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Abstract

We introduce k-quantifier logics — logics with access to k-tuples of el-
ements and very general quantification patterns for transitions between
k-tuples. The framework is very expressive and encompasses e.g. the k-
variable fragments of first-order logic, modal logic, and monotone neigh-
bourhood semantics. We introduce a corresponding notion of bisimulation
and prove variants of the classical Ehrenfeucht—Fraissé and Hennessy—
Milner theorem. Finally, we show a Lindstrém-style characterisation for
k-quantifier logics that satisfy Lo$” theorem by proving that they are the
unique maximally expressive logics that satisfy L.o§’ theorem and are in-
variant under the associated bisimulation relations.

1 Introduction

Lindstrém’s theorem for first-order logic FO is a hallmark of abstract model
theory. In its main version, as treated as Lindstrém’s First Theorem e.g. in [7],
it characterises FO as mazimally expressive among logics that satisfy some very
basic standard properties of abstract logics together with compactness and the
downward Léwenheim-Skolem Theorem as the essential constraints. Among the
standard properties that competitors must satisfy are basic semantic principles
like isomorphism invariance, closure under booleans, natural behaviour w.r.t.
renaming of symbols, and the like. The two crucial extra properties that are
characteristic of FO against this backdrop are its compactness (satisfiability of
every finite subset implies satisfiability) and the countable Léwenheim-Skolem
condition (satisfiability of a countable set of formulae implies satisfiability over
an at most countably infinite domain). For FO, compactness is an immedi-
ate corollary to Godel’s Completeness Theorem, but can also be derived — in
purely model-theoretic terms — from compatibility of FO with ultraproducts.
This concerns the universal-algebraic generation of natural quotients of direct
products w.r.t. ultrafilter equivalence. That essential model-theoretic feature
of FO is the content of L.o§’ Theorem (cf. Theorem 6.2 below, and see e.g. [7]
for a textbook account), which states that the formulae ¢ € FO satisfied in
such an ultrafilter-reduced product over an infinite family of structures are pre-
cisely those for which the set of component structures where ¢ is satisfied is
in the ultrafilter (see Section 6 for a very short review of the basic terminol-
ogy, which is standard textbook material). Deeper set-theoretic principles are


mailto:math@haertter.com
mailto:otto@mathematik.tu-darmstadt.de

involved in the Keisler—Shelah Theorem [2, Theorem 6.1.15], which links this
t.0o8-phenomenon more directly to FO expressiveness by stating that elementar-
ily equivalent structures possess isomorphic ultrapowers. This implies that no
logic that respects isomorphisms and is compatible with ultraproducts (or even
just ultrapowers, as a special case) can possibly distinguish any two structures
that are indistinguishable in FO; in other words: any such logic must not only
satisfy compactness, but its expressive power is directly dominated by that of
FO. Building on this insight, Sgro established the maximality of logics on cer-
tain classes of models as being maximally expressive among logics satisfying
Lo§’ theorem [23]. So much for the classical picture.

A much more recent rekindling of the interest in Lindstrom-like results has
come with an emphasis on additional semantic constraints, mostly in the sense
of invariance conditions. These are often motivated by typical application do-
mains where often the desirable levels of expressiveness can be considerably
weaker than, or possibly also incomparable with, FO. One of the prominent
scenarios in this vein is that of modal logics where specific constraints on the
accessibility of information are modelled in Kripke structures. Under this mod-
elling regime, the full expressive power of FO would potentially capture irrel-
evant features while maybe unnecessarily missing out on others. In the basic
modal scenario, the natural apriori intended restriction for the semantics is cap-
tured by bisimulation invariance. This semantic constraint can be seen as a
severe strengthening of isomorphism invariance, which however may arguably
be no less natural in specific contexts. The renewed investigation of Lindstréom
phenomena with a systematic focus on such restricted scenarios is highlighted
in the seminal paper by van Benthem, ten Cate and Vadnénen [24], and also
explored e.g. in [20]. Clearly Lindstrom-type maximality assertions admit many
variations in terms of the choice of background principles from abstract model
theory (like compactness, the Tarski union property TUP, a Los-property, or
locality principles) besides the additional, domain-specific semantic constraint
embodied in invariance conditions or restrictions to classes of models as in frame
conditions for modal logic [8]. Depending on how much the background princi-
ples already on their own restrict the expressive power of the target logic to a
standard logic like FO, a Lindstréom result may also be read as a characterisa-
tion theorem in relation to the extra invariance condition. To give one example
in the classical modal scenario targeting basic modal logic ML, van Benthem’s
characterisation of ML as expressively complete for the bisimulation-invariant
fragment of FO can also be cast as a corollary to a Lindstrom theorem that
establishes ML as maximally expressive among bisimulation-invariant logics sat-
isfying some sufficiently strong background conditions that in effect tie them to
within FO, cf. [24, 20, 8|. Interestingly, semantic invariance conditions based on
Ehrenfeucht—Fraissé-style back-and-forth equivalences (viz. partial isomorphy)
can also be seen at the root of the classical Lindstrom result (cf. presentation
in [7]) and variations for more expressive logics in the spirit of abstract model
theory [9]. Here we use a natural adaptation of bisimulation invariance on
k-tuples as a semantic invariance condition that directly reflects the semantic
constraints in the underlying k-quantifiers. Also in this respect our results high-
light — once again — the intimate connection between Lindstrom and expressive
completeness results. In a different vein, recent investigations by Liao [15] gen-
eralise the classical Lindstrém proof to an entire class of logics that can encode
their respective Ehrenfeucht—Fraissé games.



