion.
Part c) follows directly from part b). �
The following lemma presents a neural network, that approximates the square function,

which is essential to build neural networks for more complex tasks.

Lemma 16 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Then

for any R ∈ N and any a ≥ 1 a neural network

f̂sq ∈ F(R, 9)

exists with weight constraints∥∥∥vf̂sq∥∥∥∞ =
∥∥∥(vf̂sq)

(R)
∥∥∥
∞
≤ 4 · a2 and

∥∥∥(vf̂sq)
(0)
∥∥∥
∞
≤ 1,

such that ∣∣∣f̂sq(x)− x2
∣∣∣ ≤ a2 · 4−R

holds for x ∈ [−a, a].
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Proof. This proof follows as in Kohler and Langer (2021). We only modify the parts
required to show the constraints on the weights. In Kohler and Langer (2021) it was
shown that linear combinations of the "tooth" function g : [0, 1]→ [0, 1]

g(x) =

{
2x , x ≤ 1

2

2 · (1− x) , x > 1
2

and the iterated composition function

gs(x) = g ◦ g ◦ · · · ◦ g︸ ︷︷ ︸
s

(x).

can be used to approximate f(x) = x2 for x ∈ [0, 1]. Let SR denote the piecewise linear
interpolation of f with 2R + 1 uniformly distributed breakpoints.
It can be shown that SR(x) is given by

SR(x) = x−
R∑
s=1

gs(x)

22s

and that it satis�es
|SR(x)− x2| ≤ 2−2R−2

for x ∈ [0, 1].
In a third step of their proof Kohler and Langer show, that there exists a feedforward
neural network that computes SR(x) for x ∈ [0, 1]. In order to derive the weight con-
straints we include the construction of this network.
The function g(x) can be implemented by the network:

f̂g(x) = 2 · σ(x)− 4 · σ(x− 1

2
) + 2 · σ(x− 1)

and the function gs(x) can be implemented by a network

f̂gs ∈ F(s, 3)

with
f̂gs(x) = f̂g(f̂g(. . . (f̂g︸ ︷︷ ︸

s

(x))).

Thus we have ∥∥∥vf̂g∥∥∥∞ =
∥∥∥vf̂gs∥∥∥∞ = 4 for all s ∈ N.

Let
f̂id(z) = σ(z)− σ(−z),

and de�ne f̂ tid recursively by

f̂0
id(z) = z (z ∈ R)
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f̂ t+1
id (z) = f̂id(f̂

t
id(z)) (z ∈ R, t ∈ N0),

which implies
f̂ tid(z) = z.

It is easy to see that these networks satisfy∥∥∥vf̂id∥∥∥∞ =
∥∥∥vf̂ tid∥∥∥∞ = 1 for all t ∈ N.

By combining the networks above we can implement the function SR(x) by a network

f̂sq[0,1]
∈ F(R, 7)

recursively de�ned as follows: We set f̂1,0(x) = f̂2,0(x) = x and f̂3,0(x) = 0. Then we set

f̂1,i+1(x) = f̂id(f̂1,i(x)),

f̂2,i+1(x) =
f̂g(f̂2,i(x))

4

and

f̂3,i+1(x) = fid(f̂3,i(x))− f̂g(f̂2,i(x))

4

for i ∈ {0, 1, . . . , R− 2} and

f̂sq[0,1]
(x) = f̂id(f̂1,R−1(x))−

f̂g(f̂2,R−1(x))

4
+ f̂id(f̂3,R−1(x)).

Using the positive homogeneity of the ReLU function, this implies

f̂sq[0,1]
(x) =f̂Rid(x)− 1

22R
f̂gR(x)− f̂id

(
1

22(R−1)
f̂gR−1(x)

−f̂id
(

1

22(R−2)
f̂gR−2(x)− · · · − f̂id

(
1

22
f̂g1(x)

)))
=SR(x),

hence f̂sq[0,1]
(x) satis�es

|f̂sq[0,1]
(x)− x2| ≤ 2−2R−2 (36)

for x ∈ [0, 1]. By construction of f̂sq[0,1]
it is easy to see that its weights satisfy the

constraint ∥∥∥∥vf̂sq[0,1]

∥∥∥∥
∞

=
1

4
·
∥∥∥vf̂g∥∥∥∞ = 1.

In a last step f̂sq[0,1]
is extended to approximate the function f(x) = x2 on the domain

[−a, a]. Therefore ftran : [−a, a]→ [0, 1] is de�ned by

ftran(z) =
z

2a
+

1

2
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to transfers the value of x ∈ [−a, a] in the interval, where (36) holds. Set

f̂sq(x) = 4a2f̂sq[0,1]
(ftran(x))− (2a · f̂Rid(x) + a2)

The extension to the domain [−a, a] only increases the weights of the last layer of the
network, which results in the constraints∥∥∥(vf̂sq)

∥∥∥
∞

=
∥∥∥(vf̂sq)

(R)
∥∥∥
∞
≤ 4 · a2 and

∥∥∥∥(vf̂sq[0,1]
)(0)

∥∥∥∥
∞

=
∥∥∥(vf̂sq)

(0)
∥∥∥
∞
≤ 1.

Since

x2 = 4a2 ·
(
x

2a
+

1

2

)2

− 2ax− a2

we have

|f̂sq(x)− x2|
=|4a2f̂sq[0,1]

(ftran(x))− (2a · f̂Rid(x) + a2)− (4a2 · (ftran(x))2 − 2ax− a2)|

≤4a2 · |f̂sq[0,1]
(ftran(x))− (ftran(x))2|+ 2a|f̂Rid(x)− x|

≤4a2 · 2−2R−2 = a2 · 4−R.

