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1 Introduction

In [19], Ying Mingsheng has proposed to reason about probabilistic sequential programs in a probabilistic logic. His
research was motivated by papers of He Jifeng, C. Morgan, A. McIver, K. Seidel [5, 10, 11, 14] and others on probabilistic
nondeterministic programs and their semantics over discrete state spaces. R. Tix, G. Plotkin and K. Keimel [16, 18] have
extended this work to continuous state spaces. We now propose to investigate, whether Ying’s ideas and methods for
reasoning about these nondeterministic programs in a probilistic logic can be carried over from discrete to continuous state
spaces. We begin by admitting arbitrary topological state spaces. For the stronger results we have to restrict ourselves to
continuous domains (see [3]) which are amply used in semantics.

In our presentation we restrict the values of probabilistic predicates to the unit interval, whilst Ying admitted nonnega-
tive real values in general. This restriction is well motivated and the theory becomes smoother. Instead of the unit interval,
we then admit more general quantalesL as value domains for probabilistic predicates. This is motivated by the fact that
our interval valued probabilistic predicates in a space form again a value quantale and that binary probabilistic relations
betweenS andT can alternatively been viewed as unary probabilistic predicates onS with values in the quantale of unary
predicates onT . This is a probabilistic generalisation of the fact that binary (Boolean) relations can alternatively be seen
as subsets of the direct productS × T or as set-valued functions fromS with values in the powerset ofT .

We are able transfer the results of the first four sections of Ying’s paper to this topological situation, in particular, we
can prove Theorem 12 on the decomposition of strongly monotonic predicate transformers to continuous state spaces.

As a conclusion we are confident, that probabilistic logic as considered by Ying can be generalised fully to the setting
of continuous state spaces.

2 Probabilistic predicates on spaces

We replace the truth values{0, 1} of classical logic by the elements of the real intervalI := [0, 1] for probabilistic logic.
Our basic operations onI are multiplicationp · q, negation¬p := 1− p and the formation of supremasupi pi for arbitrary
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families(pi). They obey the infinite distributivity law

(D) p · sup
i

qi = sup
i

(p · qi)

whilst p 7→ ¬p converts supprema to infima and vice versa.
We use multiplication

(p, q) 7→ p · q

for interpreting conjunction and the residual

(p, q) 7→ p → q := sup{x ∈ I | p · x ≤ q}

for interpreting implication. One may write

p → q = min(
q

p
, 1)

if one uses the conventionq0 = 1 for all q ∈ I. We use

p 7→ ¬p = 1− p

and
(p, q) 7→ p or q := p + q − p · q = ¬(¬p · ¬q

for interpreting negation and disjunction, respectively.
Let S be a topological space (e.g., a dcpo with the Scott topology). Aprobabilistic predicate onS is defined to be an

arbitrary lsc (= lower semicontinuous) functionβ : S → I. We denote byLS the set of all these probabilistic predicates
onS.

Note thatLS is stable for pointwise formed products , i.e., forα, β ∈ LS , the mapα · β defined by(α · β)(s) =
α(s) · β(s) belongs again toLS. With respect to the order defined pointwise –α ≤ β iff α(s) ≤ β(s) for all s ∈ S –
LS is a complete lattice. Suprema are formed pointwise, i.e., for any family(βi)i in LS, (supi βi)(x) := supi βi(x) for
all x ∈ S is lower semicontinuous, hence a member ofLS. Similary, finite infima are formed pointwise. Because of the
pointwise definition of the operations the infinite distributivity law (D) also holds inLS.

Thus we may define probabilistic conjunction for two probabilistic predicates by

α · β

and the implication by
α → β = sup{χ ∈ LS | α · χ ≤ β}

Disjunction is defined by
α or β = α + β − α · β

Note thatα · β is in fact lsc: indeed, asα andβ are lsc,1− α and1− β and hence their product(1− α)(1− β) are usc,
whenceα + β − α · β = 1− (1− α) · (1− β) is lsc again.

