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1 Introduction

In [19], Ying Mingsheng has proposed to reason about probabilistic sequential programs in a probabilistic logic. His
research was motivated by papers of He Jifeng, C. Morgan, A. Mclver, K. Seidel [5, 10, 11, 14] and others on probabilistic
nondeterministic programs and their semantics over discrete state spaces. R. Tix, G. Plotkin and K. Keimel [16, 18] have
extended this work to continuous state spaces. We now propose to investigate, whether Ying's ideas and methods fc
reasoning about these nondeterministic programs in a probilistic logic can be carried over from discrete to continuous stat
spaces. We begin by admitting arbitrary topological state spaces. For the stronger results we have to restrict ourselves
continuous domains (see [3]) which are amply used in semantics.

In our presentation we restrict the values of probabilistic predicates to the unit interval, whilst Ying admitted nonnega-
tive real values in general. This restriction is well motivated and the theory becomes smoother. Instead of the unit interval,
we then admit more general quantaleas value domains for probabilistic predicates. This is motivated by the fact that
our interval valued probabilistic predicates in a space form again a value quantale and that binary probabilistic relations
betweenS andT' can alternatively been viewed as unary probabilistic predicatéswaith values in the quantale of unary
predicates off’. This is a probabilistic generalisation of the fact that binary (Boolean) relations can alternatively be seen
as subsets of the direct produttx 1" or as set-valued functions frofwith values in the powerset af.

We are able transfer the results of the first four sections of Ying’s paper to this topological situation, in particular, we
can prove Theorem 12 on the decomposition of strongly monotonic predicate transformers to continuous state spaces.

As a conclusion we are confident, that probabilistic logic as considered by Ying can be generalised fully to the setting
of continuous state spaces.

2 Probabilistic predicates on spaces

We replace the truth valug$), 1} of classical logic by the elements of the real intefvak [0, 1] for probabilistic logic.
Our basic operations dnare multiplicatiornp - ¢, negation-p := 1 — p and the formation of supremsap; p; for arbitrary
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families (p;). They obey the infinite distributivity law
(D) P supg; = sup(p - ¢;)

whilst p — —p converts supprema to infima and vice versa.
We use multiplication
(p,g) —p-q
for interpreting conjunction and the residual

(p,q)—p—qg:=sup{fzel|p =z <q}

for interpreting implication. One may write
p—q= min(g7 1)
p

if one uses the conventich= 1 for all ¢ € I. We use
p—p=1—p

and
(pg) > porqi=p+q—p-qg=-(-p-—q
for interpreting negation and disjunction, respectively.

Let S be a topological space (e.g., a dcpo with the Scott topologyrohabilistic predicate orb' is defined to be an
arbitrary Isc (= lower semicontinuous) functigh S — 1. We denote bylS the set of all these probabilistic predicates
ons.

Note thatl S is stable for pointwise formed products , i.e., for3 € LS, the mapa - 5 defined by(a - 5)(s) =
a(s) - 5(s) belongs again t&.S. With respect to the order defined pointwisee—< g iff a(s) < g(s) forall s € S —
LS is a complete lattice. Suprema are formed pointwise, i.e., for any faily in LS, (sup, 5;)(z) := sup; 5;(x) for
all x € S is lower semicontinuous, hence a membe£6f. Similary, finite infima are formed pointwise. Because of the
pointwise definition of the operations the infinite distributivity law (D) also holds th

Thus we may define probabilistic conjunction for two probabilistic predicates by

a- 0

and the implication by
a— f=sup{x € LS |a-x < (}
Disjunction is defined by
aorfB=a+p0F—a- -

Note thatw - 5 is in fact Isc: indeed, as andj are Isc,1 — o and1 — 8 and hence their produ¢t — «)(1 — ) are usc,
whencen + 3 —a-f=1-(1—-a)-(1— Q) islscagain.

But LS is not stable for pointwise infima of infinite families. Also,dfis Isc, then—a := 1 — « is usc but not Isc,
hence not a member @fS except in the case wheteis also usc.

But notice that every functiofi: S — I dominates a greatest Isc functign S — I, namely the pointwise supremum

of all Isc functionsa below f. We callfthelsc envelopef f. We now may describe the infimum of a family in LS
to be the lower semicontinuous envelope of the pointwise infimum

inf o = (5 — inf ay(s))

anda — 3 to be the Isc envelope @ﬁin(%, 1).



