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The fo1lowino gquestion is fairly pressing.

(P) Let S be a CL- object When is PRIME S s = PRIME S?

In [1) ;Kelmel and Mlslove have glven a conelusive answer for distri-
butive S, and in [4] the question of distributivity in CL was
dlSCHSSEd at some length (Chapter 3). The condition Keimel and MisBove
found to be neceesary and sufficient 1n the distributlve case was

~ the following: ' '

({0)) For all a;x,y € S,the relations a<<x and a<<ly imply al<xy.

- This condition is evidently equivaTent to ~any of the follow1ng

'((0')) For any s & S the set int Ts is a filter. [2]

‘((O")) For all a,b X,y €8, the reletions a<x and b<<y 1mp1y ab((xy.
(0" ) Graph << 'is a subsemllattlce of sX s.

B Kelmel and i.:. . Mislove give an eaample of ahublattlce of the sdguare
violating this condition. _

O.Wyler proves the following fact in [#] 12, 5)old ver51on*'

If L is a lattice with O and 10 L ad i UL, then
PRIME L is closed , where T is the Z ~dual of L (HMS ~DUALITY).
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- The purpose of the Memo is to observe that thils fact together wlth
the observations by Keimel and Mislove in [1] suffice to show that

(@) 1s sufficient for the closedness of PRIME 8 regardless of
distributivity. In order to make this a bit more selfcontalned, we
present a proof of Wylert!s proposition.

Recall that the & CL -topology of a CL-~object S has a basis of
the open sets

U(u;vl,.,.,vn) = int fu \ (Tv1 0] ...UTvn),

int Tu = [x € 5: u <x}.

IEMMA 1 . If vye..v, < u, then U(u;vl,...,vn)erRIME s =g.

1
Clear fwom the definitions.[]

PROPOSITION 2. In a CL ~object § condition ({0)) implies PRIVME S =PRIME S,

Proof., Iet s ¢ PRIME S. Then there exist elements x,y € ¢s with

Xy £ 8. Since S is a continuous lattice, we Tind elements a << x and
b << x with a,b & Js. By condition ((0")) we know ab << xy . Thus
U(abs a,b) is an open neighborhood of s which according to Iemma 1 ix
does not contain primes.(] '

RECALL 3 . An algebralc lattice S € Z 1s arithemetic if K(S) is
a sublattice (i.e. is closed under finite infs).

REMARK 4. Any arithgmetic laitice S € Z € CL satisfies condition ((0)).

L} » C i t
Proof. lLet a %(ex,gﬁySincg e sup(ésn K(S)) for all & € S, there

are compact elements ¢,k @ K(S) such that a << ¢,k and c<x and k <.
Since 8 is arithmetic; ck € K(8). Thus a < ¢k <L ¢k ,whence a << ck. (1

s~ (4]

COROLIARY 5.(Wyler) The set of primes is closed in any arithmetic lattice.
This follows now from Proposition 2 and Remark 4.

COROLLARY 6. If S € CL and PS is as in ATIAS (the Z-object of all
lattlce ideals), then PRIME PS is closed.[]

For distributive 8 this “occurs in the proof of 2.1 in Keimel-Mislove [1].
From ATLAS we recall the morphism rgiPS——>>8 , rL(J) = sup J. By the
preceding Corollary, r(PRIME PS)- :. 1s a closed subspace of S which
contains PRIME S (since p € PRIME S implies Jp € PRIME PS). Keimel and



Mislove demonstrate that condition ((0)) implies that J € PRIME PS
always gives sup J € PRIME S. We have :

() = ((n+1)):
((0)) " | '

((1)) If J is a prime ideal of § , then sup J is a prime.
((2)) PRIVE S = PRIME S.

If S is distributive, then these conditions are equivalent. Example 4,2 in
ATLAS satisfies ((2)) , but not ((0)).
Question. Does ((2)) imply ((1))?

If S satisfies ((2)) ,then the distributive CL-subobject

St = (x & S: x = inf({xn PRIME S)} appears to play ag role., It is
not clear which. The closure operator f:8—>8!' , f(8)= inf({s~ PRIME 3)
i a lattice homomorphlsm. So what? -




