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Abstract

Nonparametric regression with random design is considered. The Lo error with in-
tegration with respect to the design measure is used as the error criterion. An over-
parametrized deep neural network regression estimate with logistic activation function
is defined, where all weights are learned by gradient descent. It is shown that the esti-
mate achieves a nearly optimal rate of convergence in case that the regression function
is (p, C')-smooth.
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1 Introduction

1.1 Scope of this paper

Deep learning has achieved tremendous success in applications, e.g., in image classifi-
cation (cf., e.g., Krizhevsky, Sutskever and Hinton (2012)), language recognition (cf.,
e.g., Kim (2014)) machine translation (cf., e.g., Wu et al. (2016)), mastering of games
(cf., e.g., Silver et al. (2017)) or simulation of human conversation (cf., e.g., Zong and
Krishnamachari (2022)). From a theoretical point of view this great success is still a
mystery. In particular, it is unclear why the use of over-parametrized deep neural net-
works, which have much more weights than there are data points, does not lead to an
overfitting of the estimate, and why gradient descent is able to minimize the nonlinear
and non-convex empirical risk in the definition of the estimates in such a way that the
estimates can achieve a small risk for randomly initialized starting values for the weights
of the networks. In a standard regression setting we give answers to these two questions
in the special situation that we want to estimate a (p, C')-smooth regression function.

*Running title: Neural network estimate learned by gradient descent



1.2 Nonparametric regression

We study deep neural networks in the context of nonparametric regression. Here we have
given an R? x R-valued random vector (X,Y") with EY2 < oo, and our goal is to predict
the value of Y given the value of X. Let m(z) = E{Y|X = z} be the so—called regression
function. Then any measurable f : R* — R satisfies

E{IfC) = Y} = B{m(X) - YP} + [ 1£(2) - m(a)*Px(do (1)

(cf., e.g., Section 1.1 in Gyorfi et al. (2002)), hence in view of minimizing the so-called
Lo risk (1) of f the regression function m is the optimal predictor, and the so—called Lo
error

[ 156@) = m(@) PP (dz) (2)

describes how far the Lo risk of a function f is away from its optimal value.

In applications typically the distribution of (X,Y’) and hence also the corresponding
regression function m is unknown. But often it is possible to observe data from the un-
derlying distribution, and the task is to use this data to estimate the unknown regression
function. In view of minimization of the Lo risk of the estimate, here it is natural to use
the Lo error as an error criterion.

In order to introduce this problem formally, let (X,Y), (X1,Y1), ..., (Xn,Yn) be
independent and identically distributed. In nonparametric regression the data set
D, = {(X17Y1)7-"7(Xn7yn)} (3)

is given, and the task is to construct an estimate

mn(-) =mp(-,Dy) : RT = R
such that its Lo error

[ (@) = mia) PP (do)

is small. A systematic introduction to nonparametric regression, its estimates and known
results can be found, e.g., in Gyorfi et al. (2002).

1.3 Rate of convergence

Stone (1982) determined the optimal Minimax rate of convergence of the Ly error in case
of a smooth regression function. Here he considered so-called (p, C')—smooth regression
functions, which are defined as follows.

Definition 1 Let p = q + s for some ¢ € Ng and 0 < s < 1. A function m : R - R
is called (p, C)-smooth, if for every o = (a1, ..., aq) € N& with Z?Zl o = q the partial
derivative 09m/(0x]" ... 0xy") exists and satisfies

dm d9m

_ < (O - —zll®
8x?1...8x3d($) &'E‘f‘l...@xgd(z) S

for all x,z € RY, where || - || denotes the Euclidean norm.



Stone (1982) showed that in case of a (p, C')—smooth regression function the optimal
Minimax rate of convergence for the expected Lo error is

__2p
n 2r+d,

This rate suffers from the so—called curse of dimensionality: If the dimension d is large
compared to the smoothness p of the regression function, the exponent will be close to
zero and the rate of convergence will be rather slow. Since this rate is optimal, the
only way to circumvent this is to impose additional assumptions on the structure of the
regression function. For this, various assumptions exists, e.g., additive models (cf., e.g.,
Stone (1985)), interaction models (cf., e.g., Stone (1994)), single index models (cf., e.g.,
Hérdle, Hall and Ichimura (1993), Hérdle and Stoker (1989), Yu and Ruppert (2002)
and Kong and Xia (2007)) or projection pursuit (cf, e.g., Friedman and Stuetzle (1981)),
where corresponding low dimensional rates of convergence can be achieved (cf., e.g.,
Stone (1985, 1994) and Chapter 22 in Gyorfi et al. (2002)).

1.4 Least squares neural network estimates

One way to estimate a regression function is to define a function space F,, consisting
of functions f : R — R and to use the principle of least squares to select one of its
functions as the regression estimate, i.e., to define

fEFn M 4

RS
my(-) = arg min — Y | f(X;) = Vi[>,
=1
In view of the Lo error of the estimate it is important that the function space is on the
one hand large enough such that a function is contained in it which approximates the
unknown regression function well, and that on the other hand the function space is not

too complex so that the empirical Lo risk
1 n
- Z £ (Xi) — Yil?
i=1

is not too far from the Lo risk for functions in this function space.
One possible way to define such function spaces in case of d large is to use feedforward
neural networks. These function depend on an activation function o : R — R, e.g.,

o(z) = max{z,0}

(so-called ReLU-activation function) or

1

)= e

(so-called logistic activation function).
The most simple form of neural networks are shallow networks, i.e., neural networks
with one hidden layer, in which a simple linear combination of artifical neurons defined



by applying the activation function to a linear combination of the components of the
input is used to define a function f: R4 — R by

K d
F@) =Y ar-o | > Brj-2Y +Bro | + o (4)
k=1

Jj=1

Here K € N is the number of neurons, and the weights ag, e R (k =0,...,K), B ; € R
(k=1,...,K,j=0,...,d) are chosen by the principle of least squares.

The rate of convergence of shallow neural networks regression estimates has been an-
alyzed in Barron (1994) and McCaffrey and Gallant (1994). Barron (1994) proved a
dimensionless rate of n=1/2 (up to some logarithmic factor), provided the Fourier trans-
form of the regression function has a finite first moment, which basically requires that the
function becomes smoother with increasing dimension d of X. McCaffrey and Gallant

(1994) showed a rate of n” TS i case of a (p, C)-smooth regression function, but
their study was restricted to the use of a certain cosine squasher as activation function.

In deep learning neural networks with several hidden layers are used to define classes
of functions. Here a feedforward neural network with L € N hidden layers and ks € N

neurons in the layers s € {1,..., L} is recursively defined by
L L
M@= > w7, (5)
je{l,‘..,k[‘}
where

@) =0 S WSV @) vy | forsed{2,... Ly andi>0
je{l,...,ks,l}
(6)

fi(l)(x) =0 Z wg)j) V) 4 w%) for i > 0. (7)
Je{1,....d}

The rate of convergence of least squares estimates based on multilayer neural networks
has been analyzed in Kohler and Krzyzak (2017), Imaizumi and Fukamizu (2018), Bauer
and Kohler (2019), Suzuki and Nitanda (2019), Schmidt-Hieber (2020) and Kohler and
Langer (2021). One of the main results achieved in this context shows that neural
networks can achieve some kind of dimension reduction under rather general assumptions.
The most general form goes back to Schmidt-Hieber (2020) and can be formalized as
follows:

Definition 2 Let d € N and m : R? — R and let P be a subset of (0,00) x N.

a) We say that m satisfies a hierarchical composition model of level O with order and
smoothness constraint P, if there exists a K € {1,...,d} such that

m(X) = :L'(K) fOT all x = (:L'(l)a s 7$(d))—|— € Rd



b) We say that m satisfies a hierarchical composition model of level | + 1 with order
and smoothness constraint P, if there exist (p, K) € P, C > 0, g : RE — R and
i fx + R — R, such that g is (p,C)-smooth, fi,...,fx satisfy a hierarchical
composition model of level | with order and smoothness constraint P and

m(x) = g(f1(x),..., fx(x)) for all x € RY.

Schmid-Hieber (2020) showed that suitable least squares neural network regression
estimates achieve (up to some logarithmic factor) a rate of convergence of order
2p

max n 2r+K
(p,K)eP

in case that the regression function satisfies a hierarchical composition model of some
finite level with order and smoothness constraint P. Since this rate of convergence does
not depend on the dimension d of X, this results shows that least squares neural network
regression estimates are able to circumvent the curse of dimensionality in case that the
regression function satisfies a hierarchical composition model.

1.5 Learning of neural network estimates

In applications the least squares estimates of the previous subsection cannot be used,
since it is not clear how one can minimize the empirical Lo risk, which is a nonlinear
and non-convex function of the weights. Instead, one uses gradient descent applied to
a randomly chosen starting vector of weights to minimize it approximately. Typically,
here the estimates are over-parameterized, i.e., they use much more weights than there
are data points, so in principle it is possible to choose the weights such that the data
points are interpolated (at least, if the x values are all distinct).

