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Abstract
Image classification from independent and identically distributed random variables is
considered. It is assumed that the images are generated by an image deformation model,
where each image is a deformation of one of two given images. Overparametrized deep
convolutional neural network image classifier are defined where the weights are learned
by stochastic gradient descent. A theoretical result is presented which shows that the
expected misclassification probability of the estimate converges to zero with rate 1/

√
n

where n is the sample size.
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1. Introduction

1.1. Image deformation

In this paper we use an image deformation model introduced in Chen, Langer and
Schmidt-Hieber (2024) in order to investigate image classifiers. In this model it is
assumed that the images are discrete observations of deformations of two continuous
images described by mappings f0, f1 : R2 → [0,∞). Here f0 and f1 characterize
the grayscales of the images with smaller function values corresponding to darker pix-
els. The images are observed on a grid of size d × d, and the observation at position
(i, j) ∈ {1, . . . , d} × {1, . . . , d} is the average grayscale

f̄i,j = d2 ·
∫
[(i−1)/d,i/d]×[(j−1)/d,j/d]

f(u, v) du dv (1)

of the image in the square [(i − 1)/d, i/d] × [(j − 1)/d, j/d] (f ∈ {f0, f1}). In our
model we assume that we observe transformations of the images. More precisely, we let
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A : R2 → R2 be an invertible mapping, and let η ∈ (0,∞) be a brightness factor. Then
we assume that in our training data instead of (1) we observe

d2 · η ·
∫
[(i−1)/d,i/d]×[(j−1)/d,j/d]

f(A(u, v)) du dv (2)

((i, j) ∈ {1, . . . , d}× {1, . . . , d}) together with the information whether f = f0 or f = f1
holds for the point in our training data. And the aim is to predict for an additional
observation (2) for (i, j) ∈ {1, . . . , d} × {1, . . . , d} whether f = f0 or f = f1 holds.

Possible examples for the above invertible mapping A include affine transformations

A(u, v) =

(
b1 b2
b3 b4

)
·
(
u
v

)
+

(
τ
τ ′

)
,

where b1, b2, b3, b4, τ, τ
′ ∈ R with b1 · b4 − b2 · b3 ̸= 0. If we choose(

b1 b2
b3 b4

)
=

(
cos γ − sin γ
sin γ cos γ

)
·
(
ξ 0
0 ξ′

)
(3)

we compose a scaling in x- and y-direction with a rotation and add a translation by τ, τ ′

along x- and y-direction respectively.
This leads to the following model for the generation of our data. Given are two

functions f0, f1 : R2 → [0,∞), some π ∈ [0, 1], some class A of invertible transformations
A : R2 → R2, a probability distribution Q1 on A and a probability distribution Q2

on (0,∞]. In a first step, independently a value k ∈ {0, 1} is chosen from a Bernoulli
distribution with probability of sucess π, an invertible transformation A is chosen from
A using the probability distribution Q1 and a brightness factor η is chosen from (0,∞)
using the probability distribution Q2. Then X = (Xi,j)i,j∈{1,...,d} ∈ [0, 1]{1,...,d}×{1,...,d} is
generated by

Xi,j = d2 · η ·
∫
[(i−1)/d,i/d]×[(j−1)/d,j/d]

fk(A(u, v)) du dv, (4)

and Y is set to the class of the image, i.e.,

Y =

{
1, if k = 1

−1, if k = 0.
. (5)

In this way independent and identically distributed data (X,Y ), (X1, Y1), . . . , (Xn, Yn)
is generated. Given the training data

Dn = {(X1, Y1), . . . , (Xn, Yn)}, (6)

the task is to construct an estimate

fn : [0, 1]{1,...,d}×{1,...,d} → {0, 1}

such that the probability of misclassification

P{fn(X) ̸= Y |Dn} (7)

is as small as possible.
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1.2. Results in Chen, Langer and Schmidt-Hieber (2024)

The above image deformation model was introduced in Chen, Langer and Schmidt-Hieber
(2024). There as theoretical benchmarks two different classifiers based on the one-nearest
neighbor classifier are investigated. These classifiers are based on a transformation of the
input space. It is shown that under a separation condition on the images perfect classi-
fication is achieved by these two approaches, i.e., the classifiers achieve zero probability
of misclassification with high probability.

Furthermore, convolutional neural network (CNN) classifiers are analyzed in this model.
Here the estimates are defined by empirical risk minimization based either on the 0-1-
loss or the cross-entropy loss. A special topology of the CNN is proposed consisting of
one convolutional layer followed by one max-pooling layer and a deep feedforward neural
network, where the ReLU activation function is used as the activation function. Under
a separation condition on the images it is shown that the misclassification probability of
these estimates converges to zero with rate

O

(
log n

n

)
,

i.e., CNN classifiers achieve a parametric rate of convergence in this context.
In applications, it is not possible to minimize the empirical risk based either on the

0-1-loss or the cross-entropy loss for CNN classifiers, since the underlying minimization
problem is nonlinear and non-convex and there are no feasible algorithms known for
solving this problem. Instead usually one uses gradient descent (or one of its variants like
stochastic gradient descent) to compute the corresponding CNN classifier. So the above
results immediately lead to the question whether similar results can also be achieved for
CNN classifiers computed by gradient descent, which is exactly the question which we
will study in the sequel.

1.3. Main results

In the above introduced image deformation model we define estimates that consist of a
linear combination of a large number of CNNs with ReLU activation function that are
computed in parallel. Each of the CNNs in the linear combination consists of one con-
volutional layer followed by a max-pooling layer and a deep feedforward neural network.
We propose a special way to initialize the weights of the network randomly, and train our
estimates by minimizing the empirical logistic loss of a linear combination of networks
via projected stochastic gradient descent with a special stepsize and a special number of
gradient descent steps (see Section 2 and Theorem 1 for the details).

We analyze the rate of convergence of the estimates and provide under a separation
condition the following upper bound on the misclassification probability in Theorem 1
below:

P
{
Y ̸= Ĉn(X)

}
≤ c1 ·

(logn)
3
2 · d2 · log(d) · |Ad| · (log(|Ad|))2√

n
. (8)
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Here Ad is a finite class of transformations used to approximate the transformations
in our data generating model. So we are able to show a parametric rate of conver-
gence also for estimates learned by gradient descent, but we get a weaker upper bound
of O((log n)

3
2 /
√
n) than the upper bound O((logn)/n) proven by Chen, Langer and

Schmidt-Hieber (2024) for the estimates defined by empirical risk minimization.
To establish our result, we present a general setting for estimates that consist of a

convex combination of neural networks. In this setting we derive a general theorem that
provides an upper bound on the expected logistic loss of neural networks trained via
stochastic gradient descent to minimize the empirical logistic loss.

Furthermore, we implement the proposed network topology and study the finite sample
size performance of the estimate on artificially generated samples from properly defined
image deformation models and also on a real image classification data set. Here we
see that indeed the probability of misclassification of the CNN classifier based on the
topology and the initialization of the weights proposed in this article seems to converge
to zero with increasing sample size, and it looks like the convergence takes place even
faster than in our theoretical upper bound presented above.

1.4. Discussion of related results

Despite the astonishing accomplishments of deep learning and convolutional neural net-
works achieved by practitioners, there remain significant gaps in their theoretical founda-
tion. In visual recognition applications, the data is notoriously high-dimensional, which
makes the problems relatively hard to solve. In order to bridge the gap between empirical
success and theoretical understanding, it is often assumed that the underlying functional
relationship between inputs and outputs admits a low-dimensional representation (cf.
e.g. Liu et al. (2021), Shen et al. (2021), Kohler, Krzyżak and Walter (2025), Kohler and
Langer (2025)). Under this structural assumption, it is possible to derive convergence
rates that depend only on the underlying low-dimensional representation, thereby po-
tentially overcoming the limitations imposed by high-dimensional input spaces. In this
work we study a binary classification problem, where each class is characterized by an
underlying bivariate function and the observed images are discretizations thereof. In this
setting, images of the same class are assumed to be deformed versions of a template im-
age. This idea has been introduced by Grenander (1969), who characterizes the pattern
recognition problem in terms of “pure images” and “deformation mechanisms”. To solve
the problem, one needs to find a recognition function that recovers the pattern class of
the underlying pure image from a deformed image.

Convolutional neural networks (CNN) are commonly used to approximate this “recog-
nition function”. Practitioners have studied datasets subject to isolated deformations, e.g.
Marcos, Volpi and Tuja (2016) attempt to encode rotation invariance by incorporating
rotated versions of convolutional filters in their model and Jansson and Lindeberg (2022)
deal with scale-invariance using a “scale-channel architecture”. Cohen and Welling (2016)
introduce “group convolutional” layers for discrete groups generated by translations, re-
flections and rotations. These layers are designed with a higher degree of weight sharing
than standard convolutional layers, thereby enabling them to exploit larger symmetry
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groups.
Kohler and Walter (2023) consider a binary pattern recognition problem, where the

deformation mechanisms consist of rotations and establish theoretical convergence guar-
antees for the proposed empirical risk minimization-based network estimate, which are
independent of the dimension of the image. They build upon the hierarchical max-pooling
model for the a posteriori probability introduced in Kohler, Krzyżak and Walter (2022),
extending it by rotating each subpart of an image by different angles.

However, in practice, it is not possible to compute the empirical risk minimizer. There-
fore, gradient descent algorithms have been used to minimize the empirical risk. The
convergence behavior of gradient descent has been studied intensively, e.g. in Arora et
al. (2019), Du et al. (2019) and Bottou, Curtis and Nocedal (2018). A widely adopted
approach to deal with large datasets is stochastic gradient descent (SGD), which is a
drastic simplification in the sense that the exact computation of the gradient in each
iteration is replaced by an estimate on the basis of a randomly chosen (sub-)sample.
In order to limit the impact of the noisy gradient approximation on convergence speed
Kohler, Krzyżak and Sänger (2025) impose further conditions on the iterates by using
projected SGD. A linear combination of a large number of convolutional neural networks
is considered. The projection step ensures that in this setting, the inner weights do not
move too far away from their random initializations, while the outer weights are adjusted
suitably by SGD.

Similar ideas have been applied to the analysis of the L2-error of regression estimates
with sigmoid activation function, which are learned by gradient descent in Braun et al.
(2024) and Kohler and Krzyżak (2025). Here the fact that the internal weights do not
change significantly during training is derived from properties of the sigmoid activation
function together with the bounds imposed on the weights. Kohler, Krzyżak and Walter
(2025) use the same approach to bound the optimization error of their CNN estimates
for a binary image classification setting. However, this reasoning does not extend to
estimates which employ the unbounded ReLU activation, which motivates the inclusion
of a projection step in the gradient procedure, as described above, cf. also Kohler, Cho
and Krzyżak (2025).

Gonon (2023) studies random feature (neural) networks, where the weights of the
hidden layer are randomly initialized and subsequently held fixed, such that only the
parameters of the outer layer are adjusted during the training of the network (cf. also
Huang, Chen and Siew (2006)). This enables the authors to leverage convex optimization
techniques. The so-called lottery ticket hypothesis offers a conceptually related viewpoint.
Frankle and Carbin (2019) suggest that it is possible to identify sparse subnetworks which
can be trained effectively when reset to their initial parameters through an iterative
pruning process. These subnetworks are deemed “winning tickets” of the “initialization
lottery”. Da Cunha et al. (2022) derive a theoretical approximation result for this setting.
Specifically the authors show that for a CNN with fixed weights, there exists a randomly
initialized CNN, whose size scales logarithmically, which can be pruned to a network that
approximates the original network well.

Besides the analysis of the learning algorithm, i.e. the optimization component, a
theoretical analysis of deep learning should simultaneously incorporate approximation
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and generalization aspects (cf. Kutyniok (2020)). Quite a lot of attention has been
dedicated to approximation properties of deep neural networks in general (e.g. Yarotsky
and Zhevnerchuk (2020), Kohler and Langer (2025), Lu et al. (2020), cf. Gühring, Raslan
and Kutyniok (2022) for a comprehensive overview). Approximation guarantees for CNNs
specifically have been established by Yarotsky (2022) and Zhou (2020). Yarotsky (2022)
generalizes the universal approximation theorem from fully connected networks to CNN-
like architectures and groups of translation.

Arora et al. (2018) obtain generalization bounds for fully connected networks via post-
training compression schemes that reduce the effective number of parameters and show
how this methodology extends to CNNs. Long and Sedghi (2020) consider a multiclass
image classification problem and derive generalization bounds for CNNs that depend on
the distance of the final network weights from the initial weights and the number of
parameters, but not on the dimensions of the images. The central technique here are
bounds on the covering number, borrowing from the analysis of fully-connected networks,
cf. Bartlett, Foster and Telgarsky (2017).

1.5. Notation

The sets of natural numbers, real numbers and nonnegative real numbers are denoted
by N, R and R+, respectively. We define furthermore R̄ = R ∪ {−∞,∞}. For z ∈ R,
we denote the smallest integer greater than or equal to z by ⌈z⌉, the largest integer less
than or equal to z by ⌊z⌋, and we set z+ = max{z, 0}. The Euclidean norm of x ∈ Rd is
denoted by ∥x∥. For a closed and convex set A ⊆ Rd we denote by ProjA x that element
ProjA x ∈ A with

∥x− ProjA x∥ = min
z∈A

∥x− z∥.

