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On the ocecasion of a stop-over in Paris, D.S5cot% was shown the recent
preprint by Lawmann on the speciral theory of continuous Heyiing algebras
(as distributive continuous lattices will undoubtedly be called in the:
Compendium and from here on forward). He began immediately to mull over
his favorite subject in the area;function spaces and continucus lattices.
He argued as follows: If L and M are continuous lattices, so is [L--DM]
(the space of all Scott contiruous tunctions from L to M with pointwise
lattice operationsh In fact this is a2 sublattice of MU {closed even under
arbitrary sups),so if M is distributive,then the function space is a

- distributive latiice. What is its spectrum (which,as we know from Lawmann,
determines it comppetely® : - i

Some remarks regarding this question are communicated in the following

for later inclusion in the compendiumg. '

PROPOSITION. ITei X be a locally guasiceompact sober space and D a continuous
: Heyting‘algebra. Then the primes of Top(K,SD) (where 3D @enotes D w%th
the Scott topology) are precisely the functions f(x ?) which are defined
: -S€ )

(p. for y e {4

' = Ehaxfuretisr x & X D e PﬁIHE D,
R4 f(XsP)(Y) 1 otherwise ’ ’

The function (x,p) b— lﬁ(x o) X x Spec D ~——> Spec Top(X,SD)
_ : {x, =
is a homeomorphism relative to the hull kernel'topologies on the spectra.

RE&ARKS.'i) The hjpothesis that X be sober is no restriction of genevality |
gince Top(X,8D) = Top(%,SD), where % is the sobrification of X.{Lawmann,2.8)

ii) The distributivity of D is only essential to secure the non-
emptyness of the spectra.The statement in itself remains valid without it.

We procedd by StepSawd detoe b frok o mnort Graerad Slydeomcif

LEMMA 1. Let X be a topological space and L a continuous lattice. Let

iNM 274,p.112)., For f € F the followinz statemenis are egquivalent:
(1) £ e IRRF . (2) There is a prime U ¢ 0{X) and a peIRR L with fﬁﬂéigmﬁtt

F be the complete Lattice Top(XSL) under pointwise operations (see Scott
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f = chy Vv const (where ch, is the characteristic function of AgX)
Proof.{2)=>(1}. Suppose ab = f. Let 4 = a ! ({p) = a_'1(p) and B = ‘b-1(¢rP)
- b_1(p). Then A and B are closed and since p is irreducible, AUB = X\TU .

Since U is prime, A = X\U or B = X\U,, and so a= f or b = f.

(1)=>(2). Suppose t e £{X), t+ < 1. Take an arbitrary s <{ t in L and set
U =.f‘1(‘$s). Then U is open and the two functions a = fVch.U and bszconstS
are in F. If x e U, then s << £{x) and so a(x) = £(x)¢ 1 = () and
b(x) = £(x)vs = f(x),i.e. (ab)(x) = £{x). If x ¢ U, then a(x)=f(x O
= £(x) and b(x) = £(x)v s, i.e. (ab){x) = £(x)(f(x)v u s) = BdFm f(x).
Hen’ée ab = f. Since f € IRR F we have a= f or b = f. But a = f means

cchy < f, and this means that s<< f(x) implies t{x) = 1,but this is not
possible since there is an x with f{x)=t ,i.e. with s << f(_x) < 1. Hence
we conclude b = f which means s < f(x) for all x ¢ X. Since s <X t was
arbitrary and L is continuous, we conclude t < f(x) for all X. We have so
far shogn EE%EI?BX) = {‘I) ( in which case(2) holds) or that f takes at
most two}fralues 1 and p.Since it is eontinuous, this means that f is

of the form chy v const p with the ope set U = £7'(1). -If p=vw in L

get a = chUVcons’cv and b = chUV'constW in F and ncte ab = f, Since f is
irreducible, f = a or f = b, i.e. p=v or p =w follows.Thus p e IRR L, -
: If 0= VAW set a = Ch‘v\’COHStP and b = chw vaonstp. In calculating

ab = f do not use the distrivutivity of L,since we do not assume it,but’
make a simpd)l case distinction., The irreducibility of £ implies f = a
b,i.e. V=U or W = U, Thus U € IRR O{X) = PRIME O(X).$§

Recall: If X is a sober space,then U € PRIME O(X) iff U = X\m for

ar

gore x £ Xjand this property is characteristic for sober spaces.

In Lawmann the topologg generated on a lattice by the setis L\_Tx is
called the INF-topology( p.52). We will do this here and consider on |
IRR L. and IRR F the INF-topologies. If IRR = PRIME, this is precisely
the hull kernel topology. - 7 _ B EX s az‘%mfﬂcf
LEMA 2. Let X be a sober space and L a continuous lattice. )’fhen : 7/
F = Top(X,SL) is a contimous lattice (see Isbell or Hoi'mazzn)) For

Xand pe IRR L let £ = ch - const_s tre ' ~=>f vl
*e ane p a © (X!P) INGA v cons P’ n (X’P)i- (X:P)
X% (IRR LN{1}) —~—> 1IRR F\{ﬂ is & bijectiony by Lemma 1. Claim: This

map is a2 homeomorphism with the INF-topology on the irreducinle specira.
Preof., "I‘he generic closed sets 01'S=IRR P\ {3] are of %he form Tan S ,acF.
yow 87 (*ans) = {(x,p): xe X pe IRRL, p £ 1, a(x) < p]iVe clain that
the complement of-this set is open in x X (IRR L\.{jf ). Indeed suppose
a(x) { 4p. Pick an s e L with s £Jp and s << a(x).ThanU & a_“‘(?s)

is an open neighborhood of x in X , and V = {IRR L)\fs 4is an open
neighborhood of p in TRR L\%i}. If u e U and v ¢ V, then a(u) £ v (since

othersise- s <K a(u)-{ v =>xve &s!).This proves the claim. Conversely,




. 23
let 4 be cloced in A and let s < 1 in L so that ¢Sn(IH3t\{ﬁ ) vis

a generic closed set of T = IRR LN{1). Detine a:X ---> L by

s if x e A _
a(x) = . . Then a is continuous,i.e. a € P. MNoreover,
1 otherwise

a £ B(x,p) = £ p) iff - ~~ a(x) <p iff (s {p for x e A and
VX : .
1 < ptorx g a); out p < 1, hence a < 8(x,p) iff x € A and pe fs.
Thus Ax (fsnT) =B(an S) is the image of a generic closed
set in the irreducible spectrum of F.§
We are now tinished with the proof of the proppsition,since the Lemme 2

_ core compaciness or
is in fact a stronper statement (having rotllnﬂ to do w1th/dls€r1but1v1ty)u

i

f we return for a poment to distributiv;ty, theiwe know by Liwmann that

D= 0(Y) for some locally quisicompact sober space.We can write D = Top(¥, . S2
Then F becomes - -« Top{X,sTop(Y,52)). In view of ocur
Proposition and Lawmann we have shown that F % 0(Xx ¥Y) = Top(Xx T,32),

and this is rezsonatble