In practice it has been observed, that this procedure leads to estimates which predict
well on new independent test data. There have been various attemps to explain this using
some models for deep learning. E.g., Choromanska et al. (2015) used random matrix
theory to show that in this model of deep learning the so—called landscape hypothesis
is true, which states that the loss surface contains many deep local minima. Other
popular models for deep learning include the neural tangent kernel setting proposed by
Jacot, Gabriel and Hongler (2020) or the meanfield approach (cf., e.g., Mei, Montanari,
and Nguyen (2018)). The problem with studying deep neural networks in equivalent
models is that it is unclear how close the behaviour of the deep networks in the proposed
equivalent model is to the behaviour of the deep networks in the applications, because
they are based on some approximation of the application using e.g. some asymptotic
expansions.

There exits also various articles which study over-parametrized deep neural network
estimates directly in a standard regression setting. Kohler and Krzyzak (2022) showed
that these estimates can achieve a nearly optimal rate of convergence in case that the
regression function is (p,C)-smooth with p = 1/2. Furthermore it was shown there
that these estimates can be modified such that they achieve a dimension reduction in an



interaction model. These results require that a penalized empirical Lo risk is minimized
by gradient descent. That such results also hold without using any regularization by a
penalty term was shown in Drews and Kohler (2023). Again, the estimates achieve a
nearly optimal rate of convergence only in case of a (p,C')—smooth regression function
with p =1/2.

1.6 Main results

In this article we extend the results from Kohler and Krzyzak (2022) and Drews and
Kohler (2023) to the case of a general p € [1/2,00). To do this, we study over-
parametrized deep neural network regression estimates with logistic activation function,
where the values of all the weights are learned by gradient descent, in a standard re-
gression model. We consider a (p,C')-smooth regression function, and we choose as
topology of the neural network a linear combination of many parallel computed deep
neural networks of fixed depth and width. We show that for a suitable initialization of
the weights, a suitably chosen stepsize of the gradient descent, and a suitably chosen
number of gradient descent steps the expected Lo error of our estimates converges to
zero with rate

n" T te
where € > 0 can be chosen as an arbitrary small constant.

In order to prove this result we show three crucial auxiliary results: Firstly, we show
that during gradient descent our estimates stay in a function space which has a finite
complexity (measured by its supremum norm covering number). We achieve this by
showing that the weights remain bounded and consequently the derivatives of the esti-
mate stay bounded, which enables us to bound the covering number using metric entropy
bounds. Secondly, we derive new approximation results for neural networks with bounded
weights, where the bounds fit the upper bounds on the covering number derived by using
the metric entropy bounds. And thirdly, we show that the gradient descent is linked to
a gradient descent applied to a linear Taylor polynomial of our network, and therefore
can be analyzed by techniques develloped for the analysis of gradient descent for smooth
convex functions.

In our theory over-parametrized deep neural networks do not overfit because the
weights remain bounded during training and consequently the networks stay in a function
space of bounded complexity. Furthermore, the gradient descent can find neural networks
which approximate the unknown regression function well since the over-parametrized
structure and the initialization of our network is such that with high probability there is
a network with good approximation properties close to our initial network.

1.7 Discussion of related results

Motivated by the huge success of deep learning in applications, there have been already
quite a few results derived concerning the theoretical analysis of these methods. E.g.,
there exist many results in approximation theory for deep neural networks, see, e.g.,
Yarotsky (2018), Yarotsky and Zhevnerchute (2019), Lu et al. (2020), Langer (2021)



and the literature cited therein. These results show that smooth functions can be ap-
proximated well by deep neural networks and analyze what kind of topology and how
many nonzero weights are necessary to approximate a smooth function up to some given
error. In applications, the functions which one wants to approximate has to be esti-
mated from observed data, which usually contains some random error. It has been also
already analyzed how well a network learned from such noisy data generalizes on new
independent test data. This has been done within the framework of the classical VC
theory (using e.g. the result of Bartlett et al. (2019) to bound the VC dimension of
classes of neural networks) or in case of over-parametrized deep neural networks (where
the number of free parameters adjusted to the observed data set is much larger than the
sample size) by using bounds on the Rademacher complexity (cf., e.g., Liang, Rakhlin
and Sridharan (2015), Golowich, Rakhlin and Shamir (2019), Lin and Zhang (2019),
Wang and Ma (2022) and the literature cited therein). By combining these kind of re-
sults it was possible to analyze the error of least squares regression estimates. Here it
was shown in a series of papers (cf., e.g., Kohler and Krzyzak (2017), Bauer and Kohler
(2019), Schmidt-Hieber (2020) and Kohler and Langer (2021)) that least squares regres-
sion estimates based on deep networks can achieve a dimension reduction in case that the
function to be estimates satisfies a hierarchical composition model, i.e., in case that it
is a composition of smooth functions which do either depend only on a few components
or are rather smooth. This is due to the network structure of deep networks, which
implies that the composition of networks is itself a deep network. Consequently, any
approximation result of some kind of functions by deep networks can be extended to an
approximation result of a composition of such function by a deep network representing a
composition of the approximating networks. And hereby the number of weights and the
depth of the network, which determine the VC dimension and hence the complexity of
the network in case that it is not over-parametrized (cf., Bartlett et al. (2019)), changes
not much. So such a network has the approximation properties and the complexity of a
network for low dimensional predictors and hence can achieve a dimension reduction.

There also exist quite a few results on the optimization of deep neural networks. E.g.,
Zou et al. (2018), Du et al. (2019), Allen-Zhu, Li and Song (2019) and Kawaguchi and
Huang (2019) analyzed the application of gradient descent to over-parameterized deep
neural networks. It was shown in these papers that this leads to neural networks which
(globally) minimize the empirical risk considered. Unfortunately, as was shown in Kohler
and Krzyzak (2021), the corresponding estimates do not behave well on new independent
data.

As pointed out by Kutyniok (2020), it is essential for a theoretical analysis of deep
learning estimates to study simultaneously the approximation error, the generalization
error and the optimization error, and none of the results mentioned above controlls all
these three aspects together.

There exists various approaches where these three things are studied simultaneously in
some equivalent models of deep learning. The most prominent approach here is the neural
tangent kernel setting proposed by Jacot, Gabriel and Hongler (2020). Here instead of a
neural network estimate a kernel estimate is studied and its error is used to bound the
error of the neural network estimate. For further results in this context see Hanin and



Nica (2019) and the literature cited therein. As was pointed out in Nitanda and Suzuki
(2021) in most studies in the neural tangent kernel setting the equivalence to deep neural
networks holds only pointwise and not for the global Ly error, hence from these result
it is not clear how the Lo error of the deep neural network estimate behaves. Nitanda
and Suzuki (2021) were able to analyze the global error of an over-parametrized shallow
neural network learned by gradient descent based on this approach. However, due to
the use of the neural tangent kernel, also the smoothness assumption of the function
to be estimated has to be defined with the aid of a norm involving the kernel, which
does not lead to classical smoothness conditions, which makes it hard to understand the
meaning of the results. Furthermore, their result did not specify how many neurons
the shallow neural network must have, it was only shown that the results hold if this
number of neurons is sufficiently large, and it is not clear whether it must grow, e.g.,
exponentially in the sample size or not. Another approach where the estimate is studied
in some asymptotically equivalent model is the mean field approach, cf., Mei, Montanari,
and Nguyen (2018), Chizat and Bach (2018) or Nguyen and Pham (2020).

The theory presented in this article is an extension of the theory develloped in Braun
et al. (2023), Drews and Kohler (2023, 2024) and Kohler and Krzyzak (2022, 2023).
The basic idea there is that for smooth activation functions the inner weights do not
change much during learning if the stepsizes are sufficiently small and it was shown that
at the same time the outer weights will be chosen suitably by gradient descent. In this
article we extend this theory by showing that in our special topology gradient descent is
also able to learn the inner weights locally, and by deriving a new approximation result
for the approximation of (p, C')-smooth functions by deep neural network with bounded
weights. In fact, it is the new approximation results which is essential to extend the
previous results from (p,C)-smooth regression functions with p = 1/2 to the case of
(p, C')-smooth regression function with general p > 1/2, and it can be shown that the
rate of convergence of this article can also be achieved if only the weights of the output
layer are changed during gradient descent and all other weights keep their initial values
(cf., Remark 1). This approach is related to the so—called random feature networks,
where the inner weights are not learned at all and gradient descent is applied only to
the weights in the output level, cf., e.g., Huang, Chen and Siew (2006) and Rahimi and
Recht (2008a, 2008b, 2009).

1.8 Notation

The sets of natural numbers, real numbers and nonnegative real numbers are denoted
by N, R and Ry, respectively. For z € R, we denote the smallest integer greater than or
equal to z by [2]. The Euclidean norm of z € R? is denoted by ||z||. For a closed and
convex set A C R? we denote by Projaz that element Projaxz € A with

— Proj = mi —z||.
|~ Projaal| = min |1z 2|

For f: R = R
Il = sup |(2)

zeR



is its supremum norm, and we set

[ lloc,a = sup | f ()]
z€A

for A C R?,
A finite collection f1,..., fv : R? = R is called an L, e—covering of F on z7 if for all
fer

1/p
12}1&( Zlf rx) = fj 5Uk)|> <e

hold. The L, e-covering number of F on z7 is the size N of the smallest L, e-covering
of F on z7 and is denoted by N (e, F, zT).
For z € Rand 8 > 0 we define Tz = max{—B, min{3, z}}. If f : R? - R is a function

then we set (Tsf)(x) = Tp (f(x)).