For f : Rd → R
∥f∥∞ = sup

x∈Rd

|f(x)|

is its supremum norm, and we set

∥f∥∞,A = sup
x∈A

|f(x)|

for A ⊆ Rd.
For j = (j(1), . . . , j(d)) ∈ Nd

0 we write

∥j∥1 = j(1) + · · ·+ j(d)

and for f : Rd → R we set

∂jf =
∂∥j∥1f

(∂x(1))j
(1)

. . . (∂x(d))j
(d)

.

Let F be a set of functions f : Rd → R, let x1, . . . , xn ∈ Rd, set xn1 = (x1, . . . , xn) and
let p ≥ 1. A finite collection f1, . . . , fN : Rd → R is called an Lp ε–packing in F on xn1 if
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f1, . . . , fN ∈ F and

min
1≤i<j≤N

(
1

n

n∑
k=1

|fi(xk)− fj(xk)|p
)1/p

≥ ε

hold. The Lp ε–packing number of F on xn1 is the size N of the largest Lp ε–packing of
F on xn1 and is denoted by Mp(ε,F , xn1 ).

For z ∈ R and β > 0 we define Tβz = max{−β,min{β, z}}. If f : Rd → R is a function
then we set (Tβf)(x) = Tβ (f(x)). And sign(z) is the sign of z ∈ R̄.

We define the discrete L2-inner product for functions g, h : [0, 1]2 → R by

⟨h, g⟩2,d :=
1

d2

d∑
j,ℓ=1

hj,ℓgj,ℓ, (9)

with h and g the pixel values defined in (1). The corresponding norm is then

∥g∥2,d :=
√
⟨g, g⟩2,d =

√∑d
j,ℓ=1 gj,ℓ

2

d
. (10)

1.6. Outline

The deep convolutional neural network classifiers considered in this work are introduced
in Section 2. The main result, which establishes a bound on their misclassification
probability, is stated in Section 3. In Section 4 we describe how the proposed estimator
was implemented and conduct an empirical study to corroborate our theoretical findings.
Section 5 presents the proof of the main result, starting with a general result in Section
5.1. The full proof of this general result is deferred to the appendix.

2. Definition of the estimate

Chen, Langer and Schmidt-Hieber (2024) used a single convolutional layer with many
channels and a channel-wise defined max-pooling layer in order to decide for each of
the two functions f0 and f1 and each invertible transformation how likely it is that the
image is generated by applying this transformation to the function, and then applied a
feedforward neural network to the results of these channels in order to decide whether the
image was generated from f0 or f1. In Chen, Langer and Schmidt-Hieber (2024) empirical
risk minimization was used to estimate the weights of this network from the observed
data, which is not possible in applications. In the sequel we want to use stochastic
gradient descent instead.
In a preprocessing step we replace each Xs = ((Xs)i,j=1,...,d) by the normalized image

X̄s = ((X̄s)i,j=1,...,d) where (X̄s)i,j =
(Xs)i,j√∑d

k,l=1 |(Xs)k,l|2
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such that all pixel values lie within the interval [0, 1]. In the sequel we use a linear
combination

fn(x) = f(w,ϑ)(x) =

Kn∑
k=1

wk · βn · T1fϑk
(x) (11)

of Kn networks fϑk
(k = 1, . . . ,Kn) which are computed in parallel and where

wk ≥ 0 (k = 1, . . . ,Kn),

Kn∑
k=1

|wk| ≤ 1 and
Kn∑
k=1

|wk|2 ≤ αn. (12)

In the following we chose the ReLU function σ(x) = max{x, 0} as activation function for
the networks fϑk

, which compute in the first layer a convolution with 2m channels

o
(1)
(i,j),k,s = σ

 ∑
r1,r2=1,...,h:

i+r1−1≤d,j+r2−1≤d

wk,s,r1,r2 · x̄i+r1−1,j+r2−1

 (s = 1, . . . , 2m), (13)

and subsequently apply a channel-wise max-pooling to the results:

o
(2)
k,s = max

{
o
(1)
(i,j),k,s : (i, j) ∈ {1, . . . , d} × {1, . . . , d}

}
(s = 1, . . . , 2m). (14)

Then a fully connected feedforward neural network with 1 + 2⌈log2m⌉ many hidden
layers and 4m neurons per hidden layer is applied to the 2m results of the max-pooling
layer, thus we get the following for the first fully-connected layer o

(3)
k,r

o
(3)
k,r = σ

(
2m∑
t=1

w
(2)
k,r,t · o

(2)
k,t + w

(2)
k,r,0

)
, (15)

with r = 1, . . . , 4m, which is followed by

o
(2+s)
k,r = σ

(
4m∑
t=1

w
(2+s−1)
k,r,t · o(2+s−1)

k,t + w
(2+s−1)
k,r,0

)
(16)

for s = 2, . . . , 1 + 2⌈log2m⌉ and r = 1, . . . , 4m.
Finally we set

fϑk
(x) =

4m∑
t=1

w
(2+1+2⌈log2 m⌉)
k,1,t · o(2+1+2⌈log2 m⌉)

k,t . (17)

Here ϑk is the vector consisting of all the

W = 2m · h2 + 4m · (2m+ 1) + 2⌈log2m⌉ · 4m · (4m+ 1) + 4m

many weights of the k-th network and we choose ϑk from the set

Θ = [−1, 1]W .
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The weights of the linear combination in (11) are initialized by setting

w
(0)
k = 0 (k = 1, . . . ,Kn).

All other weights, i.e. the weights of the convolution and fully connected layers

ϑ
(0)
1 , . . . , ϑ

(0)
Kn

are chosen independently and uniformly from

Θ0 = {ϑ ∈ Θ : ∥ϑ∥∞ ≤ Bn} ,

such that they are also independent from (X,Y ), (X1, Y1), . . . , (Xn, Yn), where Bn is a
constant defined in Theorem 1.
After that we use stochastic gradient descent in order to minimize the empirical logistic
risk

Fn((w,ϑ)) =
1

n

n∑
i=1

φ(Yi · f(w,ϑ)(Xi)) (18)

where
φ(x) = log(1 + e−x)

is the logistic loss.
Set

ϑ(0) = (ϑ
(0)
1 , . . . , ϑ

(0)
Kn

) and w(0) = (w
(0)
1 , . . . , w

(0)
Kn

),

assume that tn/n is a natural number, and for s ∈ {1, . . . , tn/n} let

j(s−1)·n, . . . , js·n−1

be an arbitrary permutation of 1, . . . , n. Choose a stepsize λn > 0 and set

w(t+1) = ProjA

(
w(t) − λn · ∇wφ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))
,

ϑ(t+1) = ProjB

(
ϑ(t) − λn · ∇ϑφ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))

for t = 0, . . . , tn − 1. Here A is the set of all w which satisfy (12), and

B =
{
ϑ ∈ ΘKn : ∥ϑ− ϑ(0)∥ ≤ 1

}
,

and ProjA and ProjB is the L2 projection on A and B.
In order to compute the gradient with respect to the inner weights we use the following

convention: We set

σ′(z) =
∂

∂z
max{z, 0} =

{
1, if z ≥ 0

0, else
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∂

∂z
T1z =

∂

∂z
max{−1,min{1, z}} =

{
1, if |z| ≤ 1

0, else

and
∂

∂ϑj
max {fϑ1(x), . . . , fϑL

(x)} =
∂

∂ϑj
fϑl

(x)

where l ∈ {1, . . . , L} satisfies

max {fϑ1(x), . . . , fϑL
(x)} = fϑl

(x)

and
l = 1 or max

{
fϑ1(x), . . . , fϑl−1

(x)
}
< fϑl

(x).

Our estimate is then defined by

Ĉn(x) = sign(fn(x)) = sign(f(ŵ,ϑ(tn))(x)) (19)

where

ŵ =
1

tn
·
tn−1∑
t=0

w(t). (20)

3. Main result

The following assumptions are required for the statistical analysis of the model. First,
we require that the underlying template functions fulfill a Lipschitz condition:

Assumption 1. We have supp fk ⊆ [0, 1]2 for k ∈ {0, 1}. Additionally, f0, f1 are
Lipschitz continuous, in the sense that there exists a positive constant CL such that for
any real numbers u, v, u′, v′,∣∣fk(u, v)− fk

(
u′, v′

)∣∣ ≤ CL ·
(∣∣u− u′

∣∣+ ∣∣v − v′
∣∣) , k = 0, 1.

In order for our CNN classifier to detect an object within the image, the object has
to remain visible, i.e. be fully contained in the image. Therefore we need to rule out
deformations that move an object out of the bounds of the image. In other words, the
support of the function representing the deformed image fk ◦ A has to remain within
[0, 1]2, which is ensured by the following assumption.

Assumption 2. For any A = (a1, a2) ∈ A and for k ∈ {0, 1}, we have supp fk ◦ A ⊆
[0, 1]2. Further we assume that the identity is contained in the deformation class A, and
the partial derivatives of the functions a1, a2 on R2 exist and are bounded in supremum
norm by a constant CA.

Our third assumption helps us to control the complexity of our image classification
problem.
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Assumption 3. The deformation class A contains a finite subset Ad such that for any
A ∈ A, there exists an A′ ∈ Ad and indices j, ℓ ∈ {1, . . . , d} such that A′(·+ j/d, ·+ ℓ/d)
satisfies the conditions imposed in Assumption 2 and∥∥∥∥A′

(
·+ j

d
, ·+ ℓ

d

)
−A

∥∥∥∥
∞

≤ 1

d
.

Ad ⊆ A is obtained by discretizing the deformation class A. If ν denotes the number of
free parameters unrelated to image translation, |Ad| is of order dν (cf. Chen, Langer and
Schmidt-Hieber (2024), Lemmas 3.3 -3.5). For example in (3), we have ν = 3, since this
model uses 3 parameters: the rotation angle γ and the two scaling factors ξ and ξ′.
For an appropriate binary classification task, the two classes we want to distinguish need
to be sufficiently dissimilar. To be precise, we need to ensure that deformed functions of
two different classes have a positive L2-distance. The following quantity is introduced to
formalize the required minimal separation between the template functions f0, f1 of the
two classes:

D := max{D(f0, f1), D(f1, f0)}

with D(f, g) :=
infA,A′∈A, a,s,s′∈R ∥af ◦A(·+ s, ·+ s′)− g ◦A′∥L2(R2)

∥g∥L2(R2)

(21)

Our main result is the following bound on the probability of misclassification of our
estimate.

Theorem 1. Let (X,Y ), (X1, Y1), . . . , (Xn, Yn) be independent and identically distributed
random variables with values in [0, 1]d×d × {−1, 1}, generated as described above in (4)
to (6). Assume that Assumptions 1-3 hold, set h = d, m = |Ad| and

Bn = 1

and assume D2 > c2 · d−1 for c2 sufficiently large, assume that Kn ∈ N satisfies

Kn

n · log(n) · ec3·d2·m2·(logm)3
→ ∞ (n → ∞)

and set
αn =

1

n · d4 · e2·c4·log(m)2
and tn =

⌈
n2 ·Kn

⌉
.

Define the classifier Ĉn as in Section 2 with βn = c5 · d2 ·log(n). Assume that the constants
c2, c3, c4 are sufficiently large.
There exists a constant c6 > 0 such that we have for n sufficiently large

P
{
Y ̸= Ĉn(X)

}
≤ c6 ·

(log n)
3
2 · d2 · log(d) ·m · (logm)2√

n
. (22)
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Remark 1. The cardinality of the deformation set m = |Ad| depends on d and thus the
upper bound presented in the theorem above increase with the image resolution d. Despite
the fact that higher resolutions produce clearer images and may therefore seem beneficial
for classification and convergence, the separation quantity D defined in (21) is allowed to
shrink as d increases. This suggests that higher resolutions can make deformed images
harder to distinguish from one another.

Remark 2. In contrast to the present work, Chen, Langer and Schmidt-Hieber (2024)
omit the training or optimization routine from their analysis, assuming ideal optimization
and focusing on the empirical risk minimizer. Accounting for the training procedure comes
at the cost of the rate stated in (22) being slower by a factor proportional to the reciprocal
of the square root of the sample size, compared to Theorem 4.1 in Chen, Langer and
Schmidt-Hieber (2024).

4. Simulations

In this section we conduct an empirical investigation of the proposed network topology.
The estimate f(ŵ,ϑ(tn)) described in Section 2 was implemented using Python 3.10 and
PyTorch 2.1 (Ansel et al. (2024)). Specifically we used the Conv2d module for the
convolutional layer and the Conv1d module with kernel-size parameter set to 1 and the
groups-parameter set to Kn for the fully-connected layers. This enables us to compute
the Kn parallel networks at the same time.

