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Abstract

Estimation of a regression function from exponentially 5-mixing data is considered. The
Lo error with integration with respect to the design is used as the error criterion. Deep
neural network estimates with logistic activation function are defined, where all param-
eters are learned by gradient descent. The rate of convergence of the expected Lo error
is analyzed for (p, C)-smooth regression functions. In the special case that the design is
concentrated on a d*-dimensional manifold, it is shown that the expected Lo error of the
estimate achieves a rate of convergence which depends on d* and not on the dimension
d of the design.
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1. Introduction

Deep neural networks are nowadays among the most successful statistical methods ap-
plied in practice, e.g. in image classification (cf., e.g., Krizhevsky, Sutskever and Hinton
(2012)), in language recognition (cf., e.g., Kim (2014)) in machine translation (cf., e.g.,
Wu et al. (2016)) in game playing (cf., e.g., Silver et al. (2017)) or in simulation of
human conversation (cf., e.g., Minaee et al. (2025)). Motivated by these successes in ap-
plications, deep learning was also intensively studied theoretically in the past ten years.
Often this is done in the context of nonparametric regression, where a sample

D, ={(X1,Y1),...,(Xpn,Yn)} (1)
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of a R? x R-valued random vector (X,Y) satisfying E{Y?} < oo is given, and the task
is to construct an estimate

mn(-) = mp(-, D) : RT = R

of the corresponding regression function m : R* — R, m(x) = E{Y|X = 2} such that
the so—called Ly error

/ () — () PP x (da)

is small (see Chapter 1 in Gyorfi et al. (2002) for a motivation for using the Lo error as
the error criterion in nonparametric regression).

It is well-known that the rate of convergence of the Lo error might be arbitrarily slow
in case that one does not impose smoothness assumptions on the regression function (cf.,
e.g., Chapter 3 in Gyorfi et al. (2002)). In the sequel we will assume that the regression
function is (p, C)-smooth according to the following definition.

Definition 1 Let p = q + s for some ¢ € Ng and 0 < s < 1. A function m : R* = R
is called (p, C)-smooth, if for every o = (a,...,aq) € N& with Z;-lzl aj = q the partial
derivative 09m/(0x* ... 0x") exists and satisfies

0%9m 0%9m

e - <. LIS
0a - 9251 () Dz - a3 (z)| <C-|lz -2

for all z,z € R, where || - || denotes the BEuclidean norm.

Stone (1982) showed that the optimal minimax rate of convergence for estimation of
(p, C')—smooth regression functions in the case of i.i.d. data is

__2p
n 2rt+d,

This rate suffers from the so—called "curse of dimensionality”: it becomes slow when d is
large relative to p.

If the data D,, is an i.i.d. sample independent of (X,Y"), then least squares estimates
based on deep neural networks can achieve very fast rate of convergence results even
for large d. The reason behind this is the structure of the deep neural networks which
enables us to use approximation results for smooth functions by neural networks (cf., e.g.,
Yarotsky (2018)) to approximate the composition of smooth functions by deep neural
networks. Here dimension reduction occurs in the sense that the rate of convergence of
the corresponding least squares regression estimates does not depend on the dimension
d of X, but on the maximum number of variables in the individual functions to be
composed, and therefore the estimates achieve good rate of convergence results under
such a hierarchical composition model for the regression function even for very large
d. The first paper showing that deep neural networks can circumvent the ’curse of
dimensionality’ in the above setting was Kohler and Krzyzak (2017), and later on this
was extended by many additional results (see, e.g., Bauer and Kohler (2019), Schmidt-
Hieber (2020) and Kohler and Langer (2021)). Another setting where it was shown that



deep neural networks are able to circumvent the curse of dimensionality is manifold case,
where it is assumed that X takes on values on some d* dimensional manifold defined as
follows:

Definition 2 Let M C R? be compact and let d* € {1,...,d}.
a) We say that Uy, ..., U, is an open covering of M, if Uy,...,U, C R? are open (with
respect to the Euclidean topology on R?) and satisfy

mclJu.

=1

b) We say that
V1,1 [0,1]F — RY

are bi-Lipschitz functions, if there exists 0 < Cy 1 < Cy o < 00 such that

Cy - ||z — z2f| < |[i(w1) — Yi(z2)|| < Cya - ||l21 — 22| (2)

holds for any x1,z2 € [0,1]¢ and any 1 € {1,...,7}.
c) We say that M is a d*-dimensional Lipschitz-manifold if there exist bi-Lipschitz func-
tions ; : [0,1]4" — R? (i € {1,...,7}), and an open covering Uy, ..., U, of M such
that

v ((0,0)7) = MU

holds for alll € {1,...,r}. Here we call i1,...,1, the parametrizations of the manifold.

In this case Kohler, Langer and Reif (2023) and Jiao et al. (2023) showed that deep
neural networks are able to achieve a rate of convergence which depends on d* rather
than on d.

In many applications, it is not possible to observe an i.i.d. sample of (X,Y). In the
past few years several results were shown which demonstrate that the above results also
holds for dependent data sets D,, which are exponentially S-mixing according to the
following definition.

Definition 3 a) Let N K € N, let X : Q = RN and Y : Q — RE be Borel measurable
random variables defined on the same probability space. The B-mixing coefficient between

X and Y 1is defined by

B(X,Y) = E{esssup |P(C|X) -P(C)|} = E{eissup P(Y € A|IX)-P(Y € A)|},

Cea(Y) €bk
where o(Y) is the o-field generated by Y .
b) A sequence of random variables X1, Xs, ... is called f-mizing if

/BS(Xl,X27 .. ) = iugﬁ((Xl, .. 'an:)an—i-s) —0 (8 — OO)
S



c) We say that (X1,Y1), (X2,Y2), ...is exponentially S-mizing if there exists constants
c1,co > 0 such that

ﬁS((Xlayi)v(X27}/é)a---) Scl'e_CQ.S (SGN),
i.e., if

sup E{esssup [P{(Xp+s, Yits) € A[(X1, Y1), -, (Xi, Yie) } — P{(Xkts, Yirs) € A}[}
keN AEBd+1

<cp-e % (seN).

It was shown in Ma and Safikhani (2022) that least squares estimates based on deep
neural networks achieve dimension reduction also in the case of exponentially S—mixing
data provided the regression function satisfies a hierarchical composition model. In a
time series setting a related result, which covers in addition the case of manifold data,
has been obtained by Padilla et al. (2024).

The above least squares estimates based on deep neural networks cannot be computed
in applications since the computation of the least squares estimates requires minimization
of the empirical risk of the networks, which is a nonlinear and non-convex function of
the weights. Instead one computes these estimates approximately by using gradient
descent. Here, even in i.i.d case, it is not known whether the corresponding estimates
achieve dimension reduction in case that the regression function satisfies a hierarchical
composition model or in case that the predictor takes on values on some submanifold of
R? as long as the size of the network or the number of gradient descent steps are not
exponentially growing in the sample size.

In this article we focus on the case where the regression function is (p, C')—smooth.
In this situation it was shown in Kohler (2026) that there exists a deep neural network
estimate (with logistic activation function) learned by gradient descent, where both the
size of the network and the number of gradient descent steps are bounded by a polynomial
in the data size n, which satisfies for any ¢ > 0

E / () — m(2) PPy (dz) < c3 -~ 2t (3)

for some c3 = ¢3(€) > 0 in case where the data are i.i.d, that X takes on with probability
one values in some bounded set, that the regression function is (p, C')-smooth and that
the distribution of Y is subgaussian (cf., (A1) below).

In this article we use the following model for our data: We assume that

(Xv Y)? (Xla Yl)a (X27 Yv2)7 s
are R? x R-valued random variables defined on the same probability space satisfying
(A1) Y is subgaussian, i.e., E {604'Y2} < oo for some ¢4 > 0,

(A2) supp(X) is bounded,



A3) m(z) = E{Y|X =z} is (p, C)-smooth for some p,C > 0,

A4) (X)Y), (X1,Y1), ... are identically distributed,

(A3)
(A4)
(A5) (X,Y) is independent of (X1,Y7), (X2,Y2), ...,
(A6)

A6) (X1,Y1), (X2,Y2), ... is exponentially S-mixing.

Our main results in this article extend the above-described result from Kohler (2026)
in two ways: First, we show that (3) also holds in case that the data is exponentially
[-mixing. Second, we consider the case that X takes on values on some d*-dimensional
manifold. In this case we show that our deep neural network regression estimate learned
by gradient descent satisfies for any ¢ > 0

E / [ma(2) — m(@) 2P x (dz) < 5 - Tra

for some c¢5 = c5(€) > 0 in case that the data is exponentially S-mixing, that X takes on
with probability one values in some d*~dimensional manifold, that the regression function
s (p, C)—smooth and that the distribution of Y is subexponential.

1.1. Discussion of related results

In recent years, a large number of research studies were devoted to analysis of regres-
sion estimates based on deep neural networks and trained by independent, identically
distributed (i.i.d.) data. In order to establish theoretical guarantees for these estimates
one needs to simultaneously study approximation, estimation and optimization issues.

Approximation abilities of neural network regression estimates have been investigated
by Yarotsky (2017, 2018), Yarotsky and Zhevnerchuk (2019), Lu et al. (2020), Langer
(2020) and in the literature cited therein. The authors studied expressive powers of
shallow and deep neural networks regression estimates with specific activation functions
such as ReLU.

Generalization aspects of deep neural network regression estimates have been estab-
lished by using the classical VC theory to bound the VC dimension of classes of neural
networks, see Bartlett et al. (2017), Bartlett et al. (2019) and by means of bounding
the Rademacher complexity, see, e.g., Bartlett and Mendelson (2002), Liang, Rakhlin
and Sridharan (2015), Golowich, Rakhlin and Shamir (2019), Lin and Zhang (2019) and
Wang and Ma (2022).

The asymptotic properties of the neural network regression estimates minimizing least
squares have been studied by Kohler and Krzyzak (2017). They obtained the rate of con-
vergence independent of the input dimension within the class of regression functions fol-
lowing the hierarchical interaction model with additional smoothness constraints. These
results were later extended to arbitrary smooth functions by Bauer and Kohler (2019).
Furthermore, Schmidt-Hieber (2020) proved that the least squares neural network regres-
sion estimates with ReLU activations that satisfy certain sparsity constraints achieve the
minimax rates of convergence up to logarithmic factors for a more general class of func-
tions called hierarchical composition model. Kohler and Langer (2021) obtained the same



rate for a linear combination of fully connected networks without sparsity constraints.
Further extensions of these results were obtained by Imaizumi and Fukamizu (2018),
Suzuki (2018) and Suzuki and Nitanda (2019).