�

Lemma 17 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Then

for any R ∈ N and any a ≥ 1 a neural network

f̂mult ∈ F(R, 18)

exists, whose weights satisfy∥∥∥vf̂mult∥∥∥∞ ≤ 4 · a2,
(
vf̂mult

)(R)

1,0
= 0 and

∥∥∥∥(vf̂mult

)(0)
∥∥∥∥
∞
≤ 1,

such that

|f̂mult(x, y)− x · y| ≤ 2 · a2 · 4−R

holds for all x, y ∈ [−a, a].

Proof. Let
f̂sq ∈ F(R, 9)

be the neural network from Lemma 16, i.e.

f̂sq(x) = 16a2f̂sq[0,1]

(
x

4a
+

1

2

)
− (4a · f̂Rid(x) + 4a2).
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which satis�es
|f̂sq(x)− x2| ≤ 4 · a2 · 4−R

for x ∈ [−2a, 2a] and with weight constraints

∥∥∥∥vf̂sq[0,1]

∥∥∥∥
∞

=
∥∥∥vf̂Rid∥∥∥∞ = 1, and set

f̂mult(x, y) =
1

4
·
(
f̂sq(x+ y)− f̂sq(x− y)

)
=4a2f̂sq[0,1]

(
x+ y

4a
+

1

2

)
− a · f̂Rid(x+ y)

−
(

4a2f̂sq[0,1]

(
x− y

4a
+

1

2

)
− a · f̂Rid(x− y)

)
.

Note that since f̂sq(x + y) and f̂sq(x − y) have the same o�set in the last layer, they

cancel out and we have
(
vf̂mult

)(R)

1,0
= 0. The constraints

∥∥∥vf̂mult∥∥∥∞ = 4 · a2 and∥∥∥∥(vf̂mult

)(0)
∥∥∥∥
∞
≤ 1 follow directly from Lemma 16. Since

x · y =
1

4

(
(x+ y)2 − (x− y)2

)
we have

|f̂mult(x, y)− x · y| ≤ 1

4
·
∣∣∣f̂sq(x+ y)− (x+ y)2

∣∣∣+
1

4
·
∣∣∣(x− y)2 − f̂sq(x− y)

∣∣∣
≤ 1

4
· 2 · 4 · a2 · 4−R

≤ 2 · a2 · 4−R

for x, y ∈ [−a, a]. �

Lemma 18 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Then

for R ∈ N, R ≥ log4

(
2 · 42·d · a2·d) and any a ≥ 1 a neural network

f̂mult,d ∈ F(R · dlog2(d)e, 18d),

which satis�es∥∥∥vf̂mult,d∥∥∥∞ ≤ 4 · 42d · a2d,
(
vf̂mult,d

)(R·dlog2(d)e)

1,0
= 0 and∥∥∥∥(vf̂mult,d

)(0)
∥∥∥∥
∞
≤ 1,

exists such that ∣∣∣∣∣f̂mult,d(x)−
d∏
i=1

x(i)

∣∣∣∣∣ ≤ 44d+1 · a4d · d · 4−R

holds for all x ∈ [−a, a]d.
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Proof. We set q = dlog2(d)e. The feedforward neural network f̂mult,d with L = R · q
hidden layers and r = 18d neurons in each layer is constructed as follows: Set

(z1, . . . , z2q) =

x(1), x(2), . . . , x(d), 1, . . . , 1︸ ︷︷ ︸
2q−d

 . (37)

In the construction of our network we will use the network f̂mult of Lemma 17, which
satis�es

|f̂mult(x, y)− x · y| ≤ 2 · (4dad)2 · 4−R (38)

and ∥∥∥vf̂mult∥∥∥∞ ≤ 4 · 42da2d,
(
vf̂mult

)(R)

1,0
= 0 and

∥∥∥∥(vf̂mult

)(0)
∥∥∥∥
∞
≤ 1

for x, y ∈ [−4dad, 4dad]. In the �rst R layers we compute

f̂mult(z1, z2), f̂mult(z3, z4), . . . , f̂mult(z2q−1, z2q),

which can be done by R layers of 18 ·2q−1 ≤ 18 ·d neurons. E.g., in case in case zl = x(d)

and zl+1 = 1 we have
f̂mult(zl, zl+1) = f̂mult(x

(d), 1).

As a result of the �rst R layers we get a vector of outputs which has length 2q−1. Next
we pair these outputs and apply f̂mult again. This procedure is continued until there is
only one output left. Therefore we need L = Rq hidden layers and at most 18d neurons
in each layer.

By (38) and R ≥ log4

(
2 · 42·d · a2·d) we get for any l ∈ {1, . . . , d} and any z1, z2 ∈

[−(4l − 1) · al, (4l − 1) · al]

|f̂mult(z1, z2)| ≤ |z1 · z2|+ |f̂mult(z1, z2)− z1 · z2| ≤ (4l − 1)2a2l + 1 ≤ (42l − 1) · a2l.

From this we get successively that all outputs of layer l ∈ {1, . . . , q− 1} are contained in

the interval [−(42l − 1) · a2l , (42l − 1) · a2l ], hence in particular they are contained in the
interval [−4dad, 4dad] where inequality (38) does hold.

De�ne f̂2q recursively by

f̂2q(z1, . . . , z2q) = f̂mult(f̂2q−1(z1, . . . , z2q−1), f̂2q−1(z2q−1+1, . . . , z2q))

and
f̂2(z1, z2) = f̂mult(z1, z2).

The constraints

∥∥∥∥(vf̂mult,d

)(0)
∥∥∥∥
∞
≤ 1 and

(
vf̂mult

)(R)

1,0
= 0 follow directly from Lemma

17, since f̂mult,d is a repeated composition of f̂mult. Note that our construction of f̂mult
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satis�es the special case of Lemma 15, i.e.
(
vf̂mult

)(R)

1,0
= 0 and further

∥∥∥∥(vf̂mult

)(0)
∥∥∥∥
∞
≤

1.
Applying Lemma 15 b) we get for the repeated composition of f̂mult:∥∥∥vf̂mult,d∥∥∥∞ ≤

∥∥∥∥(vf̂mult

)(0)
∥∥∥∥
∞
·
∥∥∥∥(vf̂mult

)(R)
∥∥∥∥
∞
≤ 4 · 42d · a2d.

