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Abstract

Nonparametric regression with random design is considered. The Lg error with integra-
tion with respect to the design measure is used as the error criterion. Over-parametrized
deep neural network regression estimates with logistic activation function are defined,
where all weights are learned by gradient descent. It is shown that the estimates are able
to adapt to hierarchical composition models, i.e., in case that the regression function
satisfies such a model the estimates achieve a rate of convergence which is nearly optimal
for this model and hence are able to circumvent the curse of dimensionality.
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1 Introduction

Motivated by the great success of deep learning in applications, there is an increasing
interest in understanding theoretically why these estimate are so successful in practice.
In this context these estimates are often studied in the field of nonparametric regression.

In nonparametric regression, an R% x R-valued random vector with EY? < oo is given
and the problem of predicing the value of Y given the observed value of X is considered.
If the main goal of the analysis is the minimization of the expected squared error of
prediction, then the task is to find a function f* : R¢ — R such that its so-called Ly risk

E{]Y — f*(X)]*} (1)
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is as small as possible.
Let m : R? — R defined by m(z) = E{Y|X = z} be the so—called regression function
corresponding to (X,Y). Then for any measurable function f : R — R

E{|Y — F(X)[2} = B{|Y —m(X)*} + / (@) — m(x)*P x (da) 2)

holds (cf., e.g., Section 1.1 in Gyorfi et al. (2002)), which implies that the regression
function is the optimal predictor and that the so-called Lo error

/ () — m(z)?P (dx) 3)

describes how far the Lo risk of a function f is away from its optimal value
E{[Y — m(X)]}.

In applications usually the distribution of (X, Y") and hence also the regression function
is unknown. But often it is possible to observe a sample of this distribution, and the
task is then to estimate the corresponding regression function. Formally, this can be
described as follows: Given a data set

D, = {(X17Y1)7'-'7(XN7Y71)} (4)
where (X,Y), (X1,Y1), ..., (Xn,Y,) are independent and identically distributed, con-
struct an estimate

mn() = mu(-,Dy) : R = R (5)

such that its Lo error
/ () — m(x)?Py (dz) (6)

is as small as possible.

It is well-known that without regularity assumptions on the underlying distribution,
in particular on the smoothness of the regression function, nontrivial results about the
rate of convergence of (6) towards zero cannot be derived (cf., e.g., Chapter 3 in Gyorfi
et al. (2002) and Devroye (1982)). Stone (1982) considered regression functions which
are (p, C')—smooth according to the following definition.

Definition 1 Let p = ¢ + s for some ¢ € Ng and 0 < s < 1. A function m : R — R
is called (p, C)-smooth, if for every a = (ay,...,aq) € N& with Z;-lzl a; = q the partial
derivative 97m/(0x{" ... 0x?) exists and satisfies

09m 0%9m

_ <O llx — 7%
Bx‘fl...@xgd(x) 8.7:?1...83:3‘1@) <C-lx -z

for all x,z € RY, where || - || denotes the Buclidean norm.



It was shown in Stone (1982) that the optimal Minimax rate of convergence of the
expected Lo error of a regression estimate in case of a (p, C')—smooth regression function
is

nmh, (7)

If p is small compared to d then this rate of convergence converges to zero rather slowly
(so-called curse of dimensionality). Since this rate of convergence is optimal, it can not
be improved in general. The only way to circumvent this curse of dimensionality is to
use additional assumptions on the structure of the regression function in order to be able
to derive better rates.

Stone (1985) showed that in case of additive models, where the regression function is
assumed to be a sum of d univariate functions applied to the d components of x, suitably
defined estimates achieve the rate of convergence

__2p
n 2+l

More generally, it was shown in Stone (1994) that in case that the regression function
satisfies an interaction model, where the regression function is given by a sum of functions
applied to subsets consisting of d* of the d components of z, suitably defined estimates
achieve a rate of convergence of order

2p

n 2pd*,
Other classical assumptions which lead to a dimension reduction include single index
models (cf., Hardle, Hall and Ichimura (1993), Hardle and Stoker (1989), Yu and Rup-
pert (2002) and Kong and Xia (2007)) or projection pursuit (cf, Friedman and Stuetzle
(1981)).

For least squares neural network regression estimates it has been shown that these
estimates can achieve a dimension reduction under rather general assumptions, which is
one possibility to explain theoretically the success of deep learning in practice. In its most
general form, which includes additive models, interaction models, single index models
and projection pursuit models, the regression function is assumed to be a composition
of functions either depending only on a few components or being rather smooth. This
assumption can be formalized as follows:

Definition 2 Let d € N and m : R? — R and let P be a subset of (0,00) x N.
a) We say that m satisfies a hierarchical composition model of level 0 with order and
smoothness constraint P, if there exists a K € {1,...,d} such thal

m(x) = :L'(K) fOT all x = (:U(l)a s 7$(d)>—r € Rd

b) We say that m satisfies a hierarchical composition model of level | + 1 with order
and smoothness constraint P, if there exist (p,K) € P, C > 0, g : RE — R and
fiy- i fx : R — R, such that g is (p,C)-smooth, fi,...,fx satisfy a hierarchical
composition model of level I with order and smoothness constraint P and

m(x) = g(f1(x),..., fx(x)) for all x € R



It was shown in Schmidt-Hieber (2020) that suitably defined least squares neural network
regression estimates achieve up to a logarithmic factor a rate of convergence of
2p

max n 2r+K
(p,K)eP

in case that the regression function satisfies a hierarchical composition model of some
finite level with order and smoothness constraint P (for related results see Kohler and
Krzyzak (2017), Bauer and Kohler (2019) and Kohler and Langer (2021)).

These results are valid for least squares neural network estimates, which are not com-
putable in practice. In practice neural network estimates are learned by gradient descent,
so if one wants to explain the success of deep neural networks in practice theoretically by
showing a dimension reduction in case that the regression function satisfies a hierarchical
composition model, it is necessary to show that such a dimension reduction also takes
place in case that the estimate is learned via gradient descent.

1.1 Main result in this article

In this article we show that the expected Lo error of suitably defined neural network
regression estimates m,, with logistic activation function, where all parameters are learned
by gradient descent, satisfies for any € € (0, 1)

2
E/ [my () — m($)|2PX(dﬁﬂ) <c¢1- max n R T
(p,K)eP

in case that the regression function satisfies a hierarchical composition model of some
finite level with order and smoothness constraint P. Here the neural network depends on
(in the sample size) polynomially many weights, however the number of gradient descent
steps is chosen to be exponentially large, and during gradient descent exponentially many
pruning steps are needed (such that only varying subsets of the network are considered
during gradient descent). The pruning steps are here used to simplify the optimization
of the neural networks.

1.2 Discussion of related results

Inspired by immense success of deep learning in applications a lot of effort has been
recently devoted to analyze deep learning theoretically. The researchers focused on ap-
proximation and estimation capabilities of deep network estimates as well as their efficient
implementations, i.e., on optimization. For some recent approximation results we refer
the reader to Yarotsky (2018), Yarotsky and Zhevnerchute (2019), Lu et al. (2020),
Langer (2021) and the literature cited therein. These papers demonstrate that smooth
functions can be approximated well by deep neural networks having appropriate topol-
ogy and they specify the numbers of nonzero weights necessary to approximate smooth
function up to some given error.