Solving least squares problem for deep neural network regression estimation in practice
is prohibitively expensive. Alternatively, gradient descent has been established as a
method of choice for optimizing the weights in deep neural networks. Zou et al. (2018),
Du et al. (2019), Allen-Zhu, Li and Song (2019) and Kawaguchi and Huang (2019)
proved that gradient descent applied to over-parameterized deep neural networks yields
neural networks globally minimizing the empirical risk, however Kohler and Krzyzak
(2021) showed the resulting estimates do not generalize well. Cao and Gu (2019) and
Chen et al. (2021) proved generalization ability of the neural network estimates trained
by gradient descent, but they did not analyze their approximation abilities.

In order to establish theoretical guarantees for the estimates trained by gradient de-
scent the approximation, generalization and optimization errors have to be studied si-
multaneously. Such approach has been used by Braun et al. (2024) for shallow (or one
hidden layer) neural network and it led to dimension-free rate of convergence for regres-
sion functions satisfying Barron (1993, 1994) condition, i.e., for functions whose Fourier
transform has a finite first moment. In the case of deep neural networks with multiple
hidden layers Kohler and Krzyzak (2025a) used over-parametrized deep neural networks
defined as a linear combination of a huge number of deep neural networks computed
in parallel with randomly initialized weights and they applied gradient descent to effec-
tively select a subset of the neural networks within the linear combination. They apply
metric entropy bounds, see Birman and Solomjak (1967) and Li, Gu and Ding (2021),
to establish generalization abilities of over-parametrized neural networks and show the
rate of convergence of order close to n~ /(14 whereas for interaction models the rate
becomes nt/(+d) e it is independent of dimension, where d* is effective dimension of
the interaction model. The above results are valid for (p, C')-smooth regression functions
with p = 1/2. In Kohler (2026) over-parametrized deep neural neural network estimates
learned by gradient descent have been analyzed in the case of a (p, C)-smooth regression
function with general p. An interesting by-product of these studies is that learning of
inner weights of the deep network regression estimate is not important. E.g., Gonon
(2021) does not train inner weights at all, whereas Braun et al. (2024), Kohler and
Krzyzak (2025a) and Kohler (2026) use the fact that the relevant inner weights remain
close to their starting values during gradient descent and they use gradient descent to
only train output weights of Lo regularized network. Similar approach has also been
taken by Andoni et al. (2014), Daniely (2017), Huang, Chen and Siew (2006), Rahimi
and Recht (2008a), Rahimi and Recht (2008b) and Rahimi and Recht (2009). Universal
consistency of over-parametrized deep learning regression estimates trained by gradient
descent has been demonstrated by Drews and Kohler (2024). Statistically guided deep
learning has been investigated by Kohler and Krzyzak (2025b), who have established a
bound on the expected Lo error of a deep neural network regression estimate.

There exist alternative approaches for analyzing gradient descent training. One is the
neural tangent kernel proposed by Jacot, Gabriel and Hongler (2020) and studied by
Hanin and Nica (2019), Wilson et al. (2025) and by Mahowald et al (2026). Another



approach is the mean-field approach, cf., Mei, Montanari and Nguyen (2018), Chizat and
Bach (2018) (further extended by Wojtowytsch (2020)) and Nguyen and Pham (2020).
A comprehensive survey of over-parametrized deep neural network estimates trained by
gradient descent is presented in Bartlett, Montanari and Rakhlin (2021).

Recently introduced deep transformer networks have been very successful in large
language models such as Chat GPT and in image and video processing and they became
very popular in research and applications. They were introduced by Vaswani et al.
(2017) and their approximation and generalization abilities were established by Gurevych,
Kohler and Sahin (2022). The rates of convergence of over-parametrized transformer
classifiers learned by gradient descent have been obtained by Kohler and Krzyzak (2023).

All results presented above concern the case of independent, identically distributed
(i.i.d.) data. In recent years a number of results for deep learning with dependent data
have become available. The most common notions of dependence are so-called mixing
coefficients. The a-mixing has been introduced by Rosenblatt (1956). The [S-mixing
has been defined by Kolmogorov, but first appeared in the paper by Wolkonski and
Rozanov (1959). Ibragimov (1962) introduced the ¢-mixing coefficient. Blum, Hanson
and Koopmans (1963) introduced the s-mixing coefficient. Properties of various de-
pendencies were proven in Doob (1963). A general survey of mixing coefficients and
examples is presented by Doukhan (1994). Barrera and Gobet (2021) generalize uniform
deviation inequalities for the empirical process from the independent data to dependent
[-mixing case. Their results make it possible to analyze errors of the least-squares re-
gression schemes for dependent data. Kengne and Wade (2025a) studied deep learning
with weakly dependent data and Kengne and Wade (2025b) considered strongly mixing
observations. A general framework for deep learning with dependent data was proposed
by Kengne and Wade (2025c). They obtained rates of convergence for dependencies de-
scribed by C-mixing processes, strong mixing processes and ¢-mixing processes. Alquier
and Kengne (2025) proved minimax optimality of deep neural network estimates with
ReLU activation for the least squares regression problem and Markov chain dependence.
Ma and Safikhani (2022) established the non-asymptotic bounds for prediction errors of
sparse neural networks with ReLLU activation functions under various mixing conditions
including a-mixing process and autoregressive time-series process. None of the above pa-
pers considers deep neural network estimates learned by gradient descent. In the present
paper we analyze deep neural network estimates learned by gradient descent in the case
of exponential S-mixing data.

1.2. Notation

The sets of natural numbers, real numbers and nonnegative real numbers are denoted
by N, R and R, respectively. For z € R, we denote the smallest integer greater than
or equal to z by [z]. And the largest integer less than or equal to z is denoted by |z].
The Euclidean norm of 2 € R? is denoted by ||z||, and the scalar product of x,y € R? is
denoted by < x,y >. For f : R - R

[flloo = sup |f(z)

zCcRd



is its supremum norm. If (X;);es is a nonempty family of real valued random variables,
we define esssup;c; X; as the (almost surely) unique variable Y which satisfies

(i) Y > X, a.s. for every i € I,
(ii) for any variable Y which satisfies (i) we have Y <Y a.s.

A finite collection f1,..., fx : R® = R is called an L, e—covering of F on x7 if for all
ferF

1/p
12%2%( Zlf k) = f wk)l) <e

hold. The L, e-covering number of F on z' is the size N of the smallest L, e-covering
of F on 2z} and is denoted by N, (e, F,zT).

For z € R and x > 0 we define T,z = max{—#x, min{x, z}}. If f : RY — R is a function
then we set (T f)(x) = Ty (f(z)), and if F is a class of functions f : R — R we set
T.F ={T.f : feF}

1.3. Outline

Section 2 contains the definition of the estimate. The main results are presented in
Section 3 and proven in Section 4. Auxiliary results concerning mixing are presented in
the appendix.

2. Definition of the estimate

We use the so—called logistic squasher o(x) = 1/(1 + e™) as our activation function
throughout the paper. The topology we use is the same as in Kohler (2026) and is
defined as follows: For parameters K,,, L,r € N we set

Kn
L L
fw(z) = ng,l),j ) f},l)(x) (4)
j=1
for some w%ﬁ{l, e ,wgﬁ{ k, € R, where fﬁ) = f\Eng)1 are recursively defined by
1) 1) -1) l 1 -1
fil@) = f @) =0 Zwéw @)+l (5)
for some w,(fl’;é), . ,w,(f’;:) eR(l=2,...,L) and
1l (0) = Foks(a) =0 Zwk Ly e il (©)



for some w,gogo, . ,w,gogd e R.
That is, we consider neural networks consisting of K, parallel fully connected subnet-
works of depth L and width r, with the final output given by a linear combination of

their outputs. We write (w,(gli j)i,j,l for the weights in the k-th subnetwork, where w,(f)i j
denotes the weight between neuron j in layer [ and neuron ¢ in layer [ + 1.
The weights w(®) = ((W(O))](ﬁl)l‘j)k,i,j,l are first initialized as follows: Set
L
(W =0 (k=1,...,K.), (7)

choose the weights of layer [ € {1,...,L—1} (w(o))g}i,j uniformly distributed on [—cg, cg],
and choose the weights of layer 0 (W(O))éog j uniformly distributed on
[c7 - (logn) - ", c7 - (logn) - n'],

for parameters cg, c7, 7 > 0. We assume that all components of w(®) chosen in this way
are independent.

Subsequently, we perform ¢, € N gradient descent steps of step size A, > 0 in an
attempt to minimize the empirical Lo risk

1 n
Fu(w) = — 3 |Vi = fw(X)P. (8)
i=1
Therefore, we set
wtt) = w®) ), Ve Fy(w?) (t=0,...,t, —1). (9)

Note that the choice of the weights implies
1 n
Fp(w®) = - > il
i=1

The final estimate m,, is a truncated version of the neural network with weights according
to the weight vector w(t”), i.e.

mp(x) = T, (fyyn) (), (10)

where K, = cg -logn (cg > 0) and T,z = max{min{z,x}, —x} for z € R and k > 0.

3. Main results
Our main results are presented in the following theorem.

Theorem 1 Assume (A1) - (A6) holds, set p = q+ s where ¢ € Ny and s € (0,1], set
Kn = cg - logn for some cg > 0 and assume cg - ¢4 > 3. Define the estimate my as in
Section 2 and assume cg,cy > 0 are sufficiently large.



a) Set

1
L=logy(q+d)]+1, r=4-[(p+d)?*] and 7= 1 d
and choose K, € N such that for some cg > 0
K,
-0 (n—o00)
ne9
and
Kn 11
(@20 7+15) (D) (=D (4 D)+ r(r(@+ Dt apra) 2 ° (n = 0). (11)
Set 3/
Ky
)\n:;%o and tn:{cu- -‘
Kn/ - Kn n

for some cig,c11 > 0. Then we have for any ¢ > 0
2 — gl e
E | |mn(z) —m(z)]"Px(dx) < c19-n 2pHd

for some c12 = c12(€) > 0.
b) Let M C R? be a d*-dimensional Lipschitz-manifold and assume supp(X) C M. Set

L,r asin part a) and set
1

T= ot

Choose Ky, A\, and t, as in part a) with this new value for 7. Then we have for any
e>0

2 — gt te
E / (mn(z) — m(2)[2Px (dz) < c1s - 0~
for some c13 = c13(€) > 0.

