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Tn the above mentioned memo, Lawson defines the subset L(S) for a compact semilatiice
S to be those points of S where § has small semilattices. He shows that L{S) is clesed
under arbitrary sups, and that, for all s € S, we have s € L(S) iff s = cup ¥ 5. The
question is then raised as to whether L(S) € CL. The following example shows that
guch need not be the case:

Step 1. Let R & S such that, for all subsemilattices S of K, int § £ § implies that
0 € S (such examples exist; see, e.g., Lawson, "Lattices with no interval homomorphisms®
Pac. Jour. 32, 459~465). We let R' = IN x R in the lexicographic order, where IM has
its natural total order. Then, in the product topology, R' is a locally compact semi-
lattice. Moreover, any compact subset of R' intersects at most finitely many of the
sets &n‘ x R. Hence, if R" = R'\JKIK is the one-point compactification of R', it
follows that the sets of the form 4 (n,0) form a neigberhood basis for the topology

at 1. Thus, if we let 1 act as an identity for R", we have that R" is a compaci semi~
lattice. Tt is readily verifisd that § = {((n,0),(®+1;1)) : ¥ e IN{ U A(R") is a
closed congruence on {", so that T = RA"/Q is a compact semilattice with identity.

In Mpicturesgue” language,'T ig & stack of countably many copies of R with an identity
at the top. We wish to determine L(T). Clearly 0 € L{T}, and since the sets of the
form {n,0) form a neighbcrhood basis at 1 in R", the sets Q‘{n,O] form a2 nelghbor-
hood basis at 1 in T (where [n,0] denotes the 4~class of (n,0) in T}, and so we con-
clude that 1 € L(T) also. Now. let r & R, and consider [n,r]. If U is any semilat-
tice neighvorhood of [n,r] in T, then U { {n] x R) is a semilattice neighborhood of
[n,r] in the gubsemilattice Rn} x R, which is isomorphic to R. Hence, {n,O} € U by
the defining property of R. Furthermore, if n 7> O, then [n,O] = [n—l,l], and the

same argument as that just given for [n,r] shows that any semilattice neighborhood of
(n,O] must also contain [n—l,O]. From these two facis we conclude'that, for any n 2> 0,

any semilattice neighborhood of [n,r] must also contain [0,0], the zero of T. Thus,

L(1) = {0,1} .
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Step 2. ‘The semilattice in which we are interested is a subsemilattice of T x 7,
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by T x T =T is the projection on the i factor. Then, {rom the second definition,
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it is clear that 3 is a countable unilen of clesed subscnilatticesof T = T. loreover,
fer enchhn € TV, all but finitely many of these subsemilattices are contained in

A (n,03,[n,0]), and these upper sets form a neighborhood basis at (1,1}, 1% then
follows that § 18 a clesed subset of T x Iy To see that § is a subsemlliattice, wn
choese s,3' & §, and we assnme that s = ([n,D],[m,I‘D and ' = (fk,t],!ﬂ'j,f}:{‘) with
n<mand j &k, Fither j Sn orn % j, and we zgsume the former, Then, j £ n$ a,
so that |myr{j,0] = [§,0]. Also, j & k,n implies that [j,01 % [n,ujig,r]. leuce,
ss' = ([1,0],[4,0]) with j£ inf %,n = i, so that 58'€ § in this cose. Similar argu-
ments take care ol the other poszibilitiern, so $hot § is indead a subuemilattice of

2

T x P, Hence, $ & €5, and we want %o determine L(8). Firs%‘we give o picture of © :
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Now, clearly (0,0) ¢ L(S), and since (1,1} = sup ([n,0],[n,0]) and ([n,O],[n,O]} <
A : | 3

(1,1) (this is not true in T x T!) for cach n & IN, we have that (1,1) € L(S) also,
Noew, if n € IN, then it follows that (In,0],[n,0]) << ([»,0],1), and 30 ([n,C],l=,0])
: )

£ ¢ {|ny0], 1) for each m ¥»n. Hence ([n,0},1) = sup §b {[n,07,1) , =0 that ({n,0],1)
5 | S -
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& L(8), and a similar argﬁment shows that-(l,[n,O]) € L(38) for sach n & IN. Finally,
for each n ¢ IN, p;l([n,O]) AT (In,0]4[n,0]) is isomorphic to T, so thai the only pordille
points of ‘L(S) in this subsemilattice are ([n,0],1) and ([n,0],0}. We have alrcady
seen that ([n,0],1} € L(8), and since ({n,0],0) = ([n,01,[n,0]) e A{7), and A(T)

is also isgmorphic to T, we conclude that ([n,0],0) € L(S) implies that n = O, & sim-
ilar argument works for the points of the form ([m,r|,[n,0]) with n ¢ m, and we con-—.
ctude that L(S) = § ([2,93,1),(1,[2,0]) + ne w} 0 {(1,1),(0,0) . #ixme 1

Then, for all ne Ix, {In,0],1)(1,[m,0]) = (0,0) (this preduct is in L(3)), lence,

since (1,1) = sap ([n,0],1), it follows that L(8) is not lower gontinuous, and so

-

. n . .
L(:) cannot have a compaci semilattice topology.,

Guestion: Let S & C3S, and suppose that L(S) € CS. Is then L(5) € CL ?