1.9 Qutline

The main result is formulated in Section 2 and proven in Section 3.

2 Estimation of a (p,C)—smooth regression function

Throughout the paper we let o(z) = 1/(1+ e™*) be the logistic squasher. We define the
topology of our neural networks as follows: We let K, L,r € N be parameters of our
estimate and using these parameters we set

K7L
L L
fwle) =D wil) ;- £ (@) (®)
j=1
for some wE’Ll)J, e ,wgﬁ{ x, € R, where fﬁ) = féVLj)l are recursively defined by
l l - -1 -1) -1
fia @) = Ry =0 | Dowiy A5V @) + iy (9)
forsomew,(jzé),... ,(“T)GR(Z 2,...,L) and
0
f]gvll) (‘T) = fW, =0 Z wk g I(c,z),O (10)

for some w/(c(,)z‘),ov . ,w,(c?id e R.

This means that we consider neural networks which consist of K, fully connected
neural networks of depth L and width r computed in parallel and compute a linear
combination of the outputs of these K, neural networks. The weights in the k-th such



network are denoted by (w,(!)Z j)i,j,la where w,(gl’; ; is the weight between neuron j in layer
I and neuron ¢ in layer [ + 1.
We initialize the weights w(®) = ((W(O))](Cl)i)j)k,z‘,j,l as follows: We set
L
(WO, =0 (h=1,...,Ky), (11)

we choose (W(O))g)ij uniformly distributed on [—c1,¢1]if 1 € {1,..., L—1}, and we choose

(W(O)),(g;j uniformly distributed on [—ca-(logn)-n7, ca-(logn)-n"], where c1, ca, 7 > 0 are
parameters of the estimate. Here the random values are defined such that all components
of w(© are independent.

After initialization of the weights we perform ¢,, € N gradient descent steps each with

a step size A, > 0. Here we try to minimize the empirical Lo risk

1 n
Fa(w) =~ > |¥; = fu(X0) (12)
=1
To do this we set
wt) = w0 _ )\ VL F (wED) (t=1,... ). (13)

Finally we define our estimate as a truncated version of the neural network with weight
vector witn) ie., we set

M (2) = T, (ften (2)) (14)

where (3, = c3 -logn and Tgz = max{min{z, 3}, —(} for z € R and 5 > 0.
Our main result is the following bound on the expected Ly error of this estimate.

Theorem 1 Letn € N, let (X,Y), (X1,Yn), ..., (Xn,Ys) be independent and identically
distributed R? x R-valued random variables such that supp(X) is bounded and that

E {604'Y2} < 00 (15)

holds for some cqy > 0. Let p,C > 0 where p = q+ [ for some q € Ny and B € (0, 1] with
p > 1/2, and assume that the regression function m : R* — R is (p, C)-smooth.

Set B, = c3 -logn for some c3 > 0 which satisfies c3-cq4 > 2. Let K,, € N be such that
for some k >0

K, Ky
E%O (n —o00) and n4.7.'(r+1)'(L_1)+7.'(4d+6)+6—>oo (n — o0).
Set
L=logylq+d)]+1, r=2-[2p+d)?], 7=——\ A =_—5
g2q ’ p ’ 2p+d7 n n- K3
and
K,
tn: ’766'18”—‘

10



for some cs,c6 > 0. Let o(x) = 1/(1 + e™7) be the logistic squasher, let c¢1,ca > 0 be
sufficiently large, and define the estimate m, as above.
Then we have for any € > 0:

2 —522te
E [ Imp(z) —m(x)|*Px(dz) < c7-n 2",

Remark 1. By combining the approximation result derived in the proof of Theorem 1
with the proof strategy presented in Kohler and Krzyzak (2022) and Drews and Kohler
(2023) it is possible to show that the rate of convergence in Theorem 1 also holds if the
inner weights are not learned at all and gradient descent is applied only to the weights
in the output level.
Remark 2. It should be easy to extend the above result to interaction models as in
Kohler and Krzyzak (2022) and Drews and Kohler (2023), i.e., to modify the estimate in
Theorem 1 such that it achieves the rate of convergence

n_ﬁ—H
in case that the regression function is given by a (p, C')—smooth interaction model where
each function in the sum depends on at most d* € {1,...,d} of the d components of X.
Remark 3. Tt is an open problem whether the above result can be extended to the case
of an hierarchical composition model.

3 Proof of Theorem 1

Before we present the proof of Theorem 1 we present in separate subsections the key
auxiliary results needed in the proof concerning optimization, approximation and gener-
alization.

3.1 Neural network optimization

Our first lemma is our main tool to analyze gradient descent. In it we relate the gradient
descent of our deep neural network to the gradient descent of the linear Taylor polynomial
of the deep network, and use methods for the analysis of gradient descent applied to
smooth convex functions in order to analyze the latter.

Lemma 1 Let d,J, € N, and for w € R’" let fo, : R — R be a (deep) neural network
with weight vector w. Assume that for each x € R?

w = fw(x)

is a continuously differentiable function on R7n. Let

Faw) = =3 Vi (X0
i=1

11



be the empirical Ly risk of fw, and use gradient descent in order to minimize F,,(w). To
do this, choose a starting weight vector w(©) € R choose 6, > 0 and let

Ac {w eRM : |lw— w?| < 5n}

be a closed and convex set of weight vectors. Choose a stepsize A\, > 0 and a number of
gradient descent steps t, € N and compute

wtD = Proj, (w(t) — An - Van(w(t))>

fort=0,...,t, — 1.
Let C,, D, >0, 8, > 1 and assume

JIn 2

0 0
Y s fwn (@) = s o (@) < O - Wy — W (16)
= Hwd) Hwd)
for allwi,wy € A, x € {Xl, R ,Xn}}
|VwFn(W)|| < Dy, forallw € A, (17)
Yil<B. (i=1,...n) (18)
and
C,-02 < 1. (19)
Let w* € A and assume
|fwr (@) < B (z € {X1,..., Xn}). (20)
Then
* _ wxr(0)]]2 1
- Oy < pwy e W =WOUS o s a2l e
tzo?.l.l,&—lF"(w ) < Fp(w™) + SIS +12-8,-Cy, - 65 + 5 An - Dy

Proof. The basic idea of the proof is to analyze the gradient descent by relating it to
the gradient descent of the linear Taylor polynomial of fy,. To do this, we define for
wo, W € R7% the linear Taylor polynomial of fy(x) around wq by

I of ’ ,
finmoo5) = o) + 3 m () — w)
<

and introduce the empirical Lo risk of this linear approximation of fy by
1< 5
Fn,lin,wo (W) = E Z ’Y; - flin,wo,w(Xi” .

i=1

12



Let a € [0,1] and wy, wy € R7%. Then

flin,wo ,awi+(1—a)-wo (.’L’)

JIn
fon Hzagvv?(gz)v) (a-w? 4+ (1-a) wi) — wi)
In g o A ,
=0 fuol) + (1) (o) S0 el 0
j=1
- 9 fwo (x) () ()
+(1_a) J; ow) (Wl Wo )

= - flm,wo,wl (SC) + (1 - O[) : flin,wO,WQ (l‘),

which implies
Fn,lin,wo (Oé ‘w1 + (1 - a) : W2)
n
= % Z |a : (sz - flin,wo,wl (X’L)) + (1 - Od) : (Y; - flin,wO,WQ(Xi))|2
i—1
<a 'an,lm,wo (Wl) + (1 - a) : Fn,lin,wo (WQ)

Hence Fj, jinw, (W) is as a function of w a convex function.
Because of flmywo,wo (x) = fwo (1’) and walimWo,Wo (.I') = vwfwo (x) we have

n,lin,w(t) (W(t)) = Fn(w(t)) and van,lin,w(t) (W(t)) = Van(W(t))v

hence wtt1) is computed from w(®) by one gradient descent step
W(H_l) = PTOjA (W(t) —An - VWF‘n,lz'n,w(t) (W(t)>>

applied to the convex function F, ,;, o (w). This will enable us to use techniques for
the analysis of the gradient descent for convex functions in order to analyze the gradient
descent applied to the nonconvex function F,(w).