4.1. Deformation-based datasets

We analyze the empirical performance of the suggested network architecture on artifi-
cially generated deformation-based datasets. Here we choose template functions from the
MNIST, FashionMNIST, American Sign Language (ASL)‡ and CIFAR datsets. These
datasets contain 28×28 or 32×32 grayscale images which depict handwritten digits, pieces
of clothing, hand gestures corresponding to letters in the ASL alphabet or a selection
of 100 animals/objects, respectively. Since we consider the task of binary classification,
from each dataset we select two classes, resulting in the following four classification tasks:

a.) (MNIST): 0 vs. 4

b.) (FashionMNIST): shirt vs. dress

c.) (ASL): A vs. B

d.) (CIFAR-100): flatfish vs. fox

One image from each class is chosen as data generating template function (f0 and f1,
respectively).

We generate training samples by applying random shifts (τ, τ ′), scalings (ζ, ζ ′), bright-
ness changes (η) and rotations (γ) as in (3). Examples of such deformed images are
depicted in Figure 1 and 5.

‡https://www.kaggle.com/datasets/signnteam/asl-sign-language-pictures-minus-j-z
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(a) CIFAR class "flatfish"

(b) CIFAR class "fox"

Figure 1: The last three images were generated by applying deformations to the first
image of each row.

Kn m

CNN1 512 32
CNN2 1024 16
CNN3 2048 8

Table 1: Details of the CNN configurations.

Since the parameter settings of Theorem 1 would result in a very computationally
expensive estimate, we will analyze the estimate using smaller parameter values. We
consider three different network configurations. For each of them we compute Kn net-
works in parallel, where each of the Kn sub-networks consists of one convolutional layer,
followed by one max-pooling layer and 1 + 2⌈log2(m)⌉ fully-connected layers with 4m
neurons in each layer (cf. Section 2). The parameters Kn and m are chosen as detailed in
Table 1. All three networks are trained using 50 epochs of the proposed projected stochas-
tic gradient descent procedure. The training dataset consists of n ∈ {24, 25, 26, 27, 28}
samples, n/2 for each class. The validation dataset consists of 100 unseen (balanced)
samples. Note that the deformation parameters must be chosen such that the support of
the deformed image fk ◦A remains within the dimensions of the image. In particular, all
deformation parameters were chosen uniformly within the following intervals: we have
chosen τ, τ ′ ∈ [−0.2 · d, 0.2 · d], scalings ζ, ζ ′ ∈ [0.6, 1], brightness changes η ∈ [0.5, 1.5]
and rotations γ ∈ [−60, 60].

Figure 2 shows a comparison of the misclassification rates for the three CNN con-
figurations across the four datasets described above, evaluated at sample sizes n ∈
{24, 25, 26, 27, 28}. The graph shows the median misclassification rate over 20 repeti-
tions of each setting. For each repetition at a fixed sample size the classifier was trained
for 50 epochs using new randomly initialized parameters (w,ϑ). The performance of
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(a) (MNIST): 0 vs. 4 (b) (FashionMNIST): Shirt vs. Dress

(c) (ASL): A vs. B (d) (CIFAR-100): Flatfish vs. Fox

Figure 2: Comparison of the misclassification rate of three CNNs. Reported is the median
of the error on the validation dataset with N = 100 over 20 repetitions.

the trained classifier was evaluated on the validation dataset containing N = 100 unseen
samples.

In all four classification tasks, CNN2 and CNN3 significantly outperform CNN1. The
difference between CNN2 and CNN3 is less pronounced. However, for sufficiently large
sample sizes, CNN3 achieves zero error on the validation dataset in every task, while
CNN2 retains an error in the range of [0.01, 0.02].

For the best performing CNN3 it looks like the misclassification probability indeed
converges to zero for increasing sample size, and the rate of convergence seems to be
even faster than in our theoretical result in Theorem 1.

The lower error on the validation dataset associated with larger Kn suggests that
the estimator may be performing a form of representation “guessing” rather than actual
learning. Through the outer weights (wk)k our network can assign higher values to the
networks fϑk

, which best approximate the envisioned architecture (42).
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(a) (MNIST) 0 vs 4 (b) (FashionMNIST) Shirt vs. Dress

(c) (ASL): A vs. B (d) (CIFAR-100): flatfish vs. fox

Figure 3: Comparison of the misclassification rate of three CNNs, trained over 50 epochs
of stochastic gradient descent. During training, the inner weights (ϑk)k have
been frozen. Reported is the median of the error on the validation dataset
with N = 100 over 20 repetitions. In a) both CNN2 and CNN3 achieve zero
misclassification, such that the lines overlap.

4.1.1. Influence of learning the inner weights

The decrease in error on the validation dataset observed for larger values of Kn raises
the question of whether the learning of the inner weights (ϑk)k is truly important. To
investigate this, we repeated the experiment from the previous section while holding the
inner weights (ϑk)k fixed at their initial values ((ϑ0)k)k. Figure 3 provides a comparison
of the misclassification rates for the three CNN configurations across the four datasets
in a setting analogous to that considered in Figure 2. The performance of the best
performing CNN (CNN3) seems to be a little better for the estimate where the inner
weights are learned, but in fact no significant differences are apparent with respect to
the decay of the error on the validation dataset.

This finding is consistent with the fact that the projection step in the gradient descent
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procedure restricts the extent to which the inner weights (ϑ
(t)
k )k can be modified. In

our setting, learning the outer weights (wk)k enables the selection of subnetworks with
favorable initial parameters while still permitting small adjustments to the inner weights.

4.2. Performance on a dataset with unknown template functions

Figure 4: Comparison of the misclassification rate of three CNN architectures. Reported
is the median of the error on the validation dataset over 25 repetitions.

In the previous section we considered an augmented dataset consisting of deformations of
two template images (discrete observations of the template functions f0 and f1). However,
in applications, it is not clear whether the dataset really consists of deformed template
images. Thus we also want to analyze the proposed architecture on a non-augmented
dataset, to see how well our method works in this setting. To do so we trained the CNNs
proposed in the previous experiment on the MNIST dataset for 50 epochs and with
balanced training sets of size n ∈ {24, . . . , 28}. The MNIST dataset contains images of
handwritten digits. For the experiment we have chosen our samples from the classes 0 and
4. Analogously to the experiments in the previous section, CNN2 and CNN3 outperform
CNN1 regarding the error on the validation dataset (cf. Figure 4). CNN2 and CNN3
achieve an error on the validation dataset of 0.02 and 0.01 respectively, compared to an
error of 0.05 for CNN1. Note that CNN3 already performs well on the smallest dataset.
It is plausible that the performance of these networks could be further improved by
choosing higher values of Kn closer to the assumptions made in Theorem 1.

5. Proofs

5.1. A general result

In the following, we want to apply an adaptation of Theorem 1 from Kohler, Krzyżak
and Sänger (2025). In order to state the theorem, we first introduce a more generalized
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setting of estimates that consist of a convex combination of neural networks:
Consider a convolutional network from a given topology

fϑ : [0, 1]d×d → R,

which is parametrized by the vector of weights ϑ ∈ Θ, where the set of parameter values
Θ is closed and convex. In the sequel our objective will be to learn the parameter ϑ ∈ Θ
from data Dn such that

sign(fϑ(x))

is a good classifier. In order to achieve this goal, we consider linear combinations of
scaled and truncated convolutional neural networks fϑk

(x) (k = 1, . . . ,Kn)

f(w,ϑ)(x) =

Kn∑
k=1

wk · βn · T1(fϑk
(x)), (23)

where the vector of "outer" weights used for the linear combination w = (wk)k=1,...,Kn

satisfies the following three conditions

wk ≥ 0 (k = 1, . . . ,Kn),

Kn∑
k=1

wk ≤ 1 and
Kn∑
k=1

w2
k ≤ αn (24)

for some αn ∈ [0, 1], where ϑ = (ϑ1, . . . , ϑKn) ∈ ΘKn and where βn = c3 · log n. Observe
that by choosing αn = 1

Nn
, wj =

1
Nn

(j = 1, . . . , Nn), ϑj = ϑ (j = 1, . . . , Nn) and wk = 0
for k > Nn we get

f(w,ϑ)(x) = βn · T1(fϑ(x))

and in this way we can construct an estimate which satisfies

sign(f(w,ϑ)(x)) = sign(fϑ(x))

for any ϑ ∈ Θ.
Choosing large values for Kn, the number of parameters of the estimate described

above will vastly exceed the sample size, i.e. we consider an over-parametrized estimate.
The aim is to choose the tuple (w,ϑ), such that it minimizes the logistic risk

F ((w,ϑ)) = E
{
φ(Y · f(w,ϑ)(X))

}
,

where φ denotes the logistic loss

φ(z) = log(1 + exp(−z)).

The logistic risk minimization is performed using the following stochastic gradient descent
regime:
The initial values

ϑ
(0)
1 , . . . , ϑ

(0)
Kn

(25)
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are chosen uniformly from some closed and convex set Θ0 ⊆ Θ such that the random vari-
ables in (25) are independent and also independent from (X,Y ), (X1, Y1), . . . , (Xn, Yn).
For the ”outer“ weights of this topology we use zero initialization, i.e.

w
(0)
k = 0 (k = 1, . . . ,Kn).

Then we set
ϑ(0) = (ϑ

(0)
1 , . . . , ϑ

(0)
Kn

) and w(0) = (w
(0)
1 , . . . , w

(0)
Kn

)

and perform tn ∈ N stochastic gradient descent steps. Here we assume that tn/n ∈ N
and for s ∈ {1, . . . , tn/n} we let

j(s−1)·n, . . . , js·n−1

be an arbitrary permutation of 1, . . . , n. To ensure that the conditions we imposed in
(24) remain satisfied, we will use projected stochastic gradient descent. Let λn > 0 be
the stepsize and let A denote the set of all w which satisfy (24). We then set

B =
{
ϑ ∈ ΘKn : ∥ϑ− ϑ(0)∥ ≤ 1

}
,

to ensure the iterates ϑ(t) remain within a ball around ϑ(0) and

w(t+1) = ProjA

(
w(t) − λn · ∇wφ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))
,

ϑ(t+1) = ProjB

(
ϑ(t) − λn · ∇ϑφ

(
Yjt · f(w(t),ϑ(t))(Xjt)

))
for t = 0, . . . , tn − 1. Here ProjA and ProjB denote the L2 projection on A and B. Our
estimate is then defined by

fn(x) = f(ŵ,ϑ(tn))(x) (26)

where

ŵ =
1

tn
·
tn−1∑
t=0

w(t). (27)

In this general setting, the next result introduces a bound on the logistic risk of the
estimate introduced above.

Theorem 2. Let (X,Y ), (X1, Y1), . . . , (Xn, Yn) be independent and identically dis-
tributed random variables with values in [0, 1]d×d × {−1, 1}. Let Nn, In, tn ∈ N and let
Cn, Dn ≥ 0. Set βn = c7 · log n,

αn =
1

Nn
, λn =

1

tn
, Kn ≥ Nn · In,

assume βn ≥ 1 and define the estimate fn as above.
Assume that there exists ϑ̃ ∈ Θ0, such that fϑ̃(X) = 0, let Θ∗ ⊂ Θ0 and set

Θ̄ =

{
ϑ ∈ Θ : inf

ϑ̃∈Θ0
∥ϑ− ϑ̃∥ ≤ 1

}
.
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Assume
∥fϑ − fϑ̄∥∞,supp(X) ≤ Cn · ∥ϑ− ϑ̄∥∞ for all ϑ, ϑ̄ ∈ Θ̄, (28)

κn = P
{
ϑ
(0)
1 ∈ Θ∗

}
> 0, (29)

Nn · (1− κn)
In ≤ 1

n
(30)

and
∥∇wφ(y · f(w,ϑ)(x))∥ ≤ Dn (31)

for all x ∈ [0, 1]d×d, y ∈ {−1, 1}, w ∈ A, ϑ ∈ Θ̄Kn.
Then we have

E {φ(Y · fn(X))} − min
f :[0,1]d×d→R̄

E {φ(Y · f(X))}

≤ c8 ·

(
log n

n
+ βn · sup

x1,...,xn∈[0,1]d×d

E

{∣∣∣∣∣supϑ∈Θ̄

1

n

n∑
i=1

ϵi · βn · T1fϑ(xi)

∣∣∣∣∣
}

+ βn · Cn + 1√
Nn

+
D2

n

tn

+

n ·
(
6 ·Kn · β2

n + 8 · (βn + 1) · Cn · sup w∈A,ϑ∈Θ̄Kn,

y∈{−1,1},x∈[0,1]d×d

∥∇ϑφ(y · f(w,ϑ)(x))∥∞
)

tn

+ sup
ϑ∈Θ∗

E {φ(Y · βn · T1fϑ(X))} − min
f :[0,1]d×d→R̄

E {φ(Y · f(X))}

)
,

where ϵ1, . . . , ϵn are independent and uniformly distributed on {−1, 1} (so-called Rademacher
random variables).

Proof. The proof is a modification of the proof of Theorem 1 presented in Kohler, Krzyżak
and Sänger (2025). For the sake of completeness we present a complete proof of Theorem
2 in appendix B.
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5.1.1. Using the logistic risk for classification

Our next lemma will help us to derive from the bound on the logistic risk in Theorem 2
a bound on the probability of misclassification of the estimate.