In practice, functions which one wants to approximate have to be estimated from the
observed data, which are usually contaminated by random errors. It has been studied in



the literature how well deep networks learned from such noisy data generalize on a new
independent test data. Such results have been achieved by means of the classical VC
theory, e.g. by bounding the VC dimension of classes of neural networks, see Bartlett et
al. (2019), or in case of over-parametrized deep neural networks, in which the number of
free parameters learned from the observed data significantly exceeds the sample size, by
bounding the Rademacher complexity, see, e.g., Liang, Rakhlin and Sridharan (2015),
Golowich, Rakhlin and Shamir (2019), Lin and Zhang (2019), Wang and Ma (2022) and
the literature cited therein. By putting together these results one could handle the er-
ror of the least squares regression estimates. As it was demonstrated in the papers by
Kohler and Krzyzak (2017), Bauer and Kohler (2019), Schmidt-Hieber (2020) and Kohler
and Langer (2021) the least squares regression estimates using deep networks are able
to achieve a dimension reduction for estimated functions satisfying a hierarchical com-
position model, i.e., whenever estimated functions are compositions of smooth functions
either depending only on a few components or being rather smooth. This property fol-
lows from the network structure of deep networks implying that composition of networks
is itself a deep network. Thus, any approximation result obtained for some functions by
using deep networks can be extended to an approximation result for composition of such
functions by a deep network representing a composition of the approximating networks.
Here the number of weights and the depth of the network determining the VC dimension
and consequently the complexity of the network provided that it is not over-parametrized
(cf., Bartlett et al. (2019)), do not change a lot. Consequently such networks have ap-
proximation properties and complexity of a network for low dimensional predictors and
can thus achieve a dimension reduction.

Quite a large number of interesting results on optimization of deep neural networks
have recently appeared in the literature obtained, see, e.g., Zou et al. (2018), Du et
al. (2019), Allen-Zhu, Li and Song (2019) and Kawaguchi and Huang (2019), where
authors applied gradient descent to over-parameterized deep neural networks and ana-
lyzed the results. These papers demonstrated that this leads to neural networks which
(globally) minimize the empirical risk, but unfortunately, the corresponding estimates do
not perform well on a new independent data, see Kohler and Krzyzak (2021).

The aforementioned theoretical results do not provide clear guidance to practitioners
applying deep neural networks, where it is essential to control simultaneously all three
errors, i.e., the approximation, generalization and optimization errors (cf., Kutyniok
(2020)). None of the works mentioned thus far deal with all these three errors together.

There are situations where approximation, estimation and optimization errors are in-
vestigated simultaneously in some equivalent models of deep learning. The best known
approach in this domain is the neural tangent kernel approach proposed by Jacot, Gabriel
and Hongler (2020). In this approach a kernel estimate is studied in lieu of neural net-
work estimate and the error of the kernel estimate is used to bound the error of the neural
network estimate, see Hanin and Nica (2019) and the literature cited therein for related
work. Nitanda and Suzuki (2021) observed that in most studies on the neural tangent
kernel the equivalence to deep neural networks holds only pointwise rather than for the
global Ly error, hence we cannot draw conclusions about the behavior of the Ly error
of the deep neural network from these results. Nitanda and Suzuki (2021) were able to



analyze the global error of over-parametrized shallow neural networks learned by gradi-
ent descent. However, the use of the neural tangent kernel implies that the smoothness
condition imposed on the function to be estimated needs to be defined in terms of a norm
involving the kernel, which does not lead to the standard classical smoothness conditions,
making it difficult to interpret the obtained results. Furthermore, their result did not
specify the number of neurons that shallow neural network must posses, it only implied
that the number of neurons must be sufficiently large. Thus it is not clear whether the
number of neurons should grow, e.g., exponentially in the sample size or not. Another
estimation approach studied in some asymptotically equivalent model is the mean field
approach, see Mei, Montanari, and Nguyen (2018), Chizat and Bach (2018) or Nguyen
and Pham (2020). The problem with this approach is that it is unclear how close the
behaviour of the deep networks in the equivalent model mimics their behaviour in the
applications, because they are based on some approximation of the application using e.g.
some asymptotic expansions.

The results of this paper follow the statistical theory for deep neural networks devel-
oped by Braun et al. (2023), Drews and Kohler (2022, 2023), Kohler and Krzyzak (2022,
2023) and Kohler (2024).

1.3 Notation

The sets of natural numbers, real numbers and nonnegative real numbers are denoted
by N, R and R, respectively. For z € R, we denote the smallest integer greater than or
equal to z by [z]. And the largest integer less than or equal to z is denoted by |z]|. The
Euclidean norm of x € R? is denoted by ||x||. For a closed and convex set A C R? we
denote by Projax that element Projax € A with

_ Proi o _.
lz = Projaz|| = min ||z — 2|

The diameter of a set A C R? (w.r.t. the Euclidean norm) is denoted by diam(A). For
f:RI R
[flloo = sup |f(z)

zcRd

is its supremum norm, and we set

[1flloc,a = sup | f(z)]
€A

for A C Re.
A finite collection fi,..., fy : R = R is called an L, e—covering of F on x7 if for all
ferF

n 1/p
1
1g}ignN (n;U(xk)_fj(xk)‘p) <e

hold. The L, e-covering number of F on z' is the size N of the smallest L, e-covering
of F on z and is denoted by N (g, F, 27).

For z € R and 8 > 0 we define Tz = max{—3, min{3, z}}. If f : RY — R is a function
then we set (T3 f)(x) = Tp (f(x))-



1.4 Outline

Section 2 contains the definition of the estimate. The main result is presented in Section
3 and proven in Section 4.

2 Definition of the estimate

Throughout the paper we let o(z) = 1/(14e%) be the logistic squasher, i.e., we use the
so—called logistic activation function.

In the sequel we will define hierarchically composed neural networks, which use as
building blocks neural networks with the following special topology: Let K, L,r € N be
parameters of our class of neural networks. We consider neural networks which consist
of K fully connected neural networks of depth L and width r computed in parallel and
compute a linear combination of the outputs of these K neural networks. The weights

(@)

kiij 1S the weight between

in the k-th such network are denoted by (w,(f)i )ig1, Where w

neuron j in layer [ and neuron i in layer [ + 1. Formally we set for z € R?

K
L L
fwl@) =Y wild, - i) @) (®)
k=1
for some wgﬁ)vl, e 7“&%,1 € R, where f,ELl) = f\Ele)d are recursively defined by
l l . -1 -1 -1
fk(;i () = fév)kz(m) =0 Zwl(c,i,j) ' fk(;,j )(37) + wl(c,i,()) (9)
j=1
for some w,g{;é), e ,w,(gl;j) eR(l=2,...,L) and
d
1 1 0 j 0
fid @) = Fohate) = o | 3ol -2+l (10)
j=1
for some w,(coi)o, e w,(coi)d € R. Let F4 k1, be the set of all neural networks (8) of the

above form.

In the sequel we will estimate a regression function which satisfies a hierarchical com-
position model by a recursively defined function h : RY — R. Here we will compose
functions of Fy i1, with different values for K, L, r and d.

Let [ € N be the depth of the hierarchical composition of neural networks. We define
h : R — R recursively by

hx) = h{(z) (z€R? (11)
where (s) (s—1) (s=1)
h’i (x) = gNNﬂ,S(hZ:«;ll K'r-,s"!‘l(x), R hz;‘;ll K'r',s‘f'Ki,s (x>) (12)



for some
s € F
INNis &g, (K Lo s

in case s € {1,...,l} and i € {1,..., N}, and

WO (@) = gunio(a®, ..., 2 @) (13)
for some
INNi0 € Fy e 1o

in case i € {1,..., No}. Here Ny € N is the number of functions gy s at level s which
is given by

Nerl

N;=1 and N, = Z K, forse{0,...,01—1},
r=1

and KT(LS), L, 74, K;s € N are parameters of the estimate.

In order to learn an estimate of the above type from the data using gradient descent
we proceed as follows:

We start with an initialization of the weights where all the weights of the hierarchically
composed networks gy ; s above are initialized independently from each other as follows:

(Ls)

We choose w7y uniformly distributed on [—c3n,c35,] in case s < 1, and in case s = [ we

set w,i 1)1 =0fork € {1,. } We choose w,g,t) uniformly distributed on [—c2 p, ¢2.1]

ifte{l,...,Ls — 1}, and we choose w,go) uniformly distributed on

[—Cl,z’,s,n, Cl,z’,s,n]

Here ¢14.smn,C2n,C3,n > 0 are parameters of the estimate, and the random values are
defined such that all components of w are independent, where w is the weight vector
containing all weights of the network as its components.