But LS is not stable for pointwise infima of infinite families. Also, ifα is lsc, then¬α := 1 − α is usc but not lsc,
hence not a member ofLS except in the case whereα is also usc.

But notice that every functionf : S → I dominates a greatest lsc function̂f : S → I, namely the pointwise supremum
of all lsc functionsα belowf . We call f̂ the lsc envelopeof f . We now may describe the infimum of a familyαi in LS
to be the lower semicontinuous envelope of the pointwise infimum

inf
i

αi := (s 7→ inf
i

αi(s))̂

andα → β to be the lsc envelope ofmin(β(s)
α(s) , 1).
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Existential quantification for a probabilistic predicateα is defined by

∃x.α(x) := sup
x∈S

α(x)

. Thus∃x can be seen as a map fromLS → I which preserves arbitrary suprema. Dually, universal quantification is
defined by

∀x.α(x) := inf
x∈S

α(x)

.
Let S and T be topological spaces. A(binary) probabilistic relationbetweenT and S is simply a probabilistic

predicate on the product spaceT × S, that is, an lsc functionρ : T × S → I. For such relations we may define the
propositional operators as before and we may define quantification with respect to each of the two variables. For this, let
ρy : S → I denote the probabilistic predicates 7→ ρ(y, s), and we define

∃y.ρ(y, x) := sup
y∈T

ρy =
(
s 7→ sup

y∈T
ρ(y, s)

)
∀y.ρ(y, x) := inf

y∈T
ρy =

(
s 7→ inf

y∈T
ρ(y, s)

)̂
where the sup is pointwise, but not the inf which is the lower semicontinuous envelope of the pointwise inf, so that
∃y.ρ(y, x) and∀y.ρ(y, x) are lsc functions onS, that is, (unary) predicates onS.

3 An abstract formulation

We want to replace the unit intervalI by a more abstract objectL.
We requireL to be a complete lattice together with an associative commutative multiplication(a, b) 7→ a · b which

satisfies

(D) a · sup
i

bi = sup
i

(a · bi)

This property is equivalent to the conjunction of the following two properties: (1) multiplication is Scott-continuous and
(2) a · (b ∨ c) = a · b ∨ a · c. The greatest element ofL is supposed to be the identity fir multiplication. We may now
define implication to be the residual

a → b = max{x | a · x ≤ b}

Note that the maximum exists, asa · sup{x | a · x ≤ b} = sup{ax | ax ≤ b} ≤ b.
We note that the followingdistributivity laws holds:

(AD) inf
i

(ai → b) = (sup
i

ai) → b, sup
i

(a → bi) = a → (sup
i

bi)

We further requireL to be accompanied by another complete latticeL◦ with a dually Scott-continuous associative
commutative multiplication and an order anti-isomorphisma 7→ ¬a : L → L◦. The inverse order anti-isomorhism from
L◦ to L is also denoted by¬. It is essential that negation is not a homomorphism for multiplication. The operationor on
L can be defined by

a or b := ¬(¬a · ¬b)

This operation is Scott-continuous, as multiplication onL◦ was required to be dually Scott-continuous and as negation
was an order anti-isomorphism. The operationor is associative and commutative as a consequence of the same properties
of the multiplication onL◦.

The entity(L,L◦,¬) is called avalue domain.
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In the exampleL = I, we takeL◦ = I with the usual order and multiplication and¬p = 1− p.
We now considerL-valued predicates on a spaceS. For this we equip the complete latticeL with its Scott topology

and we callL-valued predicateon S every functionρ : S → L which is continuous with respect to the Scott topology
on L; we denote byL(S, L) the set of theseL-valued predicates. With respect to the pointwise defined orderρ ≤ σ iff
ρ(x) ≤ σ(x) for all x ∈ S, L(S, L) is a complete lattice. The supremum of any familyρi in L(S, L) is formed pointwise,
i.e.,

(sup
i

ρi)(x) = sup
i

ρi(x) for all x ∈ S

We may define multiplication forL-valued predicates pointwise by

(ρ · σ)(x) = ρ(x) · σ(x)