Existential quantification for a probabilistic predicatés defined by

Jzr.ax) := sup a(x)
z€eS
. Thus3z can be seen as a map frobd — 1 which preserves arbitrary suprema. Dually, universal quantification is
defined by

Ve.o(z) == ;relga(x)

Let S andT be topological spaces. fbinary) probabilistic relationbetweenT” and S is simply a probabilistic
predicate on the product spaex S, that is, an Isc functiop: 7' x S — I. For such relations we may define the
propositional operators as before and we may define quantification with respect to each of the two variables. For this, le
py: S — I denote the probabilistic predicate— p(y, s), and we define

Jy.p(y, ) = sup py = (s — sup p(y, s))
yeT yeT

Vy.ply, ) := inf p, = (s inf p(y, s)J

where the sup is pointwise, but not the inf which is the lower semicontinuous envelope of the pointwise inf, so that
Jy.p(y, z) andVy.p(y, z) are Isc functions oy, that is, (unary) predicates ¢h

3 An abstract formulation

We want to replace the unit interviaby a more abstract objeét
We requireL to be a complete lattice together with an associative commutative multiplication — « - b which
satisfies

D) a-supb; = sup(a - b;)

This property is equivalent to the conjunction of the following two properties: (1) multiplication is Scott-continuous and
(2)a-(bVe)=a-bVa-c The greatest element éf is supposed to be the identity fir multiplication. We may now
define implication to be the residual

a—b=max{z|a -z <b}

Note that the maximum exists, as sup{z | a - ¢ < b} = sup{az | ax < b} < b.
We note that the followinglistributivity laws holds:

(AD) irilf(ai —b) = (supa;) — b, sup(a—b;) =a — (supb;)
3 2 7
We further requirel, to be accompanied by another complete latficewith a dually Scott-continuous associative
commutative multiplication and an order anti-isomorphism —a: L — L°. The inverse order anti-isomorhism from
L° to L is also denoted by. It is essential that negation is not a homomorphism for multiplication. The operatmm
L can be defined by
aorb:=—(—a-—b)

This operation is Scott-continuous, as multiplicationighwas required to be dually Scott-continuous and as negation
was an order anti-isomorphism. The operateis associative and commutative as a consequence of the same properties
of the multiplication onL°.

The entity(L, L°, —) is called avalue domain



In the exampld. = I, we takeL® = I with the usual order and multiplication angh = 1 — p.

We now consider.-valued predicates on a spage For this we equip the complete lattiégewith its Scott topology
and we callL-valued predicate®n S every functionp: S — L which is continuous with respect to the Scott topology
on L; we denote byl (S, L) the set of thesé-valued predicates. With respect to the pointwise defined grdero iff
plx) <o(x)forallz € S, L(S, L) is a complete lattice. The supremum of any familyn £(S, L) is formed pointwise,
ie.,

(sup p;)(x) =sup p;(x) forallz € S

We may define multiplication foE-valued predicates pointwise by

(p-0)(x) = p(z) - ()

As multiplication is defined pointwise and as multiplication brsatisfies (D), the same holds for the multiplication in
L(S, L). Thus we may define implication fdi-valued predicates as the residual

p—o=sup{x € L(S,L)|p-x <o}

If f: S — L is any function, there is a greatest continuous funcfioctominated byf, namely the supremum of
all the continuous functions dominated fywe call f/ the continuous lower envelopaf f. It can also be given in the
following way:

flz) = sup inf f(z

fla)= sup inf f(a)
wherell, denotes any neighbourhood basis of the popiat S. In L(S, L), the infimum is given by the continuous lower
envelope of the pointwise infimum.

The dual of the latticé. (.S, L) will be defined to be the lattice°(S, L°) of functionp®: S — L° which are contin-
uous with respect to the dual Scott topologygh The multiplication onl°(S, L°) is defined pointwise. Negation for
p € L(S, L) is easily defined pointwise by

(—p)(z) = —p(z)
The map-p: L — L° is dually Scott-continuous ang— —p is an order anti-isomorphim.