If we introduce after each of the above networks except the network on the highest
level an additional layer with the identity function as the activation function, we can
describe this deep network by a network of depth

-1
L= (Li+1)+ L= ZL +1
s=0
as follows:
K{
! L L L L
fu(z) = h{(z) = 3 Wi P ) =3 i) (P @), (1)
JE{L,kr ) (L,1,5)€l k=1
where
f-(s)x =0y w(»sfl)~f(-s_1)x forse{l,...,L} and i >0
(A [2¥) J

F€{0,... ks—1}: (s—1,i,§)€l
(15)



d
fi(l)(x) =01 Z wgg») : f;o) ()| =0 sz(g») - zU) 4 wz(%) for i > 0.
G€{0,....ko} : (0,i,5) €l j=1
(16)
The activation functions depend here on the layer and are given by
os(@) = {a: ifse{Lo+1,Lo+L1+2...., Lo+ -+ Li_1+1},
T Jé,w elsewhere.

And we have used the abbreviations
@) =1 forse{l,...,L} and f”(x)=2" forje{l,...,d},

and ks € Nand I C{0,...,L} x N x N are implicitly defined by (11)—(16).

This gives us our initial weight vector w(®©) and our initial estimate f(©-

After that we perform ¢, € N gradient descent steps each with a step size A, > 0 and
an additional projection step. More precisely, we let W be the set of all weight vectors

W = (wl(;))s,i,j;ogsgL which satisfy

K

L s
S P <an and (@) ssinerser — (WO woiners<ill < 6an (A7)
k=1

where «y,,d, > 0 are parameters of the estimate. We choose a stepsize A, > 0 and a
number t,, € N of gradient descent steps and we set

w® = Projw <w(t*1) —An - Van(w(tfl))> (t=1,...,tn), (18)

where

Falw) = = S ¥ fu(X0)P
=1

is the empirical Lo risk of fy .

During gradient descent (and also directly after the initialization) we apply the fol-
lowing pruning step (which simplifies the optimization during the computation of the
estimate): For

t€{0,8,,2 Sp,...}

we select in the output level of all gy ;s with s < [ randomly f(,(;”) of the Kff) weights
using the uniform distribution. We ignore until the next pruning step all weight vectors
not chosen together with all the weights of the in parallel computed completely con-
nected small networks for which they are the top weights in all computations (also in the
projection step, so we compute the norm in the projection step using only a subset of
the weights). And directly after the selection of the weights we project the weight vector
of the chosen subnetwork towards the corresponding subvector of weights from w(® in



our standard way. This random selection of the weights is done independently for all
gNN,is- Furthermore, we keep the values of all weights not chosen during one pruning
step constant until the next pruning step.

Finally we define our estimate as a truncated version of the neural network with that
weight vector w®) for which the empirical Lo risk was minimal during the training, i.e.,
we set

mu(z) = T, (f @ (x)) where t =arg tE{O,E.l‘i.gnfl} Fn(w(t)) (19)

and 8, = co - logn.

3 Main result
Our main result is the following bound on the expected Ly error of this estimate.

Theorem 1 Lein € N, let (X,Y), (X1,Yn), .., (X, Ys) be independent and identically
distributed R? x R-valued random variables such that supp(X) is bounded and that

E{exp(cs-Y?)} < 00 (20)

holds for some c3 > 0. Let Ky, € N with Ko, = d and set Ny =1 and Ny = ZiV:SiLI K,
for s =0,...,1 — 1. Assume that the regression function m : R% — R is given by

m(z) = b (z),
where

() () — o (s=1) (s—1)
hi (x) o 9178 <h27';«;11 Ks—l,r+1(x)’ Y hz:ﬂ;ll Ks—l,r+Ks—l,i (‘T))

forse{l,...,L}, i€ {1,...,Ns},

forie{l,...,No}. Assume that
Gis - REis 5 R

are (pi,s, Cis) —smooth for some p; s > 1, C; s > 0 for all i,s. Let rpqe = max; s and

Kiae = max; s K; 5. Set B, = ca -logn for some ca > 0 satisfying co - c3 > 3. Set
K® =K, (s=0,...,1), Li=L (s=0,....,0) and 71is=2([2pis+ Kis])?

where K, € N satisfies

K,
n(3l+10)(Tmaz+1)2(i/+Kmaz)+7

— 00 (n— o0)

and

10



for some k > 0, and where

L= m%XHng(pT,s + KT,SH-

T

Set
_ _ Kis
K’I(Ls’l) — ’704 . n2pi,s+Ki,s-‘

fors=1,...,1—1. Set

— 2p; ¢+K; — . — —
Cli,sm = C5 T Piss ©E - ]-Ognv C2.n = Co, C3n =1, 577, - n31+67 Qn = n27
Ay = #, sp=n* K> and t,= (e(log")z"]

n*- K3 "

Let o(x) = 1/(1 + e %) be the logistic squasher, let cg > 0 be sufficiently large, and
define the estimate m,, as above.
Then we have for any € > 0:

2pi,s
E/ [mn(x) — m(z)*Px (dz) < ¢ - maxn i+ K

i,

Remark 1. In the assumption on the regression function in Theorem 1 we can use
projections for the functions hgo), and since these projections are (p, C')-smooth for any
p > 0 they will have no influence on the upper bound on the rate of convergence in

Theorem 1.

Remark 2. The rate of convergence in Theorem 1 is optimal up to the € factor in the
exponent. This factor € appears due to our use of metric entropy bounds for bounding
the complexity of the over-parametrized deep neural networks. It is an open problem
whether one can show the same result without the € factor in the exponent.

Remark 3. The result in Theorem 1 is valid for the logistic squasher. In our proof the
smoothness of the activation function is crucial in order to be able to apply the metric
entropy bounds mentioned in Remark 2, hence the result does not hold for the ReLLU
activation function and it is an open problem whether one can show a similar result for
the ReL'U activation function.

The estimate above depends on the structure of the hierarchical composition model.
Since in practice this structure will usually be unknown, any estimate using this struc-
ture in its definition cannot be applied directly. Of course, one can consider the whole
structure of the network as a parameter of the network and use a standard technique
(like splitting of the sample or cross validation (cf., e.g., Chapters 7 and 8 in Gyorfi et
al. (2002)) to choose this parameter in a data dependent way. However, in the case
of a hierarchical composition model there are too many values for the parameter to be
considered to apply this in practice.

11



In the sequel we describe a more specific assumption from Kohler and Krzyzak (2017)
for which least squares neural network regression estimates can achieve a dimension
reduction (cf., Kohler and Krzyzak (2017) and Bauer and Kohler (2019)) and show that
Theorem 1 can also be applied to this special situation. This assumption will depend on
much less parameters so that they can in principle be chosen by splitting of the sample
or cross validation. Our next definition describes this more specific assumption.

Definition 3 Letd € N, d* € {1,...,d} and m :RY - R,
a) We say that m satisfies a generalized hierarchical interaction model of order
d* and level 0, if there ezist a1, ...,ag~ € R? and f : RY — R such that

m(z) = f(alz,...,akz) for all x € R%.

b) We say that m satisfies a generalized hierarchical interaction model of order d*
and level [ + 1, if there erist K €N, g, : RT - R (k=1,...,K) and fip, ..., fa k :
RY 5 R (k = 1,...,K) such that fip,...,fe-x (K = 1,...,K) satisfy a generalized
hierarchical interaction model of order d* and level | and

K
m(x) = ng (frr(@), ..o, fae i) for all 2 € RY
=1

c) We say that the generalized hierarchical interaction model defined above is

(p, C)-smooth, if all functions occurring in its definition are (p, C')—smooth according to
Definition 1.