As multiplication is defined pointwise and as multiplication onL satisfies (D), the same holds for the multiplication in
L(S, L). Thus we may define implication forL-valued predicates as the residual

ρ → σ = sup{χ ∈ L(S, L) | ρ · χ ≤ σ}

If f : S → L is any function, there is a greatest continuous functionf̂ dominated byf , namely the supremum of
all the continuous functions dominated byf ; we call f̂ thecontinuous lower envelopeof f . It can also be given in the
following way:

f̂(x) = sup
U∈Ux

inf
x∈U

f(x)

whereUx denotes any neighbourhood basis of the pointx ∈ S. In L(S, L), the infimum is given by the continuous lower
envelope of the pointwise infimum.

The dual of the latticeL(S, L) will be defined to be the latticeL◦(S, L◦) of functionρ◦ : S → L◦ which are contin-
uous with respect to the dual Scott topology onL◦. The multiplication onL◦(S, L◦) is defined pointwise. Negation for
ρ ∈ L(S, L) is easily defined pointwise by

(¬ρ)(x) = ¬ρ(x)

The map¬ρ : L → L◦ is dually Scott-continuous andρ 7→ ¬ρ is an order anti-isomorphim.
There are two ways to define the operationor onL-valued predicates: Firstly we may define

ρ or σ := ¬(¬ρ · ¬σ)

or we define it pointwise
(ρ or σ)(x) := ρ(x) or σ(x)

One can easily check that the two defintions agree.
For anL-valued predicate we may define quantification:

∃x.ρ := sup
x

ρ(x)

∀x.ρ(x) := inf
x

ρ(x)

Thus,ρ 7→ ∃x.ρ mapsL-valued predicates to elements inL. This map preserves arbitrary suprema and, hence, is Scott-
continuous.

We observe thatL(S, L) together withL◦(S, L◦) and the negation¬ defined above form again a value domain.
We may continue this procedure and considerL(S, L)-valued predicates on a spaceT and form the complete lattice
L(T,L(S, L)) of these predicates, etc.

Going back to our situation in section 1 withL = I = L◦, the probabilistic predicates onS, i.e., the lsc functions
β : S → I are just those which are continuous with respect to the Scott topology onI, and those that are continuous with
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respect to the dual Scott topology onI are the usc ones. ThusL◦S := L◦(S, I) is the set of usc functions fromS into
I. Negationβ 7→ ¬β = 1 − β is an order anti-isomorphism between lsc and usc functions. AsLS together withL◦S
and negation between them form a value domain again we may formLS-valued predicates on any spaceT . They offer
an alternative approach to probabilistic relations fromT to S as we will see. We take an abstract approach first.

4 Relations and predicates

Through this section letS andT be topological spaces andL together withL◦ and a negation a value domain.
We considerL-valued relations betweenT andS to be functionsρ from the product spaceT × S to L which are

continuous with respect to the Scott topology onL. That is,L-valued relations betweenT andS are simplyL-valued
predicates onT × S. The logical operations for relations are defined as for predicates. In addition we may define
quantification∃y.ρ by

∃y.ρ := sup
y

ρy

∀y.ρ := sup
y

ρy

whereρy := (x 7→ ρ(y, x) ∈ L(S, L). The sup and inf are to be taken with resepct to the complete latticeL(S, L). Thus
existential quantification∃y mapsL-valued relations betweenT andS to L-valued predicates onS; and this map from
relations to predicates preserves arbitrary suprema and, hence, is Scott-continuous .

An alternative approach to anL-valued relations betweenT andS is that ofL(S, L)-valued predicates onT .
Recall that, at the level of sets, we have a canonical bijection betweenLT×S andLST

, whereAB denotes the set of
all functions fromB to A. To a functionF : T × S → L we associate the functioncurry(F ) : T → LS defined by

curry(F )(y)(x) = F (y, x) for all y ∈ T, x ∈ S

In general, this bijectioncurry does not restrict to a bijection betweenL(T × T,L andL(T,L(S, L)), i.e., L-valued
relations betweenT andS andL(S, L)-valued predicates onT . We have to impose stronger hypotheses.

