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QUOTIENTS OF CUBES

In this note we will investigate conditions under which a compact
semilattice is the quotlent of a product of compact chalns. of neccssity
such a Semilattice must be an object in C& , the category of compact
Lawéon semilattices. We shall also discusé.condltlons under which a' '
compact (necessarlly zero~dimensional) semilattice is a quotlent of 2
for some set. P . Definitions of undeflnled terms are to be found in [4].

| Let {TJ :j €J} be a family of compact (non-degenerate) chains and

1ct -T.'b?-th?lr cartesian product. Define Tj = ft € T:pvj(t) =1 un-

, less i é_j} (pvj(t)-_is the jEE - projection map}. iRR(S) will denote
the set of\TﬁEEE) irreducible elements of S . Thus in T , IRR(T) =

VNGRS R D S

LEMMA 1 (Hofmann and Lawson [2]) _:Letf—czA - B;,be a_-cg—scfmqrphism .
then IRR(B) € ?(IRR(8)) - | U S

If S belongs to C£ and x , y €S, then x <<y, read x is
way below y , if whenever supA = y there is a finite subset F of A
such that supF = x . This conciticn is equivalent to: y is . in the

interior of Tx];(Tx = {s € S:5 = x} . ‘The set Ix is defined'dually).
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PROPOSiTION 2: Let S € C£ . The following conditions are equivalent,

(1) s 1is a quotient of a product of compact (non-degenerate) chains.

(2) 1IRR(S) " can be written as a union of'arfamily of chains- {Dj:
j-E J} - in such a way that if x << L then‘there is a finite subset
F of J Sucﬁ that if j ¢ J/F then .Dj_g Tx‘{. ‘ _

PROOF: (1) = (2). .Suppose Ehat_ q:Thﬂ S 1is a quotient map (T 1is
ag describad;aaoVe). For aach j € 3, define Dj to be q(Tj’) N IRR(S)
By Lemma 1:._IRR($) = U{Dj:j €J} . let x <<'1l in S.. Then Q_l(Tx)
Ais a‘neighborﬁood of 1 in T . Hence there is a finite subset F of
© J such that for each j eF , Uj is a neighborhood of- 1l in Tj Aaﬁd
nfprj_l(Uj):j.e F} < q—l(fx) .. Since ufr; 114 3 ¢ PT (U ) for each
j € F we have U{Tj':j €F} c qdl(?x)  which implies that Dj_E 1% for‘
all € -NF . T e |

2) = (1), ‘Dafiné Ty =Dy U {1} . Thus. T = {T,:j € J} is a pro-
duct of compact chains. Define q:T + S by setting q((tj)j é'J)-=A
inﬁ{tj:j €J} . By (2'19[2]) q preserves arbitrary infs and is a sur-
jection. We have left to show that ir preserves sups of upward directed
lSéts; Let (tja)j € be an upward directed set 1n T which converges -
to (t. )J €J - Let X << g ((t:j)j_e = 1nf{tj:3 € J}.. By cond}tlon_

West Germany: TH Darmstadt (Gierz, Keimel)

' | U. Tlbingen (Mislove, Visit.)
England: U. Oxford (Scott)

USA: o " U. California, Rlver51de (Stralka)

LSU Baton Rouge (Lawson)
Tulane U., New Orleans (Hofmann, Mlslove)
U, Tennessee, Knoxville (Carruth Crawley)



SEMINAR ON CONTINUITY IN SEMILATTICES (SCS)

DATE M D Y

NAME (S)

TOPIC

REFERENCE ' o : 3

(2) we can find the appropriate finite set F . Then ‘q((t )j € J) =
(inf[tja:j €EF}) A (inf{tja:j € NFD) 2 x A (1nf{t :j € F}) which con-
~ verges to x A (inf[t 'j EFl) =2 x A (lnf{t :j € J}) = x A Q((t. )J c J)
Then 51nce thlS set is upward directed we can conclude that 1im q((t )
- allepy P - oE

Recall that a set has finite width 1f it does not contain an infinite

jedJ

anti- chaln |
LEMMA 3A. Let_ S.E C& . The following~twe conditions are equivalent.
(P) . giueu any infinite anti-chain A in TIRR(S) , A = A U {l}
“(Qi)' if x €< L in 8§ then IRR(S)\TX has finite width.

PROOf' (Pl) = (Ql) Suppose that x << 1 in S . If IRR(S)\Tk
did not have finite Wldth it would have an 1nf1n1te anti- chaln A But
.then A could not have 1,~1n71ts e}osure s;nce, tx 1s a nelghborhood of

. .‘ , | ‘ o | o | | .