So let us assume from now on that the regression function m : R¢ — R satisfies
a (p,C)-smooth generalized hierarchical interaction model of order d* and finite level

[. Let I € N be the maximal number K which occurs in part b) of the definition of
this generalized hierarchical interaction model. We choose the topology of our neural
network estimate by (11)-(13), where we use the following values for the parameters: We
set [ =2-1+1,
I ifse{35,...,2-1+1},
Kis=<(d" ifse{1,2,46,...,2-1},
d ifs=0,

KY = K, (where the value of K,, will be chosen in Corollary 1 below),

b= 2= e [y (%2 4. o (252 1)}

2-([2-2L 4 1)? ifse{3,5,...,2-1+1},
ris=4¢2-([2-p+d)? ifse{l,2,4,6,...,2-1},
2. ([2-22 4 d))? ifs=0.

and

12



Furthermore we set
_ . d*
’r(l,L’S) e ’709 . n2p+d*—‘ ,

a*

c10 - n2pta* T Llogn if s € {3,5,...,2 -1+ 1},

1 _
Clisn = § ¢11 - n2»td -logn if s € {1,2,4,6,...,2-1},
da* .
c1g - n2dptded if s=0,
and choose ¢y, 3.1, O, On, A, Sy and ¢, as in Theorem 1. Let o be the logistic squasher
and define the estimate m,, as in Section 2.

Corollary 1 Letn € N, let (X,Y), (X1,Yn), ..., (Xn,Yn) be independent and identi-
cally distributed R? x R—valued random variables such that supp(X) is bounded and that
(20) holds for some c3 > 0. Assume that the regression functions satisfy a (p, C')—smooth
generalized hierarchical interaction model of order d* € {1,...,d} and finite level | and
define the estimate my, as above, where K, € N is chosen such that

K,
n(6:14+13)-(2-(2-p- I+2-p-d+I1+d)?41)-(L+d+1)+7

and

Ky
— =0 (n—o0)
n

for some k > 0 hold. Assume co-c3 > 3.
Then we have for any € > 0:

2 —2° .
E ‘mn<$) - m(x)’ PX(d.%‘) < ecpz-n 2HdETC

Proof. The generalized hierarchical interaction model in Corollary 1 can be represented
as the model for m in Theorem 1 if we choose I =2 -1+ 1 and

W (2) = al'x,

1 0 0
B0 (@) = f) (@), 6 (@),
2. 2.5—1 2.5—1 7
W (@) = gi(hE D (@), ,hg-d:mj(x)) (s=1,...,1)
and

I

2-s+1 2. =

W) =" hEY (@) (s=1,...,D),
k=1

where we have used that we can extend the last sum to [ terms by just adding zeros.

The projections at level 0 and the sums at levels 3, 5, ...are arbitrary smooth, so in
particular we can assume that they are (p;, C')—smooth and (p;, C')—smooth, respectively,
with p1 = p-d/d* and py = p- I/d*.

13



The parameters of our estimate are chosen such that the assumptions of Theorem 1
are satisfied. Hence we can conclude from Theorem 1

__2p1 2 _ _2py
E/]mn(az)—m(w)|2PX(da:) < ¢4 - max {n e 2Pfd*+ﬁ,n 2P2+I+E}
= 015-n72pzfd*+6.
O

Remark 4. The results above require an exponential large number of gradient descent
steps (in the sample size). It is an open problem whether one can show a similar result
for the number of gradient descent steps growing only polynomially.

Remark 5. It follows from the proof of Theorem 1 that it also holds if only the outer
weights of the deep neural network in our estimate are learned by gradient descent (and
the weights on all levels s < L use during gradient descent always their initial value).

4 Proof of Theorem 1

4.1 Neural network optimization

Our first lemma is our main tool to analyze the gradient descent.

Lemma 1 Let di,dy € N, let Cp,, D, > 0, let A C R* and B C R% be closed and
convez, and let F : RY x R% — R be a function such that

w— F(u,v) s differentiable and convez for all v € R™

and
[(VuF)(u,v)|| < Cy (21)

for all (u,v) € A x B. Choose (ugp,vg) € A X B, let vy,...,v, € B and set

upp1 = Proja (uy — X - (Vo F) (ug,v))  fort=0,...,t, — 1,

where ]
A= —.
ln
Let u* € A, v* € B, and assume
|F(u”,0) = F(u",0%)| < Dy - [Ju™[| - [Jo — o] (22)
forallt=1,... t,. Then it holds:
F <F D, - . B :
gmin (ug, v) < F(u*,v*) + |u*|| - diam(B) + 5 + 5t

14



Proof. The result follows in a straightforward way from the proof of Lemma 1 in Kohler
and Krzyzak (2023). For the sake of completeness we repeat the proof below.
In the first step of the proof we show

tn—1 tn—1 tn—1
1R < ot —wol? | 1% :
F < F(u* F (23
g 2 Fluew) 2 3 Pl o)+ S+ 5 5 VP (23)

By convexity of u — F(u,v:) and because of u* € A we have

F(ug,vp) — F(u™, vy)
< < (Vo F)(ug,vp),up — u* >

1
= ﬂ . 2 < )\ . (qu)(Ut,'Ut),Ut — U* >
1 *
=5 (=l = w* = A= (V) (g, 00) 1P+ e — @[ + X - (VuF) (g, v0)]%)
1 ya . . . k(2 k12 2 2
ST (=lIProja(ue = A~ (VuF)(ug, vr)) — w*[|* + [Jug — u*[|* + A° - [[(VuF) (g, v0)[|°)
1 * *
=5 (lue = w1 = luggr = ¥ 4+ 22 [[(VuF) (ug, v0) 1) -

This implies

tn—1 tn—1

1 1 )
EZF(W’W)_E F(u®, vr)
t=0 t=0
1 tnh—1
= t— Z (F(ut,vt) — F(U*,'Ut)>
™ =0
122 1 2=
S > T (e — > = fJugsr — w*[?) + . > 5 1(VuF) (ug, ve)||>
™ t=0 =0
1 tn_l tn—l
=5 2 (=P = Jur = w12) + 5 D (V) (ur,w0)
t=0 " t=0
tn—1
[Juo — u*|? IR
< + 53 > I(VuF) (g, )|
2 213 &

In the second step of the proof we show the assertion.
Using the result of step 1 we get

min . F(ug,vy)

t=0,...,tn—
=
< ? Z F(Ut,’l)t)
™ t=0
tn—1 tn—1
1 n . u* —u 2 1 "
< 23 Ft o)+ S (V) )
" =0 " t=0

15



. 1 tn—1 . ., Hu* _uOHQ
<F(u,U)-F;Z’F(Uavt)_F(uaU)’"'_ 2
" =0
=
o7z D IVl (s, v0)|”
n =0
By (22) we get
1 tn—1 1 tn—1
= Y F@v) = o) < = 3 D - o= o)
™ =0 " ot=0
< Dy - ||u*| - diam(B).
And by (21) we get
tn—1 tn—1
=t v, F 2 < C2 ="
g 2 |Vl < 59 30 Cl= 5y

Summarizing the above results, the proof is complete.

O

Next we prove two results which will help us to verify the assumptions of Lemma 1.

First we consider (22).

Lemma 2 Let d, J,, K, € N, and for w = ((wg)k=1,... k,,, V) with wy € R and v € Rn

let fo : RY — R be a (deep) neural network with weight vector w given by

Ky
fw(@) =Y w - f(x) (x e RY),
k=1

where |f‘(,L]2(x)\ <1lforallz e R (k=1,...,K,). Setu= (Wr)ke1,. Kns fup(z) =

fw(x) and

1 n
Flu,v) = = 3" [Yi = funlX0)
=1

Let B, >0, Cn,EmKn € N and assume
Vil <Bu (i=1,...,m),

K,
Z ‘wk| S Env
k=1

{ke{l....Ka} : wp#0} <K,

and . ;
£ @) = £ @) < Cu- v = v
for all x € {X1,...,X,}. Then

|F(u,v) — Fu,v')| <2 (B, + Epn) - Cy - \/Kj lul - [|v — v(©].