In order to do this we observe

min  F,(w') — F,(w*)

t=0,.. b —1
1 tn—1
< LS (R - Ryw)
" =0
1 tn—1 tn—1
- tn (Fn,lin,w(t) (W(t)) - Fn,lin,w(t) (W*)) + tn Z (Fn,lin,w<t) (W*) - Fn(W*))
" =0 ™ t=0
=: T17n + T27n.
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Next we show that assumption (16) implies

Fol@) = finswow ()| < 5+ Co - 1w = wol
for all x € {Xy,...,X,} and all wo,w € A. To do this, set
H(3) = fwots-(wewp)(x) forse€]0,1].
Let w,wy € A. Then A convex implies
wo+s-(w—wp)=(1—s)-wop+s-wed
for all s € [0, 1], hence we can conclude from (16)

| fw (@) = frin.wo,w(@)]
Jn 9 »
= |fw(x)_fwo(x)_z gv‘;(g.)%.) (W

=1

Jn .
= 1H) -0 =Y el o )

, ow)
]:
! 20 0 fugo () )
— ! _ E : wo () _ wl
_‘ 0 H( )d —~ 8W(j) ( WO )‘

|/ zn: 8fw0+s (w—wp) (‘73) ) (W(J) 7W((]j))d87 zn: afwo(lw) AW

w(]

8fw s (W—w (I‘) afw x ; j
‘/ Z i av\:(g‘)>)'(w(”—w(()j))ds\

! Jn afwo—i-&(w—wo)(x) afwo (‘T)

/ ow) )

8fw s (W—w (.73) 6fw
/\IZ o 8“;5))‘2 Iw = woll ds

s/ VCE Two + 5 (w —wo) — wall? - [w — woll ds
0

[ [wl) = wi| ds

1
1
<Coeflw = wol?+ [ sds =5+ G fw - wol
0

Using (18)—(20) we can conclude for all wy € A

[En (W) = Fotin,wo (W)

14




| /\

*Z‘Y fw* +Y fl'mwo,w* )| ‘fw*( ) flin,wo,w*(Xi)|

| /\

* 1 *
;2:@%%+§"CWHW —wo[[2) - 5+ o [ = wo?

| /\

1
,Z ,.C '452)'5'071'452

glz-ﬁn-on-éﬁ

This proves
Ton <123, -Cp - 02,

and it suffices to show

[w* — w2 1 2
"y —F—+_--\:D,.
ST N, 2 T

(w) together with w* € A implies

(21)

The convexity of F

W(t))

n,lin,w()

n,lin, w(t)( nlzn wi(t) (W )
<<v F lfmwt)( (t))7w(t)_W*>
= < VuFh(w (t))7 w®) —w* >

:2_& 2 < A - Vi Fp(w?), wlt) — w* >
1 . .

= 2N (Hw(t) — W H2 _ Hw(t) —wr = )\n . van(w(t))||2 + ||)‘n . Van(W(t))||2)
1 1

- (I — w2 — lw® — A, ®) —w?) + LA, - ®

g (IO =W P = I A VuFu(w®) =W ) + 5 A [V F(w

1 . , .

< 5 (W0 = w2 = [[Proja (w® = A VuF(w)) = w2

2
1
g A VwFa(w )
1 . . 1
=5 (Hw(t) —w? = W) —w ||2) +3 An - [V En ()12,

This together with (17) implies

tn—1
1 1 1
< - ) ) w12 e D) e [[2 oy OGN
Tin < tntﬁj(Q_An (I = w2 = D = W) + 5 d - [V F(w )]
[w® —w'? 1
1 4.\, D2
S oot 2 M n
which proves (21). O

Next we consider the topology of the deep neural network introduced in Section 2 (cf.,
(8)-(10)) and investigate when the assumptions of Lemma 1 are satisfied.
Our next lemma considers inequality (16) in this case.

15
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Lemma 2 Let o be the logistic squasher. Let a,B,,~) > 1, L,r € N and define the deep
neural network fv : RT — R with weight vector w by (8)-(10). Assume that the weight
vectors w1 and wWo salisfy

L l
|w§71)7k <~ and |w](€7)i’j| < B,

foralll € {1,...,L —1}. Then we have for any x € [—a, a)]?

2
0 0 .
Z o (@) = g fwa ()] <5 Byl ()2 - [lwi — wa?
kgl | OWhii,j Qw4
for some cg = cg(d, L,r,a) > 0.
Proof. We have
2
0
Z fwl( )iifwz(x)
D) 1
k7i7jl 8wl(€ 7 ] 8w’(€7)27j

L L
= Z @)~ 8 @)

(L) 0 L L) 0 L
+ Z Z (w1) 1,1k 0 f\Evl),k,l(x) (W2)§ 1k 0 fv(vQ),m(x)
k=14,4,l:I<L 9 k,i,j 9 ky,j

L
Z 1l€1 - \EVQ)I{,‘l( )‘2

+2. Z Z ’(Wl)gﬁ{k - (W2)§7L1)7k‘ ’ 0 f‘gvll/)k 1( )’2

k=14,j,l:l<L 8Wk,i,
2
)8 2 ) 9 (L)
+2- Z Z } W2 1,1,k ° Ow D) fwl’k 1( ) - aw(l) fw2,k,1(x)
k=1143,l:I<L kz,] k,i,5

The chain rule implies

Ofu
aww 3 1 Z Z fk,y (Z Wit kt ) + wl&,o)
kg si2=1  sp1=1
T
(Zw,a::z,t- 10+ l2)
) t=1
o' ( kl;rlisat fk?l+2 (z) + ]Efl;i)37 ) ”'wlii;%)hSL—z
t=1

16



r
(L-2) (L-2) (L—-2) (L-1)
.0-/ (Z wk7sL71»t ’ kit (x> + wk’sLl’0> . wk’l’sL—l

t=1
. L— L— L—

.OJ (Z w](gvlvtl) ' ]E:t 1) (i’) + w]g’l’ol)) ’ (22)
t=1

where we have used the abbreviations

(0)(x):{ V) ifj e {1,...,d}

ki 1 ifj=0
and l
@ =1 (=1,....L-1).
If fi1, ..., fir are real-valued functions defined on R/» where fi1 is bounded in absolute

value by B;; > 1 and Lipschitz continuous (w.r.t. ||-||«) with Lipschitz constant C;; > 1
(t=1,...,r) then

r L r
D T falwn) = DT fia(wo)l
i=1 =1 i=1 =1
r L j—1 L
<D T vl 1fia(wn) = fawa)l T fia(wa)l
i=1 j=1[=1 I=j+1
L
<r-L- igﬁfrlUIBi,z L Max | max, Ciy - [[w1 — wal|oo-
Using this,
0<o(z)<1 and |o'(z)]=lo(z)-(1—-0(z)) <1
and

< eg-a- (max{2r,d} + 1) B (W)Y )i r— ((w2) ) e

k’z’j 7i7]
<cy-a- or,dv+ 1) - BI-1. O 0 N\
< ¢ a- (max{2r,dp £ 17 By - ((wa)y 3500 = (We)i g 50351

(which can be easily shown by induction on [) we get

2
0 0
Z 7fW1 (1‘) - 7fW2 (37)
] l
ki gl awl(c,)i,j 8“}1(@,)@',3'

<ecio-a?- (2r+d)* - B ||wy — wo?
e -L-(r-(r4d)-r* a2 B,QZL |wy — wol|?
terz- () Lo (- (r+d) -2 (30)2 - at - B - (20 + )P - [lwy — wo|?

17



< 13- ('y;';)z SL3 - (2r + d)4LJr2 . BfLL cat- |lw1 — W2”2.

0
Next we consider inequality (17) in case of the special topology of our networks.

Lemma 3 Let o be the logistic squasher. Let a, B, By, > 1, K,,L,r € N and define
the deep neural network fo : R* — R with weight vector w by (8)-(10), and assume

X;€[—a,a? and |Yi|<B, (i=1,...,n)

and l
<7, and ‘wl(c}i,j’ < By

(L)
|w1,1,k

foralll € {1,...,L —1}. Assume

Then
IVwEuWll < ens- K32 (33 B

n

for some c14 = c14(d, L,r,a) > 0.

Proof. We have
‘fw(aj)’ < K, "Y:w

which implies

IV En(w)|?
2
1 & 9
= Z g 22 : (Yts - fW(XS)) : wa(Xs) : (_1)
kagl|  s=1 8wk,z‘,j
2
*\2 a
<8 (Kn-m) Jmax |5 fw(X5)
kigl 7 awk,i,j
Ky, 5
=8 (Kn73)? (Zsmaxn!ffv,il(Xs)P
k=1~ 7
i ) ) 2
+Z Z JHax AWk 0) farka(Xs) )
k=1ijli<L 77 9 ki, g

§8-(Kn-7:)-<Kn-1
2

)
L (r. Ay ()
HEp o L (re(r4d)7 ()7 max | max PO Forien(Xs) )

k7i7j

18



<8 (K9 (Ko 14 Koo L (- (r 4 ) - (1) 720 - a® - B2E),

where the last inequality follows from (22), the assumptions on the weights and the
bounds on the logistic squasher mentioned in the proof of Lemma 2. O

In order to avoid the projection step in Lemma 1, we use the following localization
lemma for gradient descent proven in Braun et al. (2023).

Lemma 4 Let F : RE — R, be a nonnegative differentiable function. Lett € N, L > 0,
ap € RE and set
1
A=—
L
and
ak-‘rl:ak_)"(vaF)(ak) (ke{oala’t_l})

Assume

I(VaF)(a)| < V2t L-max{F(ao),1} (23)
for all a € RE with ||a — ap|| < /2t -max{F(ag),1}/L, and

[(VaF)(a) = (VaF)(b)[| < L - [la —b] (24)

for all a,b € RE satisfying

||a—ag||§\/8-£-max{F(ao),1} and ]b—a0||§\/S-Z-max{F(aO),l}. (25)

Then we have

llax — ap]| < \/2 . % - (F(ag) — F(ag)) foralke{l,...,t}

and
F(ay) < F(ag—1) forallke{l,... t}.

Proof. See Lemma A.l in Braun et al. (2023) O
Our next lemma helps us to verify the assumption (24) of Lemma 4.

