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Alan Day [1] obtained the category CL of continuous 1attiées as the cate-
gory of algebras for the open filter monad on TOP ; I-showed in [3] that the
forgetful functor S5 : CL —> T0P for this representation is provided by Scott
topologies, Thus qutt topologies provide a monadic functor from CL to TOP ,

In the present note,fI obtain an analogous result for the lower topologies
of continuous 1at£iceé, using the closed filter monad on TOP . This is based
on the main result of [hj, characterizing compact ordered spaces (compact
pospaces in thevCompendium)'és algebras for the prime closed filter monad. .

Notations of [3] and of the Compendium will be used as much as possible.
In parﬁicular, Pp ENS®P —3LAT and P, : ENS° --?MBL assign to a set S
the lattice and the meet semilattlce (wlth 1ntersectlons) of subsels of 85 .
These functors have adjoints Gp : LAT™ ——i>ENS and G : HSLDp__ﬁ}EmS on
the right, obtained from sets of prime filters and sets of filters. All four
functors operaté on morphisms by inverse images; they are subfunctors of lifted
powerset functors, and the adjunctions are exponential, i.e. f corresponds to
g - by one of the adgunctlons iff always a,fff(x) <=> x¢& g(a) . These adjunc—
tions define the ultrafilter monad on sets, with compact Hausdorff spaces as
algebras, and the filter monad with continuous lattices as its algebras.

Lifting these functors to TOP , we have functors I : TOP'P —3IAT and
f; : T0P°P —> MSL which assign to a topological space X the lattice X and
the meet semilattice f; X of closed sets, with intersections as meets, If we



§rovide Gp L and G L with the hull-kernel topology, with sets

nd ={¢: a C'CI} as a subbas:.s of closed sets, we obtain 1lifted functors which
we denote by 3 i LATP —>T0P and 3 : uSL°P —5 TOP . The "greek letter"
functors are again subfunctors of lifted powerset functorsi they bbera.te on

morphisms by inverse images.

PROPOSITION 1. X and |, and Zm and T, are adjoint on the right,

with exporiential ad']un'ctions.

Proof It £:X — G, L corresponds to g: L ~3P X', theﬁ' gla)
(a ) for a€ 1. Thus_ £:X -—9‘3:111 L 1is continuous iff g maps L
inteo I';n X, and we have a natural bijection between maps f : X ‘-—ﬁIm L in "'"““
T0P and maps g : L—>7_ X in WSL. ' T
The proof i‘,o‘r > and N s exactly analogous.

. We now have four monads _fro‘m adjunctions on the right, the filter monad F -‘
and the ultrafilter monad U on sets, and the closed filter monad G and the
prime closed filter monad W on topological spaces. These monads are related.

If R: TOP —ENS and J : LAT —>»MSL are the forgetful funct.ors-,rthen

"J,Pp=Pm, Jr-—_'f_m, RZ.-‘—“-GP', RZmEGm o.‘

We also have natural embeddings

“,‘\:'r-——-éPpROP and S’ >3 a%®
adjoint on the.right to id(Gp) and 1d(]"'m) . One verifies easily that these
embeddings produce four merphisms of monads (see e.g. [3; 1.__5_})_ : . 1
- (r, &_ 3P A°P) T

RS £

T (14, pF°P) T (1, Ro P )
(r, ¢_\°P) -

¥ < . i

which form a commutative square. The mappings G 1\ ~ and G, J /\x assign to an
ultrafilter or filter ¢ on X the prime closed fllter or closed filter of all
closed sets. ip_ (F 3 these mappings are surjective. -

W-algebras (X,c) are compact ordered spaces. (Z, <) . The topology of X
is the upper topology; we have x <y iff x& Cll {y} The U-algebra struc—
ture q G r\x is convergence of ultrafilters in the compact Hausdorff space 2 ,

and Z has the patch topology fer X . Horph:.sms of W-algebras are continuous



maps of the compact Hausdorff spaces which preserve order. We refer to [Aj for
proofs of these and related results. _

The spaces 2L and ,Z'm 1L are Tg spaces, in fact compact ordered spaces
with the upper topology. In both spaces, order is dual to the set inclusion for -
filters in L . The closure of {cp} in either space is the intersection of all
D a¥ with a EP, cohsi.st.ing- of all prime filters or filters in L which con~
tain . . ‘

After these preliminaries, we turn.to our main result.

