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Theoren 1.12 of [1] says in part too much, in part too lzttle. The proof of "
parts (i) and (iii) is based on 1.7 Wthh in furn is based on 1.5. " The given proof
of 1.5 is only valid fcr the d13tr1but1ve case, when every irreducible element is
prime. On the other hand, 1.12 (11) is valid for every complete lattice:

In this memo, I define Spec as a contravariant functor from complete lat-
tices, with Scott continuous lattice homomorphisms, to topolegical spaces, and I -
use the adjunction of Spec and O to obtain the duality between sober (= primal)
topological spaces and complete lattices with enough primes. This part is known.
Specializing to contimuous lattices, I show that (i) and (1ii) in Thm. 1.2 of {1]
are both valid iff Lemma 1.7 of [l] is' valid. This is the case if L is distri-
butive, and also if Spec L LJ{l} is closed in the CL-topology of L ., Thus L
nead not be dlstrlbutlve for (i) and (111) in Thm, 1.12 of [l] %o hold.

The problem whether 1.7 in [l} holds for all continuous lattices remaina open.




1, Enough primes versus sobriety

Topologiets have used spaces of closed sets for over sixty years, beginning
with the Hausdorff metric. Both from a topolbgical viewpoint and from the look of
the covariant functors involved, spaces of closed sets are preferablé compared with
Spaces of open sets. However, in order to preserve the notations of [1] I shall
use here complete lattices and spaces of open sets. . .

We deal with two categories. Ome is the category *TOP of topological spacea
and contlnuous maps. On fhe other side is the category of complete lattices and
Scott contimious lattlce homomorphmsms. I denote this category by LSC . Isbell'.‘
meet-contimious. lattlces, and Dowkera frames (which are meet-contlnuous and distri-

‘butlva) define full subcategories of ISC ., The morphisms of_ I15C preserve finite gv?
‘mests (1nclud1ng 1) and arbitrary suprema. ‘7'

‘Every morphism f : L—>M of I1SC has a right adjoint f* ¥—>L,
given by x‘< f*(y) = f(x)A: ¥ 3 one may be tempted tocall £* a geometrlé
morphism of complete lattices. f* preserves arbitrary 1nf1ma and primas.\‘Con-

“versely, if f* : M—> L preserves infima and primes, and if M has enough
primes (see below) then tha correspondlng f: L~—ﬂ%'M preserves finite meets as
well as all suprema. : B 7

We define a (contravarzant) functor O TOP °P— ISC in the usual way:
0X: is the complets lattice of open sets of X for a space X, and Of : 0¥
—>0X is given Ly 1nverse 1mages for £+ X—2Y, .

' In the other: dlrection, Spec : LSCOP-—ﬁgTOP is defined as- follows. Spec L
is the set of all primes of L, with 1 excluded, and with the sets cr‘(a) '
=§{p & Spec L| a4 p} as open sets, Por f : L—p» M in 1sC » Wwe have noted i
that the right adjoint f* preserves primes; we denote hy Spec £ Spee M —>
Spec I the restriction of f* to primes. Then (Spec £)" @3‘(a)) “cr’(f(a)) for
a& L ;- thus Spec £ is ccntinuous.b

One verifies easily that T, ¢ L‘?—ﬁ-o Spec L is a surjective morphism « -
of ISC ; the preceding paragraph shows that =5 _1s natural in L .

THEOREM 1. The functors O : TOF®® —3 ISC and Spec : ISCOP——-:HPOP are
gdjoint on the right.




Proof. For u : X ~—>Spec L in TOP, put ﬁ=9_u4dL_; then 4 : L
—> X in ISC, For v :L-—»0X in ISC and z&X, put

-#z) = swpfa€lL ) x ¢ elal) .
Then v(#(x)) - {U{ela) | x¢ &(a)} .. It follows that
_. 8 &¥Hx) <& x g via) <= v(a)— X'\-—[;;l
Thus #(x) = v*(X\F} . This is prime in L s:.ncs X\$x] is prime in OX ,
and we have ¥ : X —>Spec L at the set level. % (o*(a)) = v(a) from the dis-

[~
played equivalence, Thus % : X—> Spec L in TOP, and ¥ = OF oL =V .
- If v=1%, and x&X, ve have in particular o '

@(:ﬁ). sup{a& L] xgé W (a))i
supfa€ L | aé_p._(x)} =:_:lg(x) .

-3
Thus 46 =4, .
Now b 4 and v b—a-w? defines inverse bijections whlch are. c:learly

natural in X andin L resDectively, this proves the Theorem. _ -

One unit of the contravariant adjunct:.on just obtained is c‘i‘ = (id Spec L)" .
We denote the other unit by sy = (10 0 X)* :+ X ——»Spec Q X . 'The elements of
Spec O X are the complements of the irreducible closed sets of X , and we have

in particular sx(x) = X\-S_;:-j; for x&X .

PROPOSITION, Spec o7, and sSpec-i. are_inverse homeomorphisms for a complete
lattice L, and O Sy &and ony are inverse jsomorphisms for a topological

space X .