There are two ways to define the operatipron L-valued predicates: Firstly we may define

poro:=-(-p--0)

or we define it pointwise
(poro)(z) = p(x) or o(x)
One can easily check that the two defintions agree.
For anL-valued predicate we may define quantification:

Jz.p := sup p(x)

Va.p(z) = ir;f,o(m)

Thus,p — 3z.p mapsL-valued predicates to elementsiin This map preserves arbitrary suprema and, hence, is Scott-
continuous.

We observe that (S, L) together withL°(S, L°) and the negation- defined above form again a value domain.
We may continue this procedure and consi@és, L)-valued predicates on a spageand form the complete lattice
L(T,L(S, L)) of these predicates, etc.

Going back to our situation in section 1 with= T = L°, the probabilistic predicates a#) i.e., the Isc functions
B: S — T are just those which are continuous with respect to the Scott topolofjyamul those that are continuous with



respect to the dual Scott topology brare the usc ones. Thus’S := L£°(S,1) is the set of usc functions frorfi into
I. Negationg — -8 = 1 — 3 is an order anti-isomorphism between Isc and usc functionsl #sogether withl°S
and negation between them form a value domain again we may4dimalued predicates on any spdte They offer
an alternative approach to probabilistic relations ffbrto S as we will see. We take an abstract approach first.

4 Relations and predicates

Through this section le§ andT" be topological spaces addtogether withZ° and a negation a value domain.

We considerL-valued relations betwe€h and S to be functionsy from the product spac& x S to L which are
continuous with respect to the Scott topology bnThat is, L-valued relations betwe€r and S are simplyL-valued
predicates ori” x S. The logical operations for relations are defined as for predicates. In addition we may define
quantificatiordy.p by

Jy.p = Sl;p Py

Vy.p := sup py
Y

wherep, := (x — p(y,x) € L(S5, L). The sup and inf are to be taken with resepct to the complete |4tfiseL). Thus
existential quantificatioly mapsL-valued relations betweeh and S to L-valued predicates of; and this map from
relations to predicates preserves arbitrary suprema and, hence, is Scott-continuous .

An alternative approach to dirvalued relations betweeh and.S is that ofL (S, L)-valued predicates df.

Recall that, at the level of sets, we have a canonical bijection betwé&gn andLS", whereAZ denotes the set of
all functions fromB to A. To a functionF': T x S — L we associate the functiamrry(F): T — L° defined by

curry(F)(y)(x) = F(y,z)forally e T,z € S

In general, this bijectiorurry does not restrict to a bijection betweédT x T, L andL(T, L(S, L)), i.e., L-valued
relations betweeff’ and.S andL (S, L)-valued predicates dfi. We have to impose stronger hypotheses.

Recall that a spacg is calledcore compacfl’, if its open subsets form a continuous lattice (see e.g. [3,]). We will
use the following fact:

Lemma 4.1. The direct product of two core compact spaces is core compact.
¢From [3, 11-4.6] we use the following fact:

Proposition 4.2. If S is a core compact space atidan continuous lattice, then the latti€g S, L) of L-valued predicates
is continuous.

¢From [3, 11-4.10] we finally get that we may identifyvalued binary relations betwefiandS andL (T, L(S,T))-
valued predicates:

Theorem 4.3. If S andT are core compact spaces andlifis a continuous lattice, thef (S, L), L(T,£L(S, L)) and
L(T x S, L) are continuous lattices and the bijectionrry on the set level restricts to an order isomorphism between
L(T x S,L)yandL(T,L(S,L)).

As L° is order anti-isomorphic td, it is dually continuous anél° (.S, L°), L°(T,L°(S, L°)) andL°(T x T, L°) are
dually continuous lattices andirry restricts to an order isomorphism betwe&h(T" x S, L°) andL°(T, L°(S, L°)).

Proposition 4.4. The mapeurry preserves all of the logical operations.



The verification is straightforward. As an example let us show thaty preserves products. Indeed for gll
and allz we havecurry(p - 0)(y)(x) = (p- 0)(y,2) = ply,z) - o(y,x) = curry(p)(y)(z) - curry(o)(y)(x) =
(curry(p)(y) - curry(o)(y))(z). As this holds for alk:, we conclude thaturry(p-o)(y) = curry(p)(y) - curry(o)(y) =
(curry(p) - curry(o))(y). As this holds for ally, we conclude thaturry(p - o) = curry(p) - curry(o).