Remark 1. We say that (X3,Y7), (X2,Y2), ...is subexponentially S-mixing if there
exists constants c14,c15 > 0 and ¢ € (0,1) such that

Bs((XhYl)a(XQ’YQ)’-“) §014'6_C15.s5 (3 GN)7
ie., if

sup E{ess sup [P{(Xyts, YVits) € A[(X1, Y1), ..., (Xi, Yi) } — P{(Xkrs, Yiys) € A}}
keN AGBd+1

<ecpyemess (s € N).

It follows from the proof of Theorem 1 that the assertion also holds if the sample is
subexponential S-mixing. To prove this it suffices to choose

No = [(logn)*°]

10



in the proof of Lemma 8.

Remark 2. Let (X;);cn be a sequence of exponentially S-mixing R%valued random vari-
ables, let (€;)ien be a sequence of independent identically distributed square integrable
real-valued random variables with expectation zero which are independent of (X)sen,
let m : RY — R be a Borel-measurable function such that E{|m(X;)|?} < oo, and set

Y;g:m(Xt)-i-ét (tEN).
Then ((X¢,Y?))ten is exponentially S-mixing since

sup E{ess sup [P{(Xy1s, Virs) € A[(X1,Y1), -+, (Xi, Yi) } — P{(Xirs, Yieys) € A}}
keN AEBd+1

< sup E{ess sup ‘P{(Xk-‘rSva-l-S) € A|X17 €1, - 7Xk:7 €k} - P{(Xk-l-sa Yk+$) € AH}
keN AEBd+1

= sup E{esssup |P{(Xg+s, Yits) € A|X1..., Xp} — P{(Xkts, Yitrs) € A}}
keN AGBd+1
where the last equality holds because of the independence of (X;); and (), and by
using the symmetry of the S-mixing coefficient (cf., e.g., Remark 2.4 in Barrera and
Gobet (2021)) we can conclude in the same way that this in turn is bounded by

sup E{esssup |P{X1+s € A|X1,..., X} — P{ X4 € A}|}.
keN AeBy

Examples of sequences of exponentially S-mixing R valued random variables can be
found, e.g., in Kurisu, Fukami and Koike (2024). A simple example of a exponentially
[-mixing sequence of identically distributed real valued random variables is given by the
AR(1)-model

\2 - Xt + \}5 "€yl
where X1, €, €3,... are independent and identically standard normally distributed ran-
dom variables.

Xt+1 = (t € N)

4. Proofs

In the proof of Theorem 1 we will need results which help us to analyze the optimization
error of the estimate, the approximation error of the estimate, and the generalization
error of the estimate, which we present before the proof in separate subsections.

4.1. Neural network optimization

Let d, J, € N, and for
w = (wi,...,wy,) € R/

let fw : RY — R be a (deep) neural network with weight vector w as defined by (4) - (6).

Further let y

Ofw .
fl’in,w,w( + Z éfw(J J) — W(J)) (12)

11



be the linear Taylor polynomial of fg(z) around w.

Lemma 1 Let F, be defined by (8), w*Y) by (9) and finww by (12). Let w* € R7n.
Assume

2
F(witDy < B, (w(®) — % : vaFn(w<8>)H (13)
fors=0,1,...,t, — 1,
| frinwiw () = fore(2)] < Cp - |W* —w|® (14)
forallx € {X1,...,Xn} and all w € R7 with |w* —w| < |w* — w(®)],
Vil <kn (=1,...,n), (15)
lfw (X)) <kn (i=1,...,n) (16)
and
Co - |lw* = w2 < k. (17)
Then

(0)
Fa(wl®)) < Fy(w") + <5 o Gt Hlt) e = w2 2o

In the proof of Lemma 1 we will need the following auxiliary result.

Lemma 2 Lett e {1,...,t,}. Set

n

1

Fn,lin,w(W*) = ; Z ‘Y; - fl'in,w,w* (XZ)‘27
i=1
and assume (13) and
Fn(w(s+1)) > Fn,lin,w(s) (W*) (18)

fors=0,1,...,t —1. Then
Iw® — w*|| < [|w® —w*].
Proof. Let s € {0,1,...,t — 1} be arbitrary. We have

(w®) = F,(w®) and VyF, (W) = Vi Fo (w®)

Fn,lin,w(5> JLin,w(s)

and (since w — F_ . (s (W) is convex and differentiable)

(W(8)> — F, JLim,w(s) (W*) << VWFn

n

*
Fn,lin,w(s) JLin,w(s) (W(S))v W(s) —wW >,

which implies

< VwF, (w®),wl®) —w* > = <V,F, (W), W) —w* >

JLin,w(s)

12



> Fp i (W) = F i o (W)
= Fu(W®) = F i i (W)
Hence
[w+) — w2
=W = A Vi By (w®) — w
= ||lw® —w* g 2 X < Vi Fp (W), wl®) —w* > 422 vaFn(w(S))HQ
<[ W = w2 A (Fu(w ) By (w)
20N (Fa(wl) = By (w 1)
— |lw® — w* z 9.\ (Fn(W(sH)) — F il (w*))
< lw® — w*|
Here we have used (13) in the first inequality and (18) in the second inequality. ]

Proof of Lemma 1. Set
Foui g1y Y; — fu X))
n,l'm,w(w ) - nzl‘ T flzn,w,w*( z)‘ .
1=

In the first step of the proof we show that for any w € R’ with [|[w*—w| < [|[w*—w(©||,
we have
| B tinw (W) = Fp(W*)| < 5 - O - | W* — w|?. (19)

Using (14)—(17) we get
| En tin,w (W) = Fn(W")]

1 — 1 &
= =S S (KO = — SV = fue (X
i=1 i=1
1 n
= ﬁ Z |2 Y —2- fw* (X,) + fw* (XZ) - flz‘n,w,W* (XZ)| : ‘flin,W,W* (X,) - fw* (XZ)‘
i=1

1 . * *
< (2wt 2ot G =) o = wif
1=
<5k Cp - ||W* — w2

In the second step of the proof we show that the assertion holds in case that we have
for some s € {0,1,...,t, — 1}

Fn (W(SJrl)) < Fn,lin,w(5> (W*) (20)

13



So assume that (20) holds for some s € {0,1,...,t, —1}. By choosing s minimal with
this property we can assume

Fo(w ) > F o (W)
for allt € {0,1,...,s — 1}. By Lemma 2 we can conclude
Iw® —w*|| < [[w® —w.
Furthermore, we know by assumption (13)
Ep(wt)) < B, (wlth),

By using the result of the first step of the proof we get

Fn(w(t")) < Fn(w(s+1))
< FnJin,w(S) (w™)
= F,(w")+ F tinw(® (W*) — F,(w™)
< Fo(W) 45 ky-Cp - |w —w®|?
< Fu(W) 45 kp - Cp - ||w' — w2,

In the third step of the proof we show the assertion in case that (20) does not hold for
all s € {0,1,...,t, — 1}
In this case we have
Iy (W(S+1)) 2 Fn,lin,w(s) (W*)

for all s € {0,1,...,t, — 1}, so by Lemma 2 we know
Iw® —w*|| < [w(® — w|

for all t € {0,1,...,¢,}.
Using (13) and the result of the first step of the proof we conclude

=0
= |t
T (Fn(W(t)) Fotinwio (W >> 2 (Fn,lin,w(t> (w?) = Fn(w*))
" n
=0 t=0
= B
< tf (Fn(w(t)) Fn,lin,w(t) (W )) -+ ? 5 Kn, Cn ”W* . W(t)||2
" n
=0 t=0
tn—1
1 n
=4 (F"(W(t)) F tinw® (W*)> 5y Cy - Wt — w2,
" =0

14



Since

Fn,lin,w(f) (W(t)> =Fy (W(t)) and VWF‘n,lm,w(t) (W(t)) = VwFy, (W(t))

and w — F . (W) is convex and differentiable we get furthermore

tn—1

1 *
o2 (Fu) = B o ()
™ =0
=
- ? (Fn,lin,w(t) (W(t)) - Fn,lin,w(t) (W*)>
™ =0
=
< ? < vWFn,lin,w(t> (W(t))aw(t) —w" >
™ =0
=
= < VwFp(w®), wh —w* >
™ =0
=
To.N¢ Z 2-<A Van(Wt)),W(t)—W >
1 tn_—l
= m Z (HW(t) — W*HZ _ Hw(t) —wr— - van<w(t))H2
™ =0
+A% ||Van(w<t>)\2>
= N
ot S o) A e
™ =0 i
1 1 tn—1
< 5N 7 (”W(O) — w*||2 _ ||w(tn) — W*H2> + - Z (Fn(W(t)) _ Fn(W(Hl)))
" ™ =0
1 pwww)
Alw(©) w2 o 2\ )
<o W W
where the second to last inequality follows from (13). 0

Next we investigate when our topology of the deep neural network satisfies the as-
sumptions of Lemma 1. The following localization lemma for gradient descent proven in
Braun et al. (2024) helps with inequality (13).

Lemma 3 Let F: RX — R, be a nonnegative differentiable function. Lett € N, L > 0,
ag € RE, choose

and set

0< A<

&~ =

agr1 =ar— A (VaF)(ar) (ke{0,1,...,t—1}).

15



Assume

|(VaF)(@)| < /2t - L - max{F(ag), 1} (21)

for all a € RE with ||a — ag|| < \/2-t-max{F(ag),1}/L, and
[(VaF)(a) = (VaF)(b)| < L |la—b (22)

for all a,b € RE satisfying

||a—a0|]<\/8-£-max{F(a0),1} and Hb—a0||<\/S-E-maX{F(ag),l}. (23)

Then we have

o a0l < 2.

- (F(ag) — F(ag)) forallke{l,... t},

=~

s—1
2
D llaps — ael* < = (F(ao) = F(a,)) foralls €{1,....t}
k=0
and )
F(ay) < F(ag_1) — 5" |(VaF)(ag_1)||>  forallk e {1,... t}.
Proof. See Lemma A.1 in Braun et al. (2024). O

We use the following two lemmata from Kohler (2026) to verify assumptions (21) and
(22) of Lemma 3.

Lemma 4 Let 0 : R — R be the logistic squasher, let L,r, K, € N, let fw be defined by
(4) - (6) and let F,, be defined by (8). Leta > 1, v > 1, B, > 1, k, > 1 and assume
X; € [—a,al, |Vi| <k (i=1,...,n),

L
‘w§,1),k| Sy fork=1,... Ky,

\w;(gl)”’ <Bj forl=1,...,L—1 and all k,i,j

and
K, -7, > En.
Then
[V Fu(w)| < c16 - K3/% - (73)% - BE

n

for some c16 = c16(d, L,r,a) > 0.