The idea for the present paper originated from the first author’s bachelor’s
thesis [14]. We use the Los-property of compatibility with ultraproducts as
an extremely strong background condition from abstract model theory for a
Lindstrom-style characterisation. While this may look like a possible overkill in
light of the Keisler—Shelah Theorem (as it imposes a first-order ceiling for ex-
pressiveness), it stands out as a very neat principle that may be motivated from
a purely universal-algebraic point of view. But more importantly, our main
Lindstréom argument in Section 7 does not rely on Keisler—Shelah but rather
establishes maximality, for a very wide class of target logics in question, by
techniques that do not directly draw on their first-order nature — even though
that is indirectly imposed by the Lo$-property. And even in light of that deeper
implication, which we discuss in Section 6, and for a corresponding interpreta-
tion of our main result in terms of characterisation theorems for fragments of
FO, the generality w.r.t. the target logics involved and their natural semantic
invariance conditions make these results interesting in our view. As for those
target logics we focus on a rather general framework that does not immediately
suggest first-order character but rather focuses on an intuition of limited access
to, and information links between, local configurations or states, as exemplified
in familiar examples in the range of modal logics and neighbourhood seman-
tics [21]. For relevant local configurations we concentrate on fixed-arity tuples
of elements, and correspondingly consider structures with k-tuples of elements,
k-pointed structures, for fixed k > 1, as input for the semantics of our abstract
logics.! The expressive power of our target logics then rests on an apriori very
general notion of k-quantifiers, which access sets of accessible k-tuples from any
given k-tuple in such a structure; the underlying access pattern and style of
quantification based on these is very much akin to (monotone) neighbourhood
semantics if we think of the sets of accessible k-tuples as neighbourhoods. The
main point lies in the extremely liberal format for these k-quantifiers (or the as-
sociated neighbourhood systems of witness sets supporting their semantics) that
admits almost any sensible (viz. isomorphism invariant) allocation of systems
of witness sets in k-pointed structures, cf. Section 2 for details. The additional
semantic invariance conditions that come with a collection of k-quantifiers are
modelled on the natural generalisations of bisimulation invariance, for a notion
of Ehrenfeucht—Fraissé style back&forth games in which the alternating probing
of k-configurations is guided by access to the available witness sets underlying
the semantics of k-quantifiers, as discussed in Sections 3, 4 and 5.

Other frameworks for capturing the semantics of entire classes of logics have
been explored in the past. Most notably, Lindstrém quantifiers (cf. [5, Chap-
ter 4]) are much more general and versatile than our k-quantifiers. While this
expressive strength allows them to capture almost any conceivable logic, their
power is rather an obstacle in our setting. Their very generality makes it hard
to capture and restrict their expressive power in the manner proposed here.

Neighbourhood semantics for modal logic, as explored extensively in [21],
is closely related to our notion of 1-quantifier logics, the unary version of k-
quantifier logic. There is essentially a one-to-one correspondence between up-
ward-monotone neighbourhood functions for the box operator and our witness

1This is similar in spirit to the limitation to k-variable fragments of standard logics; cf. k-
variable fragments like FO* C FO or its infinitary variants, and, e.g. especially their extensions
by counting quantifiers, like C¥ C FO, with their established relevance in algorithmic model
theory [6, 16, 4, 19].



sets for 1-quantifiers. The two approaches mainly differ in that neighbour-
hood semantics considers the neighbourhood function as part of the admissible
specifications of the structures under consideration, while the witness sets of
1-quantifiers are considered as ‘externally determined’ by the quantifier. One
could therefore think of 1-quantifiers as imposing extremely restrictive frame
conditions for neighbourhood functions.

For an illustration of the expressive power of 1-quantifier logics see Exam-
ples 2.8, 2.9, and 2.10 below.

This paper is structured as follows: In Section 2, we introduce our notion
of k-quantifiers and k-quantifier logics, and give well-known examples of logics
covered by our framework. We define a corresponding bisimulation game in
Section 3. In Sections 4 and 5 we adapt the classical Ehrenfeucht—Fraissé and
Hennessy—Milner theorems to k-quantifier logics. In Section 6, we investigate
properties of k-quantifier logics that have the Y.o§ property and conclude our
investigations with a Lindstrom-style theorem for such k-quantifier logics in
Section 7.

2 Abstract k-Logics

Throughout our investigations, we restrict ourselves to purely relational signa-
tures. The arity of a given relation R is denoted as ar(R).

The universe of a o-structure A is denoted as A. A pair (2, «) consisting of
a o-structure 2 and a corresponding variable assignment « is called a pointed
o-structure or pointed structure for short.

For k € N, a k-assignment is an assignment over k variables. A pointed o-
structure (2, «) is a k-pointed (o-)structure if « is a k-assignment. We associate
k-assignments o : {x1,...,2;} — A with the k-tuple (a(z1),...,a(z)) € A*
to ease notation.

Definition 2.1 (abstract logics). An abstract logic L = (L,F.) is a pair con-
sisting of

— a function L mapping signatures to sets of formulae, and

— a satisfaction relation F, relating pointed o-structures and formulae in
L(o).

We require an abstract logic to

— be invariant under isomorphism, i.e. for any ¢ € L(c), pair of isomorphic
o-structures ¢ : A ~ B and variable assignment a in 2,

AaFErp <<= BroakF,p,
— be closed under boolean connectives, i.e.
e, €Llo) = T,y (pAY) € L(o),

— have the (syntactic) finite occurrence property, i.e. for every signature o,
¢ € L(0o) there is a finite oy C o s.t. p € L(0y),



— be invariant under renaming, i.e. for any signature o, fresh k-ary relations
R,R' ¢ o, and ¢ € L(oc U{R}), there is some ¢’ € L(c U{R’}) such that
for all pointed o-structures (A, a) and R% = R'* C A,

ARY ok <= AR akEy.

An abstract k-logic L is an abstract logic that defines semantics for k-pointed
o-structures with variable assignments over Xy, := {x1,..., 2%}

We treat the connectives V, — and <> as well as the formula 1 as abbrevia-
tions in the usual manner. To ease notation, we furthermore do not distinguish
between L and L, or write just F instead of F,, where this causes no confusion.

Note that as we mostly consider compact logics throughout our investiga-
tions, the finite occurrence property is mainly stated for convenience as com-
pactness and invariance under renaming implies the finite occurrence property
in a semantic sense (cf. [5, Proposition 5.1.2]).

An abstract logic £y is a fragment of an abstract logic Lo or Lo an exten-
sion of L1, denoted as L1 < Ly or Lo = L, if for every signature o and every
formula ¢ € £;(0), there exists a formula ¢ € L2(0) such that for all pointed
o-structures (2, a),

WakFep — AaFy.

As syntactic differences are immaterial for our purposes, we assume that for
all signatures o,

Li<Ly = Li(0)C La(o).