16
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Proof. Because of (25) we have
| fuw(Xi)| < By and |fu7v(0) (Xi)| < En.
This implies
|F(u,0) = F(u, o)

= 20— X0 Y5 = 0 (X)) (FualX0) = Frapin (X0)
1=1
S(2ﬁn+2En) *Z’fuv z - uv(o)(X)‘
1 n Kp
<@ Bt 2-En)- 23wl R () — i (X))
i=1 k=1
1 n Kn
<2 Bat2Ba)- D[ Dl Z [P (X0) = fy (X2

i=1 \ k=1 k=1,...,Kpwy#£0

Kn

§(2'5"+2'E)':LZ\Z|“”C‘2' Z C2 - |lv—vO2

k=1,...,Kp:wi#0
2 (B + En) - Cr - [l - \/ K- [V = v(©

Lemma 2 requires (27), for which we will use our next lemma.

Lemma 3 Define
K

(@) =P (@) =3 w119 ()
k=1

by (11)-(16) and set f‘(,ng(:L’) = f,gL)(x) Let a, Ay, By, E, > 1. Assume that the weight
vectors w of gNN.is defined in (12) and (13) satisfy

i) | < Ay for j >0, (28)
]wkmj <B, forj>0 and t=1,...,Ls—1, (29)
and
K5
(Ls) :
Z|wk11] < E, in case s <I. (30)
Then we have for any = € [—a, a?
L L) ol
@) = £ @) S ey [ max K- AL BEN B v = vl

17



Proof. For s ¢ {Lo+1,Lo+ L1 +2,...,Lo+ -+ L;j_1 + 1} we have

T )
GE{0,ks1}: (s—1,5)€l

Forse{Lo+1,Lo+Li+2,...,Lo+ -+ Li_1 + 1} we can conclude from (30)

<1.

119 ()] =

s s 1 s—
@) = 3 e (@)
7€{0,....ks—1}: (s—1,i,5)el
< Z ’w§3—1)| < Ep.

j€{0,....ks—1}: (s—1,i,5)€l

Using that o, is Lipschitz continuous with Lipschitz constant one we get

@ - 1@ < | > vl 180 @)
J€{0,... ks—1}: (s—1d,5)el
- 3 )" 150 )|
7€40,...;ks—1}: (s—1,i,5)el
< 3 (v = (va) ) £ V(@)
§€4{0,...;ks—1}: (s—1,i,5)€el
s—1 s—1 s—1
+ 3 (va) Y (D (@) — £V (@)
§€{0,.. ks _1}: (s—1,4,5)el
< > |08 = (va)5P| - max |15 @)
G€{0,.ks—1}: (s—1,,5)€l
+ > (v) 0| max 10,0 (@) = 150 (@)
J€{0,....ks—1}: (s—1y,5)€l
S \/‘{je{ov"‘aks—l} : (8—1,Z7J)EI}‘

GE{0 kg1 }: (s—1,i5)ET

S— S— 2 S
J 2 ) = )57 e £ )
+ > |v2) 87| max 750 @) - 180 @)l
7€{0,....ks—1}: (s—1lyi,5)€l

In case s = 1 we have

and

18



from which we can conclude
1
|f\(/1),z<x) vQ Z( )’ < \/m - HVl — V2||

In case s € {2,3,...,Lo,Lo+3,Lo+4,..., Lo+ Ly +1,....,Lo+ -+ L1 +1+
Lo+ -+ Ly + 1} we have

{je{0,... ke1}: (s—1,i,5) eI} <r+1, (31)
max | £y (@) < 1 (32)

and
3 ((v2 ‘< (r+1)- By, (33)

jE{O,...,ksfﬂ : (8_1717])61

from which we can conclude
s s—1 s—1
£5(@) = £s@) < VT vi = vl + (1) - Bo-max | £ (@) = £33 @)

Incase s€ {Lo+1,Lo+ L1 +2,...,Lo+ -+ L;—1 + 1} (32) holds, and in addition
we have
Hie€{0,....ks—1} : (s —1,i,5) € [} < | max K

20ty

and

Z ‘(Vg 5 1)‘<E

j€{0,....ks—1}: (s—1,4,5)€l

from which we can conclude

i) = @)l < ) _max K& va = ol 4+ By max 1757 () = 30 @)

Incase s€ {Lo+2,Lo+ L1 +3,...,Lo+...,L;—1 + 1+ 1} we have
{j € {Oa"'aksfl} : (Silviaj) GI}’ SKi,S+17
-1
max| £, (@) < By

and
3 ‘(v2 ‘< Kig+1)- A,

JE{0, ks 1} (s—1,i.5)€l

from which we can conclude

£ (@) = 19 ()
< VR + 1By |vi = vl + (Kig + 1) - Ay - max £, (2) = £ @),

19



Applying these inequalities recursively we get

FD (@) = fV @) < exr - vi = vall,

|
2 2
11D @) — F& (@) < eis - v — vall + c19 - Ba - exg - [Ivi — vall < e20 - B - lvi — vall,

S (@) = 589 @) < ear - BT vy = v

o () — plot (@)

Vi, V2,
</ max K - lvi = val| + En -1 - BR71 vy — va|
Si b I
< co99 - max Kq(q,s) - B, - Bﬁo_l vy — vel,

s=0,...,I—1

02 (@) — ot ()|

va,i

max K,,(LS) - B, - Bﬁo_l v = vl

<oy Encflvi — val +coa - Ay e [ max

< cg5 - ngla}qu?(f) <Ay By - BT [lvi = vall,

If L0+L1+1( ) — f(Lo+L1+1)( )|

Vi,i va,i

< ey max K) A, - Ep - BEot=2 iy — vy,

| Pt Eat2) gy pllotbat2) ()

Vi, v2,i

< o7 - ,/S_gnm;_le(Ls) v = v

+Ey x| max K\ A, B, BEotLi=2 |y, — v

< cog - ‘/ _max Ks) Ay - B2 BLotLi=2 iy — vy

and finally
@) = D @) = (et D @) - ettt ()

< o9 - /S Bna)l( K() Al El BLo-‘r +L—-1-1 HVI_VQH

Finally we present a result which will help us to verify (21).



Lemma 4 Let F(u,v) = F(w) be defined as in Lemma 2 and assume that (24) and (25)
hold. Then

[V F)| <2+ (B4 B - Vs

Proof. We have

=1,...,

=S E Y2 (fulx) - v (X))
S —ZQ'(En+/Bn) 1
=1 =1

4.2 Neural network approximation

In this subsection we study the approximation properties of our hierarchical space of
deep neural networks. Our starting point is the following result from Kohler (2024).

Lemma 5 Let d € N, p = g+ 8 where € (0,1] and ¢ € No, C > 0, A > 1 and
Ay, Bp,7v: > 1. For L,r € N let F be the set of all networks fw defined by (8)-(10) with
logistic squasher and K replaced by r, where the weight vector satisfies

0 1 T
Wkl < Aus i < B and | <

forallle{l,...,L—1}, alli,j and all k =1,...,r, and for L,r, K € N set

Kd
H=SD"fi + freF (k=1,...,K)
k=1

Let L,r € N with
L>Tlogy(qg+d)] and r>2-(2p+d)-(q+4d),

and set
A, =A-K-logK, B,=c3 and 7:2:031'Kq+d.

Assume K > c3o for csa sufficiently large. Then there exists for any (p,C)-smooth
f:R?* 5 R a neural network h € H such that

sup  [f(x) — h(z)] < —=.
z€[-A,A)d KP
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Proof. See Theorem 3 in Kohler (2024). O
Our next result extends Lemma 5 to the hierarchical spaces of neural networks intro-
duced in Section 2.