Proof. See Lemma 3 in Kohler (2026). g
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Lemma 5 Let 0 : R — R be the logistic squasher, let L,r, K, € N, let fw be defined by
(4) - (6) and let F,, be defined by (8). Leta > 1, v > 1, B, > 1, ky, > 1 and assume
X; € [~a,a)?, |Y;| < kp (i=1,...,n),

L L *
max{|(wi){7) |, [(w2)( 1} < for k=1, K, (24)
max{](wl)kw\ |(w2)k”]}<B fort=1,...,L —1 and all k,i,j (25)
and
K, - '7; > Knp.

Then we have
[(VawFn)(w1) = (Ve Fn) (W) || < er7 - K32 BRE - (4)? - [wy — wa
for some c¢17 = c17(d, L,r,a) > 0.

Proof. See Lemma 5 in Kohler (2026). O
The following two lemmata consider inequality (14) for the special topology of our
networks.

Lemma 6 Let fy, : R? — R be a deep neural network defined by (4) - (6) with weight
vector
W = (wj)jzl 5, € RJn

.....

and a twice differentiable activation function, and denote the linear Taylor polynomial of
fw around wq by

flz'n,wo7 ( fwo + Z 6 fwo : i — (Wﬂ)j)~

Then for every x € R? there exists € € [0,1] such that

iinswonw() — Fu@)] < & - [Fi(wo +& - (w — wo))ll - |w — wol

(P fwlz)
H(w) = <81u7;8wj>1<i,j<fn

is the Hessian matriz of fw(z) and

where

[H(w)w|
[H(w)ll, = sup -
WERIn 1 W£0 [[W]

denotes its spectral norm.

17



Proof. For x € R? and s € [0, 1] define

F(S) = fwo—i—s'(w—wo)(x)'

Then the chain rule and the formula for Taylor polynomials of order 2 imply that for
some £ € [0, 1] we have

‘fw(x) - flin,wo,w(x)‘
= [F(1) = F(0) — F'(0) - (1 - 0)]

-|3 P90 -0

=[5 o o)™ B+ € (v = wo)) - (v = wo
< 5 - lw = woll - [Hi(wo + € (w — wo) - (w — wo)|
< 5 [ H(wo + € (w = o))l - [w = wol >

O

Lemma 7 Let o be the logistic squasher and define fw by (4) - (6). Let c1s > 0 and
assume l

i | < cis
for alll € {1,...,L} and all k,i,5. Let R > 0. Then we have for all x € R% with

|zl < R
[H(w)[]2 < c19

for some constant c19 = c19(L,r,d, R, c18) > 0 which does not depend on K.

Proof. Since
0? fw ()
ow'™ gt

k1yi1,J17  k2,12,72

holds whenever ky # ko, the Hessian matrix is a block diagonal matrix given by

A, 0 ... 0
0 Ay, ... 0
0 0 ... Ag,
If we split W accordingly into W = (W1,...,Wg,)?, then we have
~ 2
[H(w) - w|? = : = I ARwL]* <D 1AL - (W]
A Wi k=1 k=1

18



Ky
< max{[|A1[3, -, | A, 3} Y 1wl

k=1
= maX{”AlH%a R ||A'KnH%} : H‘X/H27
which implies
[H(w)2 < max{[|A1ll2,...., [Ax,ll2}-

By construction, each matrix Ay is a square matrix of size
K=r4+24(L-2)-7r-(r+1)+r-(d+1),

where all entries are bounded by a constant depending only on L, r, d, ¢15 and ||z||eo. It
is easy to see that the spectral norm of a matrix is bounded by its Frobenius norm, i.e.,

that
K K
Z Z a;,;

i=1 j=1

[ Axll2 = [[(@ij)i<ij<xll2 <

holds, which implies the assertion. O
We summarize all our results concerning neural network optimization in the following
theorem.

Theorem 2 Let o : R — R be the logistic squasher, let fyw be defined by (4) - (6), let
L,r, K, € N and let F,, be defined by (8). Let cap >0, co1 > 1, c0> 1,k >1, A>1
and assume X1,... X, € [-A,A]%, |Yi| < K, (i € {1,...,n}) and

K
a1 - Ky > ki and — < cg.
n

Choose a starting vector w(©) which satisfies
L !
(W) =0 and (W) < c2
foralll € {1,...,L — 1} and all i, j, k, and set
wltt) — w(® ) . van(W(t))
fort=0,1,...,t, — 1. Set

o €23
B 3/2
Kn/ *Kn

An

3/2

K

and tn, = |VCQ4 fulatc —‘
Kn

for cas,coq > 0. Let

w" e {W S lw — w O < s -

v (26)
LD

for ca5 > 0 and assume (16) holds. Then we have for cog, cor > 0 and n sufficiently large
3

Ea(w(2)) < Fa(w) ez [t = w4 ear 3
n
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Proof. The assertion follows from Lemma 1 with A = ),, and we will now check that
the assumptions (13) - (17) are fulfilled. Assumptions (15) and (16) are trivially fulfilled.
We will now consider assumption (13). This assumption follows directly from Lemma 3.
Noticing that

En - Vitn - Ap < cog and Fn(w(o)) < /1%,

we can see that the assumptions of Lemma 3 are fulfilled if we use Lemma 4 and Lemma
5 with

¥ =co1+ 29 Kn- Vin- Ay and By = co2 + €30 - K - Vin - An

and .
E:)\i:CSI.K’g/z.ﬁn.

n

Assumption (13) is hence fulfilled. Remember that ’(W(O))S)i j‘ is bounded by a constant

IAg)

for I > 0 and all k,4,j. Using this and (26) we can show that ‘(W +&- (W — w)),(gl)”

is bounded by a constant for all w € R’ with [|[w* — w|| < ||[w* — w(©| and all
£el0,1],1e{1,...,L} and k,i,j. Assumption (14) follows consequently from Lemma
6 and Lemma 7 with C,, = c19(L,r,d, A, cs2) for some ¢33 > 0, where we use R = A.
Assumption (17) follows from (26) for large enough n. With Lemma 1 we conclude

3
Fn(w(tn)) < Fn(W*) + (033 Ky +C34 - ,{121) . HW* - W(O)H2 4 35 - KTn/Q
n
3
< Fo(w") + cag s [ = WO 4 eas - .
Ky

4.2. Neural network approximation

We use the following result from Kohler (2026) for bounding the approximation error.

Theorem 3 Let d € N, p = g+ s where s € (0,1] and ¢ € Ng, C > 0, A > 1 and
Apn, B, > 1. Let o be the logistic squasher. For L,r, K € N let F be the set of all
networks fw defined by

r

L L
fw(x) = Zw§,1),j : f](,1)(95) (27)
j=1
for some wH) ,...,w(L) € R, where f(L) = f(L). are recursively defined by
1,1,1 1,1,r 7,1 w,j,1
T
l l — — —
f,ﬁi (v) = fé,)kl(x) =0 Zw,(“;) . fé,j 1)(:5) + w,(%i,é) (28)
j=1
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for some w,(gl;é), .. ,w(lfl) eER(=2,...,L) and

ki,r
d
1 1 0 j 0
1@ = fhatw) =0 | 3wl a + il (29)
j=1
for some w,(foi)o, . ,w,iOi)d € R, where the weight vector satisfies

0 l L
w0l | < Any w1 < Ba and [wl) ] <2

foralll € {1,...,L —1} and all k,i,j, and set

Kd
H=S> fi :+ freF (k=1,...,K%
k=1

Let L,r € N with
L>[logy(q+d)] and r>4-(p+d)?,

and set
A, =A-K-logK, B,=c3 and ’}/;';2638'Kq+d.

Assume K > cs9 for csg > 0 sufficiently large. Then there exists for any (p,C)—smooth
f:R?* 5 R a neural network h € H such that

C40
sup | f(2) = h(z)| < 27
zE[—A,A)d
Proof. See Theorem 3 in Kohler (2026). O

4.3. Neural network generalization

Our next lemma is our main tool to analyze the generalization error for exponentially
[-mixing data.

Lemma 8 Assume (A4) - (A5), let n € N with n > 1, and let F,, be a set of functions
f:RY = R. Then we have

E { sup E {|(T, /) (X) = T, Y[’} = E{|me, (X) = T, Y [*}

fE€EFn
1 n
_znZW%ﬁ@WJMW—WM&%EMW}
=1
n
< 4- ’%721, : W : B[(logn)Q]((X17Y1)7 (X27Y'2)7 .. '7) + €

o0 U uU-n
14 — Faam)- ey — ) d
*)[ ﬂ%iﬁﬁxyﬁwi<&3+m’}'a“> eXp( o H%‘O%Nﬂ2> b

for every e > 0 and some cq1 > 0.
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We will use the following auxiliary result to prove Lemma 8, which allows us to reduce
our problem to the case of independent data and controls the probability of the resulting
error with S-mixing coefficients.

Lemma 9 Let Zy, Z1, ..., Zy be identically distributed R*—valued random variables

defined on a probability space (Q, A, P) such that Zy is independent from Zy, ..., Z,.

Then there exists a probability space (Q, A, P) and random variables Zy, Z1, ..., Zn,
Z{, ..., Z% defined on this probability space such that

P(Z07ZIV~~7Zn) = P(Zo,Zl,..‘,Znﬁ (30)

Zo0, 2%, 2% arei.id. (31)

and
P{3ke{l,...,n}: 2 # Z}}

<(n—1)- max Esup|P{Z;€C|Z1,....,.Zs1}—-P{Z;€C};, (32)
s€{2,...,n} cecC

where C 1s some countable subset of Bg.

Lemma 9 is closely related to classical coupling results (see Berbee (1979), Corollary
4.2.4 and Doukhan (1994), Theorem 1, Section 1.1) and its extensions (c.f. Barrera and
Gobet (2021), Lemma 2.10), and follows from these well-known results. For the sake of
completeness, we provide nevertheless a complete and self-contained proof of this result
in the appendix.

