Iattlcemtheoretloians rather talk about lattlces than

sl — ”semilattlces topologlcal algebraists,kin view'of_the
RO | BN . "betseen § and Z . i
e DUALIT?ZratheP think in terms of semllattlces. How 1s the -,

passage from S +to L handled in terms of DHALITY.

;1}1;DEEINITION. An algebraic lettice or a z —ob;ect iz T
. .". . . B . S ‘_"_"—‘—‘-"“—-“-_-"——-l. N ..
| P is called grithmetic 1f Kﬁ K(T} C.K(T)(i.e. if K(T)

iz a sublattice of T). A g—morpﬁismr T:P—=35T' is called

arithmetic Aff its left ad301nt g:P'——>T (ATLAS CEapter

;”fﬂ::, Y‘J' I) is a morphlﬁlof 1attices (1.e. preserves finite infs).f
ﬁxmxgxxﬁinxmxsxxﬁmmmxgx ‘Let Z; be the class of all |
olres :

arithmetic Z —obaecgs together with the salis of all

'arithmetie'%”i'z4mcrphisms.ﬂ




g(t) =ﬁj sup Eh(fwt_n K(‘_

fo& m,#sa "’"-- :

ms&ée uhe “DuaLITY.

‘We" -':-are rea y :f‘or -the answer h%w latta.ce are to be]handled

-1, 3 PROPOSITION. {BK -1. ?) The duality be‘tween S ‘and 2

“induces a dualrty between L and ZL

Proof._ Let S e §7Ena” T 8 be 1ts” dual’in Z . Then

_-'E L if:f‘ T s ZL ',"_é'{{ée s ﬁ(K(T);v)and K(T) c—--> T pre-

serves existing i‘lm.te 1nfs( cons.lder @k&(i’)h < kh

sup ‘L"":QL'T_K(T) ! ) Let g s'———->é

ORI e-n. with adjolnt g.
be :|.n 5 ancl f“f[‘-——>T'1tsm due.l/. Then "

(i) qJEL (11) er
(1)<_> K(f){xy) = K(f) (x)K(/y) for x,y K(T') (by HIVIS

‘DUALITY—) <= g{xy) = g(};.)g(y) for z,y E_‘jK(T'._J (by 1.2)

<=>f & ZL {by defini'tion).[]

| Dual:r.'ty gives an ideal ‘cool 'to work Wl'bh congruences

1n S—obgects .Let us consider Se€S and Te Z its Qual.
ZE Every congruence 1 = Cong(S) gives an S—eplc S->>.:>/rl

Whose dual iz is a Z-—monlc (S/]\) >>-—--—> S {HMS) which .
We describe as a subob:;ect T{/'[] < T. COnversely, if T cT

"is a subob;ject y its inclusion map glves a dual map
s—_»T[‘L]’\ |

whose kernel congruence we denote with S[T']




.TLLet Sub T the set of(closed') subobjects of T..

| ‘blaectively onto Sﬂp Sub T 5 the semilat ic“

and TN A
=N

' MoreoVer, If S € L s then the 18«.TJ

st e i e

1 Gh——> T for whlch the incluslon”isna Z —morphlsm. o

Tl suraectiv%,and consquen@tly is the image underu_hE,

| demes TEN AT = TEINAD.

 The remainder is clear from 1. 3 B

'__fhyperspace topology is

_________ et 2

/ ‘_'Proof. By DUALITY it 1s clear that M——> T{R ]

“¥rx Al——> S[A] are inverse of each other.ALet ép,jte Cong !
' ZWe cons@?er the dual dlagrams ( X —}i in S and T )

M % Tp 1 <Ly )

canonical map TEP] X T[A] ————=>T given by the co—

- product pronerty,whlch is pre01sely the map (a b)|-——>ab.

_“”“___f ,
.-wa we remember from the FLFMFNTS { o compact xxmxgxmu.

“-semigroups by hofmos, Chapter A) that for ‘each topolo—

glual compact semigroup [monold] G “the hyperspace
[monoid]
C(S) of compact subsets is a compact semigroup urnder
B
(4,B) |

> AB, and if S is abelian, then Sub(S) is

5__ a compact subsemigroup. But every topologisb knows that

'the ﬁ%erspace of a” compact O—dimen31onal space is

C L

'compact zaro dlmen81onal. Consequence For T & Z

;7;'we have EﬁhXﬁXXXK Sub(m) € Z . This means that the”

‘the unigue £ —object topﬁ:lbgy.'



1. 5. LFMMA / SubL{T) is” closed in Sub(T} hence w7

o S EE e is 3 in partioular & Z—ob;ect.s
P S | A WU L L U I unlque e
CEL Proof. By Numakura's theorem, theAuniform structure of

With A c R(B) and Bc R(A) Now let A e SubL(T)_.,.'..
. Tioln) m) EA K(Ac__m? | ‘

"fi’_R(gB(k))c 1‘1: s and 'ﬂ:y (1) there isanae R(gB(k))ﬂA,

i "_‘fh'then k<a whence gA(k) < a R gB(k). By symmetry we have
T a b e B wrl:h gB(k) < b R gA(k) We conclude gA(k) R gB(k)

-'_:—gB'(k)gB(h') R gﬂckagﬁih),

B | ' -—’copologles‘are uniq_ue,

- We have ‘shown the following result
“wtee oo b 1.6 THEOREM . Let S'€ S [resp. Se L 1. --ana-iet T e % [resp.
= Te .Z_ij its dual. Then uO}"lg(S)f CongL(S) ] are algebralc :

A | ~ lattices and if equipped with the unique Z—topology, _
| . then the map m——-> T[ A ]Mmmxmﬂﬁﬁ JiEdax]
is [resp. 1nciuces] an Z-lsomorphism (Cong (s),n) ----—->(S.J.b(T),.
K S "'(with A B AB) [resp. induces a Zwlsomorphism
i ""'L_'(COngL s, n) — (Su'b T,.)] I]
S e This is ghown in m GK in Sectlon 3 MULTLS B CUM

GALCULATIONIBUS. B




lain {Be. Sub(T)

by Tha compact elements in Cong (S) and CongL(S) are.