The rest of the proof follows analogously to the proof of Lemma 8 in Kohler and Langer
(2021).

�

Lemma 19 Let m1, . . . ,m(d+Nd ) denote all monomials in PN for some N ∈ N. Let

r1, . . . , r(d+Nd ) ∈ R, de�ne

p
(
x, y1, . . . , y(d+Nd )

)
=

(d+Nd )∑
i=1

ri · yi ·mi(x), x ∈ [−a, a]d, yi ∈ [−a, a]

and set r̄(p) = max
i∈{1,...,(d+Nd )} |ri|. Let σ : R → R be the ReLU activation function

σ(x) = max{x, 0}. Then for any a ≥ 1 and

R ≥ log4(2 · 42·(N+1) · a2·(N+1)) (39)

a neural network f̂p ∈ F(L, r) with L = R · dlog2(N + 1)e and r = 18 · (N + 1) ·
(
d+N
d

)
exists, whose weights satisfy∥∥∥∥(vf̂p

)(0)
∥∥∥∥
∞
≤ 1,

(
vf̂p

)(R)

1,0
= 0 and

∥∥∥vf̂p∥∥∥∞ ≤ 4 · r̄(p) · 42(N+1) · a2(N+1),

such that∣∣∣f̂p (x, y1, . . . , y(d+Nd )

)
− p

(
x, y1, . . . , y(d+Nd )

)∣∣∣ ≤ c40 · r̄(p) · a4(N+1) · 4−R

for all x ∈ [−a, a]d, y1, . . . , y(d+Nd ) ∈ [−a, a], where c40 depends on d and N .

Proof. A neural network f̂m is constructed in order to approximate

y ·m(x) = y ·
d∏

k=1

(
x(k)

)rk
, x ∈ [−a, a]d, y ∈ [−a, a],

where m ∈ PN and r1, . . . , rd ∈ N0 with r1 + · · · + rd ≤ N . Note that Lemma 18 can
easily be extended to monomials. We set d by N + 1 and thus get a network

f̂m ∈ F(R · dlog2(N + 1)e, 18 · (N + 1))
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whose weights satisfy ∥∥∥vf̂m∥∥∥∞ ≤ 4 · 42(N+1) · a2(N+1).

We then set f̂p =
∑(d+Nd )

i=1 ri · f̂mi(x, yi), which increases the weight constraint by a

factor r̄(p). The weight constraints

∥∥∥∥(vf̂p

)(0)
∥∥∥∥
∞
≤ 1 and

(
vf̂p

)(R)

1,0
= 0 follow directly

from Lemma 18. The rest of the proof follows as in the proof of Lemma 5 of Kohler and
Langer (2021). �

Lemma 20 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Let

R ∈ N. Let a,b ∈ Rd with

b(i) − a(i) ≥ 2

R
for all i ∈ {1, . . . , d}

and let

K1/R =
{
x ∈ Rd : x(i) /∈ [a(i), a(i) + 1/R) ∪ (b(i) − 1/R, b(i))

for all i ∈ {1, . . . , d}
}
.

a) Then the network

f̂ind,[a,b)(x) = σ

(
1−R ·

d∑
i=1

(
σ

(
a(i) +

1

R
− x(i)

)
+σ

(
x(i) − b(i) +

1

R

)))
of the class F(2, 2d) satis�es the weight constraint∥∥∥vf̂ind,[a,b)

∥∥∥
∞
≤ max

{
‖a‖∞ +

1

R
, ‖b‖∞ +

1

R
,R

}
,

as well as∥∥∥∥(vf̂ind,[a,b)

)(0)

i,j>0

∥∥∥∥
∞

= 1,
(
vf̂ind,[a,b)

)(2)

1,0
= 0 and

∥∥∥∥(vf̂ind,[a,b)

)(2)

1,i>0

∥∥∥∥
∞

= 1.

For x ∈ K1/R we have

f̂ind,[a,b)(x) = 1[a,b)(x)

and ∣∣∣f̂ind,[a,b)(x)− 1[a,b)(x)
∣∣∣ ≤ 1
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for x ∈ Rd.
b) Let |s| ≤ R. Then the network

f̂test(x,a,b, s) = σ

(
f̂id(s)−R2 ·

d∑
i=1

(
σ

(
a(i) +

1

R
− x(i)

)
+σ

(
x(i) − b(i) +

1

R

)))
− σ

(
− f̂id(s)−R2 ·

d∑
i=1

(
σ

(
a(i) +

1

R
− x(i)

)
+σ

(
x(i) − b(i) +

1

R

)))
of the class F(2, 2 · (2d+ 2)) satis�es the weight constraint∥∥∥vf̂test∥∥∥∞ ≤ R2,

as well as∥∥∥∥(vf̂test

)(0)

i,j>0

∥∥∥∥
∞

= 1,
(
vf̂test

)(2)

1,0
= 0 and

∥∥∥∥(vf̂test

)(2)

1,i>0

∥∥∥∥
∞

= 1.

For x ∈ K1/R f̂test(x,a,b, s) satis�es

f̂test(x,a,b, s) = s · 1[a,b)(x)

and ∣∣∣f̂test(x,a,b, s)− s · 1[a,b)(x)
∣∣∣ ≤ |s|

for x ∈ Rd.