FProof. We have Spee oy Sy e sSpn = id Spec L and O Sy e 1d 8xX
since O and s are the units of a contravar:.ant ad,junct:r.on. S:an-e- o, is epi~
morphic, Spec o*i is monomorphic; the first part follows. Tox is epimarphic;

this implies the second part.

THEOREM 2., 8 0D i spaces i gctive te
of TOP, with refleciions sy : X —> Spec QX . For a tonological svace X,

the following four statements are Jogically equivalent. (1) X is scher,.

(11) sy is bijective. (iii) s, is a homeomorphism. (iv) X is homeomorphic
to a space Spec L , for a complete lattice I . :




Proof. (i) = (i1) by definition of sobriety. (ii) == (iii) since S 8y
is bijective 1n any case, (iii) == (iv) trivially, and (J.v) ==3 (:tiz.) by the
preceding Proposition.

If £:X—>Y with Y sober, then f = ¢ sy only if Qg (gs )_1

As 0 is full and faithful for sober spaces, this determines g uniguely ﬂ

IEFINITION, We say that a complete lattice L has engugh primes if oy is

injective, and hence bijective,

THEOREH 3,

Complete lattices with enou ‘ Sull ‘ -
categ- ory of ISC s ¥ith reflections oy, ¢ L —» 0 Spec L. Fore complete lat~
tice L, ‘the: awing three statements i iy . (1) L has

' engt,xg__p_h rimes. (11) 1 is sn isomorphism of complete lattices. (iii) L is
isomorphic to a c_omnlete lattice O X, for a topological space X .

- Proof, (i) =>(4i) since every bijective morphism of ISC is an isomor-
phism of complete lattices. (11) ==>(1ii) trlv:Lally. (iii)}ﬁ.(i}f.since 0X
" with primes X\{X} has enough primes, : . _

L If £:L d-a-ﬁ,\ ISC with M having enough primes, then. f =goy, for at
most one g since o3, is epimorphic, and f = g0y for g‘=oﬁ_l-9_ Spec f .

Theorems 2 and 3 are 4 special case of a folk-theorem written up recently by"
* Lambelc and Rattray., The two theorems are not new, but they have not been written

donn in the form best suited to spectral theory of CL

P

2, Spectral theory of continuous lattices

THEOREM 4. For a contimuous lattice L ' the following two statements are
" logically equivalent. (i) Spec L is locally compact, and <3, : L—> 0 Spec L

_is a comorphism of continuous s lattices. (ii) For every oper filter F in L ,

the set Spec I\.F is compact in Spec L .

Before proving this Theorem, we state and prove an aux_iliary result.

PROPOSITION, (i) and (11) in Theorenm 4 are satisfied if L is d:.stributive,
and also if Spec L u {1} is closed in the CL-topology of L .

R




Proof. If L is distributive, then (ii) in Thm. 4 is valid by 1.7 in [1].
If Spec Lufl} is Cl-closed and Q = Spec LN F for an open filter F in L '
then Q is CL-closed. But then Q is CL-closed in L , and Q is compact
in Spec L by Lemma 1.6 of [1].

 Proof of Thegrem 4. The proof of parts (i) and (iii) of Thm. 1:12 in [1] is
-a proof of (i) from (ii). l ‘ : .

If L satisfies (i) and X =Spec L, then op* : 0 X ~> L is an embedding
in CL ., If F is an open filter in L and G = b‘L*)"l(F) , then G is an
open filter in 0 X, and Spec 0 X\ G is compact since (ii) is valid for the
distributive continuous laft:i.ce 00X . Now N Sy 1(G) is compact in X since
8y is a homeomorphism. sx(p) =<3'L(p) for p& X ; thus sy “(G) - Gonsists of
all p€X with o3(p) in G, i.e. with o *(eg(p)) in F . We always have

(o‘ (a)}» a2, btut since O'Lc* oy, =op and pq'_:cr {p) , ‘we cannot have

L7L
O'L*(U‘L(p))> p. Thus sy Y6) =XxAF, and X\FP is compact in X .

REMARK, As pointed out in [1], there are distributive continuous lattices L
such that Spec L'U_{l} is not CL-closed'in L . On the other hand, if L  is
the complete lattice of filters in a lattice £ , i.e. the HHS duai of £ , then
Spec L with the Stgné‘_,'s_pig'ce topology is a closed subspace of L with the CL
topoloéy, but L is ld.ist‘ributive only if £ is distributive, |

We note that Lemma 1,24a of [1] can be sharpsned.

PROPOSITION, If L is a cont:.nuous lattlce which satisfies the egu:.valent

condltlons (12 and fn) of Thearem 4, then the ratch topolegy of Speec L LJ{].}

is the subspace topology :Lndur'ed b_z the CL topclogy of L.

Proof. Put X =8pec L . We have injective mappings X u{l} —>»>E-—>L,
given by sy , extended by sx(l) =X, and o3* . 4s the morphism O’L* of CL
is a closed embedding for the CL topologies, we assert that the patch topolegy is
the initial topology induced by s, . This follows immediately from the'fact that
the CL +topology of _Q_X , Tor locally compact X , is the coarsest topology for
which TV is closed for every V& 0X , and the filter Q- of open neighbor-
hoods of‘ Q@ open for every compact QC_ X .