Lemma 6 Let K., € N with Ko, = d. Set N, = 1 and N, = N1 K, for s €
{0,...,1—1}. Define m:R? = R by

m(z) = b (),

where

(s) _ . (p(s=D) (s—1)
hz (‘r) B gl,s(hz';;ll Ks—l,r+1(l,)’ I hz:«;ll Ks—l,r+K571,i (x))

forse{l,...,L}, i€ {1,..., N},

forie{l,...,No}. Assume that
Giys - REs 5 R

are (pi,s, Cis) —smooth for some p; s > 1, Cj s >0 for all i, s.
Let H be the set of all neural networks defined by (11)-(13) with K replaced by
K7(187Z) € Nz Ls = L= maxy ¢ “OgQ(pT,t + Kr,tﬂ; Tis = 2 ([(2pi,s + Ki,&ﬂ)2 and where fOT

all i,s and each function from gnn,is € ]-“K KD the weight constraints

(0) 0 (Lo) Pl
AN/ K s )% s ) K; .

[yl < caar(KP)Eedog KD, fwy (| S ess and - |wyy] < ez (KS) 7

n

are satisfied for 1 =1,...,Ls — 1. '
Then there exists h € H such that for sufficiently large KT(LS’” 1t holds

1
sup  |h(z) — m(z)| < c37 - max ————.
ze[—A Al bs (KD pis/Kis

Proof. Choose A > A such that
hi73(az) S [—/_X,A]

holds for all € [~A, A]¢ and all 4,s, which is possible because of the continuity of
the g; 5. For i,s let g; s € ]:K, KD be the neural network approximation of g;
defined in Lemma 5 which satisfies 7

~ C38
sup |gi,8(x) - gi,s($)’ < D P VN (34)
we[—A—1,A41)Kiss (K ypis/ Ko
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for some c3g > 1. Let Cr;, > 1 be an upper bound on the Lipschitz constant of g; s
on [—A, A]is for all 4,5 (which exists because of p; s > 1). W.l.o.g. we assume in the

sequel that Kq(f’i) is so large that

2l—1 . lel - 38
Lip <1

holds for all 7, s.
Define - (1)
hy
recursively by

s - s—1 2 (s—1
hi )(x) - gZ’S(h(Z:.;zl stl,'r“!‘l(x), Y h(z,:;zl stl,r“!‘Ks—l,i (IB>)

forse{l,...,L}, i€ {1,...,Ns} and

WO (@) = gio(x)

for ¢ € {1,...,N0}.
Then ﬁgl) is a function from H which satisfies the conditions of Lemma 6, hence it
suffices to show

() 1
sup |y () —m(z)| < eg9 - max — —————.
$E[—A7A]d ! 1,8 (Kés’z))piﬁs/Ki,s
To do this, we show recursively
5 1
. h(.s) o h(s) <9505, . max 35
xe[b—lilr,)A}J 5 (@) = hy @] <27 Clip - cas - o (KD o/ i (35)

for all j € {1,...,Ns} and all s € {0,1,...,1}.

By construction (35) holds for s = 0 (cf., (34)). So assume now that (35) holds for
some s € {0,...,l—1}. Then iz,gs) (z) € [-A—1,A+1), the choice of §; s+1, the Lipschitz
smoothness of g; s41 (which holds because of p; ;1 > 1) and our induction assumption
imply for any x € [~ A, A]? and any i

A (@) — hE (@)

a gi’s“(ﬁ(ZS)i;ﬁ Kop1 ) "E(S)j—ll PRRTINC))
_gi»sﬂ(hgjjl K‘g,r+1($)’ T h(ZS)i;ll Ko+ Ks i %))
< |Gish (E(ZS)EI Ko+l @), - E(S)f;ll Kot Ks s (x))
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pls)

_gi,s+1( (ZL 1 K, '+1(x) Zl 1 Kér"‘KS,i(x))

ot (o (@) AR (@)
gt (WZy e @) B (@)
= s K );,SH/&,M O b Kt oS KK @ = @)
< css- K£L3+1’i))ji,s+1/f<¢,s+1 + Crip-2° - Cl; - C35 - nax W
1

< 95+l Cs"'l - max —f———
Lip €38 . t,%)\p. o
i tt<st1 (Kfl 71))pz,t/K7,,t

4.3 Neural network generalization

Next we derive a bound on the covering number of hierarchically defined spaces of neural
networks. We do this by composing coverings, and in order to be able to prove that the
composed covering is a covering of the hierarchically defined function space, we will use
the following generalization of a supremum norm cover.

Definition 4 Let e > 0 and 6 > 0, let A € R, let F be a set of functions f : R* —» R,
and let fi,..., fn:RE= R, {fi,..., fa} is called an e-|| - oo, ,4j¢-cover of F for ¢
perturbated data, if for any f € F there exists i € {1,...,n} such that

sup f(x) = fi(@)] < e
2€[~ A4 FERY : 27— 00 <5

The €-|| - || oo~ a,4)2-cOvering number of F for § perturbated data

N, 5(6,F)

[AAd’

is the minimal n € N such that a e-|| - || (-4, aja-cover of F for & perturbated data of size
n exists.

As our next result shows, the above introduced covering number is especially suited
for hierarchical compositions of function spaces.

Lemma 7 Let F be a set of functions f : RE = R, let a > 1, let Gi,...,Gg be sets of
functions g : R — [—a, o], and let H be the set of all functions

h(z) = f(g1(2),.... 9k (2)) (z €RY)
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for some f € F, g1 €G1, ..., gk € Gx. Then we have for any e,n >0 and any 6 >0

56 H) SN Lo g€ ) HNII oo o ayas8 (1 G-

k=1

Il'lloo7[_A7A]d7 —a,al
Proof. TLet fi,...,f, : RE — R be an | - lloo,[—
for n perturbated data, and for k € {1,...,K} let gk1,---,Gkn, : RY — R be an 7-

| * lloo,{—4,4)4-cover of minimal size of Gy, for § perturbated data. In the sequel we show
that the set of all functions

h(z) = filg14,(2), . grc () (z €RY)

with i € {1,...,n}, j1 € {1,...,m1}, ..., jx € {1,...,nk} is an | - [[o [ 4, 4ja-cOVer
of H for ¢ perturbated data. From this we get the assertion, because from this we can
conclude

a,a]k-cover of minimal size of F
)

Nl panad(&H) <7 an— (R HNHH WPEICAOL
k=1
In order to show that the functions h defined above are an e[| - [|o [ 4, aja-cover of H for

0 perturbated data, let h € H be arbitrary. Then h is given by

h(z) = f(g1(2),.... 9k (2)) (z €RY)

for some f € F, g1 € G1, ..., gk € Gx. Choose i € {1,...,n}, j1 € {1,...,n1}, ...,
Jjr € {1,...,nk} such that

sup |f(z) = fi(Z)] <€

CEE[—O(,O&]K7£ERK : Hx_fHooSU
and

sup |9 (%) — g1, (Z)| <n
2l A, A GERY: 2|00 <5

hold for all k € {1,..., K}.
Then we get for any z € [~ A4, A]? and 7 € R? with ||z — & < 0

gk(x) € [—a,a] and |gp(x) — gr . (@) <n forallk=1,..., K
(where the first relation holds by the definition of Gy ), from which we conclude

[f(91(2), - 9k (2) = fi(91,5: (T), - - 91y (B))] < €.