Two abstract logics £1 and L5 are equivalent, denoted as L1 = Lo, if L1 < Lo
and Lo < L.

Definition 2.2 (k-quantifiers). A k-quantifier Q is a symbol together with
— an associated signature og, and

— a witness set Q(A, ) C P(A¥) for every (expansion of a) k-pointed o¢-
structure (2, a). @ needs to be well-behaved w.r.t. isomorphisms and
expansions, i.e. if ¢ : (A [ o) =~ (B | 0g), then for any k-assignment «

QB log,eoa)=Q(B,eoa)={{toy|res}|scQAog,a)}.

Note that the provision that k-quantifiers are well-behaved w.r.t. expansions
already implies that k-quantifiers respect isomorphisms.

We call the members of a witness set witnesses and, as the underlying struc-
ture should usually be clear from context, we may shorten Q(2, ) to just Q(«).

For a given set Q of k-quantifiers, we let

Q, ={QeQlog Co}.

Definition 2.3 (k-quantifier logics). A k-quantifier logic L2 is an abstract k-
logic based on a class of k-quantifiers Q with syntax and semantics given as
follows.

For a given signature o, the syntaz of £L2(o) is given inductively via



- Te EQ(J),

— for all [-ary relations R € o and variables y1,...,y; € A, the formula
R<y1a s ayl) is in ‘CQ(U)?

— for all p € L2(0), also ~¢ € L2(0),
— for all 1,0 € L2(0), also (p1 A @a) € L2(0),
— for all p € L2(0) and Q € Q,, also Qy € L2(0).

The satisfaction relation is also defined in an inductive fashion: for all sig-
natures o, @ € Q, and k-pointed o-structures (2, a),

- A aET,
- Ak Ry,...,u) if (), ..., a(w)) € RY,
- AakE-pif A, ak p,
- A, aE (1 Aps) if A aE o and A, a F o,
— A, a E Qo if there exists an s € Q(, ) such that for all v € s: A, v F .
Inspired by flat team semantics, we define for subsets s C A* that
A, skE @ = fa.aes: A akF @

Note that while we could include equality as a literal in the definiton of k-
quantifier logics, we chose not to as it can be easily added by introducing it as
an extra binary relation if desired.

Observation 2.4 (upward monotonicity). Let L2 be a k-quantifier logic. Then
L2 is upward monotone, i.e., for any formula ¢ € L2(o), k-pointed o-structure
(A, ), and s € Q(a)t :={s' C A" | ex. t € Q(ar) with t C s},

A,skFp = A akFQp.

Definition 2.5 (quantifier rank). For a given k-quantifier logic £2 and signa-
ture o, we define the quantifier rank of formulae in £2(c) inductively as

ar(T) =0,
qr(R(y1,--.,y)) =0 for any R € o, variables y1,...,y,
qr(~g) = qr(p) for any ¢ € L2(0),
qr(1 A pa) == max{qr(e1), ar(pz)} for any @1, ¢y € L2(0),
ar(Qp) =1+ qr() for any ¢ € £L2(0),Q € Q.

Definition 2.6 (L£L<-clementary equivalence). Let £2 be a k-quantifier logic.
Then two k-pointed o-structures (2, o) and (8, 3) are L2-elementarily equiva-
lent, denoted as (2, a) =zo (B, B), if for all p € L2(0),

Aakp <« B,LFEp.

Similarly, (2[ «) and (B, ) are [,Q-elementarily equivalent for ¢ € N, de-
noted (2, a) =% (B, B), if for all ¢ € ﬁQ( ) with qr(yp) < g,

Wakp <<= B,LE.



Definition 2.7 (L-theories). For a given k-quantifier logic £2 and signature
o, we denote the £2-theory of a pointed o-structure (2, o) as

Theo(A,a) :={p € L20) | A, a F ¢}
and the qu—theory for a given quantifier rank ¢ € N as

Thio (A, 0) :={p € L2(0) | A, a F p,qr(p) < ¢}
Similarly, for s C A*, we define

Theo(2,s) = {p € L20) | A, s F o},
Theo (A s) = {p € L2%0) | A s F o, ar(p) < q}.

Example 2.8 (modal quantifiers as 1-quantifiers). For a given binary relation
R C A x A, we denote the set of successors of a given element a € A as

Rla] :={c€ A| (a,c) € R}.

We start by defining some well-known 1-quantifiers that come up in a modal
setting, as summarised in the following table in which R denotes a binary rela-
tion.

Q semantics oq | reference
& there is an R-successor s.t. (R) 1]
Oz there are at least k R-successors s.t. (R) [25]

v all elements satisfy 0 [11]

3 there is an element s.t. 0 [11]

o there is a cycle of length > 3 of elements s.t. (R)

e | there are infinitely many reflexive R-successors s.t. | (R) [24]
— there is a reachable element s.t. (R) [22]

These are obtained as 1-quantifiers with the following witness sets:

O, a) == {{c} | c € R¥[d]},
0K (A, a) = {sC A| ’sﬂRm[aH >k},
V(2 a) = {A},
AA,a) :={sC A|s#0},
o(A,a) :={{co,...,cq_1} CA|1>3st. fa. i€Z : (¢ cis1) € RM},
o(,a):={s C R¥[d] | |s| = o0, fa. c€ s:(c,c) € R*},
— (A,a)={{a} CA[1>0,cp,...,c; €A

st.co=aand fa. 0<i<l:(¢,cir1) € Rm}.

Example 2.9 (monotonic neighbourhood semantics versus 1-quantifiers). More
generally, we can capture monotonic neighbourhood semantics in terms of 1-
quantifier logics.

A neighbourhood model 9t := (W, N, V') counsists of a universe W, a neigh-
bourhood function N : W — P(P(W)), and a valuation V : p; — P, € P(W),



defining the relational interpretation for the basic propositions p;. The standard
logic is modelled on basic modal language, with standard semantics for atomic
formulae, propositional connectives, and

MwkEDp <= {ueW|MukEyp}e Nw).