”the EIZEE finitely generated ones. By HMS DUALITY,p 38,

SR T SO S o g

1 :fan element" A e Sub {T) is ccmpact iff 1t is- 1solated R

A < B} This 1s'the case iff there is;anm'.

VA.Thus A= R(A) and 80 A is open.Conversely if N is

mwclosed i
.0pen/ then there

"L_;;%;;f is little reason to believe that we dould get <r>A c . R®)..

. 31nce we do not necessarlly have <r> c R(A)

{,M;Q.As far as. the Z—topclogymls concerned it is generated

'by sets Tk an_;T\fk . k-E—K(T), thus a éubba31s
Tor. the Z—top0108y on- Cong (S) [resn. COngL{S}] is
‘“"given by the sets {2 (a,0) €1, B.sb E-S and
“ffthelr complements (GK p.11)., Txe ¥Fm- be'a‘éémigroup
8, can identify the associated object T[L ] of a
'bongruence 1 generated byl(ajﬁj{'ietff,g:z—;—ﬁs
be glven by f(o) = 8, g(o)— b, and 1et the dual of
f be the characterlstio functlon of ﬁh ; ha@ e K(T)

: and that of g the characterlstic functlon of 1k, k¥ & K(T)

.- NOW 2 _g—g S—QT%FSZK is a co-equalizer, hence
'f,;T[R.] in01> 7 § 2. is an_equalizer, the equalizer

{"lkh and q,’]‘k

I(k) = ™ [k{,;i;e. the complement of the symmetrie

T(EVh)lJ(IUﬂﬂIUﬂ)

_ diffefenbe of'fk and the (I do not.know what good this

does but & (s &Ww”«er exercise ou fi‘“‘”'iﬂ ‘)



2 Irreducibles,genera*ing sets._v.”;

'.;,'éj;mmw:"'“3 S -7":' 'p in a semilattice S
S We reaall that an element/is called completely

' meet irreducible (and we - w111 Just say irreducible)
T 'The s&t o{laII‘irreéucible )

P —— _..._.._ hmas e o e e

‘ifop = inf X implles p = X. N AT L oW AR
Telements will be ealled Irr(S) It 'is important “to remgmber
‘that in any T ~obgect mm We have not only the frequently

(HMS P 5?)
oz 1 LEMMA Leth = z and ' X ¢ Ta subset. Then the

| (3) Fvery ke K{T) is apprmxlmated ;rom above by

- elements xl...xn, XJE X ’ S . S

generates S (1 e, T-(UX )

)N$MMh

hen%fhere ié-é-k-e'k(T)

. - | 'Qt-There is'a'h's K(T)" With
‘h'<a ard h' i W, Set h ; xY ht, then k < h <“a:énd
i _ R h e K(T) From k < h we derlve Th n X c fk n X ;
.4%T~;— ”m”-..' from h g inf fk N X == we conclude k- ﬂ Xc Th nx . f/
’ éf i | Hence: Tk nX = Th n X We' showed 'hoh (l)“'
'; R (2)<—>(3) is Glear-_ﬁuu_b,“.m”
- ,:,__(3)-'.-_>,.(4.) k(T e
1? N ‘_m o () =>(3) : By (&) , EVery k can be approximéted
ﬂ%-mmﬁm—“ffo*~‘ by - elements_xl...xn, %; € X; since 4k is open , ‘the
%"- 'f::ffjapproxlmatlon is flnally from above._f'



2—;2- LEMMA Le.f TC c:ww!( XéTcA_Wb.Cz«“ '—Z?é’w‘éke

following statements are eq"fvalent.

/[‘b_nX‘ = a ;f’b',

_..5(1)_>(2) .Suppose noi: (2) .Then there.is.an a €T

_ﬂiswélééfI“fm't'“'mem"""“"

by ] (11)+

f_."-"“"’“.'ft-';\'.__(2‘*'*5‘_"":_>(4) Let p = Irr T :By '( )} we T

: '_n X. Since p is irreduoible, p = X.

e say tha‘t; 1“1: is an order generatineg set lf--'l-t-‘—-‘--

L -x e - satisfies the equivalen‘t conditions of 2 2. B R
' Cleerl;r Irr T lS the unique smallest order generating.
"""-i 'set ’ and Irr T ,the closure of Irr T is the smallest

"'.","'.olosed. order genera’cll’lg set in T' If' S =M | A

{l} U{l - }]-‘I"n_l 2,...} under min.and T = S xS o then

(S \{l}) X {S\{l}) is a generating set but no

'order generatlng set, e.nd X n Irr T =6 .

5 don t Know (but Would 1ike to) whether or not a

"closed generating set must contain i Irr T (i e. is

- ‘order generating) I would like to point out, however,

that prime elements have to be in the

o ijamﬂ% .a generating..set:



iiattwce'<Y§ generaued by Y 15 stlll contained 1n'U'3i”

1Inaeed eover Y W1th a flnlte number of closnd subsemlla

?wtlces COntalHEd in U and note that- the subsemllattiue

.u;;genevaued by them ‘is still in V. Now let p be prlme.