Lemma 5 Let 0 : R — R be the logistic squasher, let fw be defined by (8)-(10), and
let F,, be defined by (12). Let a > 1, v* > 1, B, > 1, and assume X; € [—a,a]?
(t=1,...,n),

L L *
max{|(w1){7 ] [(w2) (74} <78 (=1, K), (26)
max{| (W)l (W)} < B forl=1,...,L—1 (27)
and

Then we have

I(VwF)(wi) = (VwFn) (wa)|| < ers - K2 - BRE - (37)° - lwy — wa .
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Proof. We have

n n 2
= (B v P - 3 (i > (X0) = ¥2) - S <Xs>>

kgl s=1 k,i,j kgl s=1 Wi 4.5
2
<83 e (i) ) S () - ()
= - s=1om aw(l) A S n w2 S Wi S
k,i,7,l k.5 s=1
2
1 & af. of.
+8 = > (Va— fun (X)) D | = (Xe) = — = (X0)
s=1 kgl 8wk,i,j 8wk,z’,j
From the proof of Lemma 2 we can conclude
2
0
> max %(Xs) <c-Kn-L-(r-(r+d)-r*. ()% B .42
.. S:17""n 8w ..
kﬂ/v]vl kﬂﬂ

1 ¢ .
=3 (oK) = Far (X)) S exr - K2+ (3% @r + ) B a - wy — wa?
s=1
and from the proof of Lemma 3 we know

Y= (X)) <4 K2 (2
s=1

And by Lemma 2 we can conclude for any s € {1,...,n}
2
of of .
Do ) - () | <as B ()7 llwy — w2
kgl \ Wk OWpis
Summarizing the above results we get the assertion. ([

By combining the above results we can show our main result concerning gradient
descent.

Theorem 2 Let A > 1, L,r € N and K,, € N. Define the deep neural network fu :
R?Y — R with weight vector w by (8)-(10). Let By, An, By > 1 with B, < K,, and
assume X1,..., X, € [-A, A%, |Yi| < B, (i=1,...,n) and

ci9-Kn > B, and &Z < ¢20.
n

Set .
1
Faw) = -3 1Y~ ful )P
i=1

20



Choose some starting weight vector w©) which satisfies
L ! 0
(W) =0, (W) < By and [(WO)P)] < A,
foralll e {1,...,L —1} and all i,j,k, and set
witth) — w® _ ) . Van(w(t))

fort=0,1,... t, — 1. Set

3
o 02]_ o LK
An = K3-B2L . p and tn = {CQZ'B”B:W '
Let w* € A where
C23
A= {w cw=—wO | < }
vn - Bl

and assume that (20) holds. Then
Fo(w) < F(w*) +caa - Bn - B2L - w* — w2 4 o5 - &
n

Proof. Set
Lp=co-K2-B*.n and C, =cyr- BL,

which implies

1 1
tn')\nzc28'tn'f:629'm and ﬁn'\/tn')\ngcii(]-

n n " Yn '’

Because of (W(O))ng)k = 0 we know Fy,(w(®) < 82, From Lemma 3 and Lemma 5, which
we apply with

Yo =e31+¢32 B Vin A, Bp=Bn+c32-Bn Vin- A

and
An:An+CS2'ﬂn' \/tn')\n

we get that the assumptions of Lemma 4 are satisfied if we set
L=c33- K2 B .n.

(In fact, c3q - Kg/ 2. B2F is here sufficient, but we use a larger value in order to get later
that A, - D2 is small.) Hence we have

wt) e 4:= {W :w —wl@| <

o)
VBn-Cp-n

fort=1,...,t,, and
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By Lemma 2 and Lemma 3 we know that the assumptions of Lemma 1 are satisfied with
Cp = c35- B2 and D,, = c36 - K,?;/Q - BL. Application of Lemma 1 with §,, = \;Eij\é??n
yields

(tn)y < ; (®)
F,(w')) < tZOI"I.l.{Elian(W )
lw* — w2

2 Ay -ty

IN

Fo(w*) + +24-B,-Cp -6+ N\, - D?

IN

Fo,(w*) +c3g - Bn - BZL ‘n-|lwt — w(0)||2 + c39 - %

3.2 Neural network approximation

In the sequel we construct a neural network which approximates a piecewise Taylor
polynomial of a function f : RY — R.

Assume that f is (p, C')—smooth for some p = ¢ + § where 8 € (0,1] and ¢ € Ny. The
multivariate Taylor polynomial of f of degree ¢ around u € R? is defined by

OQf . .
(ThHeu@) = D G gg@ @ @ = a7 @ Dy,
J1s--3d€Ng,
Jit+ig<a

Since f is (p, C)-smooth, it is possible to show that the error of its Taylor polynomial
can be bounded by
[f(@) = (Tf)qu(@)] < cao- C-[lz —ul? (28)

(cf., e.g., Lemma 1 in Kohler (2014)). For functions f,g: R? — R we have
(T(f + 9))gu(@) = (Tf)gu(z) + (Tg)qu(x),
and if g : R? — R is a multivariate polynomial of degree ¢ (or less) we have
(T9)gu(x) = g(z) (¢ €RY).

Next we construct a piecewise Taylor polynomial. To do this, let A > 1, K € N and
subdivide [~ A, A]¢ into K¢ many cubes of sidelength

2A
0= —.
K
Set 5
Uk + K ( 07 ) )
Then

Uk = (uk<1>,...,uk<d)) (kEI:z {O,l,...,K—l}d)

denote the lower left corners of these cubes.
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For a,b € R? we write
a<b if a¥<b® forallle{1,...,d}

and
a<b if a<b and a#b.

Set
[a,00) = [aV),00) x -+ x [a?,00) and [a,b) = [aM, b)) x ... x [alD pd).

Our piecewise Taylor polynomial is defined by

P(.Z') = Zpk(x) ' 1[uk,oo)(‘r)7

kel
where the Py’s are recursively defined by
Po(z) = (T'f)quo (x)

and

P(z)=T|f- Y R (z).

el u<uk U
b

As our next lemma shows in this way we define indeed a piecewise Taylor polynomial.
Lemma 6 Letr € I and x € [ur,uyr +9-1). Then
P(x) = (T'f) g ().

Proof. The definition of P(z) and = € [uy, uy + ¢ - 1) imply

P(z) =) Pl@) lpyooy(@) = > Plo)=P)+ Y  Pla).

kel kel up<ur kel iup<ur

With

Px)=T|f- > A (@) = (T, (@) = D Bil2)

1€l uy<ur Gor 1€l uy<uyr
we get the assertion.
Consequently it holds
1
sup [f(z) = P(z)] < ca1 - 55
.Z’E[—A,A)d

in case that f is (p, C)-smooth (cf., (28)).

23



In the sequel we will approximate

1[uk,oo) (.CC)

d
[Toos- @9 —u?y),
j=1

where o is the logistic squasher and M is a large positive number. This approximation

(4)

will be bad in case that 2U) is close to uy.”, and to bound the resulting error in this case

the following lemma will be useful.

Lemma 7 Let f : R? — R be a (p, C)-smooth function, lett € I and let j € {1,...,d}.
Then we have for any x € R with ||uy — x||oo < ca2 - d:

3 Be(z)| < 2.

kel ur<ur and ul(j):uy)

Proof. Let e; be the j-th unit vector in R%. By the proof of Lemma 6 and by (28) we
have

> P(z)| = > PAlx) - > Py ()

kel : u<ur and u{j):uij) kel :up<ur kel ug<ur—d-e;

= (T (@) = (TF)gue—s, (7))

< ‘(Tf)q,ur () = f(z)] + ‘f(x) - (Tf>q,ur76-ej (33)‘
< can [l — P +cas - |z = (ur =6 - €[
L o
S
where the last inequality followed from ||uy — z||co < c42 -0 = 42 - (24)/K. O

Next we want to approximate

kel

by a neural network. Here we consider in an intermediate step

d .
Px)=PRy(x)+ > Fda) [[o- @D —ul)),
j=1

kel k£0

where the indicator function is approximated by a product of neurons.
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Lemma 8 Let f : R? — R be a (p,C)-smooth function, let A > 1, let K € N with
K > ¢P, let o be the logistic squasher, and define P(x) and P(x) as above. Assume

M > K - (log K)2.

Then .
sup |P(x) — P(z)| < car - —.
ve[~A,A) K?