Lemma 1. Let φ be the logistic loss. Let (X,Y ), (X1, Y1), . . . , (Xn, Yn), Dn, fn and Ĉn

be defined as in Section 2, and set

f∗
φ = arg min

f :[0,1]d×d→R̄
E {φ(Y · f(X))} , f∗ = arg min

f :[0,1]d×d→R̄
P{f(X) ̸= Y }.

a) Then

P
{
Y ̸= Ĉn(X)|Dn

}
−P {Y ̸= f∗(X)}

≤ 2 ·
(
E {φ(Y · fn(X))|Dn} −E

{
φ(Y · f∗

φ(X))
})

+ 4 ·E
{
φ(Y · f∗

φ(X))
}
.

holds.
b) Assume that

P
{
|f∗

φ(X)| > F̃n

}
≥ 1− e−F̃n

for a given sequence {F̃n}n∈N with F̃n → ∞. Then

E
{
φ(Y · f∗

φ(X))
}
≤ c9 · F̃n · e−F̃n

holds.

Proof.
a) This result follows from Lemma 1 b) Kohler and Langer (2025).
b) This result follows from Lemma 3 in Kim, Ohn and Kim (2021). □

5.2. Bound on the approximation error

In this subsection we study the approximation error of our estimate. The first result
describes how the weights of the filter of our CNN classifier would ideally be chosen in
the image deformation model.

Lemma 2. Let f, g be two non-negative functions satisfying Assumption 1 with Lipschitz
constant CL and suppose that Assumptions 2, 3 hold for the deformation set A.
For any deformation A ∈ A, let Xg◦A :=

(
X̄g◦A,j,ℓ

)
j,ℓ=1,...,d

with

X̄g◦A,j,ℓ :=
g ◦Aj,ℓ

d∥g ◦A∥2,d
with g ◦Aj,ℓ being the average intensity of g ◦ A on the square [(j − 1)/d, j/d] × [(ℓ −
1)/d, ℓ/d] as defined in (1), and set

w(f◦A) :=

[(
w(f◦A)j,ℓ

)
j,ℓ=1,...,d

]
, where w(f◦A)j,ℓ :=

(f ◦A)j,ℓ
d∥(f ◦A)∥2,d

(32)
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and [W ] denotes the quadratic support of a matrix W ∈ Rd×d, i.e. the smallest square
sub-matrix that contains all non-zero entries.

Analogously to (13), set

o
(1)
w(f◦A) (i,j)

= σ

 ∑
r1,r2=1,...,d:

i+r1−1≤d,j+r2−1≤d

w(f◦A)r1,r2 · x̄i+r1−1,j+r2−1

 (A ∈ Ad), (33)

and

o
(2)
w(f◦A)

= max
{
o
(1)
w(f◦A) (i,j)

: (i, j) ∈ {1, . . . , d} × {1, . . . , d}
}

(A ∈ Ad). (34)

Then, there are constants C1 (CL, CA) ≥ 0 and C2 (CL, CA) ≥ 0 such that for Ad ⊆ A
as defined by Assumption 3

max
A′∈Ad

o
(2)
w(g◦A′)(Xg◦A) ≥ 1− C1 (CL, CA)

d
(35)

and with D(f, g) defined as in (21), we have

max
A′∈Ad

o
(2)
w(f◦A′)(Xg◦A) ≤ 1− max{D2(f, g), D2(g, f)}

16C2
AC

2
L

+
C2 (CL, CA)

d
. (36)

Proof. Refer to the proof of Proposition B.5 in Chen, Langer and Schmidt-Hieber (2024).

Next we study how sensitive our deep convolutional neural network is to pertubations
of its weights.

Lemma 3. Let Fn = {fϑ : ϑ ∈ Θ} be the class of deep convolutional neural networks
introduced in Section 2 (cf.(13)- (17)).

Let ϑ, ϑ̄ ∈ Θ such that ∥∥ϑ− ϑ̄
∥∥
∞ ≤ 1 (37)

holds and all weights in fϑ are bounded in absolute value by Bn ≥ 1. Set L = 3 +
2⌈log2m⌉. Then

∥fϑ − fϑ̄∥∞,[0,1]d×d ≤ (L− 1) · (4m+ 1)L−1 ·BL−1
n · h2 · ∥ϑ− ϑ̄∥∞.

Proof. Let o(l) and ō(l) be defined as in Section 2 using the weights in ϑ and ϑ̄. Then
|σ(z)| ≤ |z| implies

|o(2)k,s(x)| ≤ h2 ·Bn · 1.

Consequently for r ∈ {3, . . . , 3 + 2⌈log2m⌉}

|o(r)k,s(x)| ≤ (4m+ 1) ·Bn ·max{∥o(r−1)(x)∥∞, 1}
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≤ (4m+ 1)r−2 ·Br−2
n · h2 ·Bn.

Using |σ(z1)− σ(z2)| ≤ |z1 − z2| we conclude

|o(1)k,s(x)− ō
(1)
k,s(x)|

≤

∣∣∣∣∣ ∑
r1,r2=1,...,h:

i+r1−1≤d,j+r2−1≤d

wk,s,r1,r2 · xi+r1−1,j+r2−1 − w̄k,s,r1,r2 · xi+r1−1,j+r2−1

∣∣∣∣∣
≤

∑
r1,r2=1,...,h:

i+r1−1≤d,j+r2−1≤d

|wk,s,r1,r2 − w̄k,s,r1,r2 | · |xi+r1−1,j+r2−1|

≤ h2 · ∥ϑ− ϑ̄∥∞.

Since

|max{a1, . . . , an} −max{b1, . . . , bn}| ≤ max{|a1 − b1|, . . . , |an − bn|},

it follows that
|o(2)k,s(x)− ō

(2)
k,s(x)| ≤ h2 · ∥ϑ− ϑ̄∥∞.

Next we show ∣∣∣o(2+s)
k,r − ō

(2+s)
k,r

∣∣∣ ≤ s · (4m+ 1)s ·Bs
n · ∥ϑ− ϑ̄∥∞ · h2

for all s ∈ {0, 1, . . . , 1 + 2⌈log2m⌉}. Let s ∈ {1, . . . , 1 + 2⌈log2m⌉} and assume that this
assertion holds for s− 1. Then

∣∣∣o(2+s)
k,r − ō

(2+s)
k,r

∣∣∣
=

∣∣∣∣∣σ
(

ms∑
t=1

w
(2+s−1)
k,r,t · o(2+s−1)

k,t + w
(2+s−1)
k,r,0

)
− σ

(
ms∑
t=1

w̄
(2+s−1)
k,r,t · ō(2+s−1)

k,t + w̄
(2+s−1)
k,r,0

)∣∣∣∣∣
≤

∣∣∣∣∣
ms∑
t=1

w
(2+s−1)
k,r,t · o(2+s−1)

k,t + w
(2+s−1)
k,r,0 −

(
ms∑
t=1

w̄
(2+s−1)
k,r,t · ō(2+s−1)

k,t + w̄
(2+s−1)
k,r,0

)∣∣∣∣∣
≤

ms∑
t=1

∣∣∣w(2+s−1)
k,r,t − w̄

(2+s−1)
k,r,t

∣∣∣ · ∣∣∣o(2+s−1)
k,t

∣∣∣+ ∣∣∣w(2+s−1)
k,r,0 − w̄

(2+s−1)
k,r,0

∣∣∣
+

ms∑
t=1

∣∣∣w̄(2+s−1)
k,r,t

∣∣∣ · ∣∣∣o(2+s−1)
k,t − ō

(2+s−1)
k,t

∣∣∣
≤ (4m+ 1) · ∥ϑ− ϑ̄∥∞ ·max{∥o(2+s−1)(x)∥∞, 1}+ 4m ·Bn ·

∣∣∣o(2+s−1)
k,t − ō

(2+s−1)
k,t

∣∣∣
≤ (4m+ 1) · ∥ϑ− ϑ̄∥∞ · (4m+ 1)s−1 ·Bs−1

n · h2 ·Bn

+4m ·Bn · (s− 1) · (4m+ 1)s−1 ·Bs−1
n · ∥ϑ− ϑ̄∥∞ · h2

≤ s · (4m+ 1)s ·Bs
n · ∥ϑ− ϑ̄∥∞ · h2.
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For fϑ, fϑ̄ ∈ F this yields

|fϑ(x)− fϑ̄(x)|

≤

∣∣∣∣∣
4m∑
t=1

w
(3+2⌈log2 m⌉)
1,t · o(3+2⌈log2 m⌉)

t −
4m∑
t=1

w̄
(3+2⌈log2 m⌉)
1,t · ō(3+2⌈log2 m⌉)

t

∣∣∣∣∣
≤

4m∑
t=1

∣∣∣w(3+2⌈log2 m⌉)
1,t − w̄

(3+2⌈log2 m⌉)
1,t

∣∣∣ · ∣∣∣o(3+2⌈log2 m⌉)
t

∣∣∣
+

4m∑
t=1

∣∣∣w̄(3+2⌈log2 m⌉)
1,t

∣∣∣ · ∣∣∣o(3+2⌈log2 m⌉)
t − ō

(3+2⌈log2 m⌉)
t

∣∣∣
≤ 4m ·

(
∥ϑ− ϑ̄∥∞ · (4m+ 1)1+2⌈log2 m⌉ ·B2+2⌈log2 m⌉

n · h2

+Bn · ∥o(3+2⌈log2 m⌉) − ō(3+2⌈log2 m⌉)∥∞
)

≤ ∥ϑ− ϑ̄∥∞ · (4m+ 1)2+2⌈log2 m⌉ ·B2+2⌈log2 m⌉
n · h2

+Bn · (1 + 2⌈log2m⌉) · (4m+ 1)1+2⌈log2 m⌉ ·B1+2⌈log2 m⌉
n · ∥ϑ− ϑ̄∥∞ · h2

≤ (2 + 2⌈log2m⌉) · (4m+ 1)2+2⌈log2 m⌉ ·B2+2⌈log2 m⌉
n · h2 · ∥ϑ− ϑ̄∥∞.

Our next lemma will enable us to compute the maximum of the outputs of the max-
pooling layer of our convolutional neural network via a feed-forward neural network.

Lemma 4. There exists a network fmaxr with 1+ 2 ⌈log2 r⌉ layers and 2r neurons, such
that fmaxr ∈ [0, 1],

fmaxr(x) = max {x1, . . . , xr} for all x = (x1, . . . , xr) ∈ [0, 1]r

and all network parameters are bounded in absolute value by 1.

Proof. Refer to the proof of Lemma B.6 in Chen, Langer and Schmidt-Hieber (2024).

5.3. Generalization error

In order to bound the generalization error of our estimate the following result will be
useful.

Lemma 5. Let {fϑ : ϑ ∈ Θ} be defined as in Section 2 and let βn = c1 · logn. Then we
have

sup
x1,...,xn∈[0,1]d×d

E

{∣∣∣∣∣supϑ∈Θ̄

1

n

n∑
i=1

ϵi · βn · T1fϑ(xi)

∣∣∣∣∣
}

≤ c10 ·
√
log(n) + log(βn) ·m · h · Lmax ·

√
log(m2 · h2 · Lmax)√

n

where Lmax = 1 + 2⌈logm⌉.
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For the proof of Lemma 5 we need the following bound on the VC-dimension:

Lemma 6. Let F := {fϑ : ϑ ∈ Θ} be the class of functions of Lemma 5 and set
Lmax = 1 + 2⌈logm⌉. The VC-dimension of F+ is bounded from above by

VF+ ≤ c11 ·m2 · h2 · L2
max · log(m2 · d2 · Lmax).

Proof. The result follows from the proof of Lemma 11 in Kohler, Krzyżak and Walter
(2022) with L1 = 1, L2 = 1+2⌈log2(m)⌉, kmax = 4m, t = 1, d1 = d2 = d and Mmax = h.

Proof of Lemma 5. The proof is analogous to the proof of Lemma 9 in Kohler, Krzyżak
and Sänger (2025) and follows from Lemma 6 by applying standard techniques from VC
theory. For the sake of completeness we present a detailed proof in appendix C.

5.4. A bound on the gradient

The following bound on the gradient of our CNN classifier constitutes a preliminary step
towards the proof of Theorem 1.

Lemma 7. Let A, Θ0 and f(w,ϑ) be defined as in Section 2. Set

Θ̄ =

{
ϑ ∈ Θ : inf

ϑ̃∈Θ0
∥ϑ− ϑ̃∥ ≤ 1

}
,

then

sup
w∈A,ϑ∈Θ̄Kn ,y∈{−1,1},x∈[0,1]d×d

∥∇ϑφ(y · f(w,ϑ)(x))∥∞ ≤ h2 · (Bn + 1)2L−2 · (4m+ 1)2L−2,

where L = 3 + 2 log⌈m⌉.

Proof. The proof is a modification of Lemma 11 in Kohler, Krzyżak and Sänger (2025)
with Mmax = M1 = h and L

(1)
n = 1.