. Q;s o C’oQoLL,A%y y,t;m,e X__—o #wu Ff-rmel

V?ihﬁ-'ThlS naans bhaut

's

.—7""

‘ioliouirg"

‘?Lfistatements are equ1va1ent .3
(1) (thc-:K(T)) Tl{(\x = th A X => h=k. .

_ o ™~

(2) (vs,;G:T) fsnX = A T = s=t. }E/

S B) Y KER(T) ok =amrde o Xt e 4
. N ! - L - ,}

~N

N

(&) x eontains‘—?rime . o ~

- | . s _

. -In other words,‘X *s generaulng AT ib 418 order generating N .

" a_. i, N Ay
S Qlff 1ts closure conualns Pr1me T, In paruluular, Primg T -3
o e ::.:,,“ S . . e [ e
Irr @ ;S.uhﬂ sma¢1e3u ulcsed é%erating set. g
CProof.fitxxﬁmaingxzmxghmwwxmgﬂ Br D7 we heus f1leonfo) ey B




r"arblurary k-

- dlstrwbutlve,\__;}ixﬁlﬂxxmzxij b |
by s DUALITY .65, whence (?) —>(4) Rema1ns ﬁﬂggziﬁgjl

1nf Tt Prwme T

(3) —>($) Tet p € Prime T. !J Take an_

 K(T} Wlth k @3< 'p By (3) we have

< p. Hence there 15 an xkc X w1th _

i m~I~d0-notfféaiéjlkﬁGWghOwQ@ﬁpﬁiéan‘bemsai@fabéu%r-m

_'jthe'structﬁrE“éhd"position”of:tﬁe;séﬁ”irrTT*fifgenerél.

B

T By Way of challenae I make “the follow1ng remakks. RecaTI

,gmwmﬁm

'from ATLAS 4.1 the set A(T)

“En” element would be called facial if /x << A

- {t: ¢ '1nf ﬁnt Tt}

These are'uhe éleménts whlch “are not "1ouaily faclal"mwhev
X not :

For P E Irr T set p = ¢nf (Tp\\[p})
one has ‘D = K(T) :LfJ.

2 fhen

‘D is nOu’lrreducible;i

A it T

' p is isolated (1n hhlch case p g K(T)) Noreover, '

'E;Irr(T )4\ A(T)

'Lﬂagaln I do ‘not know exactly how to descrlbe TIrr T onher

“.of T) séparate -

conbisus of lSOlatEd p@ﬂnts ﬂ

C: le)

mIrr T 1s an a-multipii
p.,b ab = Irre-T

tlve subset 1n uhe Sense -]

1mplles ar < b or h < a. Once

“than saylng in some sense that 1t 1= aDDrGX¢maueiv

‘E-multipiicative. I would like to kncw more sboutim

the interaal order structure of Irr T cr Prl T even
in the wesences on distryibutivity

“e'no Uuner=tﬁnc
ﬂch&laul,a/ In fﬂct, Prime T ig order genesrating.
L

B A e o

L A

R _*ZJIG@“"-L}C',W fu.rf_i’; i —{. 3_3--"—5{1"..35'.2"

if? T is distributive (HMS DUALITY p. 65) whereas Prime T

*;;és‘genﬁxat;ng iff-the primes filters @ = of S {the dual

the points (loc.cit.p. é5). J.C.Variet
has provided an exannie %o show that these are not -

equivalent pronerules (On separation properties in
semiiattices,Semigroup Forum 10 (1975),22C- 22u,‘~-

notably p 225 £I.)-



£r

GK are primarily in% e;ested in uhe case S L but
- . do not wish to assume.that S (hence T,=.S).1s distribvu-

tlve. S0 they look for the nearest distributlve g object

in sighthhéymfind it in CongL(S)_QKSubL(T)m;

s ‘;Jf?f-i We know that Trr CongL(S) separates the p01nts of S
- '7=\and Ehat its closuve is the smalxest closea generatﬁng
i .:seé ofA‘CongL(S) Thus we discuss. pO¢ﬂuSBDaIaElOP .on
i S and;a cha:a‘§érisatipp of_ ¢lo sures in CongL(S)
A Mo 2hIEMMA. Let S €S ., ./ GCong (S)f Then the
; e mm mmanes e ;stat nggf:;afe aédiqaiént: l_:ﬂnwm .

5 is s suvbdirect produz

m . e

( ) umm 7 j—;”;s;"ive (mere s

- P . -

bCUrOdqu in Zf

i
.m

@
09

) U Tmaseﬂan set inT.