Proof of Lemma 8. Set N,, = [(logn)?] and I,, x = {k, k+Np, k+2-Ny,... }0{1,...,n}
for k € {1,..., N, }. For each n € N we have

Ny,
U Ik =1{1,....,n} and I, NI, 1, = 0 for all ki, ko € {1,..., No}, k1 # ko
k=1

%MG{L@y{ﬁj}:{bm;wﬂ’h®;wﬂ}

n

Notice that

and hence

I < —+1
[ k] < (logn)? +

We get with the convexity of the supremum

E {fSGH}P (E {‘(Tnnf)(X) - THnY‘Q} - E{|mfin (X) - T/‘CnY|2}

‘”iZN%ﬁM»JMW—mM&%nmﬂ”

=1
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1 &
= n . ~T. YV —E{|lm, (X)—-T. Y/|?
Snglf ,kE{]f’eugn (E{(Tnf)(X) Y} {1, (X) Y[}
- Iflk\ Z (T, £)(Xi) = T, Yil* = I, (X3) = T, Yil?)

= max . Blga (X)), (X5 Yi)ier, o)}

Here we used that fo;l | L 1| = n.
Now we use Lemma 9 with

n = |In,k:|7 Zo = (X,Y)

and
In, I,
(Z2 = (Xir o180 Yiew o v DI (= (G Y9))ser, )
for each k € {1,..., N,,}. It follows that for each k € {1,..., N, } there exists a proba-
bility space (Q*), A®) P®¥)) and random variables (X ®), y (%)), ((X(k),Y-(k)))jejn’k and

J J
((X;(k), Yj*(k)))jgnyk defined on this probability space such that

_pk
P((va)v((Xj’ij))jEImk) - P((X(k>,y(k)),((xj(.’“>,Yj(’“)))jel ) (34)
X,y 0, (G Y e, , are iid (35)

and

9y ) # 0,y )

(k) r3: . (x(
PWTj € I (XY Y,

< ([nil = 1) max E{ sup [P{(Xk+ts.N,: Yitsn,) € C|
1e{1,... |l x| -1} cec

(Xbes Yi )y (Xt Nows Yir N )+ 5 (X (5= 1)- Ny Yot (s—1)-No )
= P{(Xkts:N0s Yitsn,) € CH}

= (|lhx] —1) max
(| 7k| )ieln,k\{k}

E {sup [P(CX:Y0) € CI(X,.3) < € Lo < i} - P{CX: i) € O}
ceC
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for some countable set C C Bg1.

We have for i € I, ;,\{k} and each C' € C by the tower property and Jensen’s inequality

P{(X:.Y;) € C|(X;,Y)) : j € Ly, j <i} —P{(Xi,Y;) € C}|

= [E{l{(x, v)ecy — P{(X:,Yi) € CH(X;,Y)) : j € Ly, j < i}

= [B{E{1{(x, v)ec) — P{U(X0, Vi) € CH(Xm, V) s m=1,...,i— N}
(X;,Y;)  jelng,j<i}

< E{[E{1{(x, vyyecr — P{(Xi, Vi) € C}|(Xin, Yin) = 0
((X5,Y5) : j € Ing, j <1}

— B{P{(X:,Y}) € C|(Xm, Vi) s m=1,....i — No} — P{(X,,Y}) € C}|
((X5,Y5) : j € Ing, j <1}

< E{esssup |P{(X;,Y;) € A|(X;n,Y) : m=1,...,i— N} —P{(X;,Y;) € A}|
A€8d+1

[(X5,Y5) : j € Lk, j <i}

—1,...,i— Ny}

almost surely. This implies

B {sup [P{CXY0) € I, 3) 5 € Lo <) = P((X,Y0) € O}
ceC

< Blesssup [P{(X, Y) € Al(Xp. V) - m=1,.. i — Ny} — P{(X..Yi) € A}[}
AeBgia

and hence
PM(Ej € Lo (7, V) # (0, v )
< (|In,l€|_1)BNn((Xthl)v(XQaYYQ)a) (36)
Denote with E(*) the expectation with respect to P%*). We have by (34)

E{g,: (X, Y), (X6, Y))ier, )} = E® {g, 1 (X® ¥y ®) (xP,
= B0 {ga (X0, 7 0), (7, v

%

+ BO g (X, Y 0), (], v,

i

Y N )ien )}

Dieti)  Lgjer, ux® v )20 v, 0

Vienoe) Lyier, o(x y®)—(x:® y=®)y}
= E(k){Sl,n,k} + E(k){SZ,n,k}

Since gn 1 (2, ), (i, ¥i))ier, ) < 4- rp, we get by (33) and (36)

EW(S it <4-r2 - POEj € Ly, (X yW) 2 (W, v ®))

n
<4- K’12’L ’ (|In,k| - 1) ' IBNn((X]-’}/:I-)’ (X27Yé)7 .- )
<4-K2 n

Togn Bn, (X1,Y1),(X2,Y2),...).
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We also have
EM {85, 1} < E®{(gox (X®, Y0 (X7 v ®))er )4

(where z; = max{z,0} for z € R), and the (X:(k),Y;*(k)) (1 € I, 1) are identically dis-

tributed for each k € {1,..., N,,}. This implies, that there exists K,, € { h(logn)ﬂj ) h(log"n)gj—‘ }

and random variables

(Xv Y)a (Xl’Y1)7 (X%Y?)a SRR (XKn’ YKn)

on a probability space (2, A, P) that are i.i.d and have the same distribution as (X,Y))
such that

max {Sgnk} E {Sgnk}

<E{< sup (E{(Tnnf)( ) — T/inY| } E{‘mﬁn( ) Tnny‘ }

feFn

Knp
-2 [gl'n Z (|(Tmnf>(Xz) - TnnYVi|2 - |mHn(XZ) - THnYHQ)) > }
+

=1
= E{S3,},
e.g., o .
(X)Y) = (X7 Y)a {(X%}/;)}i:nl = {(vai/j*)}jEIn,k*a

and

(Q, A P) = (), A®) Py,

From here we proceed as in the proof of Theorem 1 in Kohler (2026) to get the assertion.
We have for any u > 0

P(ng > U)

S 15 <3f € Fn : E {‘(Tnnf)(X) - THRYP} - E{’mlin(X) - Tnn?P}

K
1 n 3 B _
-2 — Z (T, f)(X chnYi’Q — M, (X;) — TnnYHQ) > u)
K,
> 12 12
= e X T.Y _ X T.Y
Kn Kn Rn Rn
- _ v;|? _ mﬁn (XZ) _ TKZnE 2
K, i—1 Rn Rn Rn Kn
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Theorem 11.4 in Gyorfi et al. (2002) allows us to conclude

P(Sg,n > u)

u- K
<14- sup N( { - f fef} >-exp<—n>
x esupp(X)™ ! 80 - Hn 5136 - ’%721

u-n
<14- N Fn, . 1 | -
= reompnon 1<80 o ml) eXp< o H%-(logn)z)

xesupp(

Note that we take sup ncqypp(x)n instead of SUPgne(rdyn, Which can be concluded from
the proof of Theorem 11.4. Finally we can conclude for any ¢ > 0

0 €

> uU-n
<e +/ 14 - sup M ( fn,x ) - exp (—041 . > du.
€ zfesupp(X) 80 - ! ’{121 ’ (log n)Q

O

To bound the covering number in Lemma 8 we proceed similarly as in Kohler (2026)
and extend Lemma 12 from Kohler (2026) to our setting.

Lemma 10 Let M be a d*-dimensional Lipschitz-manifold. Let k > 3, k > 1 and let
A,B,C > 1. Let 0 : R — R be k-times differentiable such that all derivatives up to order
k are bounded on R. Let L,r, K, € N and let F be the set of all functions fy defined by

Kn
L L
fw(z) = ng,l),j : f},l)(m) (37)
j=1
for some wgﬁ)ﬂ, e ,wg’LﬂKﬂ € R, where fﬁ) = f w.j,1 are recursively defined by
l) l -1 (1-1) -1
flg( ) fév)k@ 70 Zwl(c,z,j) fkj )+ l(ez()) (38>
forsomew,(gl’;é),... ](“T)GR(Z 2,...,L) and
1 0
Iid @ = @) = o Zwm ullly (39)
for some w,(goi)vo, . ,w,gogd € R, where the weight vector w satisfies

Z i < ¢, (40)
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) | <B (kef{l,....K.}ijef{l,....r}le{l,...,L—1}) (41)

and

i | <A (ke {l,... K}ie{l,... r}hje{l,....d}. (42)
Then we have for any 1 <p < oo, 0 <e <1 and z} € M"

P > c43'B(L*1)"1* AT ~(%)d /k+c44

Ny (e, {Tuf : f€F}al) < (042 s

ep

Remark 3. It follows from Lemma 12 in Kohler (2026) that the assertion also holds
if d* = d and M is contained in some compact subset of R? (but not necessarily a
Lipschitz-manifold).

To prove Lemma 10 we need the following result which is a slight modification of
Lemma 1 a) in Kohler, Langer and Reif (2023).

Lemma 11 Let M be a d*-dimensional Lipschitz-manifold. Let h € (0,1] and let P be
a partition of R% into cubes with side length h. Then

-
{CeP CmM¢@}|g%-(;> ,

where cqs =1 (2 Cypo - Vd* +4)4.

Proof. For ki,... kg~ € {0,1,...,[1/h] — 1} set
Ak17~-~,kd* = [kl : h7 min{(kl + 1) : hv 1}) XX [kd* : h, min{(kd* + 1) : h, 1})
We can conclude from the definition of a Lipschitz-manifold

M:OMmUj:O¢j (0.1)%)

j=1 j=1
=y U V5 (Akyoge) -
5=1 k1eoskgr €{0,1,...,[1/R] —1}
This implies
HCeP : CAM#0Y
S |
<D X HOEP Ny (A, k) # 0}

j=1 ki=0 kv =0

.1\
<r.2¢. (h) . ‘maxT|{C' EP : CNY; (Apy,.ye) # 0}

Jj=L..,

27



and it suffices to show

max {CeP: CNyj(Apy,py) #0H < (Cypa- Vs +2)% (43)

Jj=1,...,r

Fix j € {1,...,r}. Each point of a cube
[kl'h,(kl-l-l)'h) X e X [kﬁd* ‘h,(k‘d* +1)-h)

has a distance of at most % -V d* - h from its center. Hence, Ay, . is contained in a
ball of radius % -V/d* - h, and by Lipschitz continuity ©;(Ag, ..k, ) is contained in a cube
of side length Cy 2 - vd* - h. The number of cubes from P that intersect that cube is
bounded from above by

d*
(7’”’2 ;LF + 2) = (Cyp -V +2)7,

since each cube from the partition P has side length h. O
Proof of Lemma 10. Let R > 0 be such that M C {z € R? : ||z|| < R}. The first
step of the proof is to show, that for any f, € F, any € R? with ||z|| < R, any k € N
and any si1,...,s; € {1,...,d}

0" fu
Ox(s1) . Oxlsk

< C - BEDE L pk = ¢ (44)

(@)

This follows from the first step of the proof of Lemma 12 in Kohler (2024).
In the second step of the proof we will show

Ny (e ATuf = f € FYat) <N, (5. TG o TLat) (45)

where G denotes the set of all polynomials of degree less than or equal to & — 1 and II
is a partition of R? into cubes of side length (047 . i)l/k, where c47 = c47(d, k) > 0 is a
suitable small constant. Here T,,G o II is the class of all functions whose restriction on
each cube in II lies in T,.G.

