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_ In his paper [5 417 , 0. Wyler raises the follOWihg.question:

" Let L be a lattlcdwmth 1 3 then the ideal lattice :Id_L'_iS'an
algebraic_lattlc@ with an isolated greatest element. The set

Bpec Id L of all proper primé:ideals is then Lawsoﬁ—cloéed, hence
compact' in the Lawson topology which equals the patch topology. We
_writé Bpec. I when we comnsider the spectfum with the patch topology.
“Let F(Specpld L) be the contlnuous,ﬁattlce of all closed subsets o
with bespect to union. We define & map D T"(Spec Id L) — I3 L

by D(C) —'f\C for. any closed set ‘C of prime 1deals. Wyler notes
that D is suraectlve iff L - is dlstrlbut;ve and asks: '

QUESTION. When is D injective?
_'He observes?
H.QREMARK;-If"L- ig 37Boolean.ai#ebra,fthen* D 'is‘injéCtive;‘

; QIn thls Not@ we' want t0 1ndlcate that for dlstributlve 1attlces,
"'the converse also holds. '

In the following let S be any compiete lattice snd Sped S
the set of all prime alements p # 1 of 8 . There is a natural map
from the powerset of Gpec 5 into 2 :

ke fP,(Spec 1) Q.
A o3 inf A ,
Conversely, there is & map from © onto the collection k(S

of all hull kernel closed subsets of S :
h: 8 — [ (Spec 8)¢C 12(8}390 8)
a +— Tan Spec 5 .

LEMMA 1. %(4) = k(B) iff h(k(A)) = n(k(B)) d.e. iff 4 and B
have the same hull kernel closure. [J o



CONSEQU#NCE. Let A be a topology on Spec S finer than the hull
kernel topology_aﬁduﬁﬁk(Spec %)  the collection of A-closed sets:
(1) The restriction of k to [, (Spec 8) is injective iff
A coincides with the hull kernel topology.
(2) If N is T, and if the restriction of k %o [, (Spec 8)
is injective, then the hull kernel topology is T, which
implies that ©Spec 83 1is an antichain. 3

LEMMA 2. Let S be a continuous lattice such that Spec Sy{1} is
Lawson-closed. Then the Lawson topology coinci”des with the hull
kernel topology on Spec S5 1ff Spec 5 1is an antichain.

Proof, ===» is clear as the Lawson topology is Heusdorff on 2 conti-
nous lattice. &== It suffakces to show that, for every & in S R
the Bet Spec Ei\’?a is -2 hull kernel closed. For this
we let b = inf A where A = Spec S \;?a , and we show that h(b)
= A ., Indeed, let ge Spec 8 be such that q } b . By THE LEMMA
there is an element s in the Lawson-closure of A with g 2 s .
We have se¢ Spec S , ag Spec Su {1} is Lawson~closed. Thus q = s ,
ag Spec S5 ia supposed to be an antipghain., As S\\$a is Lawson-
closed, we finallfmwﬁ = g€A. . 0O

In a distributive comtinuous lattice, Spec Swu {1} is Lawson-closed
iff <KX is multiplicative. Thus we have:

PROPOSITION. For a distributive continuous lattice S , the following
are equivalent:
(%) << is mmltiplicative and every prime is maximsl.
(2) Spec S v {1} is compact in the Lawson topologyvghd
k T (Spec 8) —> S is injective.
(3) 8 = 0(X) for some locally compact Hausdorff space ¥ .p

COROLLARY, For a distributive lattice I. , the following are equivalent:
(1) D : r(SpecpId L) — Id L is injective.
(2) L is quajE-Boolesn, i.e. ~ ~ -~ - . . every
principal ideal of 1L is Boolean, |

Indeed, a distributive lattice is quasi~Boolezn iff every prime
idesl is maxindial,