. s, s

+.Proo*. (1) mEans. . . § ——> I | S/ is,injectiye, henze

. _hy. DUALITY (1) is un;valenu bﬁ (2) ey’ géhéfating
__;;;Sej of I 1. T[ﬁ_] mapq onto a:'gene1atih3 set m(G)

gwpfuimﬁm ,_ifu j :T[XJ-—>] [ T{k] aze Ths coproje:ﬁianr

X €T, I write .y = inf (*V

v ﬁ'infxgygkfx) {yhere gy is T

= points, If /\ g finite,products and =oproducts "OAﬂClQe
- and we “have this informztion., The arnswer appears (¢ te



. P

i

2 6 ZUSATZ The condl‘slons (1) (2) (3) of 24 @ imply

for each 1rreduc‘i bie

(l,) Irr' Cong@(s) c 1‘

ther_e is 'a_ _:L A w_wh ﬂc‘jo
gL{S; e - have

| B m congruence &7
N In ca&s S CL- and" AL

- “tfé~7? ﬁEmMAI*iLEifzﬁiLE”COHE' g $henm7w;;*Lﬁ%Tvm

( y {’I‘{ M k cA }) ' - 1'-?H=“ A— 3“ |

Proef _‘f'l'ie

o R 'andTlusdual
28 'DEFINITION'. Let 'S be a .Latt:i_ce/ The .sub&pace.”

o (u{T[Z] ' 7Lg Irr cOngL(s)})""f".'if”_f“. B
- U{ Tz?u

___‘a: P1'ime CongL(S) }

{see 2.7 ';and 2.4) in T together with the induced partial

‘order is called ths Glerz-¥eimel spectrum of

In some sense. this constru._ction is minimalis

2090 R_JN“‘RK. if A is an ‘sepe_sratﬁnc get of lattice

s

. congrbences -on 8. &€ L then

X8 € Ut A zu

Praef w_,_.g. e may’ assume. tnat Ai losed._‘ Then
Trr Concr (S) CT{\ by 2.6. Thus, if ,p « Irr ,
',;here_-.ig a_7L§;_A_ with. kgP , hence Tl 1= TIAD.

The claim follows.[]



~+2,10. PROPOSITION. If § €L and Tk is the dual of §, then
Prlme T CZX(S) .. and 1f 8. is dlstrlbutlve, then. “.“q' |

eqdallty holds.mIn that. case X(S) s uhe unﬂqu¢'sma11est

closed venevatlng seb.

"~Proofffif p_Q-Prime-T; then {p,1} = ¥m T[I%diber-a-~

%wo—coset—coﬁgrﬁence~r.K < Congp, (S)- Thus':pféfK(S)

-S is~distribvtﬁvé Trv CongL(S) cons;sts pre01se1y

S congruence and chus Lts image An. SubL(T) oon51bts of.

ﬁall {D,l} and {TJ The assertion fDL7OWS N

"I do not know

nor is there any eV”QEﬂcﬁ ln GK

o that Uhey know,‘wheuher of nok Y(S) is order generating

o -
- . It

in meneralﬁ (1 e. whether or not

xrr(T) C?X(S),(cf522.).

Bowever, GK prDVﬁae the LOLLONlng 1951ﬁhy Lﬂbo the

- SulUCuU”e of Y(G)

Lty

=*.f2 11 lEIVHLIA.m-- If L;:;xﬁ a,b &3, and - ab € x(s), then

uhere is a. Z\E TFF CongL (3} ana elements a',b! e[ A ]

w1th a < al , b < ht such that ab = a'b'.

Ploo;.- We have ab. & TIX ] for a suitable }[ by 2.7.

T _>T[)L] be the latulve retractwon acuovafvg

ik

ét g=£
RS S

:j¢;§9;;g1 mhlch is. iﬂft adJownt to the vnclusﬁon. Then

—

g(ab) - c«(a) (b). Set a' = g(a), b' = 3(0)- n



COMMENTARY on Gierz-Keimel,Continued 13

;"LBT—?éitial semilattices,

!
I
o
3
P S,
i
}
H
§
'
;

' o I have never been %urned on by the appearance of

: : partial algebras 1n unlversal algebra (or for thah of e
o ther).
- Here they go agaln, but I do not see how one can av01d'the

7loca1 groups 1n topological group theory,for tha

issue here and GK make a conv1n01ng case for it (except Tor

R thelr sequence of presentation which I do not like).

: é:following ingrndients-

g;of

(1) ‘a poinbed ‘set X with dlstinguished element 1,

(2) a symmetric subset D in X x X (symmebrlc.

{a,b) € D iff (b,a) D),

(j) a 1unct10n (x,y)}——?ﬁyg D> X

..t such that. {1]xX) U jXU{l}) D and. that'the following
I ' .anebralc conqltlons are satisfied: e

I . (i) 12 = 1x = x for 211 ¥ = X.

| - ' &l # e,
s . (i1} "% 1r {Xsy} E}T‘?B'?“x,yz %ﬁ(xy,z‘ & D, t¢9+f€

i and
{ (i) YX = X% = x or all x € X,
.g (iv) ¥y o= yx for all x,y & ¥ with fx,y) = D,
: A morphi sm f (X D,.) ——=>{ Y,E,.) of partisl monoids is
: a fznc%1on with 2% {(fxf){2) < 2 = é L = 1, fEy)=Tixi
for &ll z,y € ¥ with (x,y) & D.
i i'character of a partial se §tice is & morphism f:(X,D,.)




I

The partlal semllattice and their mornhlsms form a category

\-_-

%. SP_; and S is a full subcategory thereof. L

; T : ',' Ry
3.2, LEMMA Let X s (X D,.) be 1n SD . uaflne 2 X

VThen‘ X < ZIXI is a closed subsemllattice of lel ‘

Proof. (1) Let (x,y) e D 9" f,g = X then Cf@(xy)

= £(xy)g(xy) = f(X)f(y.)g(X)g(;r) f(x)g(X)f(y)g(y)

(fg)(x)(fg)(y) S0 Vfg E'i.'if X—-—>2 1s the constant

2morphsmsm, then ‘ef-fe for all f e '7'1""7‘ f:f;u:

7-(11) The top010gy on 2I I is tnat of DOxntwise converg nce.,

i——>f in ZIXI and f 1S X o and if (x,y) e D s then

:f(;y):% 1}m'fj(xy) = lim fa( }f (y) lim f (x) lim T, (y)

£(x)T(). Thus £ & e

~ f 0 It follows immediately that  X|——> X: 3D~——> ZP is

- R AT A Zbrs

T e

AL P PR e e

i ';”(usinéiéfg{ffhat't'm"”

b & functor, which extends the HMS duality functor.