Altogether we have shown in this section that the logic of binary probabilistic relations on core compact/spades
S is the same as the logic 6fS-valued predicates ofi. And the setting has been put up in such a way that this statement
extends to n-ary probabilistic relations inductively.

5 Relational algebra

In this sectionR, S, T will be spaces andL, Lo, —) a value domain.

Over continuous spaces the equality relation is not feasable. Equality is not an observable property, it is not semide:
cidable. In our mathematical model this feature is expressed by the fact that the diagonal in the produgtspaise
not open, hence its characteristic function is not Isc.

Classically the relational product of two relatiombetweerl” and.S ando betweenS andR is expressed by:

(t,r) € poo < Fs.(t,s) EpA(s,r) €0

Translating this into probabilistic logic we obtain:
Given L-valued relationg € L(T x S, L) ando € L(S x R, L), their relational product is defined by

(poo)(s,r) =supp(t,s)-o(s,r)
s€S

The relational product satisfies the infinite distributivity laws
po(supo;) =sup(poo;), (supp;)oo =sup(p;oo)

and it is associative
po(oor)=(poa)or

For the proof one uses the infinite distributivity law and the associativity of the multiplicatién in

For a binaryL-valued relatiorp on S, we may form its powerg? := po p, ...,p" ! := p” o p. The transitive hull
of p is given byp!™e"s := sup,,~, p". It satisfiesp!" "¢ o p'4"s = sup, -, p".

it is not clear to me how to define transitivity in this context as we do not
have the identity relation.

Every L-valued relatiorp betweeril” ansS has an obvious converge* defined byp=1(s,t) = p(¢, s) which is anL-
valued relation betweesi andT'. A binary L-valued relatiorp on S is symmetric, ifp = p~!. The symmetrisatiop®¥™™
of such arelatiop, classically given by the statemeitts) € pA(t, s) € p~! translates int*v™™(t, s) = p(t, s)-p(s, t).

It is an obvious difference between Ying's paper and ours that the identity
relation is not on open subset of the product space but a closed subset.

Indeed the identity is neither decidable not semidecidable. More generaly,

a continuous function from T to S is not an open relation. But what we can
observe is whether fx) € U for some open set U. Thus, instead of looking at
relations between T and S, we have to look for relations between T and 0OS.

How does this carry over to the probabilistic case? We have to look for Isc
functions p: T x O0S — 1 which are valuations in the second coordinate.



6 Constructions on probabilistic relations

Let S andT be two spaces andan L-valued probabilistic relation betwedhandS. We simply writeL S instead of
L(S, L), etc.
We define thelomainandrangeof p to be the probabilistic predicates @hand.S, respectively, given by

(dom p)(t) := supp(t, s), (rangep)(s) = sup p(t,s)
Again these definitions are modelled on the nonprobabilistic ones
tedomp < 3Is.(t,s) €Ep, s€Erangep < It.(t,s) €Ep

Every Scott-continuous map LS — LT will be called apredicate transformer
Let us turn to theangelicanddemonic predicate transformefs} and [p] associated with a relation These will
transform predicates afi into predicates off’. Classically, for a postconditiofi on.S, we have

te{p}(B) < Is.(t,s) epAsef

tepl(f) < Vs.(t,s) eEp—seP

(In other contexts, these are just the two ways to define the inverse image of of a subset under a relation.) Translating thi
into probabilistic logic, we obtain

{p}(B)(t) := Slipp(tys) B(s), [p)(B) := (t — inf(p(t, s) — B(s)))

ses
the predicate transformers are continuous and preserve ...??7? Note thatp(t, s) — ((s)
is not continuous is. But this does not do any harm.
Claim:

{poa}={ptofo}, Ilpoo]l=Iploo]

The first of these equations is straightforward from the definitions. For the second one has to use(th® Jamhich
holds in any value domain.

We have an obvious embedding bfin LS by mapping every: € L to the constant function, with valuea. This
map preserves arbitrary suprema and multiplication. There is an adjeinty := max{a € L | ¢, < a}. An equivalent
definition isae = infcs a(s). The adjoint preserves arbitrary infima, but not suprema or multiplication, in general. There
are exceptions. I§ has a smallest element, thena = a(_L) and consequentlyup, a; = sup; a; (L) = sup; o;.