Proof. The weight constraints can easily be seen in the de�nition of f̂ind,[a,b) and f̂test,
the proof of the approximation bounds can be found in the proof of Lemma 6 in Kohler
and Langer (2021). �

Lemma 21 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Let

R > 0, B ∈ N and

f̂ind,[j,∞)(z) = R · σ(z − j)−R · σ
(
z − j − 1

R

)
∈ F(1, 2)

for j ∈ {1, . . . , B}. Then the neural network

f̂trunc(z) =
B∑
j=1

f̂ind,[j,∞)(z) ∈ F(1, 2B)
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satis�es ∥∥∥vf̂trunc∥∥∥∞ ≤ max

{
R,B +

1

R

}
,

more speci�cally the network has no o�set in its last layer, i.e.
(
vf̂trunc

)(1)

1,0
= 0, and

satis�es

∥∥∥∥(vf̂trunc

)(0)

i,j>0

∥∥∥∥
∞

= 1 and

∥∥∥∥(vf̂trunc

)(1)

i,j>0

∥∥∥∥
∞

= R.

Further, f̂trunc satis�es

f̂trunc(z) = bzc

for z ∈ [0, B + 1) and min{|z − j| : j ∈ N} ≥ 1/R.

Proof. The weight constraints can easily be derived from the de�nition of f̂trunc, the
proof of the approximation bounds can be found in the proof of Lemma 13 in Kohler and
Langer (2021). �
In the proof of Lemma 14 every function of φ1,2Md+1 is computed by a neural net-

work. In particular, the indicator functions in φ2,j , φ
(l)
3,j and φ

(l)
4,j (j ∈ {1, . . . ,Md}, l ∈

Nd0, ‖l‖1 ≤ q) are computed by Lemma 20 a), while we apply the identity network to

shift the computed values from the previous step. The functions φ
(l)

3,Md+j
and φ

(l)

4,Md+j
are then computed according to their de�nition above Lemma 13, while we again use
the identity network to shift values in the next hidden layers. For the functions φ5,Md+j

and φ
(l)

6,Md+j
we use the network of Lemma 20 b) to successively compute (CP2(x))left

and the derivatives on the cube CP2(x). The �nal Taylor polynomial in φ1,2Md+1 is then
approximated with the help of Lemma 19.
Proof of Lemma 14. In the �rst step of the proof we describe how φ1,2Md+1 of Lemma
13 can be approximated by neural networks. In the construction we will use the network
f̂ind,[a,b) ∈ F(2, 2d) and the network f̂test ∈ F(2, 2 · (2d + 2)) of Lemma 20. Here we
set R = BM = M2p+2 in Lemma 20, such that the weights of the network satisfy the
constraints ∥∥∥vf̂ind∥∥∥∞ ≤M2p+2 and

∥∥∥vf̂test∥∥∥∞ ≤M4p+4.

For some vector v ∈ Rd we set

v · f̂ind,[a,b)(x) =
(
v(1) · f̂ind,[a,b)(x), . . . , v(d) · f̂ind,[a,b)(x)

)
.

Furthermore we use the networks

f̂trunc,i ∈ F(1, 2 · (4 + 2dede)), (i ∈ {1, . . . ,Md − 1})

of Lemma 21. Here we choose

R = RM,i = (4 + 2dede)Md−i−1 and B = 4 + 2dede
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in Lemma 21, which implies∥∥∥vf̂trunc∥∥∥∞ ≤ max

{
R,B +

1

R

}
≤ 4 + 2dede+ (4 + 2dede)Md

. (40)

To compute the �nal Taylor polynomial we use the network

f̂p ∈ F
(
BM,p · dlog2(max{q + 1, 2})e, 18 · (q + 1) ·

(
d+ q

d

))
from Lemma 19 satisfying∥∥∥vf̂p∥∥∥∞ ≤ 4 · r̄(p) · 42(q+1) ·

(
2 ·max

{
‖f‖Cq([−a,a]d), a

}
· e(Md−1)

+ (4 + 2dede) · (Md − 1) · e(Md−2)

)2(q+1)

,

and ∣∣∣∣f̂p(z, y1, . . . , y(d+qq )

)
− p

(
z, y1, . . . , y(d+qq )

)∣∣∣∣
≤ c41 · (6 + 2dede)4(q+1) · r̄(p) ·

(
max

{
‖f‖Cq([−a,a]d), a

})4(q+1)

·Md·4·(q+1) · e4(q+1)·(Md−1) · 4−BM,p (41)

for all z(1), . . . , z(d), y1, . . . , y(d+qd ) contained in[
−2 ·max

{
‖f‖Cq([−a,a]d), a

}
· e(Md−1) + (4 + 2dede) · (Md − 1) · e(Md−2),

2 ·max
{
‖f‖Cq([−a,a]d), a

}
· e(Md−1) + (4 + 2dede) · (Md − 1) · e(Md−2)

]
,

where

R = BM,p =
⌈
log4

(
M2p+4·d·(q+1) · e4·(q+1)·(Md−1)

)⌉
.

A polynomial of degree zero is treated as a polynomial of degree 1, where we choose ri = 0
for all coe�cients greater than zero. Thus we substitute log2(q + 1) by log2(max{q +

1, 2}) in the de�nition of L in Lemma 19. To compute φ1,j ,φ2,j , φ
(l)
3,j and φ

(l)
4,j for j ∈

{0, . . . ,Md} and each l ∈ Nd0 with ‖l‖1 ≤ q we use the networks

φ̂1,0 =
(
φ̂

(1)
1,0, . . . , φ̂

(d)
1,0

)
= x

φ̂2,0 =
(
φ̂

(1)
2,0, . . . , φ̂

(d)
2,0

)
= 0,

φ̂
(l)
3,0 = 0 and φ̂

(l)
4,0 = 0.
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for l ∈ Nd0 with ‖l‖1 ≤ q. For j ∈ {1, . . . ,Md} we set

φ̂1,j = f̂2
id

(
φ̂1,j−1

)
,

φ̂2,j = (Cj,1)left · f̂ind,Cj,1(φ̂1,j−1) + f̂2
id(φ̂2,j−1),

φ̂
(l)
3,j = (∂lf)((Cj,1)left) · f̂ind,Cj,1(φ̂1,j−1) + f̂2

id(φ̂
(l)
3,j−1),

φ̂
(l)
4,j = b

(l)
j · f̂ind,Cj,1(φ̂1,j−1) + f̂2

id(φ̂
(l)
4,j−1)

for l ∈ Nd0 with ‖l‖1 ≤ q.