For a thorough introduction to neighbourhood semantics, we refer the reader
to [21]. A neighbourhood model is monotonic if all N(w) are closed under pas-
sage to supersets: N(w) = N(w)". Let C be a class of monotonic neighbourhood
models such that for every pair (W, N, V), (W', N, V') eC

(W, V)= (W, V) = (W.V.N)=~ (W, V,N. (1)

This allows us to inductively translate any given ¢ € ML into the language
of 1-quantifier logics akin to the standard translation of basic modal logic over
Kripke frames. We translate box as ST(Ovy) := QST(¢) with witness sets
according to Q((W, V), w) := N(w). We find that, for P™ := V(p;) and w € W,

(W,N, V) wE ¢ < (W, (P™)ien), w Frar ST(p).

In this sense, 1-quantifiers are equivalent to neighbourhood semantics in restric-
tion to a class of models given by the frame condition above.

Note that this construction ‘externalises’ the neighbourhood functions to
encode them as 1-quantifiers. Thus, (1) is necessary to avoid the violation of
isomorphism invariance of £{%}.

Example 2.10 (first-order and counting quantifiers). Fix some k > 1 and
define

Q:={3"|neN1<i<k}

with 32"(A, ) 1= {s C A% ||s| > n, fa. v € 5,5 #i:7(zx;) = a(z;)}. Then
the logic £L2 = CF is the k-variable fragment of first-order logic with count-
ing quantifiers; and the restriction to (3%1)1§z’§k corresponds to the k-variable

fragment FOF of first-order logic [6, 16, 4, 19].

3 Bisimulation

We aim for natural characterisations of the expressiveness of k-quantifier log-
ics in the traditional model-theoretic tradition of back&forth techniques that
capture levels of £2-indistinguishability between structures with assignments.
For classical first-order logic FO this is exemplified in the original Ehrenfeucht—
Fraissé approach (cf. [7]), which has many natural restrictions and adaptations
for FO® and C*, as well as, e.g. the guarded fragment GF of FO, in terms of
suitable pebble game equivalences.

In the modal tradition, the same idea arises — more fundamentally, in a
way — in the traditional shape of bisimulation games and equivalences. Re-
garding the concept of back&forth equivalences in the bisimulation format as
the most fundamental incarnation of the idea, we use that terminology but, for
reasons of historical priority, refer to the crucial links as (adaptations of the)
Ehrenfeucht—Fraissé theorem. For presentational purposes, we also put the nat-
ural game intuition, rather than the more extensional formalisation in terms of



back&forth systems, in the foreground. Our adaptation of bisimulation notions
for k-quantifier logics is also in line with the natural adaptation of basic modal
bisimulation to monotone neighbourhood logics (cf. [21]), or inquisitive modal
logic (cf. [3]).

Definition 3.1 (£2-bisimulation). There are two variants of the £ -bisimulation

game — the unbounded game G< and the g-round game G?. Both games are

played by two players I and II over two o-structures 2l and 8. Positions in the

game are pairs of k-pointed o-structures (2, o; B, ) with o € A¥ and 8 € B*.
Player II loses in any position (2, a;*B, ) that violates atom equivalence,

i.e. in which (2, «) and (9B, 3) can be distinguished by a quantifier-free formula.
A round, from position (U, «; B, 3), is played as follows:

I picks one of the two pointed structures, say (2, «), a quantifier Q) € Q,,
and a witness set s € Q(A, «).

— IT must respond with a witness set ¢ € Q(5, 3).

I must pick some assignment ¢ € ¢.
— IT must respond with some assignment ~y € s.
— The new position in the game is (2, ~;B,J),

and either player loses during this round when stuck for a required response.

We say that IT wins a play of G€ if I loses or if the play continues indefinitely
without loss for II. Similarly, IT wins in GqQ if player I loses or neither player
loses during all ¢ rounds of the game.

We say that the pointed structures (2, «) and (B, 8) are £2-bisimilar, de-
noted (A, a) ~zo (B, ), if IT has a winning strategy for G2 with initial con-
figuration (2, o; B, F).

Similarly, we say that the k-pointed structures are qu—bisimz'lar for some
q € N, denoted (A, o) ~%o (B, ), if II has a winning strategy for GqQ from
this initial position.

As the £2-bisimulation game is a Borel game, it is determined [17] in the
sense that any position of the game admits a winning strategy for precisely one
of the two players.

4 An Ehrenfeucht—Fraissé Theorem

The Ehrenfeucht—Fraissé theorem for first-order logic FO essentially states a cor-
respondence between indistinguishability by formulae up to a given quantifier-
rank ¢ and a winning strategy for II in the g-round FO pebble game. The
theorem carries over to basic modal logic and, as we will see in this section, also
to k-quantifier logics with the corresponding notion of L'qQ—bisimﬂarity.

Theorem 4.1 (Ehrenfeucht-Fraissé theorem for £2). Let o be a finite signature
and L = L2 a k-quantifier logic with finitely many quantifiers in Qy. For
any q¢ € N and pair of pointed o-structures (U, ), (B, ), the following are
equivalent:

(i) (A 0) ~% (B, ),



(ii) (%, a) =7 (B, B).

The proof of the theorem is a simple adaptation of the classical Ehrenfeucht—
Fraissé argument.

Proof by induction on q. The base case for ¢ = 0 is clear. It remains to show
the induction step. Let ¢ > 0.

We show the implication “(i) = (ii)” by syntactic induction. As the claim
is preserved under boolean connectives, we just need to consider ¢ = Qi with
qr(¢) = ¢. Supposing that, e.g. A, a E ¢, we need to show that also B, 5 F .
Let s € Q(«) be a witness for A, a F Q¢ and let I pick s as challenge in the
L2-bisimulation game.

~% guarantees that IT has a response ¢ € Q(b) in the bisimulation game such
that every 0 € ¢ is ng_l—bisimilar to some s € s. By the induction hypothesis,
B,0F Y iff A ys Fpas qr(v) =q¢— 1. As s witnesses Qv also B,0 F ¢ for all
0 € t, ensuring that ¢ is a witness for B, 5 F Q.

For the converse implication “(ii) == (i)”, suppose Thf.o (%, a) = Thf., (B, 3).
W.lo.g. assume I picks some s € Q(«). We need to find a suitable response for
1I.