) Cpp i
: ._to' T %~—> }_: Z > g L

. &'(X)'-‘(c-p'}‘”:" (%) ;

Prgof. For X e“§§;?3§t};'d
"ermﬁaCh7_£=X%f%5§:,_T € Z ,.f € 3P define f'-luw->x by

.ﬁ;fl{t){ﬁb_; f(x)(t);nSince x> T{X) (1) Xomm> 2 is a pharécter,

axmrxi$&;:;ﬁfﬁiy4fz$ T THFEEEIIRNERNEINESEEY this is a good

0y

.deflnltlon. Routinely one verifies that ' is & Z-morphism.

”“Sf($x7(t){Té;f>2'157ébhfinuous);

Epreovar, :gg:&_&;u)?{ ) = re(xzjo f'](t) [a(x;](f {t})

]
nls dete”m-ﬂcs TV unsanel Yef

t
=1 (m)(x)} T).YThus we have shown the requﬁred uhiversal
~ " property For each f e.§§(X,T) there is & unigue f'EZonX,T)
. o
such that T =71 =, [
. - A




i AT 7 2,

s
O

- 3.4.LEMMA. Let- X =.(X,D,.) & SP . Define . .

Txsy uf(xy) €D amd xyiix
"Tﬂnrmﬁhéﬁ_ < is a barulal order.ff:f:jffffiffi?f“

-.PWOO%;jl) Let x E X. “Then Ex;i} e D and x% =‘x by 3 1 (4) (iii).

qunce X< X for all xeX. o 'Tui'Jr‘ EEE
11) Let x gy andy <"z"- ."'ﬁihén"""'(xﬂ,y’)" (y.2) é"’”ﬁ 'éhd
X 5 yz =‘y; Thnn (x,yz) = D By 3.1 {11) it then follows

'(i z)

i e = (XYsZ) e D and that :xz 5 {xy)z = x(yz} = X.
(e u'Thus X < z. ,f' '
11i) Tet X < y and y <X . Then (x,y) = D and xy
___‘t_n_lt_ also yx ; ¥ Then X= ¥ by 3.1 (iv) tam& .[] o
i [ I do not ses how GK obtain a "Walbordung "(whatever this
: mééhé)“ from their definitions. There is a subfﬁ% Doint in
provﬁng rransitlv1ty ] b R .
TR e :
% ST . RO .
3,5, LEMMAS Let X & §§'.‘If (x,y) € D, then xy < %,¥.
Proéf. JIf {x,y) € D, then also {xx,y) € D since xx= X.
L S , by 3.1 (i1)..
" Thus ~also (%,Xy) & Dand x(xy) = X"y = xy .This. zy < Z.
: Bj cbmmutativity, the remainder follows.[]
i-~ . 71~ <« . : - characteristic
il .- . 3.6.LEMMA. Let X € SP. Then for each x € X the/function g
t of fx is a character.’
Proof.fzazz{Let {z,¥y} = D, ve . Case l: pu(x) = pu(y} = 1.
Then rgrq# ‘KTK? h&ﬁ‘_ﬁ u <z WY 5 1lees (u,x),(ﬁ,y} e D
= . e == = )
and ux=u , Uy =4. Thu 5 fry | (ux,y) € D, whence [(u,xy) = D
% and ulxy) = (X)y = uy = u {by Z.1.(ii1}). Thus u < xy ,whence
i pu{xy) = 1. Case 2. P, (x) = 0 % Claim P, (xy)} = n. Assume wot.
i .. Then o (xy) = 1 i.e. u < Xy g&éi}*’b&v‘mi“ﬁ”uri RLEETEY 3_.)5_;‘ [
§ .‘/Eﬁéﬁgxﬁﬁ} illl&i&tktihéﬁelAXKifkﬁjé}z&aﬁﬁ By 2.5, we have

J—

E Xy < X, thus u £ X by 3.4 Hsnce p, () = 1,contradiction. []
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"NOTATLDN. ' p, 1s called ﬁhe principal character generatedrby .
R U Lo A

3.7. PROPOSITION. Let mﬁﬁ x e SP . Then °< -x_—-—-> X

1s an epiqﬁi?bedding'_ln SP ) '-'.- -

Proof Suppose

= oly)_for ana

@(x) xX(y) Then_ cp(x)

characters of X. Hence in particular p (x)'=

pu(y}_._fpr-'_;"

all principal cnaracters._pu-.'maklng U= x g'y.

and u
= ¥ by 3.4, Hence

wWe obtaln X<y and y < X ; hence X
e ' (1n an.adjoint situation)

it

15 an. embeddlng .- But the' iront adjunc‘tion /13 -monic, - then

~ it lS eplc. D N
Note this megans that X. 1s:generated by"‘x”(X),'since'the
) S==X

':inclusion of the subsemllattice ) generated in X by im W'X

‘1s epic by 3 7, hence is = surJectlve by i HMS DUALITY p ?
;imgxmmgﬁxgﬁmkxﬁi .