It is easy to see that this parallelized network needs 2Md hidden layers and 2d + d ·
(2d+ 2) + 2 ·

(
d+q
d

)
· (2d+ 2) neurons per layer, where we have used the fact that we have(

d+q
d

)
di�erent vectors l ∈ Nd0 satisfying ‖l‖1 ≤ q.

To compute φ1,Md+j ,φ5,Md+j and φ
(l)

6,Md+j
for j ∈ {1, . . . ,Md} and

φ2,Md+j , φ
(l)

3,Md+j
and φ

(l)

4,Md+j
for j ∈ {1, . . . ,Md − 1} we use the networks

φ̂1,Md+j = f̂2
id

(
φ̂1,Md+j−1

)
, j ∈ {1, . . . ,Md}

φ̂2,Md+j = f̂2
id

(
φ̂2,Md+j−1 + ṽj+1

)
φ̂

(l)

3,Md+j
= f̂id

(
f̂id

( ∑
s∈Nd0

‖s‖1≤q−‖l‖1

φ̂
(l+s)

3,Md+j−1

s!
· (ṽj+1)s

)

+
(
f̂trunc,j

(
(4 + 2 · dede) · φ̂(l)

4,Md+j−1

)
−dede − 2

)
· c36 ·

(
2a

M2

)p−‖l‖1 )
,

φ̂
(l)

4,Md+j
= f̂id

(
f̂id

(
(4 + 2 · dede) · φ̂(l)

4,Md+j−1

)
−f̂trunc,j

(
(4 + 2 · dede) · φ̂(l)

4,Md+j−1

))
for j ∈ {1, . . . ,Md − 1}.
Further we set

φ̂
(k)

5,Md+j
= f̂test

(
φ̂1,Md+j−1, φ̂2,Md+j−1,

φ̂2,Md+j−1 +
2a

M2
· 1, φ̂(k)

2,Md+j−1

)
+ f̂2

id

(
φ̂

(k)

5,Md+j−1

)
(42)

and

φ̂
(l)

6,Md+j
= f̂test

(
φ̂1,Md+j−1, φ̂2,Md+j−1,
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φ̂2,Md+j−1 +
2a

M2
· 1, φ̂(l)

3,Md+j−1

)
+ f̂2

id

(
φ̂

(l)

6,Md+j−1

)
, (43)

where φ̂5,Md =
(
φ̂

(1)

5,Md , . . . , φ̂
(d)

5,Md

)
= 0 and φ̂

(l)

6,Md = 0 for each l ∈ Nd0 with ‖l1‖ ≤ q.
Again it is easy to see, that this parallelized and composed network needs 4Md hidden

layers and has width r with

r = 10d+ 4d2 + 2 ·
(
d+ q

d

)
·
(

2 · (4 + 2dede) + 5 + 2d
)
.

Choose l1, . . . , l(d+qd ) such that{
l1, . . . , l(d+qd )

}
=
{

s ∈ Nd0 : ‖s‖1 ≤ q
}

holds. The value of φ1,2Md+1 can then be computed by

φ̂1,2Md+1 = f̂p

(
z, y1, . . . , y(d+qd )

)
, (44)

where

z = φ̂1,2Md − φ̂5,2Md

and

yv = φ̂
(lv)

6,2Md

for v ∈
{

1, . . . ,
(
d+q
d

)}
. The coe�cients r1, . . . , r(d+qd ) in Lemma 19 are chosen as

ri =
1

li!
, i ∈

{
1, . . . ,

(
d+ q

d

)}
,

i.e. r̄(p) ≤ 1. The �nal network φ̂1,2Md+1 is then contained in the class

F(4Md +BM,p · dlog2(max{q + 1, 2})e, r)

with

r = max

{
10d+ 4d2 + 2 ·

(
d+ q

d

)
·
(

2 · (4 + 2dede) + 5 + 2d
)
,

18 · (q + 1) ·
(
d+ q

d

)}
and we set

f̂deep,P2(x) = φ̂1,2Md+1.
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Note that the repeated composition of f̂id and f̂ind,Cj,1 does not a�ect any weight con-
straints, since both networks have no o�set in their respective output layers and the
weights used in the input and output (i.e. last) layers are bounded by 1 respectively,
such that Lemma 15 c) is applicable. This also holds for the repeated composition of f̂id

and f̂test. Since
∥∥∥vf̂ tid∥∥∥∞ = 1, we have

∥∥∥vφ̂1,j

∥∥∥
∞

= 1 for j ∈ {1, . . . , 2Md}.
From Lemma 20, ((Cj,1)left) < a, the conditions on M and since by de�nition ṽj+1

has entries in {0, 2a
M2 }, we conclude that φ̂2,j satis�es the weight constraint

∥∥∥vφ̂2,j

∥∥∥
∞
≤

max
{
a+ 1

BM
, BM

}
≤M2p+2 for j ∈ {1, . . . , 2Md}.

Analogously, we can derive the weight constraints for φ̂
(l)
3,j and φ̂

(l)
4,j :∥∥∥∥vφ̂(l)

3,j

∥∥∥∥
∞
≤ max

{
‖f‖Cq([−a,a]d), a+

1

BM
, BM

}
≤M2p+2 + c42(f),

respectively for φ̂
(l)
4,j , we have∥∥∥∥vφ̂

(l)
4,j

∥∥∥∥
∞
≤ max

{
a+

1

BM
, BM

}
≤M2p+2 and

∥∥∥∥∥
(

v
φ̂

(l)
4,j

)(0)

1,i>0

∥∥∥∥∥
∞

= 1,

(
v
φ̂

(l)
4,j

)(2j)

1,0

= 0 and

∥∥∥∥∥
(

v
φ̂

(l)
4,j

)(2j)

1,i>0

∥∥∥∥∥
∞

≤ 1, where we have used

Lemma 20 and that by de�nition

b
(l)
i ∈ [0, 1].