We have

f(w,ϑ)(x) =

Kn∑
k=1

wk · βn · T1fϑk
(x)

where

fϑk
(x) =

4m∑
t=1

w
(2+1+2⌈log2 m⌉)
k,1,t · o(2+1+2⌈log2 m⌉)

k,t

and

o
(2+s)
k,r = σ

(
4m∑
t=1

w
(2+s−1)
k,r,t · o(2+s−1)

k,t + w
(2+s−1)
k,r,0

)
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for s = 2, . . . , 1 + 2⌈log2m⌉, r = 1, . . . , 4m and

o
(3)
k,r = σ

(
2m∑
t=1

w
(2)
k,r,t · o

(2)
k,t + w

(2)
k,r,0

)

for r = 1, . . . , 4m.
The input of the fully-connected layers, o

(2)
k,t , is obtained through the application of

channel-wise max-pooling to the outputs of the convolutional layer:

o
(2)
k,s = max

{
o
(1)
(i,j),s : (i, j) ∈ {1, . . . , d} × {1, . . . , d}

}
(s = 1, . . . , 2m),

where

o
(1)
(i,j),k,s = σ

 ∑
r1,r2=1,...,h:

i+r1−1≤d,j+r2−1≤d

wk,s,r1,r2 · x̄i+r1−1,j+r2−1

 (s = 1, . . . , 2m).

Since |σ(z)| ≤ |z|, we get
|o(2)k,s(x)| ≤ h2 · (Bn + 1). (38)

Set L = 3+2⌈log2m⌉, let l̃ ∈ {3, . . . , 2+2⌈log2m⌉} and choose r̃, t̃ ∈ {1, . . . , 4m}. With
the chain rule we get

∂

∂w
(l̃)

k,r̃,t̃

f(w,ϑ)(x)

= wk · βn · ∂

∂z
T1z
∣∣∣
z=fϑk

(x)
·

4m∑
t(L)=1

w
(L)

k,1,t(L) · σ′

(
4m∑
t=1

w
(L−1)

k,t(L),t
· o(L−1)

k,t + w
(L−1)

k,t(L),0

)

·
4m∑

t(L−1)=1

w
(L−1)

k,t(L),t(L−1) · σ′

(
4m∑
t=1

w
(L−2)

k,t(L−1),t
· o(L−2)

k,t + w
(L−2)

k,t(L−1),0

)

·
4m∑

t(L−2)=1

w
(L−2)

k,t(L−1),t(L−2) · . . . ·
4m∑

t(l̃+1)=1

w
(l̃+1)

k,t(l̃+1),r̃
· σ′

(
4m∑
t=1

w
(l̃)
k,r̃,t · o

(l̃)
k,t + w

(l̃)
k,r̃,0

)
· o(l̃)

k,t̃
.

Using (38) and that all weights are bounded in the absolute value by Bn + 1 we get∣∣∣o(l̃)
k,t̃

∣∣∣ ≤ (4m+ 1)l̃−2 · (Bn + 1)l̃−1 · h2

(cf., proof of Lemma 3) and using |σ′(z)| ≤ 1, we conclude∣∣∣∣∣∣ ∂

∂w
(l)
k,r,t

f(w,ϑ)(x)

∣∣∣∣∣∣
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≤ (Bn + 1) · βn · 4m · (Bn + 1) · 1 · . . . · 4m · (Bn + 1) · 1︸ ︷︷ ︸
L−l̃-times

·o(l̃)
k,t̃

≤ (Bn + 1) · βn · (4m)L−l̃ · (Bn + 1)L−l̃ · (4m+ 1)l̃−2 · (Bn + 1)l̃−1 · h2

≤ βn · h2 · (Bn + 1)L · (4m+ 1)L−2.

For the weights of the convolutional layers we get for suitably chosen (random) (i0, j0) ∈
{1, . . . , d} × {1, . . . , d}

∂

∂wk,s̃,r̃1,r̃2

f(w,ϑ)(x)

= wk · βn · ∂

∂z
T1z
∣∣∣
z=fϑk

(x)
·

4m∑
t(Ln)=1

w
(Ln)

k,1,t(Ln) · σ′

(
4m∑
t=1

w
(Ln−1)

k,t(Ln),t
· o(Ln−1)

k,t + w
(Ln−1)

k,t(Ln),0

)

·
4m∑

t(Ln−1)=1

w
(Ln−1)

k,t(Ln),t(Ln−1) · σ′

(
4m∑
t=1

w
(Ln−2)

k,t(Ln−1),t
· o(Ln−2)

k,t + w
(Ln−2)

k,t(Ln−1),0

)

·
4m∑

t(Ln−2)=1

w
(Ln−2)

k,t(Ln−1),t(Ln−2) · . . .

. . . · σ′

(
2m∑
t=1

w
(2)

k,t(3),t
· o(2)k,t + w

(2)

k,t(3),0

)

·w(2)

k,t(3),s̃
· σ′

 ∑
r1,r2=1,...,h:

i+r1−1≤d,j+r2−1≤d

wk,s̃,r1,r2 · x̄i+r1−1,j+r2−1

 · x̄i0+r̃1−1,j0+r̃2−1

Using |σ′(z)| ≤ 1 and that all weights are bounded in the absolute value by Bn + 1 we
get ∣∣∣∣ ∂

∂wk,s,r1,r2

f(w,ϑ)(x)

∣∣∣∣ ≤ βn · (4m)L−2 · (Bn + 1)L−1

Analogously we can derive bounds on all the other partial derivatives occurring in the
assertion (i.e. with respect to the weights wk, the bias weights w(l)

k,r,0 of the fully connected

layers and the weights w
(2)

k,r̃,t̃
).

5.4.1. Proof of Theorem 1

In the sequel we show

E {φ(Y · fn(X))}− min
f :[0,1]d×d→R̄

E {φ(Y · f(X))} ≤ c12 ·
(logn)

3
2 · d · log(d) ·m · (logm)2√

n
..

(39)
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for n sufficiently large. This implies the assertion since by Lemma 1 a) and Lemma 1 b)
we conclude from (39)

P
{
Y ̸= Ĉn(X)

}
−P {Y ̸= f∗(X)}

≤ 2 · (E {φ(Y · fn(X))} −E {φ(Y · fφ∗(X))}) + 4 · c13 · log n
n1/2

≤ c14 ·
(log n)

3
2 · d · log(d) ·m · (logm)2√

n
. (40)

Here we have used the fact that

max

{
P{Y = 1|X}

1−P{Y = 1|X}
,
1−P{Y = 1|X}
P{Y = 1|X}

}
> n1/2 (41)

is equivalent to

|fφ∗(X)| =
∣∣∣∣log P{Y = 1|X}

1−P{Y = 1|X}

∣∣∣∣ > 1

2
· log n

and that
P

{
max

{
P{Y = 1|X}

1−P{Y = 1|X}
,
1−P{Y = 1|X}
P{Y = 1|X}

}
> n1/2

}
= 1

holds since

max

{
P{Y = 1|X}

1−P{Y = 1|X}
,
1−P{Y = 1|X}
P{Y = 1|X}

}
= max

{
P{Y = 1|X}
P{Y = 0|X}

,
P{Y = 0|X}
P{Y = 1|X}

}
= max

{
E
{
1{Y=1}|X

}
E
{
1{Y=0}|X

} , E{1{Y=0}|X
}

E
{
1{Y=1}|X

}}

= max

{
1{Y=1}

1{Y=0}
,
1{Y=0}

1{Y=1}

}
= ∞,

where the second last equality holds since in our setting Y is a function of X and thus
the random variable 1{Y=k} is measurable w.r.t. X.
Theorem 4.2 of Chen, Langer and Schmidt-Hieber (2024) states that under a subset of the
assumptions of Theorem 1 a convolutional neural network classifier that achieves perfect
classification, i.e. that recovers the correct label almost surely, can be constructed. Thus
there exists f∗ : [0, 1]d×d → {−1, 1} with P{Y ̸= f∗(X)} = 0, and (40) implies the
assertion.

We use Lemma 2 to estimate this optimal network. Let ŵ(f◦A) denote the d×d matrix,
which is obtained by extending w(f◦A) (cf. (32)) to a d× d matrix with zero-padding to
the right and to the bottom. The idea is to aim for the following network architecture
using two networks from Lemma 4 in parallel

fϑ∗(X) = fmaxm

((
o
(2)
ŵ(f1◦A′)

(X)
)
A′∈Ad

)
− fmaxm

((
o
(2)
ŵ(f0◦A′)

(X)
)
A′∈Ad

)
, (42)
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where
(
o
(2)
ŵ(fk◦A′)

(X)
)
A′∈Ad

for k ∈ {0, 1} is the m = |Ad|-dimensional output of the

max-pooling layer applied to the convolutional layer, as defined in (34).
Note that in (42) we can obtain −fmaxm(x1, . . . , xm) by multiplying the outer weights

of the network introduced in Lemma 4 with −1.
Assume D2 > 1

d16C
2
AC

2
L(C1(CL, CA) + C2(CL, CA) + 2) where C1 (CL, CA) ≥ 0 and

C2 (CL, CA) ≥ 0 are the constants from Lemma 2. As a first case, assume that f0 is the
template function corresponding to the given image, i.e. consider

((X̄f0◦A)j,ℓ=1,...,d) :=
f0 ◦Aj,ℓ

d∥f0 ◦A∥2,d
,

with A ∈ A denoting the ”true“ deformation that generated the image. By assumption,
the conditions of Lemma 2 are satisfied and we conclude that we have

fmaxm

((
o
(2)
ŵ(f1◦A′)

(X̄f0◦A)
)
A′∈Ad

)
− fmaxm

((
o
(2)
ŵ(f0◦A′)

(X̄f0◦A)
)
A′∈Ad

)
≤ 1− D2

16C2
AC

2
L

+
C2(CL, CA)

d
−
(
1− C1(CL, CA)

d

)
≤ −2

d
. (43)

Analogously one can show that

fmaxm

((
o
(2)
ŵ(f1◦A′)

(X̄f1◦A)
)
A′∈Ad

)
− fmaxm

((
o
(2)
ŵ(f0◦A′)

(X̄f1◦A)
)
A′∈Ad

)
>

2

d
.(44)

Set
δn =

1

d3 · ec15·(logm)2

and choose
Θ∗ = {ϑ ∈ Θ : ∥ϑ∗ − ϑ∥∞ ≤ δn} .

For rest of the proof we apply Theorem 2 with Θ∗ as defined above and

Θ0 = {ϑ ∈ Θ : ∥ϑ∥∞ ≤ Bn} .

First we bound the last term on the right hand side of the bound in Theorem 2 and show

sup
ϑ∈Θ∗

E {φ(Y · βn · T1fϑ(X))} − min
f :[0,1]d×d→R̄

E {φ(Y · f(X))} ≤ 1√
n
.

For ϑ̄ ∈ Θ∗ we can use Lemma 3 to bound the maximum distance of our estimator fϑ̄
from fϑ∗ :

|fϑ̄(X)− fϑ∗(X)| ≤ (L− 1) · (4m+ 1)L−1 ·BL−1
n · d2 · ∥ϑ̄− ϑ∗∥∞

≤ d2 · ec16·(logm)2 · ∥ϑ̄− ϑ∗∥∞
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≤ 1

d

provided c15 ≥ c16. Using this, (43) and (44) we get for any A ∈ A

fϑ̄(X̄f1◦A) >
1

d
and fϑ̄(X̄f0◦A) < −1

d
,

i.e. sign(fϑ(X)) recovers the correct label and we have Y · T1fϑ(X) > 1
d . For c5 > 1 this

yields

sup
ϑ∈Θ∗

E {φ(Y · βn · T1fϑ(X))} ≤ log
(
1 + e−

c5·log(n)
d

)
≤ 1√

n
.

To bound κn, we need a bound on the total number of weights W of a network fϑ. Let
Wr denote the number of weights up to layer r of our network. For the convolutional
and the following max-pooling layer we have

W2 = W1 = h2 · 2m.

For the fully-connected sub-network we have

W3 = W2 + (2m+ 1) · 4m,

and
Wt = Wt−1 + (4m+ 1) · 4m

for 3 < t ≤ 3 + 2⌈log2(m)⌉. Thus

W := W3+2⌈log2(m)⌉ + 4m = h2 · 2m+ (2m+ 1) · 4m+ 4m · (4m+ 1) · 2⌈log2(m)⌉+ 4m.

The definition of Θ∗ implies that

κn = P
{
ϑ
(0)
1 ∈ Θ∗

}
≥
(

1

2 · d3 · ec15·log(m)2

)W

≥ e−c17·d2·m2·(logm)3 ≥ 0

So if we choose

Nn = n · d4 · e2·c16·log(m)2 , In = (2 · log(n)+ 2 · c16 · (logm)2+4 log(d)) · ec17·d2·m2·(logm)3

using (1− z)n ≤ e−z for z ∈ R, we have

Nn · (1− κn)
In

≤ Nn · exp(−κn · In)

≤ n · d4 · e2·c16·log(m)2 · exp(−(2 · log(n) + 2 · c16 · (logm)2 + 4 log(d)))

≤ n · d4 · e2·c16·log(m)2 · 1

n2
· d−4 · e−2·c16·log(m)2

≤ 1

n
,
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which is possible because

In ·Nn

= n · d4 · e2·c16·log(m)2 · (2 · log(n) + 2 · c16 · (logm)2 + 4 log(d)) · ec17·d2·m2·(logm)3

≤ n · log(n) · ec18·d2·m2·(logm)3 ≤ Kn.

