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“ell, it seems as though someone will need to sunply some
additional insight into this problem . . . that is, the canonical
maximal strict chain oroblem. I will, however, outline our approach
in hopes that it might be useful to someone. First, our approach
is not to thnrow anything out systematically, but rather to starv

with almost nothing and throw things in systematically, tnus
atteatting to.cnnstruct such maximal strict chains. Admittedly,
"canoniecal™ is in thne eyes of the heholder, but until someone comes

up with something better, here goes:

Thronghout, T is a fixed comnact chain in a CL-pbhject 35 .

Definitdon 1. x€T is a left [Figh£] good noint of T if
% yET,xéy‘HﬂHﬂEK{ﬁy[Vy&T,y<x HmHEEH<QX].
x is a eood point of T if it is both a left good point of T

and a right good point of T . e denote by L,H] G the

et of [ﬂeft,righgj rpood points of T .

i

rroposition 1. (1) G =LAR.

(2) inf T € B .

. . 7
“(4) L is "lower closed", tnat is if x = inf [{Fx} nLj
then xel .

(5} R is "unrer closed".



Proof. (1), (2), and (3) are transparent and (5) is dual to (4).
For (&), if x = inf [ (#x) A L] and x<y in T, then there
exists ael sucn that xga<y . But then xs<ga<<y
(since 2 €l) and it folilows that }c{q{ﬁ: Hence x el .

Observation 1. If C is any strict chain which is maximal with

respect to being contained in T , then GCC .

Chservation 2. L [HJ is a gtrict chain containing G .

Pronosition 2. LU/ R is closed.

Proof. Sunnose x = sup A where AC L UBR and x#‘ﬂ .
hat
Wix yeT such y<x . Then there exists z &4 such that
Yy<z<x . If zel, then y< z<x and so y<<Xx (see thne
table on page 4 of reference 2). If z &R, then ye<z <X
and s0 y<<x (again, see the table on page 4 of reference 2/.
Hence, xelL ¢ L UR . Dually, if x = inf A where A cCc L U &
and xc;fﬂ , He obtain_ *eRCLUR .
Unfortunately, L U R need not vbe a strict chain so we have tossed
in too much. However, our next provosition tosses out just enough
of LWR to recover the strict chain property. |
Fromozition 3. The f@llowiﬁg subset of L W R 1is a strict chain:
D= (LurRI\ {.}r : Ixe(LUR) > [x,y]];uﬁ = {x,y} , X<¥ .{fF{‘\} .

Froof. For this result we will need a few preliminary resultso.

Lemma 1. If Ex,:ﬂL U R is aw LUER gan, then TAE:

{a) wveD.

(h) x<<y .

If these equivalent conditions do not hold then =x €D .

Troof of Lemma 1: That (b) imnlies (a) is immediate



from the definition of D, ¥y simply doesn't get tossed out,
If '(h) does not hold, then y does get tossed out and .15‘0
(a) does not hold. This shows that (a) and (b) are
equivalent. Finally, if the conditions do mot hold thén
x4¢4y and so x4 L . This implies that x ¢ R and our next
Lemra yields that R € D .

Lemma 2. RAed.

P

Proof of Lemma 2: If ye&R and x<vy , then X<y .

rierice ¥  has no chance of belng removed in building D .

Corollary 1. If F(’FJL U R isan LUDR gap, then x€D or yeD .

Froof of Zromosition 3 (I just found a oroof which does not use any

of the oreliminary results. However they will come in handy anyﬁay.}
Fix x<y in D . If there exists ze L WUR such that
X< z<Yy , then it follows that x<<¥y as in the vroofs of
Provosition 1 (#) and Proposition 2. If there does not exist
ze L VR such that x<z<y , then [k'HJI.LJR is an LV R
F8n and 50 x <<y (for otherwise y would not be in DIJ.

Cur ne®t pronosition shows that D is a maximal strict chain relative

to heing contained in LUDN.

Frovnoszition &. If € 1is a strict chain in § and DcCC ,

then D=C AN ({LUR) .
froof. Fix yeC N (LU R) . If ;fch , then there exists
xcL UR sueh that [x,ﬂL U R is an LU R gap, x<£r ,
x4dy . By lemma 1, xeDCC , so x<<y . FKence, the

assunntion that y’¢ij is false.



Chservetion 3. If teT\D and DUt} is a strict chain, then

téL UR , THence, if this be the case we nave that
x = sup 4wel UR : w-qt}z_t (since xe L UR
by Proposition 2) and

tCy = inf {w eL WA : t{w}iagain since y € LUR).

The unshot of Observation 3 is that it ﬁow suffices to cﬁnsider
intervals in T of the form (x,y)  where WE%’iILLJH is an

L U3 pan and somehow find a canonical way to toss 1n enougn
noints to obiain a strict chain which is maximal with respect ©to
being contained in [ﬁ,f T - Now, since none of the noints in
(x,¥),, are "good", it seems reasonable to delineate various tynes

of had points.