Note that by construction
(
vφ̂

2,2Md

)(4Md)

1,0
= 0 and

∥∥∥∥(vφ̂
2,2Md

)(4Md)
∥∥∥∥
∞
≤ 1. Since we

have

∥∥∥∥∥
(

v
φ̂

(l)
4,j

)(2Md)

1,i>0

∥∥∥∥∥
∞

≤ 1,

∥∥∥∥(vf̂trunc

)(0)

1,i>0

∥∥∥∥
∞

= 1 and

(
v
φ̂

(l)
4,j

)(2j)

1,0

= 0 by Lemma 15 c)

the composition of f̂trunc and φ̂
(l)
4,j does not a�ect the weight constraints. Thus φ̂

(l)

3,Md+j

and φ̂
(l)

4,Md+j
satisfy the constraint given in (40), i.e.∥∥∥∥vφ̂(l)

3,Md+j

∥∥∥∥
∞

=

∥∥∥∥vφ̂(l)

4,Md+j

∥∥∥∥
∞
≤ 4 + 2dede+ (4 + 2dede)Md

+ (c36 + 1) ·M2p+2.

By Lemma 20 a) and the previously stated weight constraints for φ̂1,Md+j , φ̂2,Md+j and

φ̂3,Md+j , we have∥∥∥vφ̂
5,Md+j

∥∥∥
∞
≤M4p+4,

∥∥∥∥(vφ̂
5,Md+j

)(2Md+2j)
∥∥∥∥
∞
≤ 1,

(
vφ̂

5,Md+j

)(2Md+2j)

1,0
= 0 and∥∥∥vφ̂

6,Md+j

∥∥∥
∞
≤ max

{
M4p+4,

∥∥∥∥vφ̂(l)

3,Md+j

∥∥∥∥
∞

}
≤ 4 + 2dede+ (4 + 2dede)Md

+ (c36 + 1) ·M4p+4,∥∥∥∥(vφ̂
6,Md+j

)(2Md+2j)
∥∥∥∥
∞
≤ 1,

(
vφ̂

6,Md+j

)(2Md+2j)

1,0
= 0.
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To derive the weight constraints for the �nal network f̂deep,P2(x), note that using the

previously stated constraints for the weights of φ̂1,2Md , φ̂5,2Md and φ̂6,2Md as well as

Lemma 19, we know that the composition of f̂p and φ̂1,2Md−φ̂5,2Md ful�lls the conditions
of Lemma 15 c). This results in∥∥∥vf̂deep,P2

∥∥∥
∞
≤ max{4 · 42(q+1) ·

(
2 ·max

{
‖f‖Cq([−a,a]d), a

}
· e(Md−1) + (4 + 2dede)

·(Md − 1) · e(Md−2)
)2(q+1)

, (c36 + 1) ·M4p+4

}
≤
(
c43(f) · eMd−1 ·

(
6 + 2dede

)
·Md

)2(q+1)
+ (c36 + 1) ·M4p+4

≤ ec44(f)·(p+1)·Md

The rest of the proof follows as in Kohler and Langer (2021). �

A.2.3. Key step 3: Approximating wP2(x) · f(x) by deep neural networks

In order to approximate f(x) in supremum norm, a neural network that approximates
wP2(x) · f(x), where wP2(x) is de�ned as in (33), is required. The construction of such
a network is given in the following three results.

Lemma 22 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Let

1 ≤ a <∞ and M ∈ N0 su�ciently large (independent of the size of a, but

M2p ≥ 24(q+1) ·max{c45(6 + 2dede)4(q+1), c36 · ed}

·
(

max
{
a, ‖f‖Cq([−a,a]d)

})4(q+1)

must hold). Let p = q + s for some q ∈ N0, s ∈ (0, 1] and let C > 0. Let f : Rd → R be

a (p, C)-smooth function and let wP2 be de�ned as in (33). Then there exists a network

f̂ ∈ F (L, r)

with

L =5Md +
⌈
log4

(
M2p+4·d·(q+1) · e4·(q+1)·(Md−1)

)⌉
· dlog2(max{q, d}+ 1)e

+ dlog4(M2p)e

and

r = max

{
10d+ 4d2 + 2 ·

(
d+ q

d

)
·
(

2 · (4 + 2dede) + 5 + 2d
)
,

18 · (q + 1) ·
(
d+ q

d

)}
+ 6d2 + 20d+ 2.

which satis�es ∥∥∥vf̂∥∥∥∞ ≤ ec46(f)·(p+1)·Md
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such that ∣∣∣f̂(x)− wP2(x) · f(x)
∣∣∣ ≤ c47 ·

(
max

{
2a, ‖f‖Cq([−a,a]d)

})4(q+1)
· 1

M2p

for x ∈ [−a, a)d.

Further auxiliary lemmata are required to show this result. First, it is shown that each
weight wP2(x) can also be approximated by a very deep neural network.

Lemma 23 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Let

1 ≤ a <∞ and M ≥ 44d+1 · d. Let P2 be the partition de�ned in (29) and let wP2(x) be
de�ned by (33). Then there exists a neural network

f̂wP2
,deep ∈ F (L, r) ,

with

L = 4Md + 1 + dlog4(M2p)e · dlog2(d)e and r = max
{

18d, 4d2 + 10d
}

which satis�es∥∥∥∥vf̂wP2,deep

∥∥∥∥
∞
≤M4p+4,

(
vf̂wP2

,deep

)(L)

1,0

= 0 and

∥∥∥∥∥
(

vf̂wP2
,deep

)(L)

1,j>0

∥∥∥∥∥
∞

≤ 43d+1

such that ∣∣∣f̂wP2
,deep(x)− wP2(x)

∣∣∣ ≤ 44d+1 · d · 1

M2p

for x ∈
⋃
i∈{1,...,M2d}(Ci,2)0

1/M2p+2 and

|f̂wP2,deep
(x)| ≤ 1

for x ∈ [−a, a)d.