An application of Lemma 3 with Bn = 1 and h = d yields that (28) is satisfied for

Cn = (L− 1) · (4m+ 1)L−1 ·BL−1
n · h2

≤ d2 · (2 + 2⌈log2m⌉) · (4m+ 1)2+2⌈log2 m⌉

≤ d2 · ec16·(logm)2 ,

and because of

∥∇wφ(y · f(w,ϑ)(x))∥2 ≤
Kn∑
k=1

|1 · βn · T1fϑk
(x)|2 ≤ Kn · β2

n

(31) is satisfied for
Dn =

√
Kn · βn.

By Lemma 7 we know

sup
w∈A,ϑ∈Θ̄Kn ,y∈{−1,1},x∈[0,1]d×d

∥∇ϑφ(y · f(w,ϑ)(x))∥∞ ≤ d2 · (Bn + 1)2L−2 · (4m+ 1)2L−2.

≤ d2 · ec19·(logm)2

and with L = 3+2⌈log2m⌉ Lemma 5 yields the following upper bound for the Rademacher
complexity

sup
x1,...,xn∈[0,1]d×d

E

{∣∣∣∣∣supϑ∈Θ̄

1

n

n∑
i=1

ϵi · βn · T1fϑ(xi)

∣∣∣∣∣
}

≤ c20 ·
√

log(n) + log(βn) ·m · d · L ·
√

log(m2 · d2 · L)√
n

≤ c21 ·
√
log(n)√
n

·m · d ·
√

log(d) · (3 + 2⌈log2m⌉) ·
√
log(m2 · d2 · (3 + 2⌈log2m⌉))

≤ c22 ·
√

log(n)√
n

·m · (logm)2 · d · log(d).

Application of Theorem 2 together with the above results yields

E {φ(Y · fn(X))} − min
f :[0,1]d×d→R̄

E {φ(Y · f(X))}

30



≤ c4 ·

(
logn

n
+ βn · sup

x1,...,xn∈[0,1]d×d

E

{∣∣∣∣∣supϑ∈Θ̄

1

n

n∑
i=1

ϵi · βn · T1fϑ(xi)

∣∣∣∣∣
}

+ βn · Cn + 1√
Nn

+
D2

n

tn

+

n ·
(
6 ·Kn · β2

n + 8 · (βn + 1) · Cn · sup (w,ϑ)∈W,y∈{−1,1},
x∈[0,1]d×d

∥∇ϑφ(y · f(w,ϑ)(x))∥∞
)

tn

+ sup
ϑ∈Θ∗

E {φ(Y · βn · T1fϑ(X))} − min
f :[0,1]d×d→R̄

E {φ(Y · f(X))}

)
,

≤ c23 ·

(
log(n)

n
+ c24 ·

(log(n))
3
2

√
n

·m · (logm)2 · d2 · log(d) + βn√
n
+

Kn · β2
n

Kn · n2

+
6 · β2

n

n
+

n ·
(
8 · (βn + 1) · (d2 · ec16·(logm)2) · (d2 · ec25·(logm)2)

)
n3 · log(n) · ec26·d2·m2·(logm)3

+
1√
n

)

≤ c27 ·
(log n)

3
2 · d2 · log(d) ·m · (logm)2√

n
.

□
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A. Sample Images from datasets used for simulations

(a) MNIST class ”0“ vs ”4“

(b) Fashion MNIST class ”shirt“ vs ”dress“

(c) ASL class "a" vs "b"

Figure 5: For each classification task, the last three images on the right were generated
by applying deformations to the first image shown on the left.
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B. Proof of Theorem 2

In the proof of Theorem 2 we will need the following auxiliary result.

Lemma 8. Let l1, l2, tn ∈ N, let Dn ≥ 0, let A ⊂ Rl1 be closed and convex, let B ⊆ Rl2

and let Ft, F : Rl1 × Rl2 → R+ (t = 0, . . . , tn − 1) be functions such that for all t ∈
{0, . . . , tn − 1}

u 7→ F (u, v) is differentiable and convex for all v ∈ Rl2 ,

u 7→ Ft(u, v) is differentiable for all v ∈ Rl2 ,

and
∥(∇uFt)(u, v)∥ ≤ Dn (45)

for all (u, v) ∈ A×B. Choose (u0, v0) ∈ A×B, let v1, . . . , vtn ∈ B and set

ut+1 = ProjA (ut − λ · (∇uFt) (ut, vt)) (t = 0, . . . , tn − 1),

where
λ =

1

tn
.

Let u∗ ∈ A. Then it holds:

1

tn

tn−1∑
t=0

F (ut, vt) ≤ F (u∗, v0) +
1

tn

tn−1∑
t=1

|F (u∗, vt)− F (u∗, v0)|+
∥u∗ − u0∥2

2
+

D2
n

2 · tn

+
1

tn

tn−1∑
t=0

⟨(∇uF ) (ut, vt)− (∇uFt) (ut, vt), ut − u∗⟩ .

Proof. See Lemma 1 in Kohler, Krzyżak and Sänger (2025).

Proof of Theorem 2. Let En be the event that there exist pairwise distinct j1, . . . , jNn ∈
{1, . . . ,Kn} such that

ϑ
(0)
ji

∈ Θ∗

holds for all i = 1, . . . , Nn. If En holds set

w∗
ji =

1

Nn
(i = 1, . . . , Nn) and w∗

k = 0 (k ∈ {1, . . . ,Kn} \ {j1, . . . , jNn})

and w∗ = (w∗
k)k=1,...,Kn , otherwise set w∗ = 0.

We will use the following error decomposition:

E {φ(Y · fn(X))} − min
f :[0,1]d×d→R̄

E {φ(Y · f(X))}

= E
{
φ(Y · fn(X)) · 1Ec

n

}
+E

{
E
{
φ(Y · f(ŵ,ϑ(tn))(X))

∣∣ϑ(0),Dn

}
· 1En

}
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−E

{
1

tn

tn−1∑
t=0

E
{
φ(Y · f(w(t),ϑ(tn))(X))

∣∣ϑ(0),Dn

}
· 1En

}

+E

{
1

tn

tn−1∑
t=0

E
{
φ(Y · f(w(t),ϑ(tn))(X))

∣∣ϑ(0),Dn

}
· 1En

}

−E

{
1

tn

tn−1∑
t=0

E
{
φ(Y · f(w(t),ϑ(t))(X))

∣∣ϑ(0),Dn

}
· 1En

}

+E

{
1

tn

tn−1∑
t=0

E
{
φ(Y · f(w(t),ϑ(t))(X))

∣∣ϑ(0),Dn

}
· 1En

}
− min

f :[0,1]d×d→R̄
E {φ(Y · f(X))}

=: T1,n + T2,n + T3,n + T4,n.

In the first step of the proof we show

P{Ec
n} ≤ 1

n
. (46)

To do this we consider a sequential choice of the initial weights ϑ
(0)
1 , . . . , ϑ

(0)
Kn

. By
definition of κn we know that the probability that none of ϑ(0)

1 , . . . , ϑ(0)
In

is contained in
Θ∗ is given by

(1− κn)
In .

This implies that the probability that there exists l ∈ {1, . . . , Nn} such that none of
ϑ
(0)
(l−1)·In+1, . . . , ϑ(0)

l·In is contained in Θ∗ is upper bounded by

Nn · (1− κn)
In .

(30) implies

P{Ec
n} ≤ Nn · (1− κn)

In ≤ 1

n
.

In the second step of the proof we show

T1,n ≤ c10 ·
(log n)

n
.

To do this, we observe that for |z| ≤ βn and n > 1 we have

φ(z) = log(1+exp(−z)) ≤ (log 4)·I{z>−1}+log(2·exp(−z))·I{z≤−1} ≤ 3+|z| ≤ c11 ·logn,

from which we can conclude by the first step of the proof

T1,n ≤ c11 · (log n) ·P{Ec
n} ≤ c11 ·

log n

n
.
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In the third step of the proof we show

T2,n ≤ 0.

This follows from the convexity of the logistic loss, which implies

E
{
φ(Y · f(ŵ,ϑ(tn))(X))

∣∣ϑ(0),Dn

}
= E

{
φ(Y · 1

tn

tn−1∑
t=0

f(w(t),ϑ(tn))(X))
∣∣ϑ(0),Dn

}

≤ E

{
1

tn

tn−1∑
t=0

φ(Y · f(w(t),ϑ(tn))(X))
∣∣ϑ(0),Dn

}

=
1

tn

tn−1∑
t=0

E
{
φ(Y · f(w(t),ϑ(tn))(X))

∣∣ϑ(0),Dn

}
.

In the fourth step of the proof we show

T3,n ≤ 2 · βn · Cn√
Nn

.

Due to the fact that the logistic loss is Lipschitz continuous with Lipschitz constant 1
and by assumptions (24) and (28) we have

T3,n

≤ 1

tn

tn−1∑
t=0

E
{∣∣∣φ(Y · f(w(t),ϑ(tn))(X))− φ(Y · f(w(t),ϑ(t))(X))

∣∣∣}
≤ 1

tn

tn−1∑
t=0

E
{
|f(w(t),ϑ(tn))(X)− f(w(t),ϑ(t))(X)|

}
≤ 1

tn

tn−1∑
t=0

E

{
Kn∑
k=1

w
(t)
k · βn · |T1fϑ(tn)

k

(X)− T1fϑ(t)
k

(X)|

}

≤ 1

tn
βn ·

tn−1∑
t=0

E

{
Kn∑
k=1

w
(t)
k · |f

ϑ
(tn)
k

(X)− f
ϑ
(t)
k

(X)|

}

≤ 1

tn
· βn ·

tn−1∑
t=0

E


√√√√Kn∑

k=1

(w
(t)
k )2 ·

√√√√Kn∑
k=1

|f
ϑ
(tn)
k

(X)− f
ϑ
(t)
k

(X)|2


≤ 1

tn
· βn ·

tn−1∑
t=0

E

√
αn ·

√√√√Kn∑
k=1

C2
n · ∥ϑ(tn)

k − ϑ
(t)
k ∥2∞


≤ Cn√

Nn
· βn · 1

tn

tn−1∑
t=0

E

{√
∥ϑ(tn) − ϑ(t)∥2

}
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≤ 2 · βn · Cn√
Nn

.

In the fifth step of the proof we apply Lemma 8 to T4,n. Set

F ((w,ϑ)) = E{φ(Y · f(w,ϑ)(X))
∣∣ϑ(0),Dn} and Ft((w,ϑ)) = φ(Yjt · f(w,ϑ)(Xjt)).

Then Lemma 8 implies

T4,n ≤ E
{
E
{
φ(Y · f(w∗,ϑ(0))(X))

∣∣ϑ(0),Dn

}
· 1En

}
− min

f :[0,1]d×d→R̄
E {φ(Y · f(X))}

+
1

tn

tn−1∑
t=1

E

{∣∣∣∣∣E{φ(Y · f(w∗,ϑ(t))(X))
∣∣Dn,ϑ

(0)
}

−E
{
φ(Y · f(w∗,ϑ(0))(X))

∣∣Dn,ϑ
(0)
} ∣∣∣∣∣ · 1En

}
+

1

2
· 1

Nn
+

D2
n

2 · tn

+
1

tn

tn−1∑
t=0

E
{〈

(∇wF ) (w(t),ϑ(t))− (∇wFt) (w
(t),ϑ(t)),w(t) −w∗

〉
· 1En

}
.

In the sixth step of the proof we show

E
{
E
{
φ(Y · f(w∗,ϑ(0))(X))

∣∣ϑ(0),Dn

}
· 1En

}
− min

f :[0,1]d×d→R̄
E {φ(Y · f(X))}

≤ sup
ϑ∈Θ∗

E {φ(Y · βn · T1fϑ(X))} − min
f :[0,1]d×d→R̄

E {φ(Y · f(X))}

)
.

This follows from the convexity of the logistic loss, which implies

E
{
E
{
φ(Y · f(w∗,ϑ(0))(X))

∣∣ϑ(0),Dn

}
· 1En

}
= E

{
E

{
φ

(
1

Nn

Nn∑
k=1

Y · βn · T1fϑ(0)
jk

(X)

)∣∣ϑ(0),Dn

}
· 1En

}

≤ 1

Nn

Nn∑
k=1

E

{
E

{
φ

(
Y · βn · T1fϑ(0)

jk

(X)

) ∣∣ϑ(0),Dn

}
· 1En

}
≤ sup

ϑ∈Θ∗
E {φ(Y · βn · T1fϑ(X))} .

In the seventh step of the proof we show

1

tn

tn−1∑
t=1

E
{∣∣∣E{φ(Y · f(w∗,ϑ(t))(X)

) ∣∣Dn,ϑ
(0)
}
−E

{
φ
(
Y · f(w∗,ϑ(0))(X)

) ∣∣Dn,ϑ
(0)
}∣∣∣ · 1En

}
≤ βn · Cn√

Nn
.