“We may therefore consider every pa”tlal semilattice as

., ~ =+ -« the
Va partial subs mﬂlattice of a semllabtlce. For Zxix purpose

A - observation
L of stating ths accurately, we E=E make the follow1ng ZEEERIIIGH:

: LENMA le
3 8- DEEFEITEISN. et S« § and /X < 8, Define %r {(zyy)er =X

Lxye x}. Then -% Cwith‘ 4 denoting the induced

sub samllabtice induced on X by S.

Proof . ' Verify the conditiens of 3.1. Notably (ii): Suppose

s ¥,

Z,¥,2 € X and Iy,yz = then =x({yz) = {xy)y shows that

{x,yz) E DXiff (zy,z) = ‘Tj;'D

3.9.PROPOSITION @0vid) . The functor.. x}~——->x :SE ——> S

ig a left refléctorﬁ, whose front ad1u iO;?ES an epic
embedding. If we embed X in FX via o¢X' then, D, contains D,
Froof. S(FX,S) = T°P(x, S) (by Eap¥E] _ DUALITY omd FX =™
= SP(X:]S]) - {by 3.3). The rest is ¢lear féom 2.7 and 3.8.(

Herri

ich 2nd his crowd would ‘cali SP an epireflective

/

" subcategory of S. - 3
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3 1@. LEMMA. Let (X <) be a poset(w1th max1ma1 element 1).

Define £Q~ {(x,y) e X x X : inf {x,y} ex1sts} Emi

thThen (X D,@in) is a partial semilattlce. *f‘f;fi”"”"*”

-Jﬂ;ff Proof. Verlfy the condltions of 3.1, notably (11)- ifﬁu

 min (X,7) , min (y,z) exist, then min(x, mln(y,z)) exists

A kb m

iff min (min(x,y) z) ex1sts (and equals min{y,y,z}} ﬂ
3. ll-uFMMA. Let (X D,.) e sP, and 1et < be the assoélated
'f partial order. Then let (X D( ),-mln) be the Sﬁ—obJect
ff assoclated o (X < ) according to 3 10. Then D c D(X)
) and min extends- }‘i f“? ' |
- Proof. If (X,y) e D then 7zy < x,y by 3 5. Wow suppose
_ i~ : o {Xysa) - :
Xy < a < x,y‘. I"hen (a x) ( ,y) {ax;xi e D Whence also
| (ax,y) E-D'and “ (Xy)a = x(ya) = Aa—ié, th;s a < ;&. ;ence
a.; xy. fhué xy.; min{x,y}. Therefore D c D(X), and min‘
“-3 +12. BXAWPLE.. let S = {0=(0,0), (2,93,;Mm5 é,l) y=(1,0),
= (1,1)} with the sémllatt1c= sbructure 1nducﬁd oy IxI.
et X = {0,%,5,1} 5 D=D, , . = multiplication induced
“from s.iiﬁéﬁf1£2f;'s and iy = inol, for X - (X,Dy 50
fowever, DX} L x xx ana (2,00 nin) = 22 2 (XD, ).
loreover, F(X,D5),min) w 2% & F(3,Dy,0) = FX .
It ié,tﬂerefore'necessafy to kéeﬁ'éeféaih poiﬂté—ver& clearly
" pefore one's eyves: Tﬂéfé'ére sevefai ways to look‘at paftial
gémiiaéticés aﬁd-tb-ébﬁﬁigté fhém. The peset approach, while
on the surface being simple ,.is epparently not the one
we xmzzuse in the complevion given by the sdjunction.
It seens ?pubefegséntialrthat we speak ‘on partialimu1+ plications
,ra:nerrfhan“pértial orders. The difference vanishes only for
th ose-(X,D,.} for whieh D contains all zzri pairs (x,y) for
which pinfx,y} exists ,where < is the partisl orderz assc-

ciated with (XD, ¢). ~ END GRATUITES REMA RIS,
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i We must turn to the category of partial Z—objects which

really concern us in fhe context of the GKwtheory, uhe SP-

—n—mheory has only a warn—up to clarlfy some f¢ne pointsr~~:?

-3 12 LFMMA Let (X D,.) be a parﬁlal samiTattice and

X a oompact space. The follow1ng Suabemenbs are equ?valent

i

- (1) D 1s closed in X X X (x,y)}—p>xy D__ﬁ>x

,;;o;,_m_nls continuous.LZL T e

S (é)-‘d {(x,y,z; e x xX xX k#;yllernijéndgzﬂzfxyaf_
is ﬂomnact. - . : L _'- |
' Pfoof. We have. D . prl2 ~ and G = graph- (x,y)}—~>7y.qw_
Thus (l)_>(2), but a funotion between compact spaces 1s

continuous 11f its graph isg cTOSed. Thus also (2)_>(1) ﬂ

3 13 DFFINITION. A partlai compa t mllgttloe is a

B parrlal semilattlce (X D,.) toseuher Wlbh a compact

 :ih: topology on X such that (l) (2) of ;.l@ are satisfied.

N A morph?sm of Dartlca; oompact‘semllattlces is a &orphism
of partial sémilattices which is in additiog cont;nuous._
A Eharéoterlis'a morphism into 2; k4 The oategory ofoall

compac t zZero olman51onal oart?&l samllatticﬁs 1s called

_ LP 0L Note thab ZP _13 & full. subcaTegoP; of Z
ﬁg 2.2 (z), . PW < auocieted tof L4 o pic. sE. Zo W?—rﬁ-ﬁé-
- 3.14.PROBOSITION. (Ovid). For a ERXEREL ZP—0Dject. X ‘

_“_

o> ' H's .
the set I = 33(“, ) is 2 sunserilattice of Zsfl and the
el
. ; . ~0D
assignement Xf——> ¥: Z2 —> 3°° is

functor which is

o)
0!
Hy
ot
o

djoint to the functor 35 |f—>
The front adjunction jBX: Krmm>
way by  py(x)(0) = o(x).