Recall that a spaceT is calledcore compactT , if its open subsets form a continuous lattice (see e.g. [3, ]). We will
use the following fact:

Lemma 4.1. The direct product of two core compact spaces is core compact.

¿From [3, II-4.6] we use the following fact:

Proposition 4.2. If S is a core compact space andL an continuous lattice, then the latticeL(S, L) of L-valued predicates
is continuous.

¿From [3, II-4.10] we finally get that we may identifyL-valued binary relations betwenT andS andL(T,L(S, T ))-
valued predicates:

Theorem 4.3. If S and T are core compact spaces and ifL is a continuous lattice, thenL(S, L), L(T,L(S, L)) and
L(T × S, L) are continuous lattices and the bijectioncurry on the set level restricts to an order isomorphism between
L(T × S, L) andL(T,L(S, L)).

As L◦ is order anti-isomorphic toL, it is dually continuous andL◦(S, L◦), L◦(T,L◦(S, L◦)) andL◦(T × T,L◦) are
dually continuous lattices andcurry restricts to an order isomorphism betweenL◦(T × S, L◦) andL◦(T,L◦(S, L◦)).

Proposition 4.4. The mapcurry preserves all of the logical operations.
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The verification is straightforward. As an example let us show thatcurry preserves products. Indeed for ally
and all x we havecurry(ρ · σ)(y)(x) = (ρ · σ)(y, x) = ρ(y, x) · σ(y, x) = curry(ρ)(y)(x) · curry(σ)(y)(x) =
(curry(ρ)(y) ·curry(σ)(y))(x). As this holds for allx, we conclude thatcurry(ρ ·σ)(y) = curry(ρ)(y) ·curry(σ)(y) =
(curry(ρ) · curry(σ))(y). As this holds for ally, we conclude thatcurry(ρ · σ) = curry(ρ) · curry(σ).

Altogether we have shown in this section that the logic of binary probabilistic relations on core compact spacesT and
S is the same as the logic ofLS-valued predicates onT . And the setting has been put up in such a way that this statement
extends to n-ary probabilistic relations inductively.

5 Relational algebra

In this section,R,S, T will be spaces and(L, L‘◦,¬) a value domain.
Over continuous spaces the equality relation is not feasable. Equality is not an observable property, it is not semide-

cidable. In our mathematical model this feature is expressed by the fact that the diagonal in the product spaceS × S is
not open, hence its characteristic function is not lsc.

Classically the relational product of two relationsρ betweenT andS andσ betweenS andR is expressed by:

(t, r) ∈ ρ ◦ σ ⇐⇒ ∃s.(t, s) ∈ ρ ∧ (s, r) ∈ σ

Translating this into probabilistic logic we obtain:
GivenL-valued relationsρ ∈ L(T × S, L) andσ ∈ L(S ×R,L), their relational product is defined by

(ρ ◦ σ)(s, r) = sup
s∈S

ρ(t, s) · σ(s, r)

The relational product satisfies the infinite distributivity laws

ρ ◦ (sup
i

σi) = sup
i

(ρ ◦ σi), (sup
i

ρi) ◦ σ = sup
i

(ρi ◦ σ)

and it is associative
ρ ◦ (σ ◦ τ) = (ρ ◦ σ) ◦ τ

For the proof one uses the infinite distributivity law and the associativity of the multiplication inL.
For a binaryL-valued relationρ on S, we may form its powersρ2 := ρ ◦ ρ, . . . ,ρn+1 := ρn ◦ ρ. The transitive hull

of ρ is given byρtrans := supn≥1 ρn. It satisfiesρtrans ◦ ρtrans = supn≥2 ρn.
it is not clear to me how to define transitivity in this context as we do not

have the identity relation.
EveryL-valued relationρ betweenT ansS has an obvious converseρ−1 defined byρ−1(s, t) = ρ(t, s) which is anL-