Since there are only finitely many relations, variables and quantifiers, the
set of formulae up to quantifier rank ¢ is finite up to logical equivalence. In
particular, the conjunctions and disjunction in

x=Q\/ A\This' (,7)

YES

are effectively finite. By construction, 2A,«a F x is witnessed by s. Since
Thio (A, ) = Th o (B, ), also B, F x. Take a witness t € Qu () for x.
Let t be II’s response in the game and § € ¢t be I's challenge. By choice of
the witness t, B,6 F \/ /\Thqﬁ_g1 (A,7). Thus, there exists some v € s with

B, 0 F Ths' (A7) for II to play. O

Note that the implication “(i) == (ii)” even holds for infinitely many rela-
tions and quantifiers, while the finiteness conditions are crucial for the converse
direction due to the following observation that is easily shown by induction on q.

Observation 4.2. Let £ := L2 be a k-quantifier logic with finite Q and o a
finite signature. Then the equivalence relations =%, ~% are of finite index.

Corollary 4.3 (£2-bisimulation invariance). For a k-quantifier logic L2 and
signature o, let (A, a) and (B, B) be L2-bisimilar k-pointed o-structures. Then

A, a=,0 B, 8, or, equivalently, Thyo(2A, o) = Thyo(B,H).

Proof. This follows immediately from Theorem 4.1 as £%-bisimilarity implies
EqQ-bisimilarity for all ¢, and as each individual £9-formula refers to just finitely
many relation symbols and quantifiers, and is of finite quantifier rank. [
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The characteristic formulae Xgl,a’ for k-pointed o-structures (2, o) and quan-
tifier-rank ¢, are built up inductively so as to capture the challenge-response
requirements that enable player II to stay abreast of player I for so many further
rounds. These characteristic formulae are such that

BBFE Xy = (Ua)~io (B,5). (2)

The quantifier-rank 0 formula th,a just specifies the atomic type of the
k-assignment « in 2 (by a finite conjunction of relational atoms and negated
atoms), as a guarantee of atom equivalence on the righthand side of (2).

For ¢ > 0, a characteristic formula is the conjunction of

— the quantifier-rank 0 formula ng,a in order to ensure atom equivalence
in (2),

— conditions ensuring the existence of forth responses for I to all potential
challenges by I played in 2, and

— conditions ensuring the existence of back responses for II to all potential
challenges by I played in B in the context of (2).

Thus, the characteristic formula for quantifier-rank ¢ + 1 is

= e r A (A V)

QEQ, seQ(a) NEs

“forth responses”

/\/\{ﬂQ\/d) | © gAq,Ql,alz—'Q\/q)}

“back responses”

where Ay := {x& 4 | (B, 8) k-pointed o-structure} is the set of all characteristic
formulae at level q.

Proposition 4.4 (characteristic formulae). For a finite signature o, k-quantifier
logic L2 with finite Q,, and k-pointed o-structures (A, ) and (B, B),

%aﬁ ': Xg(}a <~ (%aﬁ) Nq/;Q (le O().

Proof. We only show the forward implication as the converse direction is obvious
by Theorem 4.1 since 2, « F Xgl,a' Our strategy is to show by induction on ¢
that 98,6 E xgl’a implies that IT has a winning strategy for ¢ rounds in the
game from (2, «; B, 8). This is obvious for ¢ = 0 (the base case).

Assuming B, 5 E Xg:‘;, first consider a first round in which I first chooses
some s € Q(2, ). The forth-part in x%ﬁi ensures that B, 8 F QV ¢, X3 -
Thus, we can let IT pick a witness ¢ € Q(B, ) such that Bt F Vves ng
which clearly allows IT a suitable response to any challenge d € t that I may
select.

If T first chooses some t € Q(B, 8), on the other hand, we look to the back-
part in x4, let @ := {x&; | 6 € t} so that B, 8 F QV/ ®; it follows that
A, a E Q\ P, too, since otherwise -Q \/ ® would be a conjunct of Xg;r;. If 11
chooses a witness s € Q(U, «) for A, F @Q\/ ®, then IT has safe responses to
challenges by I in the second phase of this round. O

11



The existence of characteristic formulae directly implies a normal form ac-
cording to

Y= \/{Xg(r,(f) | A, aF e}

Note that the disjunction on the right is finite up to logical equivalence due to
Observation 4.2.

5 A Hennessy—Milner Theorem

We want to find sufficient conditions for the converse of the implication in Corol-
lary 4.3. The classical Hennessy—Milner theorem for basic modal logic ML states
that ML-equivalence between pointed Kripke structures implies their bisimilar-
ity if the underlying frames are finitely branching; this can be substantially
generalised to the class of all ML-saturated structures (cf. [10]). Furthermore,
the proof has been adapted to neighbourhood semantics in [12, Chapter 4].

We here adapt this result to k-quantifier logics by showing that £2-equivalent
k-pointed o-structures that are £<-saturated (as in the following definition) are
£2-bisimilar.

Definition 5.1 (Q-type). Let £2 be a k-quantifier logic and 2 a o-structure.
For every Q € Q and o € AF, we call ¥ C £2(0) a (partial) Q-type of (A, )
if A, aF QN Yy for all finite Uy C ¥. We say that U is realised by s € Q(«) if
A, s F ¥ (with flat semantics as introduced in Definition 2.3).

Similarly, ¥ C £2() is an s-type of a given s € Q(«) if for all finite ¥y C ¥
there is a v € s with 2, v F ¥y. We say that U is realised by v € s if 2,y E V.

We call 2 L2-saturated if for all Q € Q and a € A* every Q-type of (2, )
and every s-type of every s € Q(«) is realised.

We postpone the construction of such saturated structures to Section 7,
where we find saturated extensions for k-quantifier logics that are compatible
with ultrapowers (Lemma 7.2).

To better understand the importance of saturation, consider the standard
example of the two pointed Kripke structures in Figure 1. They have the same
theory w.r.t. basic modal logic ML = £{°} as II can win any finite £{%}-
bisimulation game; but they are not £1°}-bisimilar, as I may choose the witness
{b*} and is thus able to continue picking successors indefinitely, while IT gets
stuck after n 4+ 1 rounds if {a, } was selected as the first response.