For two L-valued predicates and/ on .S, theimplication strengtlis defined to be

str(a — B)i=a—

One can also say thatr(a — ) = max{a € L | a- o < 8}. In particular,str(a — ) = 1ifand only ifa < 3.
A predicate transformer. LS — LT will be calledmonotondf o < § = t(«) < t(8) andstrongly monotond
str(a — B) < str(t(a) — t(8)).

Lemma 6.1. Every strongly monotone predicate transformé& monotone. If is monotone and homogeneous, then it is
strongly monotone.

Proof. If a < g thenstr(a — () = 1; hence, ift is strongly monotonestr(a — §) < str(t(a) — t(3)) implies
str(t(a) — t(B8)) = 1, whencet(«) < ¢(3). Thust is monotone. Conversely, Let< str(a — ). Thena - a < .
Using the monotonicity of, we conclude that(a - «) < ¢(3). Using the homogeneity df we obtaina - t(«) < t(8),
whencen < str(t(a) — t(5)). We conclude thattr(a — 3)) < str(t(a) — t(8)) O



Lemma 6.2. For an L-valued relationp betweerl” and S, the angelic updatép} is homogeneous.

Proof. Leta € LS anda € L. Thena - {p}(a)(t) = a - sup, p(t, s) - a(s) = sup, p(t, s) - a - a(s) = {p}(a - «). This
shows that the angelic update is homogeneous. O

Lemma 6.3. (a) For an L-valued relatiorp betweerf” and.S, the angelic and the demonic updates are strongly monotone.
(b) If (¢;) is a family of strongly monotone predicate transformers, they ¢; andinf; ¢; are also strongly monotone. (c)
The composition of strongly monotone predicated transformers is strongly monotone.

Proof. (a) For the angelic update this follows from the two previous lemmas. For the demonic update, considet S.
Leta < str(a — (),i.e.,a-a < 8. Asps-(ps — a(s)) < a(s) by definition, we have; -a- (ps — a(s)) < a-a(s) <
B(s). Hencea- (ps — a(s)) < (ps — B(s)) for all s. We conclude thai - [p](a) = a-infs(ps — a(s)) = infsa-(ps —
a(s)) <infgs(ps — B(s)) = [p](B) and we finally have: - [p](a) < [p](B), i.e.,a < str([p](a) — [p](B)). As this holds
in particular fora = str(a — ), we have our desired result. The proof of (b) and (c) is straightforward. O

Theorem 6.4. Suppose thak is a continous lattice and, T" are core compact spaces. A predicate transformet S —
LT is strongly monotonic if and only if it has a decompositioa [o] o {p} for the angelic update of some relatiprand
the demonic update of some relation

Proof. By the previous lemma, the compositior= [o] o {p} of the angelic update of some relatiprand the demonic
update of some relatiam is strongly monotonic. Let us prove the converse.
Given a strongly monotonit define a relatiop betweeril” andL S and a relatior beweenl S andS by

ply, @) == t()(y)
ola,z) = ax)

Thus,o is an evaluation map andis composed by, which is continuous by hypothesis, and an evaluation map. Under
our hypotheses, the evaluation maps are continuous (see [3, 11-4.5(iii) and 11-4.6]p Bimals are continuous.

Let us make explicit the demonic upddtgd: LS — LLS: Fora € LS, [0](«) is the continuous lower envelope of
the functiong — inf,(0(8, z) — a(x)) = inf,(8(z) — a(z)) whichis3 — str(8 — ).

Let us make explicit the angelic update{ef} : LLS — LT: ForA € LLS, {p}(A) is amap fronil" to L. For every
y € T we have:{p}(A)(y) = sup, p(y. ) - A(B) = sup, t(5)(y) - A(5), whence{p}(4) = sup t(5) - A(5).

Altogether we obtain{p}([o](a)) = supzt(3) - str(8 — «). Considering the special case = [ we obtain
supg t(8) - str(f — a) >< t(a) - str(a — a) = t(a) -1 = t(a). Conversely, by our hypothesis of strong monotonicity,
str(B — a) < str(t(B) — t(a)), whencesupg t(8) - str(f — a) < supg t(8) - str(t(8) — t(a)) < t(a) by the
definition of str(t(8) — t(«)). This proves thafp}([o](a)) = t(5), whence{p} o [o] = ¢ O
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