Proof. Let x € [~A, A]? be arbitrary, and let r € I be such that = € [uy, ur + J). Since
x € [uy, ur +9) C [ug,00) we have

P(z) — P(z)

d .
= Z Py(x) - 1[uk7m)(x) — HU(M . (:U(j) _ ul((J)))

kel k£0 j=1

d
_ > Be(@) | Tyoey (@) = [[ oM - (29 — u))
‘ kel k£0: =
u{ >u{) 125 for some jeqi,....a}

d
+ Z Py(x) - l[ukpo)(x) — H o(M - (x(J) _ ul({J)))
kel k#0: i
“}j)S“gj)—‘s for all je{1,....a3

d .
+ Z Pk(l‘) . 1[uk,oo)($) — HO‘(M . (:L‘(j) _ ul((J)))

Ker k0 : ul) <ul? 125 for all iequ,....ay, J=1
u>ul) s for some jeqi,...a}

= Tl,n + T2,n + T3,n~

T ul) > ul”) + 26 for some i € {1,...,d}, then M > K - (log K)? and § = 24/K > 1/K
imply

Huoe) @) = [To - @0 =) = J[o(- @9 =) <o (0 - )

which together with

| Pic()]

IN

S A@- Y A@| =Ty @) = T(yurse, (@)

lel,ui<uy lel,uyy<ux—d-e;

IN

C48
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yields
Ty | < K4 cyg- e (085" < %.
If ul({i) < uf«i) —dforallie{1,...,d}, then
M- (@9 —ul)>M-6> (ogK)? forall j€{1,...,d},

hence

d
1[Uk700) (x) — H o(M - (x(J) _ Ul(g)»
7j=1

d
=1- HU(M . (x(]) u}({ﬂ)))
j=1
d
1
al;[l 1+ e~ M-@D-w!)
d 1
s1- l—Il 1+ e—(log;K)2
]:

N
|

—

-

I
M=~

1 1
gl | Epn e

1
d'( ‘Heaogw)

<d- e*(logK)Q’

N
Il
-
(S
Il
—

IN
—_

which implies

T d —(log K)2 _ €50
| Q,n‘ <K C48 d-e >

So it remains to bound |T3 .
T3, is a sum of less than
3d

terms of the form

d :
Z Pk(«T) . 1[uk7m)(x) — H O'(M . (a:(J) _ ul({]))) 7

ker k0 : ul? <ul 5 for all ief1,..ap\{iy,.mish, j=1
u{I) =08 41,6 for all teqa,....s)

where s € {1,...,d}, 1 <j1 <jo<---<js <d, ly,...,ls € {0,1}. The absolute value
of the difference of this term and the term

Z Py(z) - <1[uk7w)(x) — HU(M (.’E(jt) _ ul((]t)))>
} t=1

kerk#0 : ul? <ul? —s for all ieq1,...a\{i1,.mis
W90 200 1,5 for all weqr,...,)
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is because of

je{l,...7d}\{j1,...,js}
g d . e_(IOgK)2

(which follows as above) bounded from above by ¢51/KP.
Hence it suffices to show that

> Pe() - 1y 00) (@) (29)

ke k0wl <ul? —s for all ieq1,...ap\(iy,...is},
u{I) =ut) 11,6 for all eeqr,...s)

and

Z Py(x) - HU(M . (x(jt) _ ul(cjt)))

keI, k£0 : ul((")gui“—a for all ic{1,...,d}\ {1,451}
ul((jt>=u§.jt)+lt-6 for all teq1,....s}

are bounded in absolute value by c52/KP. Since

Z Py(x) - HO-(M . (l‘(jt) _ ugt)))

kel k#0 : ul((i)guﬁf')—(s for all i€{1,...,d}\{j1,---,ds },
u;(jt>=u.£.jt)+lt~6 fOI’ all te{l,...,s}

— H o(M - (2199 — U — 1, 8)) - > Py(z)
t=1

ke k0wl <ul? —s for all ieq1,...dp\{i1,.is
u{(‘jt):ug.jt)+lt<5 fOI‘ all te{l,..., s}

for this it suffices to show that terms of the form

> Py (),

ker k0wl <ul® for all ie(1,....a}\ (1. is
ul((jt):ui‘jt) fOI‘ all te{l,..., s}

where u, satisfies || — ur||co < 20, are bounded in absolute value by cz3/KP, which we
do in the sequel. (Here we have used that in (29) w.l.o.g. 1p,, )(z) = 1 holds because
otherwise (29) is zero.)

Since

> P ()

ke k0wl <ul for all ieq1,...ap\ (... is}
ul((jt):ug.jw fOI‘ all te{l,..., s}
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_ 3 Pi(z) — > Py ()

kel k#0 : uyp <ur, kel k#0 : ukgur—ejl -8,
w7 =0t for all teqz,....s) W= for all teq2,....s}

we see that the term above is equal to a sum of at most 25! terms of the form

> P (),

kel :up<ur and ul((j):u,(pj)

where ||ur — z||oc < 3-0. From this the assertion follows by an application of Lemma 7.

O
Next we want to approximate

d .
P(z)=Poa)+ . Pda) [Jo- (@D —ul))
j=1

kel k40

by a neural network. In order to do this, we need to represent monomials by neural
networks and need to be able to multiply real numbers by using neural networks. The
starting point for both is the following lemma, which is a modification of Theorem 2 in
Scarselli and Tsoi (1998).

Lemma 9 Let o be the logistic squasher, let k € N, let t, € R be such that o) (t,) # 0.
Then for any N € N with N > k there exist

aj,Bi€R (j=0,...,N 1)

such that
=
fnet,mk (z) = O-(k)(tg) ) : @ U(Bj T+ )
7=0

—_

satisfies for all A >0 and all x € [—A, A]:
fnet7a:k(x) - xk‘ < Cp4 - AN
fOT some Csq = 654(N7 ka U(k)(ta)v ”O'(N)HOO,Oéo, - ON-1, 507 v 75]\771) > 0.

Proof. Let 5; e R (j =0,...,N — 1) be pairwise distinct. Then the vectors

vi= (B, By)t (1=0,...,N—1)

are linearly independent since
N—

—_

Oél'Vl:()
=

implies that the polynomial
N—

p(x) = Z o - @

1=

=



of degree N — 1 has the N zero points Sy, ..., By—1, which is possible only in case
ag =+ =any_1 = 0. Hence we can choose ag,...,any_1 € R such that

Qp-vogt+ -+ aN-1-VN-1

is equal to the k-th unit vector in RY, which implies

= 1, ifl=k
g )b =
;O‘J bi {0, it1e{0,...,N—1}\ {k}. (30)

Using these values for the a; and ;, a Taylor expansion of
z—=o(fj-r+ts)

around t, of order N — 1 implies

Fretar(@) = an]){(!to)']f_:o‘j'(Jj_: U(l)l(!ta)'<ﬁj.x)l +U(]\]l)!(§j)_(ﬂj.$)N>
p -
- a<kl;(!ta) ]lvol (:V: S U(l)zita) i
— xk+g(k§ét0).§a] ol l)!(fg) N,
-

where the last equality follows from (30). Hence

. k!

Jret gk () — 27| < ERITS) :

=0

Our next lemma uses Lemma 9 in order to construct a neural network which can
multiply two numbers.

Lemma 10 Let A >0, let N € N with N > 2 and let f,.; ,2 be the neural network from
Lemma 9 (which has one hidden layer with N neurons). Then

fmult(x7y) = % : (fnet,;tQ (l’ + y) - fnet,m2 ((L‘ - y))

satisfies for all z,y € [—A, A]:

| frutt(2,y) — 2 - y| < c56 - AV

for some cs6 > 0 (which depends on the constant cs4 in Lemma 9 and on N ).
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Proof. By Lemma 9 we get

| fmute (2, y) — @ -y

= i : (fnet,a:2 (.73 + y) - fnet,a:Q(aj - y)) - % ' ((l’ + y)2 - (l‘ - y)Q)
< 3 Vuerarw+9) = @+ 9+ 1 Unerar(a = 9) = (@~ )]
< i cesy - (2A)N + % cesa - (2A)N < eg - AN

O
Next we extend the multiplication network from the previous lemma in such a way
that it can multiply a finite number of real values simultaneously.

Lemma 11 Let o(z) = 1/(1 +exp(—x)), let 0 < A <1, let N € N with N > 2 and let
d € N. Assume
cs6 - 44N ANTL <1, (31)

where csg 1s the constant from Lemma 10. Then there exists a neural network
fmult,d

with at most [logy d| many layers, at most 2- N -d many neurons and activation function
o, where all the weights are bounded in absolute value by some constant, such that for all

X1,...,xq € [—A, A] it holds:

d
| froutt,d(21, - -, 2a) — H:Ejl < cgr- AV,
=1

where cs7 > 0.

Proof. The proof is a modification of the proof of Lemma 7 in Kohler and Langer (2021).
We set ¢ = [logy(d)]. The feedforward neural network fy,u¢,q with L = g hidden layers
and r = 2- N - d neurons in each layer is constructed as follows: Set

(21400, 200) = AR CO P LC N ORI B I (32)
———

29—d times

In the construction of our network we will use the network f,,.;; of Lemma 10, which
satisfies
| frnute(2,y) — 2 - y| < c56- 47N - AN (33)

for x,y € [-47A,4%A]. In the first layer we compute

fmult(Zh ZQ)a fmult(z?n Z4)a ceey fmult('qu*la 22‘1)7
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which can be done by one layer of 2- N -29=1 < 2. N - d neurons. As a result of the
first layer we get a vector of outputs which has length 297!, Next we pair these outputs
and apply frwe again. This procedure is continued until there is only one output left.
Therefore we need L = g hidden layers and at most 2 - N - d neurons in each layer.

By (31) and (33) we get for any I € {1,...,d} and any 21,2 € [ (4' —1)- A, (4' —1)- 4]

| Frate (215 22)| < |21 22|+ | foute (21, 20) — 21 - 20| < (4 =1)2A% e56-47N - AN < (42 1) A

From this we get successively that all outputs of layer [ € {1,...,¢g — 1} are contained
in the interval [—(4QZ —1)- A, (4ZZ — 1) - A], hence in particular they are contained in the
interval [~49A, 4% A] where inequality (33) does hold.