Q) = (Pi) . Let A be an infinite‘autiechain in IRR(S) and let
b be a limit point of A . Each neighborhood of 1 'contains all but-
flnltely many members of A . Thus A = A Ui} . o

A stronger condltlon than (Plj; is

(PZ): -given any infinite subeet; A of IRR(S) , A =AU {1} .
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PROPOSITION 4: If S € C£ 1is a quotient of a ptodﬁet-of_compact-

- chains then § has property (Pl) and if 8 is a quotient of 22 , for

some set . P, then S has property (P,)

i

PROOF: Suppose that T ﬂ[Tj:j € J} is a product of eempact (non- |
degenerate) chains. We may assume that J is.infinite:- otherwise, Pl-
-ia vacuoualy satisfied. let A he any infinite anit-chain in T and let
b be a limit hoint-of A ; For each j € J there is at most one element
of A 'whose. jEE_ projection is differehthfroﬁ 1 . Thus for each j €J
_ there ie a neighberhood Uj of h auch that _hrﬁ(AﬂUj) = 1 ;- Hence
b=1.

 Now auppose that q:Tbﬂ_S-'ia a quetient”map and eupp63e that B is
" an infinite anti-chain in IRR(S)-, By Lemma 1 for each b 6 B we can
find a_pdint' b’ ¢ q_l(h) N.IRR(T) . B’ {b :b E B} Wlll be an 1nf1n1te
anti-chain in. IRR(T) . Hence, from,the.prev1ous paragraphr B/ ‘?‘;” u {11 .
Thus q(B') - B'Q {1} . Since gq is centinuous we have B =.B:U {1} .

The second part of our prop051t10n follows from the fact' that 1nf1n1te
subsets of IRR(Z ) become anti- chalns upon the exclusion of 1 . O

We are.only‘ahle_to supply a partlal converse to Prop031t10n‘4. The
condition that,there be a countable neighborhood base at i would not

appear to be a necessary hypothesis. Nevertheless, we have found no way to
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eliminate it as a hypothesis-r ‘

PROPOSITION 5: Let S € C& and suppose that S‘ has a countable
neighborhood base aﬁ ‘1. Then S is_a quotient of a product of compéct
cﬂains if and only if S satisfies property (Pl) |

PROOF: From Proposition 4 we have tﬁe reSult in one dlrectlon. Now
sgppoée that S satisfies property Py . From the hypothe51s of a count-
able neighborhpod base at 1 , we can find a sequence {ei:i =1,2,...}
such thap fdp eaéh i y @5 << e;y and éﬁp gizs 1 ., Since IRR(S)\Tel
has finite width it can be expressed as a union of finitely many_chains
‘ by Dllworth's codlng theorem, call these chains Dn’;'f’Dln(l) . IRR(S)\Tei
c IRR(S)\Te so each Dy; can be extended to a maXimal chain D,; in
IRR(S)\TeZ-. The remaining élgmeﬁ;s of IRR(S)\?e2 _has fiﬁite width sp

1 it can be arranged into finitely mény chains. = Thus we have IRR(S)\?eZ-

= DZI-U ces U‘DZn(lj U . U D2n(2) " As thls process procegds it uses
" up IRR(S) . Hence by Proposition 2 we see that § 1is a quotient of a
product of chains. O |
For the ZP- case we have '

'PROPOSITION 6: Let S € C£ and suppose that l has a countable

neighborhood base. Then § 1is a_quqtlent of 2P s for-sqme set P , if
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and only if S.Asatisfies P, .

- PROOF: The proof in one direction is taken care of in P;oposition 4.
If S satisfies coﬁdition fz we can proceed along on the same course as
Pfopositioﬁ 5. However, since IRR(S) would_héve only one 1imit'poiht in.
Lhis case, each of the cﬁains we obtain would have to be either finite or
countably infinite and having‘one as its sole:limit point. Hence if we
lét T, denoté the countaEle compact chain with one as its sole limit

N (N is the set of natural numbers) has S as

point we caﬁ;see';hat T
a quotient. But then since T is a quotient of 2N it follows that TN
' mﬁst'aléo'bé a quétient of oN - we have completed our‘prqqf. 0

In [i] Baker considered the-quéstion of which-semilattices cén be
imbedded into free semilattides; 1f j}A 4F(S) is an imbed&ing of the
semilattide A.’into thé‘frge éemilattice og‘thé-sé;‘ S .- Theﬁ by the
duality théory of [3] the:e would béla.éufmorphism' E:Ff%) > A . The
sémilattice 'F(éj  is isomorphic with 25 . Thus the question'of which
semilattices can be imbedded into free semilattices is dual to the_question

of which semilattices are quotients of products of finite chains. -
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