PROPOSITION 2. G-algebras are cohtinuous lattices provided with the lower

topolopy 4 morphisms of G-algebras are morphisms of the underlying contimious
lattipes.

Proof. Using the morphisms of monads displayed above, a G-algebra (X,a)
is a compact ordered space (2,<) for which X has the upper topology, and a
contirmous lattice L=(RX, a+G ?\J() By commutativity of the square dis~
played above, both (Z,<) and L have the same underlying compact space, i.e.
the topology of Z is the Lawson topology of L . -

For a filter ¢ on L, we have a.(c.'lx 99) inf adhzsu In particular,
XNy = a(‘i‘clx {x,7%) . If x<y in X, then cly {x,y} cly {r}; thus
Xy = inf; adh ’i‘{y} Yy, and y<x in L. It follows that a decreasing
set for L is increasing for X , and hence that the topology of X, the
upper topology for Z ,' is finer than the lower topologr for L.

If y<x in L, then the sets fx and Ty are closed for X , amnd
= C.Ty . Thus clx'f"f‘xs c]xTTy in Zn T;X . The structure a of (X,a)
is a morphism of G-algebras, hence of the underlying compact ordered spa.cea'
thus it preserves order. Now :me adh T'Tx y and similarly for y i thus
xSy in X ., We conclude t.ha.t (z, <) has the dual orcer of . ; thus its
upper topology, the topology of X, is the lower topology of L . '

Conversely, let L be a continuous lattice with F-algebra structure 6 s
~with’ 5(50) = inf" adhCF = sup” {inf A)A&‘CP ~for a filter ¢ on L ; thisdepends
only on the Lawson-closed sets in ¢ , If X is "L with the lower topology,
then clxcp consists of the sets TA with A Lawson-closed in ¢ . Passing
from A to TA does not change inf A ; thus B(d"ﬂ) (c:Lx cF) . _It. follows
that B=a-+G )\x for a mapping a : G I_'X‘“-?X o

8 ard G }\ are contlnuous for t.he cempact Hausdorff topologies, i.e. the-
Lawson topologles, of the. spaces involved and G ;\( is surjective, It follows




that o is contiruous for the Lawson. topologies. If ¢ <y in Z_m /;1 X, then ..
Y/ is coarser than (? , 50 that fs(yJ) < B(?’J) in L, hence. a(gﬁ) < a.(?l) '
in X . Tus o '2' [" X—>X is contimuous.

Clearly a(‘i‘cl {xj-) BEMx§) =x for x&X ; thus o 73{ 1dx for the
unit ,7 of G . If M and /u are .the multiplications of F and G, and vie

put W =Z;n f mOp > then we have the following diagram of mappings.
_Gm Pm ‘Gm AX\" Gm Pm ¢

L3 =11 ;-— '3
mAWX _ .- Gm’\}(
P_—x v Gm i m & v
N . - -——.__.% .
],S{ a
VoG ’\X v < ¥

The outer square ‘commutes because a - G A, is an F—algebra structure, a.nd the
rectangle at left because (R, G, IPAPy is 2 morphism of monads., The upper
small rectangle commutes by natural:.ty of A . Since G /\x » and hence also .
Gm Pm Gm '\X s 1is sur.}ect.we, t.he Jower rectangle alse commutes, thus. o is
the desired &algebra structure of X . o

The morphism (R, G J°P 1Py ., F~—>GC of monad maps a morphlsm £ of v
G-algebras into a morphism Rf of the underlying continuous lattices. Con-
versaly, if £ L —>M is a morphism of continuous 1a.ttlces s then f dis con-
tinuous for the Iawson topologies and preserves order;. thus t X—2Y is
continuous for L and M with the lower topologles. If ¢ and B  are the

G—algebra structures of X and Y , then ,.
f'a-2_4\=BZ,\YZ = BeX_ fEA,

since f is a morphism of F-algebras and by naturality of A, Since Zm)‘x
‘is suraective, f: (X,a) —>(¥,B) follows, This completes the proof,

Monadicity of the lower topology functor has its usual consequences: the
functor preserves categorical limits including preducts, and we.have a fres
G-algebra, or a free continuous lattice K i"' X , for every topological space,
8o that if L 4s a continuous lattice, then every map f : X —>L , . which is
continucus for the lower topology of L, extends to a unique morphism g: .
Km,r X—>L of continuocus lattices R with = 87}( .