Proof. The �rst 4Md hidden layers of f̂wP2
compute the value of

(CP2(x))left

using φ̂5,2Md of Lemma 14 (with d · (2 · (2d + 2) + 2) + 2d neurons per layer) and

shift the value of x in the next hidden layer using the network f̂4Md

id . As stated in

the proof of Lemma 14, φ̂5,2Md has the following weight constraints
∥∥∥vφ̂

5,Md+j

∥∥∥
∞
≤

M4p+4,

∥∥∥∥(vφ̂
5,Md+j

)(2Md+2j)
∥∥∥∥
∞
≤ 1 and

(
vφ̂

5,Md+j

)(2Md+2j)

1,0
= 0. The next hidden

layer then computes the functions(
1− M2

a
·
∣∣∣(CP2(x))

(j)
left +

a

M2
− x(j)

∣∣∣)
+
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=

(
M2

a
·
(
x(j) − (CP2(x))

(j)
left

))
+

−2 ·
(
M2

a
·
(
x(j) − (CP2(x))

(j)
left −

a

M2

))
+

+

(
M2

a
·
(
x(j) − (CP2(x))

(j)
left −

2 · a
M2

))
+

, j ∈ {1, . . . , d},

using the networks

f̂wP2,j
(x) = σ

(
M2

a
·
(
f̂4Md

id (x(j))− φ̂(j)

5,2Md

))
− 2 · σ

(
M2

a
·
(
f̂4Md

id (x(j))− φ̂(j)

5,2Md −
a

M2

))
+ σ

(
M2

a
·
(
f̂4Md

id (x(j))− φ̂(j)

5,2Md −
2 · a
M2

))
with 3d neurons in the last layer. Note that |f̂wP2

,j(x)| ≤ 1 for j ∈ {1, . . . , d}. The

product of wP2,j(x) (j ∈ {1, . . . , d}) can then be computed by the network f̂mult,d(x) of

Lemma 18 for values x ∈ [−1, 1]d, where we choose x(j) = f̂wP2,j
(x) and R = dlog4(M2p)e.

Finally we set

f̂wP2
,deep(x) = f̂mult,d

(
f̂wP2,1

(x), . . . , f̂wP2,d
(x)
)
.

Since by Lemma 18, in this case f̂mult,d satis�es∥∥∥vf̂mult,d∥∥∥∞ ≤ 4 · 42d,
(
vf̂mult,d

)(R·dlog2(d)e)

1,0
= 0 and∥∥∥∥(vf̂mult,d

)(0)
∥∥∥∥
∞
≤ 1

and by construction(
vf̂wP2

,j

)(4Md+1)

1,0

= 0,

∥∥∥∥∥
(

vf̂wP2
,j

)(4Md+1)

1,i>0

∥∥∥∥∥
∞

≤ 2,

∥∥∥∥vf̂wP2
,j

∥∥∥∥
∞

= M4p+4

an application Lemma 15 b) gives us∥∥∥∥vf̂wP2
,deep

∥∥∥∥
∞
≤ max

{∥∥∥∥vf̂wP2
,j

∥∥∥∥
∞
, 42d+1, 2

}
= M4p+4

The rest of the proof follows as in the proof of Lemma 16 in Kohler and Langer (2021).
�
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Lemma 24 Let σ : R → R be the ReLU activation function σ(x) = max{x, 0}. Let

1 ≤ a <∞. Let Ci,2 (i ∈ {1, . . . ,M2d}) be the cubes of partition P2 as described in (29)
and let M ∈ N. Then there exists a neural network

f̂check,deep,P2(x) ∈ F
(

5Md, 2d2 + 6d+ 2
)

satisfying ∥∥∥vf̂check,deep,P2

∥∥∥
∞
≤M4p+4,

∥∥∥∥v(5Md)

f̂check,deep,P2

∥∥∥∥
∞
≤ 1

f̂check,deep,P2(x) = 1⋃
i∈{1,...,M2d} Ci,2\(Ci,2)0

1/M2p+2
(x)

for x /∈
⋃
i∈{1,...,M2d}(Ci,2)0

1/M2p+2\(Ci,2)0
2/M2p+2 and

f̂check,deep,P2(x) ∈ [0, 1]

for x ∈ [−a, a)d.

Proof. The value of (CP1(x))left is computed by the network φ̂2,Md of Lemma 14 with

2Md hidden layers and d · (2d+2) neurons per layer and x is shifted in consecutive layers
by successively applying f̂id ∈ F(1, 2). Furthermore we compute

f1(x) = 1−
∑

i∈{1,...,Md}

1(Ci,1)0
1/M2p+2

(x)

by a network

f̂1,j(x) = f̂2
id(f̂1,j−1)− f̂ind,(Cj,1)0

1/M2p+2
(f̂

2(j−1)
id (x)), j ∈ {1, . . . ,Md},

where f̂1,0 = 1. Here we use again the network f̂ind,[a,b)] from Lemma 20 a with R =
M2p+2. Next we de�ne

φ̄2,Md+j = f̂3
id(φ̂2,Md+j−1 + ṽj+1) ∈ F(2Md + 3j, 2d)

for j ∈ {1, . . . ,Md}. It is easy to see that φ̄2,Md+j satis�es the same weight constraints

as φ̄2,Md+j , i.e.
∥∥∥vφ̂

2,Md+j

∥∥∥
∞
≤M2p+2,which we derived in the proof of Lemma 14 and

by construction we have
(
vφ̄

2,2Md

)(4Md)

1,0
= 0 and

∥∥∥∥(vφ̄
2,2Md

)(4Md)
∥∥∥∥
∞
≤ 1. The value of

1⋃
i∈{1,...,M2d} Ci,2\(Ci,2)0

1/M2p+2
(x)

is then successively computed by

f̂1,Md+j(x)
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= 1− σ
(

1− f̂test
(
f̂

2Md+3(j−1)
id (x), φ̄2,Md+j−1 + ṽj +

1

M2p+2
· 1,

φ̄2,Md+j−1 + ṽj +
2a

M2
· 1− 1

M2p+2
· 1, 1

)
− f̂2

id

(
f̂1,Md+j−1

))
for j ∈ {1, . . . ,Md}, where we use networks f̂test from Lemma 20 b with R = M2p+2 and

which thus satis�es
∥∥∥vf̂test∥∥∥∞ ≤M4p+4).