Let (T fw)k—1,. be the multivariate Taylor polynomial of fy of degree k — 1 around
ueR? ie.

(Tf)k—l,u(x)
1 pir-++ia f
= ) a0 am@ ™

J153g€No,
1t ig<k—1

. (x(l) — u(l))Jl [N (w(d) —_ u(d))]d

For each I € II fix some u € I. By a multivariate Taylor theorem we get as in the proof
of Lemma 1 in Kohler (2014) for each x € T

|fw($) - (wa)k—l,u(l‘”

28



1 §irttia f
X T e i

)(u) (W) — M) (D) gy (d)yia

E—1 ! 2 gittia f
Z ..“'.d!./o(l—t) -ajlx(l)“‘ajdx(d)(u—kt-(:U—u))dt

(2™ — M) (@) — gy (d))da
§irttia f

1 A A
- : (2™ Z a1 (D) (@)
‘ Z gile- g 0na) . giag(d) (u) - (z ut)t e (x u\)Jd

! 1<1—t>“-< Lt e - o )
0

i) giag(d)  ong(D) . Hiax

3 H 2 O @ @i

IA

J1,--3d€Ng,
J1+tig=k—1

-/01(1 —t)k-2.

By the mean value theorem and (44) we get for any j, ..., jq € No with j1+---+j5 = k—1

aj1+"'+jdf
o) . Hiag(d)

pittia f

(wtt(z—u) - 9z D) iagd

(w) a.

Qivttia f
8j1x(1) e ajdgj(d) (

d
<D
i=1

ivt-tia
T i) g (u)

u+t-(z—u))

girttia f

e

o D O L (0 0) @ g () )

it tia f
_ajl_jp(l) e ajdx(d)

(M, u® D o (0D DY @D g (1) — (DY)

)

d
<3 e Ju® - (@9 — u®) = )
=1

d
—c-t- Z |$(i) _ u(i)].
i=1
Hence,

‘fw(l') - (wa)k:—l,u(l'ﬂ
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Jd

IA

o ‘$<d> oy @

. ‘xu) _

d
3 ﬂ.c.z)xu) oy
=1

T I |
J13g€Ngs J1: Ja:

J1t+tig=k-1
1
/ t-(1—t)k2at
0

d
- ﬁ.c.z’x(i)_u(i)

1
JgeNg, JLTTJd i—1
Jidetig=k—1

T ‘xw) — @]

. ‘33(1) ey

< ¥ L ‘xu) ey jl...‘xu) @]

By FERR

J1» ,id€No,»

J1ttig=k

C d ‘
= (S | —

=1
k . Pl € d*

SCHH"IJ_U/HOOSCECZL,?E:CZL,YEG?

where we have used the multinomial theorem. By repeating this argument for every cube
I € IT and by choosing c47 small enough we can see that for each fy, we can find g € Goll
such that

Ful@) — (@) < 5

holds for all z € R?, which implies (45). The last step is to complete the proof of Lemma
10. For

T o={Tel:InM#P USRI | T
1€Il:INM#D
we have
€

Ny (5. TG oTal) < N, (5, TG o1, at) (46)

since x7 € M". There are
d+k—1
(")

many monomials in d variables of degree at most k£ — 1. This together with Lemma 11
allows us to conclude that G o IT* is a linear vector space of dimension

<d+2— 1) ) |H*| < e (i)d*/k

With this we derive from Theorem 9.4 and Theorem 9.5 in Gyorfi et al. (2002)

€ e(2K)P e(2K)P C4s~(§)d*/k+1
Np(i,Tng olIl*, z7) <3 <2(€(/22)2) log (3(6(/22)2) >> . (47)

The claim follows from (45), (46) and (47).
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4.4. Proof of Theorem 1
We prove a) and b) at the same time. To do this, we let d* € {1,...,d}, assume
supp(X) € M,

and assume that for d* < d M is a d*-dimensional Lipschitz-manifold, and for d* =
we assume that M is contained in a compact subset of R%.

We give a proof similar to the proof of Theorem 1 in Kohler (2026). Throughout the
proof we assume w.l.o.g. that n is sufficiently large and that ||m|/~ < k, holds. Since
M is bounded, we can choose A > 1 with M C [—A, A)?. Set

1
K= [049 - n2ptd -‘ ,

Kn:r~Kdand

Nn: ’7650-n +g§igf—‘ .
Set
In=K,-(r+2+(L-2)-r-(r+1)+r-(d+1))

and
Jr=Ny - Ky -(r4+2+(L=2)-7-(r+1)4+r-(d+1)).

By using Theorem 3 with K, A, L and r we know that there exists a weight vector

w* € R/
of a neural network
Ko
(L) (L)
fwe (2 Z 1,1,k w* k, 1 (@),

k=1

where each f‘EVL*) 1 18 a subnetwork consisting of L layers and r neurons per layer, such
that

C51
sup | fwe(z) —m(z)| < —75 (48)
z€[—A,A)d K,
and s
cs2 - Ky -
’(W )1,1,k|<52Tn (kzla'--aNn'Kn)-
n
Note that here we replace each of the fi’s in the outer sum of the space H of Theorem
3 with
1
= m ; fe-

Furthermore, the weights of this network satisfy

| (w* )1“]‘<C53 fori=1,...,L—1
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and

(w2 | < csa- (logn) - n.

Set
Cs5 C56
N, K, n(2p+2d)T+15”

€p =

n -

where the inequality follows from

/ ~ 3 4p+3d d .
n- NTL . KTL S 057 . n§ . n4p+2d* . n4p+2d* — 057 . n(2p+2d) T+15

Let A, be the event such that firstly there exist pairwise distinct ji,...,7J N, &, €
{1,...,K,} such that the weight vector w(®) € R’» satisfies

(WO s = W)

ki~ il <€ forallkyiandle{0,...,L—1},s€{l,...,N, K,}

and such that secondly

max |Y;|? < &,
i=1,...,n

holds. In the proof we split the Lo error of m,, into a sum of several terms and bound
each term separately. In the following we set

My () = B{T}, V| X = x}.
Then we have
[ (2 = m(z) PP (do)
= (B {jmn(X) =YDy} ~ B{Im(X) ~ YI*}) - 14,
+ [ male) = m(o)PPxda) - 1a,
= [E{Ima(X) = YPIDa} — E{m(X) - YI*}
— (E{|mu(X) = T, Y*Dn} — E{|ms, (X) — T, Y *}) ] -1a,

+[E {Jma(X) = T, YD} = E{lmy, (X) = T, Y}

1
=1

1< 1 ¢
+[2-2 2 [ (Xi) = T Yif* =2~ E; [, (X3) = T, Vil
i= =

1 — 1 «
(2 Sy w223 i i) |
i=1 =1
n

1 ¢ 1
(2 D Ima(X) — ViR =2 = Y m(X) — Vil -,
i=1 =1
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In the first step of the proof we show
1
E{T),} < css- % for j € {1,3}.

This follows as in the proof of Lemma 1 in Bauer and Kohler (2019).
In the second step of the proof we show

E{T5,0} < 59 - 008 ")
Since we assume ||m|/s < Ky, we have
/|mn m(z)|*Px (dz) /\2 kin|*Px (dz) < 4-c2- (logn)?
and it suffices to show 6o
P(A5) < 90 (19)

We consider the initial choice of the weights for the K, fully connected neural networks
sequentially. The weight in the first of these networks differs in all components in layers

l=1,...,L —1 by at most ¢, from (w*)gl)Z ; with probability bounded from below by

en r-(r+1)-(L-1) en r-(d+1)
<2-06> '<2-C7-(logn)-n7>

56 (r+1)-(L-1) cs6 (d+1)
> .
- (2 - cp - n(2p+2d)'7+1-5> <2 -c7 - (logn) - n™ - n(2p+2d)~7+1.5>

> = (@pH2d) H15) 7 (r+1)-(L—1) ~((2p+2d)-7+1.5) -1+ (d+1) —-7-(d+1)—0.5

_ n—n—0.5’

where
=(2p+2d)-7+15)-r-(r+1)-(L-1)+((2p+2d) - 7+1.5)-r-(d+1)+71-7-(d+1).
Therefore, the probability that none of the first n7t! neural networks satisfy this condi-

tion is bounded from above by

ntl nntl

(1 — n*”*O"r’) < (exp (—n*"*O'E’)) = exp (—n0'5) i

Assumption (11) implies that K, > n7+! -N,,-K,, for all sufficiently large n. Consequently,
we can conclude, that the probability that there exists s € {1,..., N, - K,,} such that all

33



K, weight vectors differ from ((vv*)gl;C )k, in at least one component by more than e,
is bounded from above by

N, - K, - exp(—n®?) < gy - nUPHBDTEL pdT g 05) < c62
We conclude with Markov’s inequality, (A1) and ¢g - ¢4 > 3

P(4;) < 2 +P{ max Y2 >k} < (;%2 4 PY?> k)
i=1,...,n

n2
. C62 2 C62 E{eXp(C4 . Y2)}
= 3 +n-P{exp(ca-Y?) > exp(eq - kn)} < ozt exp(cs )
= 62 +n- E{exp(c4 i YQ)} = 62 +n- E{eXp(C4 . YQ)} < Cﬁ,

n? exp(cg - ¢4 - log(n))  n? nes:ca n?

for n sufficiently large.
Let € > 0 be arbitrary. The third step is to show

nT-d*+5

__2p
= Cgq M 2Ptd* te,

E{TQ,n} < cg4 -
Let W,, be the set of all weight vectors w = (wz(l])'k)i,j,k,l € RV» which satisty
L
|w§71)7k| <ecgs (k=1,...,K,),

l
i) | <ees (I=1,...,L—1)

and
0
|w2(j)k,\ < cg7- (logn)-n".