' Proof.‘ﬁs usual (see 3,32).00
- RN
15& PPOPOS TION. The funcuor X}——-> X

a We;t refoecto* G whose fr ﬂt adgunotloh is epic in ZP .
Sﬁgxﬁcaﬁilf;(}d a geaeiating rec iz, GX
The f0110w1ng st aterenbs are equivalent:

(1) J%K‘is-injecti&e.
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B We must turn to the category of partial Z-objects whlch

really concern us 1n the conteht of the GK—theory, ‘he Sr—

mﬁﬁTmtheory mas only E: warn—up to clarify some ane points.

3 12 LFMMA Let (X D,.) be a partial scmllattice and

X a compact space. ”he following sbabements a“e equ1va1ent~

¥
i

_ (1) D is cloced 1n X x X ;aﬁ (x,y)}~m>xy rp—uax

qjmls continuous.7

;(x;yl €D andz - xy}
is compacu. ',' . ”-:f..
pro, G ‘and c = graph. (x,y)i~—>xy.

Thus {l)—>(2), but a function between compact spaces is

'.»continuous 1ff its graph is closed. Thus also (2)=$(1).D

3. 13 DFFLNITLON. A partial compact semilgttlce is a

) -par*ial semllattlce (X D,.) togebher with a - compact

i‘g topology on X suoh that (l) (2) of 3 1@ ar= 5atisfied.

A morpnﬂsm of Dawtlcal compact S°W71aTth°S 1s = morphism

of r\arblal sarll ttlces Wﬂlch is in addition con+inuﬁus.

. A character'is'a morphism into 2. % The Category of 311

compacu 2ero dimensional “art1al scmilatblcas is ca;leq

LP <] ({;;;;Ta;;;:;;ﬁ_ & rull subcateqovv of Z N\

ﬁy a2z (2)_, £ Sorler . < a,‘,;ac.-‘cwf-cd £0v L a p.c, S&. %Wffﬁ;ﬂf’
- 3.14.PROBOSITION, (Ovid). For s EXxpREY ZP-object. X :

L L0 - iy'

the set X = ER(¥,2) is & subszpiiatiice of 21%1 and the

. %
assignement }fw-—> Xs zp

is a f‘qncto?" which fs

left adjoint to the functor s > 5 s°p_~_w> Z Com> 22
. . : A :
The front adjunction /BX‘ X—~—> X . 1s given in the nsuel

way by /ﬁh(X){w) = o(x).

3.15a PROPOSETION. The funcbor X}~~_> X
a lefg rEfLECbOTL G vhcsa front ad junction ig 2pieg in Zr .
g%ﬁc@@— /%((){) fp ey Wﬂg ert g GXJ .

The Lo1low1ng s,atemenbs are esquivelent:

(1) ,%K 1s injective,
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(2) _J%Kws an :mbeddlng ;)

_ LMMA;_I3)U\1f x ¢y in X (wer.t. the partlal order .

T m oni’ X with m(x) =1 and ¢(y)

L ‘ assdcia ted with X by 3 &} then tnere 1s a character:

".Prbof “he adgunctlon rachinery works as usual. We nave to

mﬂ‘~generated by Xe -

Drove that/ﬁx is eoic indﬂpendently Let

let G (K) be the closed subsnmllat+1ce generated in G(X) by

j&}xj; The ZP—morphlsm X w-w~> G X uhen facbors uhiquely

through JSX Wlth & surgectlon 1nto G X. The commutlng diagram

._uhen shows that G X = GX. ”h&s.)x(x)_ié 2 generating set,

By compagtnessg-(1)<=a(2) 5 and (1) is'equivalenﬁ to the

condition ol

{3"} The gharacbers of {3 l,D,.)~separate'the points.

But (3') is clearly equivalent-tOV(Bj-U

<15 'REMARK. if Te A ;Lﬁ\ Xe?, % %=X ; set

La)

1= x,7) | XY 1 Dmerm
QX_ {{xz,¥y) € X x X: rJ = 2} & izt (X,¥7) > xy:D- X
- be the restriction of fhe given multiplication . Then

(X*DX") isxa ZPhobject on which the characters separat

o

e.‘f : x———> GX is an embedding. The induced map GXe——>T7

is,¢n3=ctive 1ff =very character of X 1s inducced by one

Fad

of T. Zixiz Its image ls always the closed szubsemifattice of 7

o Proofa'The“firsffass ertions are clear,as is the claim that

GX——> T maps onto the closed subsemigroup ge narated by X.