valued relation betweenS andT . A binaryL-valued relationρ onS is symmetric, ifρ = ρ−1. The symmetrisationρsymm

of such a relationρ, classically given by the statement(t, s) ∈ ρ∧(t, s) ∈ ρ−1 translates intoρsymm(t, s) = ρ(t, s)·ρ(s, t).
It is an obvious difference between Ying’s paper and ours that the identity

relation is not on open subset of the product space but a closed subset.
Indeed the identity is neither decidable not semidecidable. More generaly,
a continuous function from T to S is not an open relation. But what we can
observe is whether f(x) ∈ U for some open set U . Thus, instead of looking at
relations between T and S, we have to look for relations between T and OS.
How does this carry over to the probabilistic case? We have to look for lsc
functions ρ : T × OS → I which are valuations in the second coordinate.
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6 Constructions on probabilistic relations

Let S andT be two spaces andρ anL-valued probabilistic relation betweenT andS. We simply writeLS instead of
L(S, L), etc.

We define thedomainandrangeof ρ to be the probabilistic predicates onT andS, respectively, given by

(dom ρ)(t) := sup
s

ρ(t, s), (range ρ)(s) = sup
t

ρ(t, s)

Again these definitions are modelled on the nonprobabilistic ones

t ∈ dom ρ ⇐⇒ ∃s.(t, s) ∈ ρ, s ∈ range ρ ⇐⇒ ∃t.(t, s) ∈ ρ

Every Scott-continuous mapt : LS → LT will be called apredicate transformer.
Let us turn to theangelicanddemonic predicate transformers{ρ} and [ρ] associated with a relationρ. These will

transform predicates onS into predicates onT . Classically, for a postconditionβ onS, we have

t ∈ {ρ}(β) ⇐⇒ ∃s.(t, s) ∈ ρ ∧ s ∈ β

t ∈ [ρ](β) ⇐⇒ ∀s.(t, s) ∈ ρ → s ∈ β

(In other contexts, these are just the two ways to define the inverse image of of a subset under a relation.) Translating this
into probabilistic logic, we obtain

{ρ}(β)(t) := sup
s

ρ(t, s) · β(s), [ρ](β) :=
(
t 7→ inf

s∈S
(ρ(t, s) → β(s))

)̂
the predicate transformers are continuous and preserve ...??? Note thatρ(t, s) → β(s)

is not continuous ins. But this does not do any harm.
Claim:

{ρ ◦ σ} = {ρ} ◦ {σ}, [ρ ◦ σ] = [ρ] ◦ [σ]

The first of these equations is straightforward from the definitions. For the second one has to use the law(AD) which
holds in any value domain.

We have an obvious embedding ofL in LS by mapping everya ∈ L to the constant functionca with valuea. This
map preserves arbitrary suprema and multiplication. There is an adjointα 7→ α := max{a ∈ L | ca ≤ α}. An equivalent
definition isα = infs∈S α(s). The adjoint preserves arbitrary infima, but not suprema or multiplication, in general. There
are exceptions. IfS has a smallest element⊥, thenα = α(⊥) and consequentlysupi αi = supi αi(⊥) = supi αi.

For twoL-valued predicatesα andβ onS, theimplication strengthis defined to be

str(α → β) := α → β

One can also say thatstr(α → β) = max{a ∈ L | a · α ≤ β}. In particular,str(α → β) = 1 if and only if α ≤ β.
A predicate transformert : LS → LT will be calledmonotoneif α ≤ β =⇒ t(α) ≤ t(β) andstrongly monotoneif

str(α → β) ≤ str(t(α) → t(β)).

Lemma 6.1. Every strongly monotone predicate transformert is monotone. Ift is monotone and homogeneous, then it is
strongly monotone.