By Lemma 3, Lemma 4 and Lemma 5 we can conclude
[w® —wO| <ees (t=1,...,t,)
on A,. This is done similarly as in the proof of Theorem 2 and uses
tn - An s B < Cgg.
The choice of w(® implies for cgs, cgs, cg7 sufficiently large that we have on A,
w e W, (t=0,...,t,).

This means that
mpy € Fn=A{Ts, fw : WEW,}

and we conclude with Lemma 8 for u,, > 0

E{Ty,} <4k 5 Briogn)21 (X1, Y1), (X2, Y2),...) +up

(log )
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o] U u-n
+/ 14- sup M (80’}_71’3:?> - exp <_C70 ' 212> du.
Un z esupp(X)" “En Fin - ( 08 TL)

Lemma 10 (in case d* < d) and Remark 3 (in case d* = d) imply for =} € M"

u . e cr2-(cr3)
- <=1
M (e et) < ()

and by choosing k large enough we get for u > ¢

—1). : Kn- d*/k
(L=1:4"(log n)4" nT d*'<u/(7§oii)> ters

T-d*+e/2

U )
N1 <M7Fnax?> < cr7-nE"
n

We have by (A6)
Briiogn)2) (X1, Y1), (X2, Y2),...) < cr9 - emeso'logn?] < o . gmeso(logn)?

For w,, > cg1/n we conclude

n
(logn)?

o * e .
+/ 14 - ez7 - Lexp <_082 ' 2un2> du
Un, R (log TL)

E{T2,n} <4d-cp9- H?L . . 6*080-(logn)2 +u,

n 2
< 4 - C79 - K"?L [ 6_680'(10gn) + U,
- (logn)?
2 2
Ted e /2 Up - N ks - (logn)
+ cg3 - nTET - exp (—682 "2 (o 2) T
n - (logn) n

The result of the third step of the proof follows by setting

2 2
k2 - (logn o
Up = —+—" (logn) ez - FY2 ogn.
cgo N

In the last step of the proof we will show

__2p
E{T47n} < cgq - m 2p+d*,

Using
T,z =yl < |z —y| for |y| < ryp
we get
T, 1 — 1 @
= S () Vi = = Y (X)) — Vi 14,
=1 i=1

1 n 1 n
=D T faton (X0) = Y2 = =37 m((X0) = Yil] - 1a,
=1 i—1
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< [ 3 e (50 =2 = T3 m(X) = V] -1,
i=1 =1
= [Fuwt) - > lmiCx) - YiP] - 1a,.

On A, let W € R’ be an extension of w* € R’% onto R/, where we fill each new
component with the value of w(©, i.e.

W) =W for s € {1,..., N,y Ky} and
(VNV)EZ?H = (W(O))ﬁfi,i for j ¢ {j1,-- - in, ..}

The networks defined by w* and w are identical, since the weights in the outer Layer of
w(® are all 0. On A,, we have

Nn-Kn
W —wO < YW Ny Ko L (e (4 d) 6
k=1

- 1717jk
g+d)/d 2
~ C59 * K, ~
< Ny Ky (]\; + g5 Np - Ky - €5
n
F2latd)/d+1 1
< egpr ————— a7 —5
N, n
_1_2717 1 _1_2717
S cggemo WU dcgre g Scggem o

Here we used

4 4p—2 2
(2-qzd+1) d___WpE3d__, dp—20 P

2p+ d* 2p + d* w+d- = T 2p+dt

We get with Theorem 2

T4,n
2
Ly = logn)?
- (Z FaX0) = Vil 4 e - logn)” - [ — w0 4oy - 127
i e
1 n
_ﬁ Z ‘m(Xz) - }/;’2> . 1An
i=1
1 n 1 n "
< D e (X0) = YifP = =3 m(X) = Vil + oo - (logm)® e
=1 =1
1 n
+7Z|m(X1) —Yi|* 14
i=1
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Using (49) and the C-S inequality, we can conclude

E{nZlfw*<Xi> SV 3 mX) = Vi T () - Vil 1A%}
i=1 =1 =1

< E{|fw (X) = Y?} = E{|m(X) - Y[*} + :LZ VE{Im(X;) - Yil*} - VP{A3}

ogn 2
< [ 1funle) = m(a)PPic(aa) + can - LEL

Here we have used that ||m||e < kyn = 3 -logn and that all moments of ¥ are bounded
due to E{exp(cs - Y?2)} < co. Inequality (48) implies
2

(log n) < cog - nfﬁ.

E{T),} < cos- + co5 -

~90.P
K,

Combing all steps, we get for all € > 0

E [ |mn(z) — m(z)]"Px(dx) < co7 -n 2Fd™
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A. Proof of Lemma 9

For the proof of Lemma 9 we need the following lemma.

Lemma 12 Let N,d, K e N, let X : Q >R, V: Q> RY Z: Q5 RE andU : Q@ - R
be Borel measurable random variables defined on a probability space (2, A, P) such that
(X,Y) and U are independent and U is uniformly distributed on [0, 1].

Then there exists a probability space (0, A,P), Borel measurable random variables
X:Q-oRV,YY*:Q-2REZ:0 - RE U:Q — R and a Borel measurable
function f: RN x R? x R — R? such that

Pxyvzu) = Pxy.z0) (50)
Py = Py., (51)
Y*=f(X,Y,U) a.s. (52)
X,Y™* independent (53)
and
P{Y#Y*}<E {eiseséup IP{Y € A|X} - P{Y € A}|} . (54)
4

Remark 4. In the proof we will show
P{Y £Y*} <E {sup IP{Y € A|X} —P{Y € A}|}
AeC

for some countable subset C of By.
Proof. The proof is based on the proof sketch of Theorem 1 in Doukhan (1994), Section

1.1.
Partition [—2",2"]% into N,, — 1 = 4™¢ many cubes Cin, -, Cn,—1n of side length
22" 1\"
=2.(=) ,
4n 2
set
CNnm =R? \ [_271’ 2n]d7
let yey .5 -+ You, 1., D€ the centers of Cp, ..., CN, -1, and set
Yon, = 2"+ 1,27+ 1T

Set

Yo(w) = ye,, if Y(w) € Cin
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(i=1,...,Np).
Then
Y, =YY, (55)

since for any € > 0 we have

limsup P{[[Y, ~ Y > ¢} < limsupP{Y € Cly, .} = 0.
n—o0 n—oo

For z € R? we define
XNi=Ain(2) =P{Y € C;n|X =2} and p=pi,=P{Y €C,}
fori=1,...,N,, and reorder C,, ..., Cn, n (depending on z) such that
AL S 15y Ak S ke Akt > kL - - AN, > N,
holds for some k = k(z) € {1,..., N, }. This means
P{Y € CinlX =2} <P{Y € Cip} fori=1,....k

and
P{YeCipX=2}>P{YeC,} fori=k+1,...,N,.

Given X =z and Y,, = yc,,, (the latter is equivalent to Y € C; ), we choose the value
of Y,y as follows: In case P{Y € C;,} > P{Y € C;,|X =z} we set Y,y =yc, . And in
case P{Y € C;,,} < P{Y € C;,|X = x} we choose the value of Y;* randomly as follows:
With probability
(15 = Aj) - (X — i)
a - AZ'
we set it equal to y¢, , for j =1,...,k, and with probability

Hi
Ai
we set it equal to y¢, ,, where
k Np,
a=apgy = Z(Ml -\N) = Z (N — ).
=1 I=k+1

(Here the last equality holds since S0 py = 1 = S°0% A;.) This is possible since

S(N— )
— =1.
i + by

k
(1 —Aj)
= a )

7=1

It is easy to see that there exists a Borel measurable function f,, : RN x R x R — R
such that
Yy = fu(X,Y,U) (56)

n
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holds, and that Y,, and Y, satisfy

P{Yn =YC; n>» Y,: = ij,n|X = .%'}

P{Y € Cin|X =2}, i=jand P{Y € Ci,} > P{Y € CinlX = 2}
0 i#jand P{Y € C;,} > P{Y € C;,| X =z}

= ¢ LA Qampn) j<kand P{Y € Ci,} < P{Y € Cip|X =z}
P{Y € C;,}, i=jand P{Y € C;,,} <P{Y € Cj,| X =z}
0, else.

Here the third and the fourth rows in the right-hand side above do not contradict each
other since P{Y € C;,} < P{Y € C;,|X = z} implies ¢ > k.
Next we show

P{Y, =yc, | X =2} =P{Y, =yc,,} forallz, allj=1,...,N,. (57)

Fix z € RV. If
P{Y S Cj,n} < P{Y S ij’X = x},

then 7 > k41 and

Nn

P{Y; = ij,n|X = 'T} = ZP{YH = yci,n7YT>Lk = ij,n|X = 33}
=1
k
= ZP{Yn = YCin» Y; = yC’j,n|X = x} + P{Yn = YCjn> Y; = ij,n|X = li}
=1
+ Z P{Yn - yci,n’ Y; - ij,n|X = x}
i=k+1,..., Nnitj
=0+ P{Y € ijn} +0= P{Yn = ij,n}'

If
P{Y S Cj,n} > P{Y S Cj7n|X = fL‘},
then j < k and

Np,

P{Y; = yc, | X =2} = Z P{Y, =yc,..Yy =yc,.|X =z}
=1

= P{Yn = ij,n7Y7;k = ij,n’X = .iL'} + Z P{Yn = YCin> er = ij,n’X = 37}

(=1, ki ]
Nn,
+ Z P{Yn = yC¢,n7Y; = ij,n’X = aj}
i=k+1
S5 (1= Ag) - (i = )
=P{Y, € CjulX =a}+0+ ) 2

i=k+1
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Nn,

Sy (= )

i=k+1

QI Q|

ra=p; =P{Yn =ye,,. }-

This proves (57).
From (57) we conclude

PV =yo .} = /Pﬂﬁ=quX=kaﬂm%=/Pﬁ%zquPxM@

= P{Yn = yC’jyn}

for j=1,..., Ny, hence
Py: = Py,. (58)

Furthermore, for j € {1,..., N, } and A € By we can conclude from (57) and (58)
P{Y = Yo X € A} = / P{Y S = ycjyn\X = z}Px(dz)
A

— | P =, Px(dn
A
= P{Y,=vyc,,.} - P{X € A}
P{Y; =y, } - PAX € 4},
hence
Y, and X are independent. (59)

Set
Cn = {UjEJC]-,n :JJCH{L,...,N,}} and C = UpenCh.