Define fgq recursively by

f2q (Zla cee >Z2‘1) = fmult(qu—l(zlv sy 22‘1—1)a f2(1_1(z2(1_1+17 s 7Z2‘1))
and
fa(z1, 22) = frnuie (21, 22),
and set
2l
A= sup ]fgz(zl,...,zgz)—HzZ-].
215000290 €[ A, A] i=1
Then
d
‘fmult,d(xla cee 7$d) - H‘rz‘ S Aq
i=1
and from

Al S C56 * 4d'N . AN

(which follows from (33)) and

Aq < sup |fmult(f2q*1(zl7---722‘1*1)7.]02‘1*1(2/2‘1*1—&—17”-722‘1))
215005220 €[— A, A]
_f2q—1 (Z]_, e ,ZQq—l) . f2q—1(22q—1+1, . ,2211)|
+ sup f2q—1(21,...,22q—1) . f2q—1(22q—1+1,...,22(1)
214,200 €[—A,A]
2¢-1
- H Zq 'f2(1—1(22q—1+1,...,2'2q)
i=1
201
+ sup H zi | - faa—1(200-141, .., 224)
2150220 €[=AAL |\ 5
29-1 24
i=1 i=2a-141

< cx6t 4d'N . AN + 42(171 A Aq,1 + A2q71 . Aq,1
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< e AN AN 4242 Ag-1

(where the second inequality follows from (33) and the fact that all outputs of layer
l€{1,...,q— 1} are contained in the interval [—42' A, 42 A]) we get for z € [~ A, A]?

d
|fmult,d(x) - H ZE(Z)| < Aq
i=1
< g 49N AN pLH24 42071 (1 24t 2q—1)
< g AN AN 42041
— g ATNT2HL g AN

where the last inequality was implied by
142442071 =21<2.4.

O
We are now ready to formulate and prove our main result about the approximation of
(p, C')—smooth function by deep neural networks with bounded weights.

Theorem 3 Let d € N, p = q+ 3 where 5 € (0,1] and ¢ € Ng, C > 0, A > 1 and
Ay, Bn,v; > 1. For L,r, K € N let F be the set of all networks fw defined by (8)-(10)
with K, replaced by r, where the weight vector satisfies

\wioj)] < A,, |wz(lj)] < B, and ]wf?)\ <

foralll € {1,...,L — 1} and all i,j, and set

Kd
H=S>fu = freF (k=1,...,K)
k=1

Let L,r € N with
L > [logy(q+d)] and r>2-(2p+d)-(¢+d),

and set
A, =A-K-logK, B,=css and 7,’;:059-Kq+d.

Assume K > cgo for ceo > 0 sufficiently large. Then there exists for any (p, C')—smooth
f:RY = R a neural network h € H such that

sup |f(x) — h(x)|] < —.
o W@ - hw)l <
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Proof. Define P(z) and P(z) as above with M = K - (log K)?. Then

1
sup |f(z) — P(z)| < c62 - —
2€[—A,A)d KP
and
sup  |P(z) — P(x)| < cg3 -
2€[—A,A)d Kr

(cf., Lemma 8) imply that it suffices to show that there exists h € H such that

_ 1
sup  |h(x) — P(z)] < cgq - —
TE[—A,A)d K»

Since P(z) is a sum of Py(z) and (K¢ — 1) terms of the form

P(z) - [[o(M - (29 —u)),

where each Pg(x) is a multivariate polynomial polynomial of degree ¢ with bounded
coefficients, if suffices to show that for all i1,...,i; € {0,...,d}, all u € [-A, A]? and
20=1, zj = zU) —ul) (j =1,...,d) there exists fi, fo € F such that

C65

sup || ]z, — (34)
we[—A,AJd H ' Kp+d

and

sup |szg Ha V=)~ @) < =5 (35)

J?E[ AA]d s=1

Let fig = fnet,. be the network of Lemma 9 which satisfies

Ce7

iala) — | < ol (36)
for all z € [—cs3/ K, cos/ K] (so we use N = [2p + 2d]). Set
fig' = fia and £ = 15 0 fia
for | € N. Because of (36) and
(I+1) ! ! !
V@ —al < 1@ - £ @)+ 1) @) -
an easy induction shows
! C69,1
£ (@) =2l < 15t (37)

for all z € [—c70/ K, cr0/K].
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Furthermore, let fy,uq and fpueq+a be the networks from Lemma 11 which satisfy

C71
’fmult,q Tlyewey T Hmj‘ = K2p+d7
for all z1,...,24 € [—cr2/K, c72/ K] and
q+d c
73
| frnuttg+a(T1, - Tgtd) — H zj| < K 2p+2d’

for all zq,... y Lg+d € [—C74/K, C74/K].
Then we define

fi(z) = KO- fEolosdp /K, 2, JK))

and

folz) = Katd f —[logy(g+d)1) <fmult7q+d (fid(zil/K), oo fid(zi, ) K),
i.o’(M.(x(l) —u(l))) i,U(M.(z(d) —u(d))) ‘
K UK
Then fi and fa are both contained in F. Using (34) and (37) we get
q
| H zi, — f1(z)
s=1
H L [logs q1) (fmultq(zll/K Ziq/K))|

Cr
(sz JK" = frmurg(zi /K, ... 2,/ K) +I{2pi2d>

C76 + C75 Cr7
K2p+2d K2p+2d ] — Kptd

[}

< K?1.

and

_ z(dLi [logs (g+d)1) (fmult,q+d <fid(zi1 /K),
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- fid(ziy ) K)o (M - (2 — W) /K o(M - (2D — u(d))/K)>) ‘

g+d 78
<K <K2p+2d

d .
JE) T e 0O (@)~ ud))
j=1
*fmult,q—‘rd (fid(zil /K)a ey fid(ziq/K)’ U(M : (x(l) - u(l)))/K’
. o(M - (2D — u(d))/K)) D

q+d 78 C79 Cg0
< K <K2p+2d + K 2p+2d < Kpt+ad’

which implies the assertion. ([

3.3 Neural network generalization

In order to control the generalization error of our over-parameterized spcaes of deep
neural networks we use the following metric entropy bound.

Lemma 12 Let a,8 > 1 and let A,B,C > 1. Let 0 : R — R be k-times differentiable
such that all derivatives up to order k are bounded on R. Let F be the set of all functions
fw defined by (8)—(10) where the weight vector w satisfies

Ky
Sl <c, (38)
7=1
) |<B (kef{l,....K.}ijef{l,....r}le{l,...,L—1}) (39)
and
i | <A (ke {l,... . Kp}hie{l,....rhje{l,....d}). (40)

Then we have for any 1 <p < oo, 0 < e <1 and 2] € R?
N (6’{T5f'1[—a,a]d  fe J-'},:v?)
< Bp>CSQ.Qd.B(L_I)Ad'Ad-(?)d/kJrcss
c81 " — .

<

ep

Proof. This result follows from Lemma 4 in Drews and Kohler (2024). For the sake of
completeness we repeat the proof below.
In the first step of the proof we show for any fy, € F, any € R% and any s1,...,s; €
{1,...,d}
O fw
Oz(s1) .. Oxlsk)

(2)| < cgq-C-BETDE. AR —. ¢ (41)
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The definition of fy implies

92 .. 0a ) = 2L e et (&)

Ox(s1) axm)(”’“) < g5 - BETDRL AR, (42)

We have

8f,£12 (1-1) z Dy 8fl£lj 1

e Z i fia @) + g Z o @

-1) 1 1) - ¢
"L (Z i fe )+ ézo)) S @)
J=1 t=1

and

8f - (0) (0)

ax(s Z wk7lvj + wk 'L 0 : wk,i,s'
Jj=1

By the product rule of derivation we can conclude for [ > 1 that

l
s
Ox(s1) . 9x(sk)

() (43)

is a sum of at most 7 - (r + k)*~! terms of the form

s -1 -1) -1
wJ()(Z l(e,z,]) fk(:,j ()+ l(cz(]))

j—l
9 F l 9 F'
" k 1) ' kmjs

DLy | 8:6(”»%) @) Ox(rs1) | Qx(rsis) v

where we have s € {1,...,k}, lw| < B® and t; + - - - + ts = k. Furthermore

o)
926D . 9z

()

is a given by
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Because of the boundedness of the derivatives of o we can conclude from (40)

1
O i
Ox(s1) .. Ox(sk)

()| < cgp - A

for all k € Nand sy,...,s; € {1,...,d}.
Recursively we can conclude from the above representation of (43) that we have
l
s
0z(s1) ... 9x(sk)

()| < esepan - BUVE . AR,

Setting | = L we get (42).
In the second step of the proof we show

N, <e, (Tsf 1fqa : [ € }"},x’f) <N, (%,Tﬁg oI, x?) , (44)

where G is the set of all polynomials of degree less than or equal to £ — 1 which vanish
outside of [—a, a]? and II is the family of all partitions of R? which consist of a partition

of [~a,a]? into
2.« ¢
K= (|22
q(%? ' Z)l/kD

many cubes of sidelenght at most
e\ 1/k
(or-2)
c

where cg7 = cg7(d, k) > 01is a suitable small constant greater than zero, and the additional
set R\ [—a, o]