Proof. If α ≤ β thenstr(α → β) = 1; hence, ift is strongly monotone,str(α → β) ≤ str(t(α) → t(β)) implies
str(t(α) → t(β)) = 1, whencet(α) ≤ t(β). Thust is monotone. Conversely, Leta ≤ str(α → β). Thena · α ≤ β.
Using the monotonicity oft, we conclude thatt(a · α) ≤ t(β). Using the homogeneity oft, we obtaina · t(α) ≤ t(β),
whencea ≤ str(t(α) → t(β)). We conclude thatstr(α → β)) ≤ str(t(α) → t(β))
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Lemma 6.2. For anL-valued relationρ betweenT andS, the angelic update{ρ} is homogeneous.

Proof. Let α ∈ LS anda ∈ L. Thena · {ρ}(α)(t) = a · sups ρ(t, s) · α(s) = sups ρ(t, s) · a · α(s) = {ρ}(a · α). This
shows that the angelic update is homogeneous.

Lemma 6.3. (a) For anL-valued relationρ betweenT andS, the angelic and the demonic updates are strongly monotone.
(b) If (ti) is a family of strongly monotone predicate transformers, thensupi ti andinfi ti are also strongly monotone. (c)
The composition of strongly monotone predicated transformers is strongly monotone.

Proof. (a) For the angelic update this follows from the two previous lemmas. For the demonic update, considerα, β ∈ LS.
Let a ≤ str(α → β), i.e.,a ·α ≤ β. Asρs · (ρs → α(s)) ≤ α(s) by definition, we haveρs ·a · (ρs → α(s)) ≤ a ·α(s) ≤
β(s). Hencea · (ρs → α(s)) ≤ (ρs → β(s)) for all s. We conclude thata · [ρ](α) = a · infs(ρs → α(s)) = infs a · (ρs →
α(s)) ≤ infs(ρs → β(s)) = [ρ](β) and we finally havea · [ρ](α) ≤ [ρ](β), i.e.,a ≤ str([ρ](α) → [ρ](β)). As this holds
in particular fora = str(α → β), we have our desired result. The proof of (b) and (c) is straightforward.

Theorem 6.4. Suppose thatL is a continous lattice andS, T are core compact spaces. A predicate transformert : LS →
LT is strongly monotonic if and only if it has a decompositiont = [σ] ◦ {ρ} for the angelic update of some relationρ and
the demonic update of some relationσ.

Proof. By the previous lemma, the compositiont = [σ] ◦ {ρ} of the angelic update of some relationρ and the demonic
update of some relationσ is strongly monotonic. Let us prove the converse.

Given a strongly monotonict, define a relationρ betweenT andLS and a relationσ beweenLS andS by

ρ(y, α) := t(α)(y)

σ(α, x) = α(x)

Thus,σ is an evaluation map andρ is composed byt, which is continuous by hypothesis, and an evaluation map. Under
our hypotheses, the evaluation maps are continuous (see [3, II-4.5(iii) and II-4.6]. Thusρ andσ are continuous.

Let us make explicit the demonic update[σ] : LS → LLS: For α ∈ LS, [σ](α) is the continuous lower envelope of
the functionβ 7→ infx(σ(β, x) → α(x)) = infx(β(x) → α(x)) which isβ 7→ str(β → α).

Let us make explicit the angelic update of{ρ} : LLS → LT : ForA ∈ LLS, {ρ}(A) is a map fromT to L. For every
y ∈ T we have:{ρ}(A)(y) = supβ ρ(y, β) ·A(β) = supβ t(β)(y) ·A(β), whence{ρ}(A) = supβ t(β) ·A(β).

Altogether we obtain{ρ}([σ](α)) = supβ t(β) · str(β → α). Considering the special caseα = β we obtain
supβ t(β) · str(β → α) ≥< t(α) · str(α → α) = t(α) · 1 = t(α). Conversely, by our hypothesis of strong monotonicity,
str(β → α) ≤ str(t(β) → t(α)), whencesupβ t(β) · str(β → α) ≤ supβ t(β) · str(t(β) → t(α)) ≤ t(α) by the
definition ofstr(t(β) → t(α)). This proves that{ρ}([σ](α)) = t(β), whence{ρ} ◦ [σ] = t
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