By the definition of Y, we get
P{Y, £ Y;|X = o}

1<i,j<Nn,i#j

i —Aj) - (Ai —
:ZZ (. )a( i)

1
ak;
=> (P{Y € Cipn} —P{Y € C1u|X = })

=P{Y c U ,C,,} —P{Y c UF_,C1 | X =2}
< sup [P{Y € C} —P{Y € C|X = z}|
ceCp
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where we have used
k
Ulzlc’lm E Cn.

(Here the sets in the union above depend on x and not only on [ and n). Hence

LAY} = [P{Y£Y;|X = a)Px(dr)

< /5’35 P{Y € C} - P{Y € C|X = 2}| Px(dz)
= E{gué) IP{Y e C} —P{Y ¢ C’\X}]}
< B {glgz IP{Y € C}—P{Y € ch}\} . (60)

For M € N we have

sup P {(X,Y, Yz, ¥;1, Z,U) ¢ [~ M, MJNFH1
neN

<P{X ¢ [-M, MV} +P{Y ¢ [-M, M]?} + SugP{Yn ¢ [—M, MDY

+sugp{yn* ¢ [—M, MDY +P{Z ¢ [-M, M|} + P{U ¢ [-M, M]}

-0 (M — ),
since (58) and the definition of Y,, imply

sup PAY? ¢ [0, MYy = sup P{Yy ¢ [~ M. M]%

< sup PV ¢ [-M,M%N+ sup  P{Y, ¢ [-M, M|}
neN:2n+1<M neN: M <2n+1

=04+P{Y ¢[-M,M*" -0 (M — ).

From this we get that
(Pxvva v 20) e

is tight, hence the theorem of Prokhorov implies that there exists a subsequence (ng)g
of (n), and a probability measure

(XYY, v*20)
such that
P(X,Y7Ynk ,Y,;:k,Z,U) — P(X' v }:/f/* Z 0) Weakly. (61)

By the Portmanteau theorem we can conclude from this

P{Y # §:/}} = limsup P{|Y — }:/| > e} <limsupliminf P{|Y —Y,,| > ¢} =0,
e—0 e—0 k—o0

47



where the last equality follows from (56). Hence we can conclude from (61)

Py, ve . z0) = Pxyyy-z0 weakly, (62)

By the continuous mapping theorem this implies

Pixyzu) = Py z0) weakly.

and because of the uniqueness of the limit distribution for weak convergence we get

Pxyzv) =Py 20 (63)

By the proof of Skorokhod’s representation theorem in Skorokhod (1978) (cf., Lemma
13 below) we can conclude from (6_2) ‘that there exists a probability space (2, A,P) and
random variables (X,Y,Y,,, Y, ,Z,U) and (X,Y,Y,Y* Z U) such that

P(X,Y,Ynk,Y;k,Z,U) = P(va}_/nkv_rfk 7270), (64)
Py vyvez0)=Pxyyy 20 (65)

and o ) ) S
(X,V, Vo, Vi, Z,U) = (X,V,V,V", 2,0) s (66)

From (65) we get B
P{Y#Y}=P{Y #Y} =0,

hence (65) and (66) imply

P vy i-20) = Pxyyv 20 (67)
and
(XY, Yo, Vi, 2,U) = (XYY, V", 2,0) as. (68)

We show next that X,Y,Y* Z, U satisfy (50)-(54).
Identity (50) follows from (67) and (63), because these two equations imply

P(X,YZ,U) = P(X,Y,Z,U) =Pxy,zv)

Identity (51) follows from

f’yfnk — Py weakly (69)
(cf., (68)), B )
Pyﬁk — Py.  weakly (70)
(cf., (68)) and ) B
Py. =Py, =Py, =Py, (71)

(cf., (64) and (58)), which imply

PYnk — Py.  weakly. (72)
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Using the uniqueness of the limit distribution we get (51) from (72), (69) and (50).
In order to show (52) we observe that

(cf., (64) and (56)) and (68) imply that we have with probability one
Y*= lim Y} = lim f, (X,Y,U).
k—oo 'k k—o0

Set

f(xa Y, u) = lim sup fnk (:L'a Y, ’LL) : l{limsupk%oo Iy, (2,y,u)<co}
k—o00

Then Y* < 0o a.s. implies
Y* = khm fu(X,Y,0) = f(X,Y,0),
—00

which proves (52). o
Next we prove (53). Let ¢ g y+), o x and py. be the characteristic functions of (X, Y™),
X and Y*, resp. Then the continuity theorem of Levy-Cramer together with (67), (62),
(59) and (64) imply
P, 7 (U 0) = (g pay (u,0) = Hm ooy ye ) (u0) = lim px(u) - oy, (v)
= ox(u) - op.(v) = x (u) - Py (v),

hence (53) holds.
We finish the proof by showing (54). To do this we conclude from

P(Yn]w)_/ ) — P(Y7}7*) Weakly

n,
(cf., (68)), the Portmanteau theorem, (64) and (60)
P{Y #Y*} < likI:Il inf P{Y,,, # Y, }
— 00
= lminf P{Y,, #¥;}

IN

E {sup P{Y e C} —P{Y € C\X}!} :
ceC

hence (54) holds. O
In the proof above we have used the following modification of the classical representa-
tion theorem of Skorokhod.

Lemma 13 Let M, N € N, let (Q, A, P) be a probability space, and let X : Q — RM,
Y.,Y,, : Q — RY be Borel measurable random variables with

P(X,Yn) — P(X,Y) weak‘ly.

49



Then there erists a probability space (0, A, P) and Borel measurable random variables
X:Q->RM VY, :Q— RN such that

Pxyv,) =Py, (meN), (73)
Pixy) = f’()’(,Y) (74)

and
(X,Y,) = (X,Y) a.s. (75)

Proof. The assertion follows from Skorokhod (1978), pp. 10-11, if we use the construc-

tion there to define S;,,. ; and S’j17~--,jk for RM™ and RV, resp., use then as there

Sty X St

to construct (XS“),Y;’“)) from (X,Y), and use that on

(n)

UlyeeslhenJ1sesJk

X’,sk) has the same value for all jq, ..., ji. Let A denote the Lebesgue measure. Since we
have that

Z )\(A’E:L,),Zk,]h,jk) Z P{X € Sil""vik’Yn € gjh:]k}

J1ysJk J1seeJk

= P{X € Si1,~~~7ik}
does not depend on n and hence

Xo(w) = lim XP(w)

does not depend on n for all w, the construction in the proof of Skorokhod (1978), pp.
10-11, gives us that the random variables (X, Y, ) constructed there with the property

(X0, Yy) = (X,Y)  a.s.

satisfy
X=X
for all n € N. O
Now we are ready to prove Lemma 9.
Proof of Lemma 9. It suffices to show that for every I € {1,...,n} there exists a
probability space (€2, A, P) and random variables Zy, Z1, ..., Zn, Z7, ..., Z}, U1, ...,
U; defined on this probability space such that
P20, 21,70) = (2021, 2 (76)
Zo, 2%, ZF arei.id., (77)

50



Zy = fe(Ur,.. ., Uk—1,2Z0, 21, Zie1, 25 oo o Z51y Z1ey Ug) (78)

for some Borel measurable function fi and all k € {1,... 1},

(Zo, Z1,...,Zy) and (Uy,...,U;) are independent, (79)
and
P{3ke{1,....1}: Z,, # Z;}

<({l—-1)- max E{sup|P{Zs;€C|Z1,...,Zs1} —P{Z;€C} ;. (80)
56{27'“7”’ ceC

We show this by induction on . The assertion trivially holds for [ = 1 if we choose
(Q,A,P):(Q,A,P), Z:ZZ (ZZO,,TL) and Z’f:Zl

So assume next that the assertion holds for some [ € {1,...,n —1}. We extend the
probability space (2, A, P) such that there exists a random variable U, ; uniformly
distributed on [0, 1], which is independent from Zy, Z1, ..., Zy, Z5, ..., Z}, Uy, ..., U,.
To simplify the notation we write in the sequel P and Zy, 21, ..., Z,, Z7, ..., Z], Uy,
..., Uy instead of P and Zy, Z1, ..., Zn, Z5 .. Zl*, U, ..., U;. We will apply Lemma
12 in order to show the assertion for [ + 1. To do this, we set

X=U,....U,20,Z1,..., 2, Z5,.... Z}),

and

Application of Lemma 12 yields

X = (O, U1, 20, 20, s 20 2y Z0),

Y = Zp4a,
Y= Zl*+17
Z=(Z1y9,...,2,)
and o
U="Us
such that (50)-(53) hold. We show next that Zo, Z1, ..., Zn, Zf, ..., Zf,y, UL, ...,

Up41 satisfy (76)—(80) for [ + 1 instead of I.

(76) directly follows from (50) and our choice of X, Y and Z.

Because of the induction hypothesis and (76), (77) holds for [, and using (51) and (53)
we can conclude from this that (77) also holds for [ + 1.
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For k < the induction hypothesis and (50) imply (78). For k = + 1 identity (78) is
a direct consequence of (52).

(79) follows from the induction hypothesis (which together with (50) implies that (79)
holds for 1) and Ujy; independent from Z, ..., Z,, Uy, ..., U; (which together with (50)
implies Ul+1 independent from Zy, ..., Z,, Ui, ..., UZ).

So it remains to show (80) for 4 1. Because of the induction hypothesis, (76) and the
union bound it suffices to show

P{Zi1# 71} <E {zlélg P{Ziy1 €C|Z1,.... 21} —P{Z1y1 € CH} :
(54) implies
P(Zin # Zi} = P(V £ 77} < B {sup [P{Y € CIx} - P(Y € O}
_E {Z‘é‘é'P{Zl“ €C\UL, ...\ U Z0s 2y 20y 2o 2 — P{Z1y1 € C}|}

By (78) we get that the o field generated by U, ...,U;, Zo, Z1,..., 21, Z5, ..., Z] is the
same as the o-field generated by U,...,U;, Zy, Z1, ..., Z;, hence

P{Zl-i-l EC|U1,...,Ul,Zo,Zl,...,ZZ,ZT,...,ZI*}
= P{ZZ—H € C|U1, UL 2o, 2 Zl}.
Because of (Uy, ..., U;) independent from (Z; 11, Zy, Z1, . .., Z;) the last conditional prob-

ability is equal to
P{Z11 € ClZo, Z1, ..., Zi},

from which we can conclude
P{Zl—l-l 7é Zl*+1}
<E {gulé |P{Zl+1 € C|U17 U 2oy 24,0 20 ZT) B Zl*} - P{Zl-‘rl S C}|}
€

=E {gulé ‘P{ZH*l € C’Z[)v Zlv R Zl} - P{Zl+1 € C}‘} )
S

which proves (80). O
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