U
Our next lemma generalizes the result from Lemma 12 in Kohler (2024) to the more
complex notion of a covering introduced above.
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Lemma 8 Let a > 1 and let A,B,C > 1. Let 0 : R = R be k-times differentiable such
that all derivatives up to order k are bounded on R. Let F be the set of all functions fu
defined by (8)-(10) where the weight vector w satisfies

X L
D lwgih| < C. (36)
j=1
wih | <B (ke{l,....K},ije{l,....r}lef{l,....L—1}) (37)
and
i) | <A (ke{l,... . K}ie{l,...,r},je{l,....d}). (38)
Let €,0 € (0,1] and assume
C43 * €
<
5—d.A.BL71.C (39)

for some suitably small constant cy3 > 0. Then we have

5(67f)

H'”oo,[—a,a]d’

< Ak=1. g(L=1):(k=1) .
< | caa-

ca5-ad-Ad. BL=1)-d (C)/F
6 )

Proof. It is shown in the proof of Lemma 12 in Kohler (2024) that for any fy € F, any
r € [-2a,20)% and any sq,...,s, € {1,...,d}

O fw
Oz(s1) .. Qx(sk)

()| < cgg - C - BETDE . gk (40)

holds.
Partition [-2 - a,2 - o|? into at most

d/k
. k. Ak . g(L=1)k
K <C47 ) 2-(4a)¥- A¥- B C’>

€

many cubes of side length

4.« 4o

= <
1 | KVd] = K1/d —1
vi%e"
<
( 2-(4a)k‘Ak-B(L—1)-k’.C)1/]‘3
Ca7 - - ~1
< %%
I ( 2~(4o¢)k-Ak~B(L*1)'k.C'>1/k
5 . 047 . p
k
Lo s Y w
ca7 /2Kt AR BI-1)k . O :

26



Here the second inequality holds if ¢47 > 1, since

2- (4a)k . Ak . BE-Dk . ¢

€

> 2.4k > oF,

Let f € F, let C be any cube of the above partition, and let p be the Taylor polynomial
of total degree k — 1 of f around the center z¢ of C. By using a standard bound on the
remainder of the multivariate Taylor polynomial it is possible to show that for any Z,
which is in supremum norm not further away of the center of C' than 7/2, we have for
cq7 sufficiently large

£ (%) = p(2)]

k 1 b1 girt+ia f 3
<| 2   /0(1_t) e i@ T Tt (@ @) dt

@0 ey @D o

k

Furthermore we have for any x € [~a,a]? and any & € R? with ||2 — &/ < 6
i e [—2a,2a]?,

hence 7 is contained in one set of the above partition, and it holds

d

|f($) - f(j)‘ < Z |f(j(1)a s a'i(i_l)ax(i)v . 'ax(d)) - f('i(l)a . 'ai‘(i)vm(i—"_l)a s 7x(d))|
=1
0 af ¢
< : e® — 70| <d-eye-C-BED . A 5< =
; 8x(l) 00,[—2a,2a)d 4

provided cq3 < 1/(4 - ca6) (cf. (39)).

Let H be the set of all piecewise polynomials (with respect to the above partition of
[-2-a,2-a]?) of total degree k — 1 with the coefficients bounded in absolute value by
a6+ C - BL=Dk=1. Ak=1 This set contains all piecewise Taylor polynomials of the above
form. And for any f € F we can find h € H such that for any = € [~a,a]? and any
7 € R? with ||z — %||eo < & it holds

|f(z) = n(z)] = |f(z)—p(@)
< |f(@) = f@)]+ [f(@) — p(@)]
< S5
- 4 4 2
If we discretize in ‘H all the
C49 * K
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many coefficients, which all take on values in an interval of length
2. ey C - BED(=1) | gk—1

by a grid of size €/(2 - ¢51), then

Z .y - (D) (D) Z biyogy - (D) (z(D))Ja

J1,---3q€Np: J1,--3q€No:
J1ttig<k—1 Jittigs<k—1
k k—1
<t (max{lello 1D max g~ by

Jittig<k—1
implies that the resulting set is (for c5; > d* - (2-a)*~1) an €/2-|| - lloo,[~2-0,2-0
of H. Since the number of functions in this covering does not exceed

9. s - O - BED (1) gh—1) O
6/(2 . 651) ’

ja-covering

we get the desired cover of F. O

4.4 Proof of Theorem 1

W.lo.g. we assume throughout the proof that n is sufficiently large and that ||m|ec < G,
holds. Let A > 0 with supp(X) C [—A, A]%. Set

Ki,s
Kff’i) = {652 . nw-‘ (s=0,...,0),

hence ) )
];—((S,Z):K(Sal) forS:O;--'al_l'

n n

Set

ROD = s gD,
Let w* be a weight vector of a neural network in Lemma 6 which approximates m, where
for the network approximating g;; all the in parallel computed neural networks are re-
peated n® times with values w](Lll)1 = wiLj) replaced by w](Lll 1/n5. Then the corresponding
network

fw ()

satisfies

sup | fw=(x) —m(z)] < 37 - max —————— < ¢53 - max —.
ve€[-A,AJ s (K i/ Kis b nzp%
The weight vectors corresponding to gnn,;,s of this hierarchically composed neural net-
work satisfy

(W) € [meamcanl, (W € [meamean] (I=1,...,Ls—1)
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and
0
(w*)](§77)“7j € [_Cl,i,s,nacl,i,s,n]-

Furthermore, the weights in the last layer of the hierarchical composed networks satisfy

n5'KT(’Ll,1) ) 1
(L))2 5 11 n _
S < e’ KGR 5) < 3=
k=1
Set
1
€n = 3149

Let A, 1 be the event that the weight vector w(0 satisfies firstly in each of the hierar-
chically combined networks gnn,; s with s € {0,...,1 —1}

0 .y
(W) =W < e forallre {0, L te {1, K}
for some pairwise distinct jiis,...,Jg0 ;€ {1,...,K,} and that it also satisfies in
g1,
(W) =W < e forallref0,..., Li—1}te {1, Kl
for some pairwise distinct ji14,. .., 70 1 € {1,...,K,}. Let A, 2 be the event that
in case that A, 1 holds at some pruning step simultaneously all the weights
(Ls) (Ls)
Cinis bW o | 11

from g; s are chosen for all 4 and all s =0,...,l —1. And let A, 3 be the event that
iirllaxn D/z’ < V Bn

holds. Let A, be the event that A, 1, A, 2 and A, 3 hold simultaneously.
In the sequel we decompose the Lo error of m, in a sum of several terms. Set

mg, (x) = E{T3,Y|X = x}.

We have

— (E{Imn(X) = T3,Y|*IDn} — B{|mg, (X) — T3,V |*}) } “la,
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+[E {Ima(X) = Ts, YI*ID0} = E{lmg, (X) — T, YI*}

1
-2 > (Imn(X0) = Tp,Yil? — |mg, (Xi) — Tp,Yi[) } 14,
=1

1 IR
25 3 )~ T Y =2 03 b, (X9 — T Vi
1=

=1
- (2 LS () - ¥ -2 LS iy —Y) |14,
i=1 =1
2 LS ) - ViR =2 LS )~ v,
=1 =1
—i—/ imn () — m(z)*Px (dz) - 1ac

5
Jj=1

In the remainder of the proof we bound

ET;,,

)

for j € {1,...,5}.
In the first step of the proof we show

1
ET;, <csi- —— forj e {1,3}.
n

This follows from the proof of Lemma 1 in Bauer and Kohler (2019).
In the second step of the proof we show

1 2
ET5, < cs5- (log ) .
n

The definition of m,, implies [ |m,(z) — m(z)|*Px(dz) < 4 -3 - (logn)?, hence it
suffices to show

c C56
P(45) < —3. (42)

To do this, we consider separately in each of the hierarchically composed subnetworks a
sequential choice of the weights of the K, fully connected neural networks. The prob-
ability that the weights in the first of the K, in parallel computed neural networks in
gNN,i s differ in all components at most by €, from the weights in the first of the f(ff’i)
in parallel computed neural networks in the corresponding network in our hierarchically
composed network with good approximation properties constructed above is for large n
bounded from below by

TWLGI'(TMGI+1)'(LWGI _1) Tmaz‘(Kmam+1)
€n €n €n
(2 ' 03,n> (2 ' Cz,n> (2 ' Cl,z‘,s,n>
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> n_(3‘l+10)‘(Tmaz+1)2‘(Lmaz+Kmam)

where

Kor = n%asuxKas, Tmaz = Hzl%xri’s and Lyae = mgx L, =1L.
b 9

Hence the probability that none of the first 131410 (rmas+1)* (Lmas+Kmaz)+1 peyral net-
works satisfies this condition is bounded from above by

(1 i n_(3.[.1,_10).(Tmam_g_l)Q.(Lmam_‘_Kmam))n(3'l+10)'(7"maa:+1)2'(L77La;c+Kmaac)+1

n(3'l+10)'(7“maac+1)2'(L'rrzam+Km(Lac)+1

< (exp (_n_(3'l+10)'(TTILGIL'+1)2'(L"LIL(L'+KTIL(L(L')))
= exp(—n).
And since there are only finitely many of these subnetworks the probability that in any

of these subnetworks none of the first nG31H10)(rmaz+1)* (Lmaz+Kmaz)+1 peyral networks
satisfies this condition is for large n bounded from above by

cs7 - exp(—n).