Definition 2. s&T 1is a leflt righé] had »oint of T il there

exists te&T such that s<t and s{4t [t-r:s and 4445 .

[l

s is a bad point of T if it is both a left bad point of T
and a right bad point of T . s is a very had (perhans
"way bad"?) ((joking of course)) point of T if there exist

r,t €T such that r<s<t , rd{d{sf4t , and r4<t .

At this moint we were faced with the chore of attempting to define

2

"corner woints of T" . In I this is quite easy. They are

m

simnly the bad points of T which are not very bad points of T .
(52} e = ™ . :} - 2 L1} . i
That is: if T<T” , then we can define s to he a "corner no:ntl

if s 1is a had point of T and bfr,t T such that r<s<t and

rtisfqdt we have r<<t . Tt is easy to show that s is a



"corner pointy" iff s 1s 2 bad point of T and \;’r,t&T such

that r<s <t we have r<<t .

Ohservation 4. Recall that we are attempting to toss points of

[x,yJT in with D to ohtain a strict chain which is maximal

relative to being contained in [?’EJT . Certainly if

x4¢4y , nothing can be added. Hence, ve nay as well ascume

T

that x<<y &and, Tor that metter, we will also assume that

fx,y}T 4.0 .

Fronosition 5. If TgI y then (x,y}T contains at least one

LL)

"corner ncint1 .
T can nrove this nronosition bnt it seems to be of little conseguence
other than the fact that it does allow one to construct apnronriate
strict chain in a rather canonical fashion for chains TE;I2 .
To do this ons considers the three possibilities: (thgse are exnaustive)

(1) There are finitely many "corner pcinti"s in {x,yJT :

(ii) The set of “co;ner point,"s is an increasing sequence

converging to ¥ 3
(iii) The set of "corner point,"s is isomorphic to Z with min
+

multiplication, with converging to ¥y and with
L ¥ =1 =

converging to X .

2 :
Infortunately, "corner voint,"s need not exist if TEiI . In fact

' 3

one only needs to go to I . TFor convenience, we will let I-= [ﬁ,@] .



Let 0 = (n,0,7), x= (1,7,0), a= (1,1,0), b =(1,1,1),
¢ = (2,1,1), d = (2,2,1), e= (2,2,2), y=(3,2,2), end 1= (&,4,4).
Let T = Eﬁ,x,a,b,c,d,e,y;fs . Then L U3 = {G,x,y,l} =D, and

iﬂ,x}T = [ = Ey,l}T . S0, (x,y)_. 1is the only interval

T
deserving attention. Wote that C = Zﬁ,x,ﬂ.er} is the unigue

strict chain which is maximal relative to being contained in T .

However, ¢ is not a "corner pointl“.

So, our next attempt was to delfine another type of "sorner npoint®

as Tollows: c

i

T is a "gorner Uﬂiﬂtz" ir
(i} ¢ 1is a had point of T;
(ii) if » = inf‘z.té’[‘: t<¢ and 'ba‘--{ﬂ}, then
c=5unftET: p<t and p{:q‘t-}; and
(i2i) AT q=5rm{.t€-T: c<t and c-{:-ft} , then
C =infftéT : t<q and t{{q} .
However, b and d are also "corner point,"s &= and it is difficult
to decide why ¢ must be picked. In fact, by changing T slightly
we find that "corner pointz“s exist, a point must be added to D
to obtain a stirict chain which is maximal relative to heing contained

T
|

in , and yet neither of the nossible noints that can be added

is a "corner noint,". To see this, let ¢y = (1.5,1,1) and let

¢, = (2,1.5,1). Tet T = ﬁﬁ,x,a,b,qi,c?,d,e,y,{} . Again,

/e = [h,x,y,fg =D, b and 4 are the only "corner pDintR":,
and the only strict chains which are maximal relative to helng
contained in T are C1 = {h,x,cl,y,ig anad Cz = Eh.x,cz,y,fg .

a

This concluded our attempts to define "corner noints" .



Our {inal (last gasp) apnroach was to try to "econstruct the
chains inductively" for TigIn by looking successively at maximal
rﬁhcr

strict chains in the intersection of T with hyperspaces. This

also failed.

Actually we tried several other notions of "corner points”
tut the two mentioned herein seemed to come closest to yielding

something.

ANt IDFAL? (other than the one we have already had - - namely,

scrap the whole approachl)
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Dear varl,

I realized last night that there is a mistake (2t least one
mistalke I should say) in the "Still more notes on chains in
CL-objects™ Aated 6/15/76 . On page 5 , there are Tour, rather
than three, possibilities for "corner nointl” conrigurations.

I was remembering an earlier anproach where y was in R which diad
not allow the Tourth possibility. Hence, the additional possibility

is:

(iv) The set of "corner pointy"s is a decreasing sequence converging

to x .

Sorry avout the oversight . . . hopefully there are no others.

Sincerely,

H