Finally we set

f̂check,deep,P2(x) = f̂1,2Md(x).

The weight constraints follow again from Lemma 15, arguing in the same way as in the
proof of Lemma 14.

�
In the proof of Lemma 22 we use Lemma 23 to approximate wP2(x) and Lemma 14 to

compute f(x). As in Lemma 7 of Kohler and Langer (2021) we apply a network, that
checks whether x is close to the boundaries of the cubes of the partition.
Proof of Lemma 22. This result follows by a straightforward modi�cation of the proof
of Lemma 7 of Kohler and Langer (2021). Here we use the network f̂deep,P2 of Lemma

14 and f̂check,deep,P2 of Lemma 22 to de�ne

f̂P2,true(x) = σ
(
f̂deep,P2(x)−Btrue · f̂check,deep,P2(x)

)
−σ
(
−f̂deep,P2(x)−Btrue · f̂check,deep,P2(x)

)
,

with

Btrue = 1 +

∣∣∣∣∣
(
‖f‖Cq([−a,a]d) · e(Md−1)

+ (4 + 2 · dede) · (Md − 1) · e(Md−2)

)
· e2ad

∣∣∣∣∣
which satis�es∥∥∥vf̂P2,true

∥∥∥
∞
≤ max

{
Btrue ·

∥∥∥∥v(5Md)

f̂check,deep,P2

∥∥∥∥
∞
,
∥∥∥vf̂deep,P2

∥∥∥
∞
,
∥∥∥vf̂check,deep,P2

∥∥∥
∞

}
≤ ec48·(p+1)·Md

and
(
vf̂P2,true

)(L)

1,0
= 0,

∥∥∥∥(vf̂P2,true

)(L)

1,j>0

∥∥∥∥
∞
≤ 1.

Remark that by successively applying f̂id to the output of the networks f̂deep,P2 and

f̂check,deep,P2 we can achieve that both networks have depth

L = 5Md +
⌈
log4

(
M2p+4·d·(q+1) · e4·(q+1)·(Md−1)

)⌉
· dlog2(max{q + 1, 2})e.
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Furthermore, it is easy to see that this networks needs at most

max

{
10d+ 4d2 + 2 ·

(
d+ q

d

)
·
(

2 · (4 + 2dede) + 5 + 2d
)
,

18 · (q + 1) ·
(
d+ q

d

)}
+ 2d2 + 6d+ 2

neurons per layer. In the de�nition of the �nal network we use the network f̂wP2
,deep of

Lemma 23,and the network f̂mult

f̂mult ∈ F
(⌈

log4

(
M2p

)⌉
, 18
)

of Lemma 17 for

a = 1 +

(
‖f‖Cq([−a,a]d) · e(Md−1) + (4 + 2 · dede) · (Md − 1) · e(Md−2)

)
· e2ad,

which satis�es the constraint∥∥∥vf̂mult∥∥∥∞ ≤ 4 · 42d · a2 ≤ ec49(f).

Again we synchronize the depth of f̂wP2
,deep and f̂P2,true to insure that both networks

have

L̄ = 5Md +
⌈
log4

(
M2p+4·d·(q+1) · e4·(q+1)·(Md−1)

)⌉
· dlog2(max{q, d}+ 1)e

many layers. The �nal network is given by

f̂(x) = f̂mult

(
f̂P2,true(x), f̂wP2

,deep(x)
)
.

By Lemma 23 and by de�nition of f̂P2,true(x), it is easy to see that both networks have
no o�set in their respective output layers, thus Lemma 15 b) is applicable and we get∥∥∥vf̂∥∥∥∞ ≤max

{∥∥∥vf̂mult∥∥∥∞ ,max

{∥∥∥vf̂P2,true

∥∥∥
∞
,

∥∥∥∥vf̂wP2
,deep

∥∥∥∥
∞

}
,

max

{∥∥∥∥(vf̂P2,true

)(L̄)
∥∥∥∥
∞
·
∥∥∥∥(vf̂mult

)(0)
∥∥∥∥
∞
,

∥∥∥∥∥
(

vf̂wP2
,deep

)(L̄)
∥∥∥∥∥
∞

·
∥∥∥∥(vf̂mult

)(0)
∥∥∥∥
∞

}}
≤max

{
ec49(f)·Md

,max

{∥∥∥vf̂P2,true

∥∥∥
∞
,

∥∥∥∥vf̂wP2
,deep

∥∥∥∥
∞

}}
≤ec50·(p+1)·Md

This network is contained in the network class F(L, r) with

L =5Md +
⌈
log4

(
M2p+4·d·(q+1) · e4·(q+1)·(Md−1)

)⌉
· dlog2(max{q, d}+ 1)e
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+ dlog4(M2p)e

and

r = max

{
10d+ 4d2 + 2 ·

(
d+ q

d

)
·
(

2 · (4 + 2dede) + 5 + 2d
)
,

18 · (q + 1) ·
(
d+ q

d

)}
+ 2d2 + 6d+ 2 + max{18d, 4d2 + 10d}.

With the same argument as in the proof of Lemma 10 of Kohler and Langer (2021) we
can show the assertion. �
In a last step of the proof, one has to apply f̂ to slightly shifted partitions. This follows

as in section A.1.12 of Kohler and Langer (2021) and has no e�ect on the weight bounds
that were just derived.
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