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a preliminary némenclature until agfeement can be reached as to
what these spaces cught to be called. So far we have : A.S.Ward:
Ria Quasl locally compact spaces; J.Isbell: Semilocally bounded
spaces. '

- In essence, our two memos . (op.cit and this one) are concerned

.with a characterisatlon of CL-paces. We recall a general fact
{loc. .cit (1.13):

FACT I: For every T gpace X there is a unique unlversal
"primalilsatlon" {X K> X 3 where X is a primal{loc.cit.l.11)

SPaCt® 4na EX is a dense embedding inducing an isomorphism O(X)EO(X)

"Jriversal' means that every map X——>Y into a primal space

‘ facters uﬁiquely through ;X; we dld not emphasize this fact in
‘ v
-3CS 2—8—??. Recall that. X = Spec 0(X).

We have the following result on CL— Spaces.

FACT II {(op cit 1.16) Por a T Space X the following statements are
equivalent ) _ '
(L) X is a CL~ eﬁace. (2) ; is locally quasicompact.
(3) X iz rp?b_e identified with a subset of Spec L for a
continuous distributive Cl—object L so that Xuf{l} is order
generating. |

remained onen
The following question (& Elrst occurrence known to us: A.S.Ward,

Proceedings of "the Herceg Novi Topolog conference in 1968): Is

each CL-space necessarily locally quasicompectg
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The answer 1s no as we now proceed to cogmunicate. There is in fact
a second countable Cl—space in which every quasicompact subspace
hag empty interior. The lattice of its open ideals is the following:
For Scott : [I—>I1] ; For Isbell F (I I1); for Hofmann LC(I,I).
This example will show that the classification theorem FACT 2 is
pretty much the best possible.

Let now L = LC(I,I), I = {0,1] , LC denotes the classlcally
lower semicontinuous functions. For any (a,b) € I x [0,L1[ let
p(a b) e L be the lower semicontinuous functlon given by p(a b)(a)
=b and = 1 otherwise. We note that L is distributive and that
spec L (loc.cit.1.2) = {p;, py* (2,0)€ I x [0,1[] If we equip

[O 1] x{0,1[ with the topology consisting of all

{{x,¥)| vy < f(x)} , fe LC(I,I) , then (a,b)P———>p(a’b):Y——->Sepc L

is a homeomorphism. Notice that Y is second countable.

We define X c Y as follows. The axiom of choice enables us
to fixE a subset A ¢ I with the following prOpertugs #»,m3‘rf
%

(1) A is dense in I .(—8—}—Iix-ﬁ—+s—é-e-r—-—.rﬁ—€a(2) A is not Borel.U’l’

(We could have gotten A ngi Lebesgue measurable in I).
OIt ' h-]O,lC
We say (x,y) € X iff y is rational for x € A and irrational, for

x & I \A. If X' is the image of X in Spec L , then X' U {1} clearly
order generates all of Spec’ L and thus all of L. Hence X is a
Cl-space by FACT 2.,

In order to show that each quasicompact subset of X has empty
interior it suffices to show that every saturated guaslcompact subset
(loc.cit.1,19-1.20) has empty interior. Thus let § be a saturated
quasicompact subset of X. Saturation means that (a,b)e Q implies
fa}l x[0,b] € Q. SireceRA—w—tol-is—a—uan ”ﬂﬂnnmnapt_qﬂhset+withe&%
ipteriortit—is—moToss—efpenenalitr-boasswne—that Ao
| frem—here—ameuis
Lemma A. q(x} = max {y| (x,y) € Q} exists for all x € & P",_Q.

Proof. The collection Q N({x} x {iemm s - % ,s]),n=1,2,... , Where
s = sup {y| (x,y) € Q} 1s a filterbasis of closed subsets of the
gquasicompact space § and thus has a non—-empty intersection in Q.
But the only point in this intersection is (x,s8).]]
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pefine q:I——>I by q(x)= 0 for x ¢prlq , and asin Lemma A,otherwise,
Lemma B, q ®:I——>I 1is upper semicontinuous. 1imit

Proof. Let x = lim X, in I and suppose that (x,y) 1s a FIUETEE point
of (xn,q(xn)) in the standard topology of I x R. The-tepategg—af

(o v Tidm fx ol VY
B A Y A Y ni_’_

Wots—cvarser-Shar-the —shandard—topology.—Honge
+H~dr By the definition of the topology on Y,x the relation

(Lxy) = lim (xn,q(xn)) In the standard topology implies that

for any cluster point (x,z){in Y)of t%exsg%§ence (xn,q(xn)) we have
¥y < 2. By the %?ﬁiiS?Tpactness of Q4 at least one of these cluster
points is in ¢.Thus y < q(x) by the definition of g.[]

—1
I . o Lrre— j- i
Lemma C. If b:I >I+is a Borg%tfggcgog%figgen b (d) is a Borel
subset of I ,where Q denotes the/rationals.
Clear, since Q" is Boreil. A |
Now q 1s a Borel function since it is upper semicontinuous byfgaéayn

Lemma B. pry Q@ N A 1s a Borel subset of A.
Proof. By the definition of A and X we have Pri@ N A = ER N )0

If @ had a non—empty interior, then pxam pry @ B would contain a
non—-enpty open subset U, whencs A N U would be a Borel set contrary

to the selection of A.
. WED.

Flash: _
Al Stralka has a characéerisation of all CL-objetts which are quotients
of products of chains (at least &@fthose which are first countable at

the identity).



