SUMMARY . on GENERATION IN g; ~objects .

7 hese notes“jus summarize" what has been achieved .on the quest:.on
' of generatlon and order né”ation“"n CL'°bje'ts -
ﬂ;eﬂzpé ; - :
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1. EEMXE DE“FI‘NITION m% S be 'a compact semilattice , X C S.

o Algebralc generat:kon“wil
o ~did-occur--in JDL TI7)-
_ : : NOTATION. We writ:e

”""PRiNiE S={"'s €3: 8¢ uv; = B < u or’s < v J} for all” u,v [~ S}

= ,P’I,imé 'S={'Ts”é S:} < inf ¥ => s c. ‘g ¥ for all Yo s]

Trivial ly, :

B . Prime c——> PRIME .

3.SIMPLE CHARACTERISATIONS. ‘
il PO o <

- . co. - . S- .

a) s €IRR S _ iff T{\ {#) is a semigroup iff = < PRIME 1%.

5)1”57C“PRIMES 1£f 8\ ¢5 is a semigroup.

. : _ - < .
¢) s € Irr S iff  sf :Lnf(‘]‘s ~ {s }) iff s =(s} U 18 with s § 5+
i se Frnefs | O



We now speclalize to the case S & SL... . ... ...

5. TH:EOREM” Le‘b s < CL ,‘ ana X < s.f hen ‘E:he “POTIG

8. ZUSATZ to TI-IEOREM 5. Trs e Z , then 2x® (1),(2),(3) of.% are
also equlvalent to i ‘

(4) Irr X c . D

| o.comsmetmcs. 10 sez, then T $=TR 8.0 -

Note_.S =[0,1] to see how this fails in OL 4o e
-In.fact. shere 1s a. bit more tha,n 8 says, e

Bt

10. PRDPDSITION Lej: B CL and J{ €.5... Then thég following

statements &m@hﬂg Wﬁm o) —) Ci) é@ (2) = (3)
0 "IRRS S X, -
(1)_ X is order generaulng)

il __(2‘),,?_;____]‘5 aX = 1t nX_implies s=t for all s,t < S,
(3) ~Irr S CX,

and if S @ Z , then (1)<=>(3). [See H-on GK , H-SP] []




Let T be a complete: lattice. If X CT let X''be the set of all

§©T witht' = 1nf‘@‘t ~E) 1ve. the set ‘of all ¢ for Wh:i.ch there

¥ some subset YCX Ezﬂ'WLth T inf Y.‘Then X* is-a complete inf -

'Eubsemllattlce. WE say-that - X separates the polnte of Y if

w WE

'sup semllattice generated hﬂ bthY;-.-‘ mm,rh“rvwnmoLQh‘

) :f the sublattlce T generated by
‘.ErootnlBy 1nduction from LEMMA A, U

h ﬂEMMA C. LEt T be & complete 1attice and L the sublattlce

: ;“enerated: algebraieally by\ (te Ty 1-.

s ¢ Tt 38,5 €Y lmplies the existence of- an- x G:X Wlth s-< x & s,

'LEMMA Ay If X separtes the points of Y 3 then it separates -the - -

01nte of Eﬁﬁ a) the inf semllattice  ?ﬂ

Broof. .a) Let s ¢4t @Eﬁ%@ﬂ 8= Bys00 By s sj ey, “Theﬂﬂthere'is

k ¢ Tt, whence there is an x €X with. B <.s < x.é.ft.,"

b) Tet- s ¢fe 5 ¢t = -ty v...vt—-— --; etj GY. Then ‘there. I8

& with s ¢ 6, . Hence there ie anx € X with s < x thk o2 ft.0

k

) ﬂEMMA B.A If X separates the points of Y‘ then it se@arates the points

is dletributlve.

roof, Ex Flrstly ] PRIME T spearatee_the p01nts of X Hence,

¥ LEMMA B, PRIME T eeparates th ph“nts of L. If pG PRIME T, then

ihe function s T———>2 glven hy gt (0) ¢ p is a 1atticermorphiem

Ipreserving arbltrary sups)a—Thus there is'anxinﬁazkix a-lattice -

of T | - _
. orphism .into a distributiverlattice whose restriction to- L is -

.injective_HEnce_L is distributive,. . S ,mf;m;wuhmmgwumoﬂfm”m”

'[EMMA D Let T be a compact semilattice ,1et L’be as’ 1n 1EMMA C,

A nd 1et "T* BR be the set of all sup Y ; Y'C:I, Then T* is a (complete)

Histributive sublattice,
roof, - Iet u,v,w e T% | Then c. (u,v,w) 15 the 1imit of an up-directed’
1 (uj,vj,wj) EL=xILx L (31nce T is a sup-semilattice).

Fhen - uW = 11m-ujwj R whence uw € T¥*,--thus T is a sublattice (closed'
{inder- arbltrarv sups ), Now Fmxxxpwxexiimxin u v v = lim (uj«rvj)
fecause the net is up-directed Hence (uvv)w = 1im(u3yrvj)wj

.-hm($ﬁjyvﬂj)=uhvmhﬂ




("

;dletribut1v1ty in CL

m,ﬁa

fﬂ are also equivalent td.lﬁimv

bt et s

;LEMMA E. et T G CL and suppoee that PRIME T is genelatlnw

Then T is dlatrlbutlve. o

E'Proof ) By';Hu SP 1 8 we have 'ﬁ(fj“t"@*”;féiﬁéé‘“5”4 sup($tr\A(Tl)

':Lfor all t G T, we have PRErN Lemma D ‘then flnlshes the proof g

This allowe us to formulate the fo¢¢ow1ng conc1u51ve theorem on

-

11. ’I‘HEOBEM._IEt T c: CL _JT‘ _

thé following statéménss are equivalent:

(1) T 1s,aistributive,
( 2) T .'.LS BI’DHWE rien. in - T L..A:..___.f._ - ..__.7..__._ e e

:PRIME T 18 order generatlng. ol v

PRIME T. -

(5} '”‘E?C L PRI_ME: T, - ‘( 5 ;)"‘ IRR P C PRIME T““ e

(6)~“PRIME-T is generating

~Proof M*{l) though {4) are known to Be equlvalent by H -SP . i&ﬁxxx

-'(4)—>{5)-<~> (5‘) As. terlal and (6) §=>(50 follows:r;om;mheorem

ﬁ3‘5 above

f;(6) —>(1) 1f Lemma Evﬂ

Recalls that -in “the

(?} The chacrates» sérﬁilat-ice of T is a distributive semilattice

(in the sense of HMS -DUALITY (Gritzer)).
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