The issue appears to be that 8 possesses a richer internal structure than
92, and indeed, B is L£1°}-saturated, while 2 is not. Such imbalance cannot
occur between two £{®}-saturated structures, and this phenomenon naturally
also adapts to the scenario of k-quantifier logics as shown in Theorem 5.2 below.

Note that the modal case is special as it just requires saturation w.r.t. <-
types since s-types are always realised due to them being essentially (supersets
of) singleton sets. Hennessy—Milner results for neighbourhood logic and for
inquisitive modal logic, which are closer in spirit to the present more general
setting, are treated in [12] and [18], respectively.

12
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Figure 1: The structures (2, a) and (B, ) have the same ML-theory, but they
are not ML-bisimilar.

Theorem 5.2 (a Hennessy-Milner Theorem). Let L2 be a k-quantifier logic
and (A, ), (B, B) a pair of pointed o-structures. If (A, ) and (B, 3) are L2-
saturated then

(Q‘,O&) =ce (%76) = (Ql, Ol) ~Le (%76)

Proof. We show that player IT can maintain £%-equivalence, in response to any
challenges by I, as an invariant that guarantees a win in any infinite play. Let
w.l.o.g. s € Q(a) be I's challenge in the £2-bisimulation game. Consider

V= {\/ A\ x&,(£2(00)) | g €N, 00 C o finite, Qg € Q ﬁnite}

YES

where xgw(/ig“ (00)) is the characteristic formula for (2,~) at quantifier rank
q with respect to the fragment £2°(op). Note that the conjunctions and dis-
junctions in W are finite up to logical equivalence as we restrict the language to
finite signatures and sets of quantifiers. The set U is by definition a Q-type of
(A, ) and thus of (B, ) as (2, a) =, (B, 5). Since B is saturated, there is a
t € Qu(P) realising ¥, i.e. B,J F U for all § € .

Let t be II's response and let § € t be I's challenge for the second phase
of this round. By choice of ¢, for every ¢ € N and finite o9 C o, Q9 C Q
there is some 7 € s such that xq%75(£90 (00)) = ng(ﬁgo (00)). As every finite
subset ¥y C Th,o (B, d) only contains finitely many symbols and quantifiers, it
is, by Theorem 4.1 and Proposition 4.4, a consequence of some Xq%#;(ﬁgo (00)).
Therefore, the theory Theo(%B,6) = U, ,, o, Xq%ﬁ(ﬁgf’ (0p)) is an s-type of 2.
As 2 is saturated, there must be some v € s with Thze(B,d) = Th o (2L, 7),
which it is safe for IT to play. O
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6 The L.os Property and First-Order Logic

We quickly recall some definitions related to ultraproducts. For a more thorough
introduction, we refer to [13, Chapter 9.5].

A collection F C P(I) \ {0} of nonempty subsets is a filter over the index
set I if it is closed under passage to supersets (upward closed: F' = F) and
under finite intersections (J1,Jo € F = J1NJy € F, or FNF = F). An
ultrafilter over I is a filter U such that, for every J € P(I), either J € U or
I'\J € U. The latter is a maximality condition w.r.t. the C-relation (over
P(P(I))) among filters, and an application of Zorn’s lemma shows that every
filter F can be extended to an ultrafilter &/ O F. An ultrafilter extending the
filter {{¢}} for some i € I is called principal and non-principal otherwise. For
I = N, every non-principal ultrafilter contains the Fréchet filter, consisting of
all co-finite subsets.

The direct product of a family (;);cs of o-structures is denoted as [, ;.
We use boldface letters like a for its elements a = (a;)icr € [[;c; As, and
extend this notational convention to tuples of elements a = (a(l), e ,a(”)) €
(Il;cr Ai)™, where we then also write a; := (agl), e ,az(-")) € A? for the tuple
of entries in the ith component of the product. Direct products over constant
families, A; = A for all ¢ € I, are denoted A! and addressed as direct powers.
The F-reduced product of the family (21;) w.r.t. the filter F is obtained as a o-
structure [[24;/F over the quotient set [[,.; A;/~x. The equivalence relation

aN]:a/ if {ie[|ai:a;}€}"

identifies two elements a = (a;);e; and a’ = (a});er of the direct product pre-
cisely if they agree in F-many components. We denote ~r-equivalence classes
of elements a as ar € [[ A;/~r, and again extend this notation to n-tuples.
Note that for a), b ... a®) b*) e [] 4;,

@b, ... a®) ~r D, bW = al ~rb® . a®) ~xb®),

The interpretation of the relation symbols R € ¢ in € := [[2;/~z is defined
according to
acR® if {iel|a; € R%}eF,

representing membership in F-many components (which is well-defined, i.e. in-
dependent of representatives, in the quotient, due to closure of F under fi-
nite intersections). Notation like 21! /F or 2! /U correspondingly refers to re-
duced powers or ultrapowers, i.e. reduced products w.r.t. a filter or ultrafilter
for a family of structures with constant entry 2 for the component structures
;. All of these conventions extend naturally to o-structures with assignments
a; = a € A? as component objects. Already for the definition of the quotient
and the interpretation of the relation symbols it is suggestive to evaluate formu-
lae over the direct product [],.; (s, a;), with assignments o = a € ([[,o; A:)"™,
in the boolean powerset algebra P(I), giving

[la:={i €|, a; E¢@}eP()
as a “truth value” to ¢ over [[,.; (i, ;). Then the interpretation of the relations

in the reduced product [[2;/F amounts to the following equivalence for all
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atomic formulae ¢:

HQ(i/]-",a; Fo <= J[¢]eF.

The classical theorem of L.o$ states precisely this equivalence for all p € FO in
the case of ultraproducts.

Definition 6.1 (Lo$ property). We say that an abstract logic £ has the £o§
property if for every pointed ultraproduct (]2l /U, ayy) and formula ¢ € L(0),

HQli/U,au Fo < [¢la €U.

Theorem 6.2 (Los [13, Theorem 9.5.1]). First-order logic has the Los property.

Definition 6.3 (compactness property). We say that an abstract logic £ has
the compactness property if every finitely satisfiable set of formulae is satisfiable,
i.e. for every set of formulae ® C L(0) the following are equivalent:

(i) ® has a model 2, o F ®, and
(ii) every finite ¢ C ® has a model 2y, g F Dp.