39



The Lipschitz continuity of the logistic loss and assumption (28) imply

1

tn

tn−1∑
t=1

E
{∣∣∣E{φ(Y · f(w∗,ϑ(t))(X)

) ∣∣Dn,ϑ
(0)
}
−E

{
φ
(
Y · f(w∗,ϑ(0))(X)

) ∣∣Dn,ϑ
(0)
}∣∣∣ · 1En

}
≤ 1

tn

tn−1∑
t=1

E
{∣∣∣φ(Y · f(w∗,ϑ(t))(X)

)
− φ

(
Y · f(w∗,ϑ(0))(X)

)∣∣∣}
≤ 1

tn

tn−1∑
t=1

E
{∣∣∣f(w∗,ϑ(t))(X)− f(w∗,ϑ(0))(X)

∣∣∣}
=

1

tn

tn−1∑
t=1

E

{∣∣∣∣∣
Kn∑
k=1

w∗
k · βn ·

(
T1fϑ(t)

k

(X)− T1fϑ(0)
k

(X)
)∣∣∣∣∣
}

≤ 1

tn

tn−1∑
t=1

E

βn ·

√√√√Kn∑
k=1

|w∗
k|2 ·

√√√√Kn∑
k=1

(
T1fϑ(t)

k

(X)− T1fϑ(0)
k

(X)
)2

≤ 1

tn
βn ·

tn−1∑
t=1

E


√√√√Kn∑

k=1

|w∗
k|2 ·

√√√√Kn∑
k=1

(
f
ϑ
(t)
k

(X)− f
ϑ
(0)
k

(X)
)2

≤ 1

tn
βn ·

tn−1∑
t=1

E

 1√
Nn

√√√√Kn∑
k=1

C2
n · ∥ϑ(t)

k − ϑ
(0)
k ∥2∞


≤ βn · 1

tn

tn−1∑
t=1

E

{
Cn√
Nn

· ∥ϑ(t) − ϑ(0)∥
}

≤ βn · Cn√
Nn

.

Let W be the set of all weight vectors w = ((wk)k=1,...,Kn , (ϑk)k=1,...,Kn) which satisfy
ϑ = (ϑk)k=1,...,Kn ∈ Θ̄Kn and (12). Let (X ′

1, Y
′
1), . . . , (X ′

n, Y
′
n), ϵ1, . . . , ϵn be random

variables independent of ϑ(0) with P{ϵj = 1} = 1/2 = P{ϵj = −1} (j = 1, . . . , n) such
that (X1, Y1), . . . , (Xn, Yn), ϵ1, . . . , ϵn, (X ′

1, Y
′
1), . . . , (X ′

n, Y
′
n) are independent and

(X1, Y1), . . . , (Xn, Yn), (X ′
1, Y

′
1), . . . , (X ′

n, Y
′
n) are identically distributed.

In the eighth step of the proof we show

1

tn

tn−1∑
t=0

E
{〈

(∇wF ) (w(t),ϑ(t))− (∇wFt) (w
(t),ϑ(t)),w(t) −w∗

〉
· 1En

}
≤ 4 ·E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

(
1

n

n∑
i=1

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)

)
· 1En

}

+

n ·
(
6 ·Kn · β2

n + 4 · (βn + 1) · Cn · sup (w,ϑ)∈W,

y∈{−1,1},x∈[0,1]d×d
∥∇ϑφ(y · f(w,ϑ)(x))∥∞

)
tn

.

We have
φ′(z) =

1

1 + exp(−z)
· (− exp(−z)) =

−1

1 + exp(z)
,
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which implies

∂

∂wj
φ

(
Y ·

Kn∑
k=1

wk · βn · T1fϑk
(X)

)
=

−Y · βn · T1fϑj
(X)

1 + exp
(
Y ·
∑Kn

k=1wk · βn · T1fϑk
(X)

)
and

∂

∂wj
E

{
φ

(
Y ·

Kn∑
k=1

wk · βn · T1fϑk
(X)

)}

= lim
h→0

E

φ
(
Y ·
∑Kn

k=1(wk + h · I{k=j}) · βn · T1fϑk
(X)

)
− φ

(
Y ·
∑Kn

k=1wk · βn · T1fϑk
(X)

)
h


= E

 lim
h→0

φ
(
Y ·
∑Kn

k=1(wk + h · I{k=j}) · βn · T1fϑk
(X)

)
− φ

(
Y ·
∑Kn

k=1wk · βn · T1fϑk
(X)

)
h


= E

 −Y · βn · T1fϑj
(X)

1 + exp
(
Y ·
∑Kn

k=1wk · βn · T1fϑk
(X)

)
 ,

where we have used∣∣∣∣∣∣
φ
(
Y ·
∑Kn

k=1(wk + h · I{k=j}) · βn · T1fϑk
(X)

)
− φ

(
Y ·
∑Kn

k=1wk · βn · T1fϑk
(X)

)
h

∣∣∣∣∣∣
= βn · |φ′(ξ)| ≤ βn,

where ξ is determined according to the mean value theorem, and the dominated conver-
gence theorem in order to interchange limits and expectations above.

Consequently,

1

tn

tn−1∑
t=0

E
{〈

(∇wF ) (w(t),ϑ(t))− (∇wFt) (w
(t),ϑ(t)),w(t) −w∗

〉
· 1En

}

= E

{
1

tn

tn−1∑
t=0

Kn∑
k=1

(
E

 −Y · βn · T1fϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn,ϑ
(0)


−

−Yjt · βn · T1fϑ(t)
k

(Xjt)

1 + exp
(
Yjt · f(w(t),ϑ(t))(Xjt)

)) · (w(t)
k − w∗

k) · 1En

}

=
1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · βn · T1fϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn,ϑ
(0)


−

−Yjt · βn · T1fϑ(t)
k

(Xjt)

1 + exp
(
Yjt · f(w(t),ϑ(t))(Xjt)

)) · (w(t)
k − w∗

k) · 1En

}
.
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During n gradient descent steps the parameter (w,ϑ) changes in supremum norm at
most by

n · λn ·max

{
sup

(w,ϑ)∈W,y∈{−1,1},x∈[0,1]d×d

∥∇wφ(y · f(w,ϑ)(x))∥∞,

sup
(w,ϑ)∈W,y∈{−1,1},x∈[0,1]d×d

∥∇ϑφ(y · f(w,ϑ)(x))∥∞

}

≤ n · λn ·

(
βn + sup

(w,ϑ)∈W,y∈{−1,1},x∈[0,1]d×d

∥∇ϑφ(y · f(w,ϑ)(x))∥∞

)

=
n ·
(
βn + sup(w,ϑ)∈W,y∈{−1,1},x∈[0,1]d×d ∥∇ϑφ(y · f(w,ϑ)(x))∥∞

)
tn

.

Using

Kn∑
k=1

(
E

 −Y · βn · T1fϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn,ϑ
(0)


−E

 −Y · βn · T1fϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn,ϑ
(0)


−

−Yjt · βn · T1fϑ(t)
k

(Xjt)

1 + exp
(
Yjt · f(w(t),ϑ(t))(Xjt)

)
+

−Yjt · βn · T1fϑ(s·n−1)
k

(Xjt)

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(t)
k − w∗

k)

≤
Kn∑
k=1

(
E


∣∣∣∣∣∣
−Y · βn · T1fϑ(t)

k

(X) + Y · βn · T1fϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)
∣∣∣∣∣∣

+
∣∣∣Y · βn · T1fϑ(s·n−1)

k

(X)
∣∣∣ ·
∣∣∣∣∣∣ 1

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)
− 1

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)
∣∣∣∣∣∣
∣∣∣∣Dn,ϑ

(0)


+

∣∣∣∣∣∣
−Yjt · βn · T1fϑ(s·n−1)

k

(Xjt) + Yjt · βn · T1fϑ(t)
k

(Xjt)

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)
∣∣∣∣∣∣

+
∣∣∣Yjt · βn · T1fϑ(t)

k

(Xjt)
∣∣∣ ·
∣∣∣∣∣∣ 1

1 + exp
(
Yjt · f(w(t),ϑ(t))(Xjt)

)
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− 1

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)
∣∣∣∣∣∣
)

·
∣∣∣w(t)

k − w∗
k

∣∣∣
≤

Kn∑
k=1

(
E

{∣∣∣T1fϑ(s·n−1)
k

(X)− T1fϑ(t)
k

(X)
∣∣∣+ ∣∣∣f(w(t),ϑ(t))(X)− f(w(s·n−1),ϑ(s·n−1))(X)

∣∣∣ ∣∣∣∣Dn,ϑ
(0)

}
+
∣∣∣T1fϑ(t)

k

(Xjt)− T1fϑ(s·n−1)
k

(Xjt)
∣∣∣

+
∣∣∣f(w(t),ϑ(t))(Xjt)− f(w(s·n−1),ϑ(s·n−1))(Xjt)

∣∣∣) · βn · |w(t)
k − w∗

k|

≤
Kn∑
k=1

(
E

{∣∣∣f
ϑ
(s·n−1)
k

(X)− f
ϑ
(t)
k

(X)
∣∣∣+ ∣∣∣f(w(t),ϑ(t))(X)− f(w(s·n−1),ϑ(s·n−1))(X)

∣∣∣ ∣∣∣∣Dn,ϑ
(0)

}
+
∣∣∣f

ϑ
(t)
k

(Xjt)− f
ϑ
(s·n−1)
k

(Xjt)
∣∣∣

+
∣∣∣f(w(t),ϑ(t))(Xjt)− f(w(s·n−1),ϑ(s·n−1))(Xjt)

∣∣∣) · βn · |w(t)
k − w∗

k|

≤ 2 ·
Kn∑
k=1

(
Cn · ∥ϑ(t)

k − ϑ
(s·n−1)
k ∥∞ + Cn ·max

j
∥ϑ(t)

j − ϑ
(s·n−1)
j ∥∞ +Kn · βn · n

tn

)
· βn · |w(t)

k − w∗
k|

≤ 8 · βn · Cn ·max
j

∥ϑ(t)
j − ϑ

(s·n−1)
j ∥∞ + 4 ·Kn · β

2
n · n
tn

≤
8 · βn · Cn · n · sup(w,ϑ)∈W,y∈{−1,1},x∈[0,1]d×d ∥∇ϑφ(y · f(w,ϑ)(x))∥∞ + 4 ·Kn · β2

n · n
tn

,

where the fourth inequality follows from∣∣∣f(w(t),ϑ(t))(X)− f(w(s·n−1),ϑ(s·n−1))(X)
∣∣∣

=

∣∣∣∣∣
Kn∑
k=1

w
(t)
k · βn · T1fϑ(t)

k

(X)− w
(s·n−1)
k · βn · T1fϑ(s·n−1)

k

(X)

∣∣∣∣∣
≤

Kn∑
k=1

βn ·
∣∣∣w(t)

k

∣∣∣ · ∣∣∣T1fϑ(t)
k

(X)− T1fϑ(s·n−1)
k

(X)
∣∣∣+ βn ·

∣∣∣w(t)
k − w

(s·n−1)
k

∣∣∣ · ∣∣∣T1fϑ(s·n−1)
k

(X)
∣∣∣

≤ Cn · βn ·max
j

∥ϑ(t)
j − ϑ

(s·n−1)
j ∥∞ +Kn · n · βn

tn
· βn,

and
Kn∑
k=1

(
E

 −Y · βn · T1fϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn,ϑ
(0)


−

−Yjt · βn · T1fϑ(s·n−1)
k

(Xjt)

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(t)
k − w

(s·n−1)
k )
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≤ 2 · βn ·
Kn∑
k=1

|w(t)
k − w

(s·n−1)
k | ≤ 2 ·Kn · n · β

2
n

tn

we can conclude

1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · βn · T1fϑ(t)
k

(X)

1 + exp
(
Y · f(w(t),ϑ(t))(X)

)∣∣∣∣Dn,ϑ
(0)


−

−Yjt · βn · T1fϑ(t)
k

(Xjt)

1 + exp
(
Yjt · f(w(t),ϑ(t))(Xjt)

)) · (w(t)
k − w∗

k) · 1En

}

≤ 1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · βn · T1fϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn,ϑ
(0)


−

−Yjt · βn · T1fϑ(s·n−1)
k

(Xjt)

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(s·n−1)
k − w∗

k) · 1En

}

+

n ·
(
6 ·Kn · β2

n + 8 · βn · Cn · sup (w,ϑ)∈W,

y∈{−1,1},x∈[0,1]d×d
∥∇ϑφ(y · f(w,ϑ)(x))∥∞

)
tn

.

