SEMINAR ON CONTINUITY IN SEMILATTICES (SCS) P

NAME:  Rudolf-E. Hoffmann DATE | M | D 4

TOPIC: The trace of the weak toplogy and of the ['-topology of L¢P
' coincide on the pseudo-mesi-prime elements .of a
continuous lattice L

. REFERENCES: The Fell compactification revisited. Preprint.
(Preliminary version in :"Continuous Lattices and
Related Topics", pp. 58- 141. Mathematik Arbeitspapiere

¥r. 27 , Universitdt Bremen, 1982 )

~and literature gquoted there

This is a partial response to a private communication in which
Karl H. Hofmann attempts to delineate a somewhat different approach
to some of the results of my paper mentioned above ( employing -
implicitly - tc some extent the apparé.tlis of [HL?__] and [HM]).

Reéall'tha’c_, in a 1,aA-semilattice L,
' at—b ( "a is relatively meet-prime below h')
for a, b€L iff whenever _infix.l,...,xn} s¢a for xqy,-.., x, el

(ne®, the set of natural numbers including o), then xy4b for
some 1e¢ll, o<i<n. The sets
F*(x) :={yel|x—y},

with x ranging through L, form a (sub-)basis (cf. [H8]1.3(ii)) of
the closed sets of the F*-topology {(the [-topology of L°P, erf.
[H3]§3, [Hg]). The sets ‘ '

: otk o= {yeLixﬁy}‘ (xeL)
form a subbasis of th-e closed sets of the lower topoclogy Wy,
"of L (= the weak topology of L°Py .
An element p of a complete lattice L is called

1) meet-prime iff ppr—>p,

2) pseudo-peet-prime iff p = sup P for a prime ideal P of L,

3) a y'-element (i.e. a y-slement of L°F) iff fp is closed
in (L, ™)  irf p = supixel |x—p} ([Hg]1.5, 2.7).

Every meet-prime eslement is pseudo-meet-prime. Every pseudo-
-meet-prime elemlent is a yx—element.([HQB.A)._ In & distributive
complete lattice, every x{k—element is & supremum of pseudo-mset-
prime elements.([H ]3.6). _ : -2
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(I hope that Karl U.lloFmann will once realizc that, e¢ven in the
predent context; the notion of a T-¢lement is not a "red herring
mzcu Ubjekt elner Fixierung auf eine Nebensichlichkeit, die einen
don Weg au einer direkten Einsicht versperrt]", but one of the

most inktriguing and eentral Lhemes of today’s continuous lattice

isory reseavch L)

Grdowing Lhe sel
Vi |
of pseudo-mect-prime elements of a distributive continuous lattice
1, with the trace 71 of Er , Earl H. #lofmann sketches a. proof for

po( y*, v) ¥ Filt L
which closely parallels my result

Do ( ﬂni ¥ Filt L
where %@r carries the trace of the ﬁ*lwovowomw of L (see Corollary
4.1¢ of my paper). From a comparison one may be inclined to infer
(note that one cannot !) that them topologies coincide on %»r .
Indeed, argunents very similar to those used in -the procf
of theorem 4.9 of my paper provide a "direet proof" of this{which
"ig bound to exist

PROPOSITION:

For & econtinuous lattice L (nol necessarily distributive),
the weak topology Ly, of L°P  and the 1*|#0@0Hcm< of L
lhiuve the sawe trace on the set %%ﬁ of paeudo-meet-prime

elements of L. For every x€ L, we have

%»r nTx = f_..»r n Dmﬂ.»n:_zmr. y«<x}.

Proof
Since Lhe [*-Lopology of L is aluays weaker than ay ﬁm:uuu.uv.
the above formula suffices to establish the assertion.
(a) Let 2z ¢ Dﬂ_J»ﬁwu_ yeL, y<< x}. Then 2z € ﬁwﬁwv..w.o. Y-z
for every y &L with y<¢x. Thus y<4z for every suech y. Since
L is a contintous lattice, it results that
g o= supfyel |y « x} & =,

el e

DIJ#QQ_V;. aoywx) ¢ Tx .
(b) How let « ¢ f»r nTx and let y el with y «x. Then

% = sup P

—

For some prime idesl P of L., However, x<sup P implies yeP ,
gince y << x . OGn the other hand, since P is o pripgz, ideal, y &P
o1
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and # = sup P imply y3— 2, i.e.

z ¢ M(y)
for every yeL with y <« x . Thus

wEatx s nil*y) | yet, vy «<x}.
This completes the proof.

REMARK 1 ;
For every complete lattice L, the _unwonowomz and Eﬁ have the

same trace on mﬁmcwb » the set of meet-prime elements of L (ef.

(24 3.7).

REMARK 2 :
It is an open question whether the above proposition holds for

all complete lattieces L. Tt is alsoc unknown whether it extends

Lo ﬁ»r » the set of ﬂ#;mumamsnm of L (i.e. ¥ -elcrents of L°Py .
The latter extension is known to be true for completely distributivce
complete lattices L - ef. mmwym.m. (A revised draft of ﬂmwﬁ.
entitled "The injective hull and the CL-compactification of a

continuous poset® will be distributed in & Seminarbericht, Fern-
Universitit Hagen.)
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