It is a well-known fact that for abstract logics the L.o§ property implies
compactness (see, e.g., [2, Corollary 4.1.11] for the FO version).

There is a set-theoretically much deeper result due to Keisler and Shelah
stating that two structures are indistinguishable by first-order formulae if, and
only if, they possess isomorphic ultrapowers [2, Theorem 6.1.15].

As a corollary to the theorem, having the Lo$ property is equivalent to being
a fragment of first-order logic. Put differently, in the context of Definition 2.1,
first-order logic is the global maximum among all abstract logics having the t.o0$
property.

Lemma 6.4. Let L1 and Lo be two abstract logics that have the Los property
and L the FO-closure of £L1ULs, i.e. L(0) is the closure of L1(0)ULy(o) under
boolean connectives, universal and existential quantification. Then L also has
the L.os property.

Proof by syntactic induction. The proof is very similar to the usual proof of the
Y.o$ property for first-order logic. The base case, where ¢ € £1 U L5, is given by
assumption. For the induction step, we use the maximality of U/ to show com-
patibility with negation and disjunction, while closure under finite intersections
and supersets takes care of conjunctions. The step for the existential quantifier
also works as usual. O

Lemma 6.5. Let £ be an abstract logic extending the abstract logic L. Further-
more, let ¢ € L(0), ¥ € L(o) and T C L(o). If for all x € L(0), T ¥ ¢ < x
then

TU{p}tEp < x forall x € L(o)
or TU{~p}EY < x forall x € L(0o).
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Proof. Towards a contradiction, assume there exist formulae y and ' such that
TEp = W<+ x)and T E —p = (¢ < xX'). Then T E 5 for n given
asn =9 < (e Ax)V (m¢ A X)), contradicting our assumption as 7 is in
L(o). O

Lemma 6.6. Let L be a compact abstract logic extending an abstract logic L
and ¢ € L\ L not expressible in L. Then there are pointed o-structures (2, a)
and (B, B) with

ThL(Q{,O&) :Thﬁ(%aﬁ)7
while A, o F s o and B, B Fz —p.

Proof. Compactness of L ensures that, in the situation of Lemma 6.5, the sets
T are closed under unions of C-chains. Applying Zorn’s Lemma yields a C-
maximal such T. Lemma 6.5 ensures that T is complete. Furthermore, T'U {¢}
as well as T'U {—¢} are satisfiable, as ¢ would otherwise be equivalent to T or
1 under T. O

Combining these observations, we obtain the following corollary to the the-
orem by Keisler and Shelah.

Corollary 6.7. Let L be an abstract logic. Then the following are equivalent:
(i) L has the Lo property.
(ii) £ < FO.

Proof. That (ii) implies (i) is obvious. For (i) = (ii) we give an indirect argu-
ment. Towards a contradiction, assume that £ has the f.o§ property, but there
is some ¢ € £(0) that is not expressible in FO. Let £ be the FO-closure of
L UFO. Then, by Lemma 6.4, L also has the Los property and is thus com-
pact. Therefore, we can apply Lemma 6.6 to find pointed o-structures (2, @)
and (9B, 8) with Thro (2, a) = Thro (B, 8), while 2, a E ¢ and B, 8 E —.

As (A, a) and (9B, 5) are indistinguishable for FO, we may apply Keisler—
Shelah to obtain two isomorphic ultrapowers ([]21/U, ) = (I]B/U, fu) over
2 and B, respectively. The Lo$ property of L ensures that [[2/U, ay F ¢,
while [[B/U, B F —p, contradicting the isomorphism invariance of £. Thus,
L has to be a fragment of FO. O

For k-quantifier logics, we obtain an even stronger result in the sense that
there is a uniform translation of every quantifier into first-order logic if the
corresponding k-quantifier logic has the ¥Lo$ property.

Theorem 6.8 (uniform FO-translation). Let £ be a k-quantifier logic that has
the Los property. Then for every quantifier Q@ € Q and k-ary relation symbol
R ¢ og there is a formula n € FO(og U{R}) with k free variables such that for
all signatures o 2 g with R ¢ o, pointed o-structures (A, a) and ¢ € L2(0)

AaFre Qp < A aFpo ne*/R

where ¢* € FO(o) is a translation of ¢ to first-order logic.
In particular, this yields a uniform translation from L2 into FO.
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Proof. By Corollary 6.7, we know that £2 is a fragment of FO. Thus, let
n € FO(og U {R}) be a translation of QR(z1, ..., zx) € L2(0g U {R}) into FO.

Take any o 2 0, a fresh relation symbol R’ ¢ o, ¢ € L2(0) with translation
¢* € FO(o) and a pointed o-structure (2, o). Define

R™ = p¥oq .= {veAF | A vEp}.
Then, as k-quantifier logics are well-behaved w.r.t. expansions,

AaFro Qp — A, R Fro QR (a1,...,23)
— Al og,a,RMQE0 QR(xy,...,x1)
— Al og,a, R9Q Epg .

First-order logic is invariant under renaming of relations and well-behaved w.r.t.
expansions. Thus, we obtain

Ao Fro Qo < Al og,a, R Fro n[R'/R]
— A, aFro n[e*/R]. O

7 A Lindstrom theorem

In this section, we establish the maximality of k-quantifier logics that have the
t.0$ property under the corresponding notion of bisimulation invariance and the
t.0$ property itself. Crucially, we do not refer to Keisler—-Shelah for the proof,
but make do with much more elementary arguments.

Lemma 7.1 (lifting witnesses). Let £ be a k-quantifier logic that has the L.os
property, Q@ € Q, and (A, o) = ([[2L/U, o) a k-pointed ultraproduct based
on (U;)ier and ultrafilter U over I. Then for any J € U and family of witnesses
(8i);c5 with s; € Q(Us, ), there is an s € Q(A, ay) and K € U such that

sC{y | v €s;i forallie JNK}.

Proof. Consider for all i € I expansions 2 of 2; by a fresh relation R ¢ o of
arity k via

" ]1®  otherwise.