A standard bound on the remainder of a multivariate Taylor polynomial together with
(41) shows that for each fw we can find g € G o IT such that

[fw(z) —g(z)] <

|

holds for all # € [~a,a]?, which implies (44).
In the third step of the proof we show the assertion of Lemma 12. Since Go Il is a
linear vector space of dimension less than or equal to

s - ol (E)d/k

€

we conclude from Theorem 9.4 and Theorem 9.5 in Gyoérfi et al. (2002),

()T

Together with (44) this implies the assertion. O

NP(§7TBQ oll,zy) <3 <
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3.4 Proof of Theorem 1

W.lo.g. we assume throughout the proof that n is sufficiently large and that ||m|l < B,
holds. Let A > 0 with supp(X) C [~A, A]¢. Set

d
KTL — ’7689 . n2p+d—‘

and .,
3 _«
Ny, = [690 n +2p+d1

and let w* be a weight vector of a neural networks where the results of Nn-l?n in parallel
computed neural networks with L hidden layers and r neurons per layer are computed
such that the corresponding network

for@) = 3w £ @)
k=1
satisfies .
sup | fwe () — ()| < —> (45)

z€[—A,AJd Kr/d

and )/
. coa - Ky -
(W) 1,1,k SQQT (k=1,...,N,-Kp,).

Note that such a network exists according Theorem 3 if we repeat in the outer sum of
the function space H each of the fi’s in Theorem 3 N,—times with outer weights divided
by N,. Set

€93 C94
€= ——"F7/—"= > —

n-v/N, K, nt
where the last inequality holds because of p > 1/2. Let A, be the event that firstly the
weight vector w(©) satisfies

(W) = (W)

Js,k,t s,k,i <en for aﬂlE{O,...,L—l},sG{1,...,Nn-[~(n}

for some pairwise distinct ji,...,jy 7 € {1,..., K,} and such that secondly
Jmax [Yi| < /By

holds.
We decompose the Ls error of m,, in a sum of several terms. Set

mg, (x) = E{T3,Y|X = x}.

We have
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= (B{mn(X) = YD} = B{m(X) = YP}) - 1a, + [ (o) = m(z) PPx(do) - Lug
= [B{Ima(X) = YPID} ~ B{m(X) - Y}
~ (E{Imn(X) = T3, Y [Da} = B{mg, (X) ~ T3, Y }) | - 14,

+[E {Ima(X) = T5, YI2ID0} = E{lmg, (X) — T, Y1}
1 n
=2 =3 (jma(X) = T, Yif? = |mp, (X)) = T3, Yif?) | - 1a,
=1

1 o 1o
+[2: 2 2o ma(36) = Ty Yift =2 23, (X) = T, Vil
1= 1

1 < 1 <
- <2-n2|mn(Xi) ~Y;? —2~;Z|m(Xi) —Y¢2>} -1a,
=1 =1
1 — ) 1 — )
|2 D ma(X) = YiP =2 = Y m(X) — Vi - L4,
i=1 =1
+/ |, () — m(az)|2PX(dx) e

5
= : :71.7‘777"
Jj=1

In the remainder of the proof we bound
Ej—“j7n
for j € {1,...,5}.
In the first step of the proof we show

1
ET}, < cos - % for j € {1,3}.

This follows as in the proof of Lemma 1 in Bauer and Kohler (2019).
In the second step of the proof we show

1 2
ET5,, < cg6 - (logn) .
n

The definition of m,, implies [ |m,(z) — m(z)|*Px(dz) < 4 -3 - (logn)?, hence it
suffices to show c
P(AS) < =21 (46)

To do this, we consider a sequential choice of the weights of the K, fully connected
neural networks. The probability that the weights in the first of these networks differ
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in all components at most by €, from (W*)§27j (l=0,...,L—1) is for large n bounded
from below by

Cou r-(r+1)-(L—1) . 1 r-(d+1)
2.¢p-nt 2-co-(logn)-n7-nt

> n—r-(T+1)~(L—1)~4—r~4-(d+1)—7”~4-7'—0.5

r(r4+1)-(L—1)-44+r-4-(d+1)+r-4-7+1

Hence probability that none of the first n neural networks

satisfies this condition is for large n bounded above by

(1 _ nfr'(7“+1)‘(Lfl)'4fr-4'(d+1)*r-4-7'70.5)nr‘<T+1)‘(L*1>‘4+T‘4‘<d+1>+r‘4“r+1

nr<(r+1)»(L—1)<4+7‘»4~(d+1)+7‘~4<7’+1

< <eXp (_n—T'(T-H)-(L—1)~4—r-4~(d+1)—r~4~7—0.5))
= exp(—n"?).

Since we have K,, > n ("D (L-Ddtrd(dtD)+rdm+1 NI for o large we can successively

use the same construction for all of N,,- K, weights and we can conclude: The probability
that there exists k € {1,..., Ny- f(n} such that none of the K,, weight vectors of the fully
connected neural network differs by at most €, from ((W*)l(l])k)”l is for large n bounded
from above by

Nn . Kn . eXp(—n0~5) S Co8 * n5 . eXp(_n0.5) S C;Ss
n

This implies for large n

C C
P(A7) < 3 +P{ max [Yj| > VB.} < o5 40 P{Y] > /B

C99 ' E{exp(cy - Yz) < o1

< = 4+n 2L
- n? + exp(cq - Bn) — n?’

where the last inequality holds because of (15) and c3 - ¢4 > 2.
Let € > 0 be arbitrary. In the third step of the proof we show

nT-dJre

ET5, < ci0 -

Let W, be the set of all weight vectors (wz(l])'k)i,j,k,l which satisfy
L
‘w§,1),k| <co (k=1,...,Ky,),

i) | <er (1=1,...,L—1)

and
0
\wz(j)k\ < (e2+c103) - (logn) -n".

By Lemma 4, Lemma 5 and Lemma 6 we can conclude that on A, we have

w® —wO | <0 (E=1,... ). (47)
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This follows from the fact that on A,, we have

Fo(w®) =1 > Y2 < B
n
=1

and that
2tn>\nﬁn < c105-

Together with the initial choice of w(®) this implies that on A, we have
w eW, (t=0,...,t,).

Hence, for any u > 0 we get

P{TQJL > u}

, fX) T Y[R\ ’mﬁn(X) T Y|
SP{EJEGF”‘EO 5. B ) E( 5 B

Ji ’fom L TaYiP ma (X)) TVl
n i1 Bn ﬁn ﬁn /Bn
1 [ u f(X) TpY|? mp,(X)  T3,Y |
>2‘<5,%+E<‘ Bn  Ba )‘EQ e Ba >>
where
Fn = {T,anw W E Wn} .

By Lemma 12 we get
1
N (af g rirefiat) <A gl

<

) d/k
(0106 0107'(108“”)dn“d(qos)@_l)'d'(%) eno
5 :

By choosing k large enough we get for § > 1/n?

1 B
Nl <5,{Bff€fn},$?> Sclll‘ncllTn d+ /2‘

This together with Theorem 11.4 in Gyorfi et al. (2002) leads for u > 1/n to
T d+e/2 n
P{Ty, > u} <14-cipy -2 exp <_5136BEL ' u> ‘

For €, > 1/n we can conclude

E{Tb,} < ent / P{Ty, > u} du
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n .€>.5136-53L

o Td+e/2
< 414 epqq - ne2 T e (o
= €p 111 Xp 5136 - 32

Setting

5136 - B2
67’1 — 7@1 . 0112 . n7d+6/2 . logn

yields the assertion of the fourth step of the proof.
In the fourth step of the proof we show

2
E{Ty,} <cus- n” i,

Using
Ts,2 —yl < |z —y| for |y| < Bn

we get

Tyn/2
S ) - ¥ - S ) - v 14
n i=1 n =1 '
1O s 1 5
< |2 Wi (X)) = YiP = =37 m(X0) = Yif?| -1,
=1 =1
1 n
< [Fu(w®™) = =3 m(X;) = Yil?] - 1a,.
i=1
On A, we have
Kn I ~
Iw* = w2 < S+ No- Ko L (- (r )€l
k=1

~ (Cll4 ) f{g]—&-d)/d

2
< Np- K- N > +Cll5'Nn'Kn'6$L§72-
n

Application of Theorem 2 yields

Ty n/2
logn

1 & N
: (n Z | o (Xi) = Vi* + ez - (logn) - n - [w* = wO | + epg -
i=1

1 n
3 )
i=1

1& 1 logn
< (n;!fw*(Xi)—mP—f—Cng'(logn)'n'7124—0120' 8
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1 — 1 —
n Z Im(X;) — 1’%\2> T Z Im(X;) — Vi[> - Lae.
=1 =1

Hence
E{T4,n}
1 logn
<2 / | fwe (z) — m($)|2PX(d$) + c119 - (logn) - n - 2 + c120 =
1 ’
B |n > ()~ Yil2| - v/PAG)
=1
2 1

<2 [ [fwr(z) — m(z)["Px(dz) + c121 - logn - o
Application of (45) yields the assertion. O
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