NI N o e o o - _
But Gi =X =——> T i3 injective iff T—> X 1s surjective
o S o, P c - .

by DUALITY, and T——> ¥ is restiriction of characters. [}
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It apeears that the ZP -sltuatlon is more complicated than

the SP —sltuablen. One would like to see an examnle for which

.us alone in‘the quesh for such examples. Powever, they do- have_l

tne,follOW1ng cleﬁver observatlon which .we 1ndlcated earller in

2.11{in an unneceesarlly special versioq

3 16. PROPOSITION,'Let T e zL and let X x c T be a umon

; fof a GOllerlon TDL] of eubobgects in Sub (T). Then a-
continuous function m X~——> 2 is' a oharacter of (?,DX,.) 1ff

v

]T[lj is a character‘for all ?l

- Proof ‘The‘nece351ty is clear. Sufflcieney. Aet (x,y) = ,i.e.

v St
Xy & X. Suppose wl{xy) = 0. Het ry e R T[jj] and let %P ~——>T[j)]

be the lattlce retractlon Eﬁ according to 1.1 (whlch is left

. ad301nt to the 1ncluslon) Then 0 = g(xy) = m(eﬁ(xy)) = ¥

: >0
tp(e (@), (7)) = olz_ (18 (Y)) cp(X)tp(y) »Since coIT[_p] is

B e e

& charecber and %p(z) >z for all z. Inuq o(xy) = s(xioly).

Sappose p(xy) = 1. Claim: o(x)= m(y}*l &1:ﬁﬁé;s;hﬁz;=?$;m¢€;r—miy
Now :
E;Em x e T[A] for some X . Then.. 1 (xy} < m(gi{xy))

' @(ysl(y}) e @\X)m(gzjy)),z which shows tnab @{y} = 1. E;_iﬂpwx%zy

70(7},— i U

Jnl(:b\'}ROLJ_ﬁ\.RYI Tet T e é 3 = ¥ =

- .some senarating collection Lax = CongT(S) ( S = dual of T},

Then _Bvery oharacter of (X,QX,.) is 1ndueed;by 8 u"_oue

character of. T, Ege..éffiffég is an 1somorpnism meexxkﬁ

Proof. Every characterYinduces a character 0 1 T[A] > 2
S . _ Q__ngzgll -
‘ : . : ~
by 3.16.This yields a famlly o, : Z=ma@Es®l S KE‘J 3
‘ 22— 5
:and 31nce£ﬁ.separates, there ls 2 unigus kR Fitewrry® wWith

G%L (EL—:ELQ j?-——%bf;él) The dual L.Tw—-> 2 is the unigue

- cqaratew With m]”LA_] = @, shence with Fl% = ¢ « Thus

GE—>T i3 an iegﬁprphiem onto the closed subsemilettice
generated b§“X}45ﬁt X 1s generating by 2.5..0ence GYe—> T

 is an isomorphism.[]

i
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... NOTE., If (X,<) is a poset and a compact space and

21

I

We note in passing how partial compabt semilatticQ'a:ise:

G~ {(x,y,z) e X X Xx Xz = min{x,y}} is- closed 1n_xf

thenf-(X;‘pﬁzc"m min) 1s & partical compact semilattice.

' If X 'is zero almenslonal we obtain a ZP - obJect. Fvery '

<

"parblal subsemllattlce of a Zwobaect 7 ig of thls form.

.18. CONVENTION. We consider the Glerszelmel spectrum X(S}

:.ffof a lattlce S (2 8) to carry the sbructure of a partlal

s cownact zZero dimen31anal S“ﬁi&aleGe induced by T, the dual

.,,of e X(5) = [;Vﬁ?)

7 o) )k R

19. mHEOREM( GK) Every lattice'is 1somorp@ic to the.'“

‘"charater (seml)la tice of ke its GK apEEXELE spectrum.

"lProof Tet S e sL' and T its dual. ﬁﬁxi@ Exxfgxﬁxxxthxiztfig%&

/\

"hxx ¥NEXDELEITFT Then S x xug) ry 3 17 g

=3

The deflnlency of the theorem in the rereral situation is

‘ that'ib cannor be speiled out 1nu“r51calTy in wfat sense X{G)

fis'mlhlmal.',.g. S is- isomorbhlc to the” charaCuer semllabt

T of its full cha“actnr semllat*ﬁce, wnich'zs perhaps too big

- for some people's taste. But then there may be¥ closed generating |

e

~gets X T for which T ————> £ 1s surjective and which are

genuinely smaller than X(3).

L

ut in the absence of any systenatia

‘f"knowledge of such generatihg sets, GK offer the most economic

ZP—dbgect associatea w1tn alattice’ whose’ character(seml—)la*‘;ce

is 1somorohic to the given 1at ice 0
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: GT{ ofﬂ"ev a 3631'40 o" @nvgrse to--3;19 .ich ene‘r’ges out of
he” adamnm 51tuation ,,.15. o

3 20 LT\'I{"L»'B..a)Let T QEQ a“ad let X be a closed D'eneratlnrr set

- W def’ ne a collection (7 JT}L) C Sub(rl‘) by

T'hen" x; 'is -c'l-osed

it V. A e e e

e g e b B e S gl et R A i

e

Than J;—is a c¢losed collecticon and X = U T is 8 210824

~gubspace of X.

= om A
| A
Now let us assume that (X,D,.) T ZP . Tet G = X = T& 7,
. Assume the *ol'cv:‘_r_»_., postuvliztes: .
. e . N
..Jioo{Postulate. ) T A( ) s
. (Postuiate II) T oints.
Theh we may azssume X & gengratinc

X thers 1s

PRy




T

: X(S) cCX .?‘xﬁ ~This is where it stands. If one wants equality
) - '

§ here one ight just as well postula+ it;
i

amounﬁs to soﬁetﬁingllike bhlS'

‘tnis postulate

3.21.TEECREM (GX).

mensional semilatt;ce. If it éa is:;es p:s‘~;ates (I IT, IIZ)

- uhen there 15 a lattice/{namely, X } such th pon embedding
ST - T s ’ T 3 o

: 'of X into T dﬁ X 3 X(E) C X. If Postulate

El
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