Since we have K, > nG+10):(rmaz+1)? (Lmas+Kmaz)+1 . max; s f(,(f’i) for n large we can
successively use the same construction for all of the weights in any of the subnetworks
and we can conclude: The probability that there exist (s,4) and k € {1,..., I_(T(Ls’i)} such
that none of the K, weight vectors of the network corresponding to gnn,; s differs in all
components by at most €, from (w,(ﬁ’j)i,ijgh (or (w,(:?’j)i,j,r;KLs in case s = 1) is for
large n bounded from above by

1

5

nS’i) cexp(—n) < n® . e - exp(—n) <

Cs58 + IMax R(
2,8 n

This implies for large n

1 1
P(AL) +P(Asy) < 5 +P{max Y] > V) < & +n-P{Y| > V/E,)
G . 2
1 . E{exp(c3-Y?) < 3

n2 exp(cs - Bn) — n2’

where the last inequality follows from the assumption ¢y - ¢3 > 3. Furthermore, the
probability that during one pruning step A, 1 holds and that in all hierarchical composed
networks just the subsets are chosen where according to A, ; the best approximating
weights are approximated with an error at most €, is for large n bounded from below by

C62
>n - C59 eX[)(—n) ——>e
- (nN)C(;g-’n -

1
n® - csg - exp(—n) - VAT
(i)

Since we perform at least |t,/s,| of these pruning steps independently, we can conclude

—cga-n-logn

P{A} »} < (1 — 6*064-n-10gn>tn/sn_l < 8

n2’
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Hence we have shown
P{AS} < P(AS,) + P(AS,) + P(ASy) < <.

Let € > 0 be arbitrary. In the third step of the proof we show

2pi,s

— +E
ETQm < Ce7 - IMaxn i st Rs
1,8

Let W, be the set of all weight vectors of the hierarchically composed neural network
defined by (11)—(13) with K, K,(LS), L and r; s chosen as in Theorem 1, where for each
of the subnetwork gy s the weights (wl(l])k)”kl satisfy

\wl ’<068 n (kzl,...,Kn),

|’UJ | <ecgg (I=1,...,Ls—1)

1,7,k

and
1

\wl(g)k] < ¢ - nPisTRis logn.
The initialization of w(®) together with (17) implies
w eWw, (t=0,....t,).

Hence, for any u > 0 we get

P{TZ,n >U}
2 2
P{Hf €Fn:E (‘f(ﬁX) — Tf;ny ) ) (‘mﬁg(X) _ T%,LY )
1 X)) TsYil" |mg(Xi) TpYil|

1 (u f(X)  TY "\ ‘mgn(X)_TgnY
73 (ﬁ%JFE(‘ B B ) E< G B

Fo=ATs,fw :+ wWeWy}.
By Lemma 7 and Lemma 8 we get for any z1,...,x, € supp(X)

))

where

N1< {6 - f fEf},l’?)ﬁNl((sﬂn,fn,l‘?)
'/\/’”HOO[ AAdv ( Bn’ n)

K’L,s/k
e 074‘(n1/(2p1 sTK;, s). log n)Ki,s.(c(Sg)(Lé’_l)‘Ki,s‘( Kn-ceg-n )
H(éﬁMWJ

<

Bn-crg-6/ncTT
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By choosing k large enough we get for § > 1/n?

K; o
1 7 slw5 ,8 +e/2
M (6’{'f:fe}"n}’w7f> §079'Hn080'”2p’+K’ )
Bn 2,8
This together with Theorem 11.4 in Gyorfi et al. (2002) leads for v > 1/n and n large
enough to

K.
2p; sf"’;{z s +e/2 n
P{T5, >u} <14-cq9- | | n®"™ — 7 ‘e ——u .
{ 2,n } = 79 E[ XP < 5136 - 57% )
For €, > 1/n we can conclude
o0
E{Ty,} < e+ / P{Ty, > u}du
" T 5136 - 52
2p; s+ K s € n .
< e+ 14-crg- || nB0™ 7 cexp | —————5 €6 | —2.
I n 79 ll_SI p 5136 - ﬁ% n n
Setting
5136 - 32 T /2 T el (log n)?
: 2p3, st K s n-rns ©S - llogn
6 = o o [ Lo ™ ey Y o
1,8 2,8

yields the assertion of the third step of the proof.
In the fourth step of the proof we show

2p;.s
E{Tyn} < cg2-maxn *Pistfis.
1,8

Using
Ts,z —y| < |z —y| for|y| < B,

we get

Ty /2

= [ 3 o) = Y2 = = ()~ Y] - L,
=1 =1
< [ o (60 =¥ = 3 ) = ] L,

< [Faw®) = = S pm(X0) = %] -1,
=1
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Let T € N be a random number such that on A, the pruning step number T leads to
the choice of the right subsets in A, 3. By definition of { we have

(i) — ] (t) < 3 (t)
Fy(w )_t O{r'r.l.l,g_an(w ) . .Snf{ugn o F,(w'"),
hence
1 n )
< ] (t) - E ) . .
T4’"/2 [t_—T.Sn,.{?Ilg,ﬁsn—l Fn(w ) n 4 7 |m(XZ) YZ| Lan:
1=

Next we apply Lemma 1 with
L s
Fu,v) = Fo((wi)e, ()i j.ss<1)).

uF = (WP and oF = (W) jss<r)-

-----

hence assumption (21) of Lemma 1 is satisfied for
C, = K,.

In order to determine the value of D,, in assumption (22) of Lemma 1 we apply Lemma
2 and Lemma 3. Because of the pruning steps during the computation of our estimates
the occuring weights satisfies

K

E \w,(ff)l < max K9 . max ]w,(ch)l <n?
1 ) o (S) 1

k=1 k 17 sy An

and by Lemma 3 we can conclude

|f‘(,f)k(ac) - f‘(lf)k(ac)\ < ci6- \/ max Kl BT 2 vy — vl

1,5:5=0,...,l—1

Application of Lemma 2 yields that assumption (22) of Lemma 1 is satisfied for

9l 11
Dy =2 (B +K7(zl’1) ) cig - 654 2-1 3141/2 4[5 K,S ) < cgs - n31+6’

where we have used

Kn
D lw)iR] < KD o
k=1

(@)

Furthermore, if we set in ((W*)kij)k,i,j,l:KL all those components equal to the val-

ues in ((W(O));(Cl)ij)k,i,j,l:l<L7 where (W*),(%Lf)1 = 0, which does not change the value of

Fn(((W*)](ng))ka ((W*)E?)i,j,s;KL)), we have

(W) guss<r — (WD) rserll < ess - e < .
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Application of Lemma 1 yields

T4,n/2 <

<

This implies

+% Ci_fZ’m ]'lAn

Bl )i (W) rigiacn)) — - D0 Im(X0) = ¥if?] L, + &2
=1

E{T,,/2}

SE{[;DY PO }un}ﬁff
=1

SE{lz!Y Forr (X3) ——Z\m m?}
=1

2

1
- E 1 Im(Xi) = Yif?
1=

/ e () — (@) PP (d) + 2

C88
V/P(AC) + =
( )+n

‘ n

2pi,s

< cgp - maxn PisTKis,
1,8
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