We continue by deriving an upper bound on the first term of the sum of the right-hand
side above. We have

1

tn/n
·
tn/n∑
s=1

E

{
1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

 −Y · βn · T1fϑ(s·n−1)
k

(X)

1 + exp
(
Y · f(w(s·n−1),ϑ(s·n−1))(X)

)∣∣∣∣Dn,ϑ
(0)


−

−Yjt · βn · T1fϑ(s·n−1)
k

(Xjt)

1 + exp
(
Yjt · f(w(s·n−1),ϑ(s·n−1))(Xjt)

)) · (w(s·n−1)
k − w∗

k) · 1En

}

≤ 1

tn/n
·
tn/n∑
s=1

E

{
sup

(w,ϑ)∈W

1

n

s·n−1∑
t=(s−1)·n

Kn∑
k=1

(
E

{
−Y · βn · T1fϑk

(X)

1 + exp
(
Y · f(w,ϑ)(X)

)}

− −Yjt · βn · T1fϑk
(Xjt)

1 + exp
(
Yjt · f(w,ϑ)(Xjt)

)) · (wk − w∗
k) · 1En

}

= E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

(
E

{
−Y · βn · T1fϑk

(X)

1 + exp
(
Y · f(w,ϑ)(X)

)}

− −Yj · βn · T1fϑk
(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗
k) · 1En

}

= E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

(
E

 −Y ′
j · βn · T1fϑk

(X ′
j)

1 + exp
(
Y ′
j · f(w,ϑ)(X

′
j)
)∣∣∣∣Dn,ϑ

(0)


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− −Yj · βn · T1fϑk
(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗
k) · 1En

}

≤ E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

(
−Y ′

j · βn · T1fϑk
(X ′

j)

1 + exp
(
Y ′
j · f(w,ϑ)(X

′
j)
)

− −Yj · βn · T1fϑk
(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗
k) · 1En

}

= E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

ϵj ·

(
−Y ′

j · βn · T1fϑk
(X ′

j)

1 + exp
(
Y ′
j · f(w,ϑ)(X

′
j)
)

− −Yj · βn · T1fϑk
(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗
k) · 1En

}

≤ E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

ϵj ·

(
−Y ′

j · βn · T1fϑk
(X ′

j)

1 + exp
(
Y ′
j · f(w,ϑ)(X

′
j)
)) · (wk − w∗

k) · 1En

}

+E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

ϵj ·

(
Yj · βn · T1fϑk

(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗
k) · 1En

}

= 2 ·E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

ϵj ·

(
Yj · βn · T1fϑk

(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)) · (wk − w∗
k) · 1En

}

≤ 2 ·E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

ϵj ·
Yj · βn · T1fϑk

(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · (wk − w∗
k)+ · 1En

}

+2 ·E

{
sup

(w,ϑ)∈W

1

n

n∑
j=1

Kn∑
k=1

(−ϵj) ·
Yj · βn · T1fϑk

(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · (w∗
k − wk)+ · 1En

}

≤ 2 ·E

{
sup

(w,ϑ)∈W

Kn∑
k=1

sup
(w̄,ϑ̄)∈W,

k̄∈{1,...,Kn}

1

n

n∑
j=1

ϵj ·
Yj · βn · T1fϑ̄k̄

(Xj)

1 + exp
(
Yj · f(w̄,ϑ̄)(Xj)

) · (wk − w∗
k)+ · 1En

}

+2 ·E

{
sup

(w,ϑ)∈W

Kn∑
k=1

sup
(w̄,ϑ̄)∈W,

k̄∈{1,...,Kn}

1

n

n∑
j=1

(−ϵj) ·
Yj · βn · T1fϑ̄k̄

(Xj)

1 + exp
(
Yj · f(w̄,ϑ̄)(Xj)

) · (w∗
k − wk)+ · 1En

}

≤ 2 ·E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

n∑
j=1

ϵj ·
Yj · βn · T1fϑk

(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · sup
(w,ϑ)∈W

Kn∑
k=1

(wk − w∗
k)+ · 1En

}

+2 ·E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

n∑
j=1

(−ϵj) ·
Yj · βn · T1fϑk

(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

) · sup
(w,ϑ)∈W

Kn∑
k=1

(w∗
k − wk)+ · 1En

}
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≤ 4 ·E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

n∑
j=1

ϵj ·
Yj · βn · T1fϑk

(Xj)

1 + exp
(
Yj · f(w,ϑ)(Xj)

)}.
Where in the second to last inequality we have used that

sup
(w̄,ϑ̄)∈W,k̄∈{1,...,Kn}

1

n

n∑
j=1

(±ϵj) ·
Yj · βn · T1fϑ̄k̄

(Xj)

1 + exp
(
Yj · f(w̄,ϑ̄)(Xj)

) ≥ 0

since there exists (w̃, ϑ̃) ∈ W such that fϑ̃1
(Xj) = 0 for j ∈ {1, . . . , n}.

In the ninth step of the proof we derive an upper bound on

E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

(
1

n

n∑
i=1

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)

)}
.

To do this we use a contraction style argument. Because of the independence of the
random variables we can compute the expectation by first computing the expectation
with respect to ϵ1 and then by computing the expectation with respect to all other
random variables. This yields that the last term above is equal to

1

2
·E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

(
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)

+
1

1 + exp(Y1 · f(w,ϑ)(X1))
· Y1 · βn · T1fϑk

(X1)

)}

+
1

2
·E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

(
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)

− 1

1 + exp(Y1 · f(w,ϑ)(X1))
· Y1 · βn · T1fϑk

(X1)

)}

=
1

2
·E

{
sup

(w,ϑ),(w̄,ϑ̄)∈W,

k,k̄∈{1,...,Kn}

1

n

(
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)

+
1

n

n∑
i=2

ϵi ·
1

1 + exp(Yi · f(w̄,ϑ̄)(Xi))
· Yi · βn · T1fϑ̄k̄

(Xi)

+
1

1 + exp(Y1 · f(w,ϑ)(X1))
· Y1 · βn · T1fϑk

(X1)

− 1

1 + exp(Y1 · f(w̄,ϑ̄)(X1))
· Y1 · βn · T1fϑ̄k̄

(X1)

)}

≤ 1

2
·E

{
sup

(w,ϑ),(w̄,ϑ̄)∈W,

k,k̄∈{1,...,Kn}

1

n

(
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)
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+
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w̄,ϑ̄)(Xi))
· Yi · βn · T1fϑ̄k̄

(Xi)

+βn · |f(w,ϑ)(X1)− f(w̄,ϑ̄)(X1)|+ βn · |T1fϑk
(X1)− T1fϑ̄k̄

(X1)|

)}
.

The sum inside the supremum above does not change its value if ((w,ϑ), k) is inter-
changed with ((w̄, ϑ̄), k̄). Consequently we can assume without loss of generality that
f(w,ϑ)(X1)− f(w̄,ϑ̄)(X1) is positive or that it is negative. Set

ϵ̄1 = ϵ̄1(ϵ1, X1, Y1, . . . , Xn, Yn) = ϵ1

if the functions f(w,ϑ)(X1)−f(w̄,ϑ̄)(X1) and βn ·T1fϑk
(X1)−βn ·T1fϑ̄k̄

(X1) which ”attain”
the above supremum have the same sign, and set it equal to −ϵ1 otherwise. Then the
right-hand side above is equal to

1

2
·E

{
sup

(w,ϑ),(w̄,ϑ̄)∈W,

k,k̄∈{1,...,Kn}

1

n

(
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)

+
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w̄,ϑ̄)(Xi))
· Yi · βn · T1fϑ̄k̄

(Xi)

+βn · ϵ1 · (f(w,ϑ)(X1)− f(w̄,ϑ̄)(X1)) + ϵ̄1 · (βn · T1fϑk
(X1)− βn · T1fϑ̄k̄

(X1))

)}

≤ E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

(
n∑

i=2

ϵi ·
1

1 + exp(Yi · f(w,ϑ)(Xi))
· Yi · βn · T1fϑk

(Xi)

+βn · ϵ1 · f(w,ϑ)(X1) + ϵ̄1 · βn · T1fϑk
(X1)

)}
,

where we have used that conditioned on (X1, Y1), . . . , (Xn, Yn) the random vector (ϵ1, ϵ̄1)
has the same distribution as the random vector (−ϵ1,−ϵ̄1).

Arguing in the same way for k = 2, . . . , n we see that we can upper bound the term
on the right-hand side above by

E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

n∑
i=1

(
βn · ϵi · f(w,ϑ)(Xi) + ϵ̄i · βn · T1fϑk

(Xi)

)}

≤ βn ·E

{
sup

(w,ϑ)∈W

1

n

n∑
i=1

ϵi · f(w,ϑ)(Xi)

}

+E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

n∑
i=1

ϵ̄i · βn · T1fϑk
(Xi)

}

≤ βn · sup
x1,...,xn∈[0,1]d×d

E

{
sup

(w,ϑ)∈W

1

n

n∑
i=1

ϵi · f(w,ϑ)(xi)

}
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+ sup
x1,...,xn∈[0,1]d×d

E

{
sup

(w,ϑ)∈W,
k∈{1,...,Kn}

1

n

n∑
i=1

ϵi · βn · T1fϑk
(xi)

}

= βn · sup
x1,...,xn∈[0,1]d×d

E

{
sup

(w,ϑ)∈W

1

n

n∑
i=1

ϵi · f(w,ϑ)(xi)

}

+ sup
x1,...,xn∈[0,1]d×d

E

{
sup
ϑ∈Θ̄

1

n

n∑
i=1

ϵi · βn · T1fϑ(xi)

}
,

where the last equality follows from

{βn · T1fϑk
: (w,ϑ) ∈W, k ∈ {1, . . . ,Kn}} = {βn · T1fϑ1 : (w,ϑ) ∈W}. (47)

In the tenth step of the proof we show for x1, . . . , xn ∈ Rd×d arbitrary

E

{
sup

(w,ϑ)∈W

1

n

n∑
i=1

ϵi · f(w,ϑ)(xi)

}
≤ E

{
sup
ϑ∈Θ̄

∣∣∣∣∣ 1n
n∑

i=1

ϵi · (βn · T1fϑ(xi))

∣∣∣∣∣
}
.

We have

E

{
sup

(w,ϑ)∈W

1

n

n∑
i=1

ϵi · f(w,ϑ)(xi)

}

= E

{
sup

(w,ϑ)∈W

1

n

n∑
i=1

ϵi ·
Kn∑
j=1

wj · (βn · T1fϑj
(xi))

}

= E

{
sup

(w,ϑ)∈W

Kn∑
j=1

wj ·
1

n

n∑
i=1

ϵi · (βn · T1fϑj
(xi))

}

≤ E

{
sup

(w,ϑ)∈W

Kn∑
j=1

|wj | ·

∣∣∣∣∣ 1n
n∑

i=1

ϵi · (βn · T1fϑj
(xi))

∣∣∣∣∣
}

≤ E

{
sup

(w,ϑ)∈W

Kn∑
j=1

|wj | · sup
(w,ϑ)∈W,k∈{1,...,Kn}

∣∣∣∣∣ 1n
n∑

i=1

ϵi · (βn · T1fϑk
(xi))

∣∣∣∣∣
}

≤ 1 ·E

{
sup

(w,ϑ)∈W,k∈{1,...,Kn}

∣∣∣∣∣ 1n
n∑

i=1

ϵi · (βn · T1fϑk
(xi))

∣∣∣∣∣
}

= E

{
sup
ϑ∈Θ̄

∣∣∣∣∣ 1n
n∑

i=1

ϵi · (βn · T1fϑ(xi))

∣∣∣∣∣
}
,

where the last equality followed from (47).
Summarizing the above results, the proof is complete. □
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C. Supplement: Proof of Lemma 5

Set F = {fϑ : ϑ ∈ Θ}. For 0 < δn < 1 and x1, . . . , xn ∈ [0, 1]d×d we have

E

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

ϵi · βn · T1(f(xi))

∣∣∣∣∣
}

= βn ·E

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

ϵi · T1(f(xi))

∣∣∣∣∣
}

= βn ·
∫ 1

0
P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

ϵi · T1(f(xi))

∣∣∣∣∣ > t

}
dt

≤ δn + βn ·
∫ 1

δn

P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

ϵi · T1(f(xi))

∣∣∣∣∣ > t

}
dt.

Applying a covering argument, which is frequently used in empirical process theory, cf.
e.g. Kohler and Krzyżak (2024), we get that for any t ≥ δn we have

P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

ϵi · T1(f(xi))

∣∣∣∣∣ > t

}

≤ M1

(
δn
2
, {T1f : f ∈ F} , xn1

)
· sup
f∈F

P

{∣∣∣∣∣ 1n
n∑

i=1

ϵi · T1(f(xi))

∣∣∣∣∣ > t

2

}
.

Application of Lemma 6 and Theorem 9.4 in Györfi et al. (2002) yields

M1

(
δn
2
, {T1f : f ∈ F} , xn1

)
≤ c28 ·

(
c29
δn

)c30·m2·h2·L2
max·log(m2·h2·Lmax)

.

By the inequality of Hoeffding and

|T1(f(x))| ≤ 1 (x ∈ Rd)

we have for any f ∈ F

P

{∣∣∣∣∣ 1n
n∑

i=1

ϵi · βn · T1(f(xi))

∣∣∣∣∣ > t/2

}
≤ 2 · exp

(
−2 · n · (t/2)2

4

)
.

Hence we get

sup
x1,...,xn∈[0,1]d×d

E

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

ϵi · βn · T1(f(xi))

∣∣∣∣∣
}

≤ δn + βn ·
∫ 1

δn

c28 ·
(
c29
δn

)c30·m2·h2·L2
max·log(m2·h2·Lmax)

· 2 · exp
(
−n · δn · t

8

)
dt

49



≤ δn + c28 · βn ·
(
c29
δn

)c30·m2·h2·L2
max·log(m2·h2·Lmax) 16

n · δn
· exp

(
−n · δ2n

8

)
.

With

δn =

√
8

n
·
(
c30 ·m2 · h2 · L2

max · log(m2 · h2 · Lmax) · log(c29 ·
√
n) + log(βn)

)
≥ 1√

n

(where the last inequality holds if we choose c29 and c30 large enough) we get the assertion.
□
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