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LEMMA 1, Let L be a continuous latticd and V a Scott-open subset such

that feor some sequence ao"’ a..L > &q - one has
("yp) Va, & V for n=0,1,...
Then for all v& Y there is an open filter U& V such that Vane U,n O0,%1,.

(Remark. For the applications in this memo, v=1 would suffice.}

“Proof. Let v & V be given and set b0= l1.5upposge that-we found elements

bk,kzo,...,n such that
(i) vb,_ € V for k = 0,...,n,

(idi) b, << Vak-lbk-l for k=l,...,n.

{(For n=0 ,nothing is assumed in lieu of (ii)). We construct L

By (i) we have vb_&V,hence by (HYP) we have (1) va b & V., Let D

dencte the directed set .;\.];_Yanbn. Then (2) sup D = vanbn since I, is

continuous, In particular, I. is meet~continuous, and thus sup vD =v sup

, )
= vzanbn = va b & V by (2) and (l). As V is Scott-open, VD A V £ &,
i . T
i.e. there is a b + 1€ D with (3) v ne 1€V and b e %\dn)n,l.e.

(i) bn+l<( va _b_ . Then (3} and (4) make (i) and (ii) valid with n+ 1
in place of n, Dy induction we thus have (i) and (ii) for all k=0,i,..

- - . P . . b
{resp.,k=1,2,...). Then (ii) implies pn* 1 Kva b < b, hence

(5) ©® &b, for all n. By (i) we note b, = ¥b,_& V,vwherce

n41

(6) ‘Tb & V for all n, By (ii) we note va Zva b: > b & V, whence
: n n{.i

[euy

(7) vane¢ bmi for all n, Now set U \J Then U is a filte

as an ascending union of filters.By (5 it is an open filter,and by (&}
7€ Vv,But (F) shows va € U for all n. ]
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LEMMA 2; Let L be a continuous lattice and AT L a countable set such

that ac€ A, x £0 implies xa # O. Then TIRR L& txA implies x = 0,

Proof, Fix x ;é 0 and writg A = {xo,xl,... _} \‘_and set an_—.- xo...xn.
Then xa 4 0 for all n (by induction). Apply Lemma 1 with V = L\{0},

v = x , and find an open fTilter U such that O $ U, xané U for all r
Now let p be a mzximal element in L\ U, By Lawmann I, p & IRR L. " BUT

pé LNU 2z L™\ UTxan < L\Urxxn = L\NfF=xa.

LEMMA 3, Let L be a continuous lattjce and A & L, Then the follswing

are equivalent: (1) 4 A N Spec L  is nowhere dense in Spec L .

(2) spec L¢ 4xutA for all x with Spec L§ +x .

{(3) Spec L$f§cA for all x with Spec L ¢ tx .

If L is also distributive and A = {a}, then these are also equivalent
to (4) O £ xa, for all x # O, ' -

Proof., Write X= Spec L. Then AN X is nowhere dense in X iff every
non-empty open set in X meets the complement X\A A, and since the
closed sets of X are precisely the séts T« X,this is equivalenf to
saying that for all x with X\%$x # # we have ¢ # (X\tx)n (X \14A)

x%{ Txu ‘I‘A);wla-ich shows the equivalence of {1) and (2). But

pe X\ (fxv T4) iff x'f p and agp for all agh iff xg4 p for all
agA ,since p is prime,and this means that pg xN\Pxa, Thus (2) and (3)
are equivalent, IT L is distributive, then Spec L $ Px Aff x £ O

by Lawmann I, and Spec L$fxa iff xa #£ O, Thus (3) and (4] are
equivalent, [J

, RECALL. A topologlcal space X is a Baire sgace iff for all closed {‘
ﬁ\_subsets Y:,L;ﬁo} X and each sequence Yl'Y2> of subspace?whlch are

-
! j{closed and) nowhere dense in Y,we have { )Yn £ v.0

THEOREM 4, Every lccally quas:Lcompact sober space is a Balre space,

Proof, Let X ge locally quasicompact sober. By Lawmann II we may assum:

X = Spec L for a continuous I?nvtlng_, alezebra L. Fach closed subset of X °
= tenIRE L = IRE 1y ,
is of the form T‘xﬁ A5 Spec Tx, hence is itself the spectrum of a

continucus Heyting algebra. Thus it suffices to show that for any

sequence Xn of nowhere dense closed sets in X we have X # i f Xn.




