- Dear Jimmie:

Many thanks for your Tuesday omservatloau. There iz z really
4 interesting example of a CT-Objec Ho wonder that it was =0 hard
i To pxmmfs prove the elusive Tn_:OREN 11 on GENWERATION. What remsins
vois (4)<—>(2)<—>(3)<—>(4) =>(5)<=>(5') <=>{6); your example shaws
4 the Taliure of the mimsing implicatiow. :

: In some further efforts te clear up the various steps dnvolved im
4 my 111 Tafed proofs, I made some observations uhick rmay be uzsful.

é iet T be-a CL -o'bject and 1L C-T a complete :.m——:‘m‘b==t=_-m:'L.La.,1:q ce
‘.i of T, l.e. X CTL implies inf X € L. (Thus L is & complete lattice

i in its own -right: ) ‘Then the “f‘ollowing statements are equivalenty
oy xQTaLie SO 'f

.

; (2):: 11m xj with an up—directed net x,j

(3)  x =_sup D wibh an up-_direct_ed set D C1¥ .

inL ..

'(4)-- ’x_; sup 7 ‘with JE€TId L. e
ey e Lt T
(B) TTx =7 sup ((Jx) A L), . (‘],x) smallest 1aea1 of & with

._‘Qu;v. it b Ll X as. sup._...k o - -

il iﬁ}}xxxiu}: Moreover, (“x)on L €1I1d L.

i _ Proof ixiﬂ__ ‘We agree on (1)<—>(2)<—>(3) Note that for any up-
' directed set DC L We have JD n L c 14 1_‘. » whence (?)<—>(’+)

(4) _>(5). Let x=supJ,Je1dL.Then I_JQIdTwith
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X = sup JJ ,_whence - (J_x)o (JrJ)O = ‘l_J by ATLAS, whence

| P e Yy

(‘!,x)on L- CJ}NOW let a <<Lx s B EA(t) Find any u/ﬁi'{h

a <<u<<x_. By (4)@th&m is 34 R &Ic.v.uth u((@(x .

&IMMW B By {1)<=>...(4) we know that
¢ L-is a CL -object. /"%%,(Lujc L , then the:re is a k&L
41(&

i with a << k < u. From k £ J we conelude k & I S*lnue a & A(g‘)

we: have é = inf fu: a << _u} . Henee a = inf k : =a <<.Zk VC; J}.

Thus a € L since L is im-comp.Lete Thus a2 € J because of a < J .

Thus Lx) n A(L) ;C_J si.e. (xl_rx)or\A(f,) C (,]r}:)sn J . Bub

Loy -;.Asupi(-(}x))'"h A(E}) I v}hénce X = sup[({‘l_x)o".ﬁzf) = -s;uzz_((}x)anL‘.
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Fow let a,b g- (,;x}on J . Then avib << x and for any
fu with s vfb L u<x there is a § €3 with wX § < x; agaia for
‘a2 k ©J with - av,b <<k <u and observe k C (_J}') NJ. This showy
f:haf: ‘l ) N J is up-darected, Recall that (l;r} NL €7, whence

C(x)end = (Jx),AL . Shece B wp- clmactdl gedPun & L ~offoct we biwe
(Jg) f> 4) ﬁ'ﬁfiﬂ}iﬁg Sup Pa by 5, W concliols supr Aixlgm b = = Supn (), T
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0f course, the vnly new iuformmtion T get figwrthms Iz the
following Proposition: '

PROPOSITION, Let T €LlLand let Lc7Thea complete inf-subeen:-
lattice. Then

(a} xe L _1ff. X = sup((Jx)onL)

(b) sup : Ia L > T is lert adjoint to xj——> (4x) ni
(hence preserves nrhlbrary EER infs). It also Preserves

| sups of up—dlrected‘sets.( " sup is algebraically
"cantinuous") ' '

Pf;5£mmia) was jﬁst shown. (b) We saw (4x) NL e Id L for T & L.
‘For T e Id L and "t € T we clearly have sup J > t. iff

d(it) NL. This shows -thét sup is left adjoint %m as asserted.-
By ATLAS 1t then preserves. arbitrary infz. Since sups of

up—directed collections in Id L are just set theoretical unions,
the rest is clear.ﬂ

- Conseguence:. If 1 DY happenstance, L is a'continuoué 1étt1ce,

‘then sup 15 a CL -morphism.r

:.Lgpmygugpﬁgrn_pg_PRIME“T'fG?‘a moment. lLet T €L , L = {xe T:
—“inf(TthRIME T)3. For a,b e L we note a < b AfT 4b N PRIE 7
< {a N FRIME T. -Since aVib = inf {c e L: a,b < ¢ we note

& Lb inf(fa n To n FRIME T) = inf T(a\fb) N PRIME T) = a\ab ?

-provided that PRIME T order generates T ,Which is the ‘cage ifr :

- {and trivially,ifr I=1)
L is distributlvqt On the other hand, if L is a sublattice of L,

then sup:Id L —- T, is a lattice morphism, since sup(IY J)

.sup {iVLJ. iEI,jeJ}_supLIVsup-J supl\/ sup J
(I, J being up-directed). But then, since 1, ig dlstributive,
=nxixx¥d whence Id. L is distributive, also T is distributive.
Thus {for what 1t is worth) _
PROPOSITION. Let Te CL , L = {xe? x-inf(fx n PRINE 7) }. Then
the following statements are egqulvalent:

(1) T is aistributive. '

{(2) L is a sublattice of L.

(3) supT 213 L -~ T is a lattice’ morphism,
(#) I is closed.

Your examples shows that (1)=(4) are ho+ automatic. I also
observe that in your exanple  Irr = IRR = $iox PBRIME whicn

shows that i+ would not suffice for distributivity to have

PRIME order generating,