The ultraproduct 2* := [[,; 247 /U is an expansion of 2 by R and, by definition
of k-quantifiers (Definition 2.2), the witness sets Q(2, ays) and Q(A*, ay) are
identical. Thus, it suffices to find a suitable s € Q(A* /U, ay).

By construction, 2, a; E QR(x1,...,xx) is witnessed by s; € Q(2;, o;) for
alli € J. The Lo property of £ thus guarantees that 2*, ays F QR(z1, . .., 71),
witnessed by some witness s € Q(2, ay) = Q(A*, ayy) with s C R*". Using the
Y.os property, we find a K € U s.t.

s CRY ={y |y s forallic JNK}. O

By combining our previous insights, we are now in a position to show the
existence of £<-saturated structures by rather pedestrian arguments in the case
of countable o and O.
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Lemma 7.2 (saturated extensions). Let £ := L be a k-quantifier logic with
countably many k-quantifiers that has the £o§ property and 2 a o-structure for
countable . Then for every non-principal ultrafilter U over N, 2* := AN /U is
an L-saturated L-elementary extension of 2.

Proof. Using the Lo$ property, it is easy to verify that 2A* is an L-elementary
extension via the embedding ¢ : a — [(a)icr]u-

Let ¥ be any Q-type of (A*, az/). As L(o) and thus ¥ C L(o) is countable,
we may enumerate it as (0;)jenv and consider for every k € N the set Jj :=
[Qdo A---ANdp)]N{iel]i>k}. All the J; are in U as ¥ is a Q-type of
(A, ay), since U extends the Fréchet filter and filters are closed under finite
intersections. Furthermore, the sequence (Jg)ren is decreasing with () Ji = 0.
For each i € N, we set k; := max{k € N|i € J,} and pick a witness s; for
(A, ;) EQ(do A+ -+ Ay, ). By Lemma 7.1, we know that there is a ty € Q(ay)
and K € U s.t. tyy C {y | 1 € sif.a. i € K}. Take any 8 € ¥ and yy € ty.
Then, by construction, for all ¢ € Ji, N K, (A,v;) F 0. As Jy,, N K € U, ty
realises W.

Similarly, let ¥ = {4; | j € N} be an sy-type of A* and consider for all k € N,

Jp={ieN|ex.y; €s;8t. A,y EdQAN---NoN{ieN|i>k}.

For i € N, set k; := max{k € N|i € Ji} and iteratively pick 7; € s; for which
A,v; E dg A -+ Adk,. Then ~y realises sy as desired. O

Towards the maximality claim in our Lindstréom result, we use the natural
notion of ~,e-invariance.

Definition 7.3 (~ c-invariance). Let £ be an abstract k-logic and £2 a k-
quantifier logic. A formula ¢ € L(0) is ~ o-invariant if for all k-pointed
o-structures (2, a), (B, 8),

(Q[,Oé) ~Le (%7ﬂ) = (Q[va’:w <~ %7ﬂ':90)

An abstract k-logic L is ~ o -invariant if all its formulae are, i.e. ~,o implies
=r.

Finally, we obtain a Lindstrém theorem that characterises ~ ,o-invariant
k-quantifier logics that have the Los property.

Theorem 7.4 (a Lindstrém theorem). Let £2 be a k-quantifier logic that has
the Los property. Then every L2-bisimulation invariant abstract k-logic £ that
has the Los property is a fragment of L.

Proof. Let L be such an abstract k-logic with £ 4 £ and ¢ € L(o) be any
formula not expressible in £2. Since £ has the finite occurrence property,
we may assume that £2(o) is countable as Q is countable by definition and
¢ € L(0g) for some finite 0y C 0. Define the logic £ as the FO-closure of
LU L2. By Lemma 6.4, £ has the Los property and is thus compact. Hence,
we can apply Lemma 6.6 to obtain two pointed o-structures (2, ) and (8, 3)
that have the same £<-theory, while 2, o = ¢ and B, 3 F —p.

Using Lemma 7.2, we find £9-saturated L-elementary extensions 2* and
B* of A and B, respectively. As 2A* and B* are L%-saturated and (A*, )
and (9B8*,3) have the same L£L9-theory, Theorem 5.2 implies that the pointed
structures are £<-bisimilar, so that ¢ € £ would violate the £<-bisimulation
invariance of £ as A*, a F ¢, while B* 5 E —¢p. O

18



By Corollary 6.7, there is essentially no difference between being a fragment
of FO and having the Los property. Thus, every Lindstrom theorem w.r.t. the
t.0§ property is also a characterisation theorem, and we obtain the following
different perspective on Theorem 7.4.

Corollary 7.5 (characterisation theorem). Let £2 be a k-quantifier logic that
has the Fos property. Then any ~ pe-invariant formula of FOF is equivalently
expressible in L2.

8 Summary and Outlook

This note suggests a view of a certain kind of quantification that is limited to
dealing with k-tuples of elements but takes into account a built-in notion of
accessibility of families of sets of k-tuples from given k-tuples. The underly-
ing pattern is thus reminiscent of modal scenarios (broadly conceived) with a
twist towards the involvement of second-order objects. While similar notions
have been explored in neighbourhood semantics as well as in inquisitive modal
logic, our k-quantifiers are in a sense more general in terms of the actual se-
mantics of concrete quantifiers — but also more rigid in terms of the semantics
of each individual k-quantifier as the isomorphism type of the underlying plain
first-order structure fully determines the accessibility pattern that defines its
semantics over that structure. The Ehrenfeucht—Fraissé style notions of back&
forth equivalence associated with a fixed supply of such quantifiers works out
naturally as expected. For the associated notions of saturation and the natu-
ral Hennessy—Milner theorem to go with it, we here resort to the very strong
assumption of compatibility with ultraproducts. By a much deeper theorem of
Keisler and Shelah this assumption of course actually ties the expressive power
of the logics under consideration to within first-order. Our Lindstrém result —
as is the main target of these investigations — for such k-quantifier logics in the
context of abstract k-logics is, however, established on a much more pedestrian
route that illustrates the natural involvement of compactness arguments and
the réle of suitable saturation properties in a much more explicit manner. It
remains open to which extent weaker assumptions, like, e.g. compactness to-
gether with suitable adaptations of a Tarski union property, could be applied
to a similar effect against the extremely general background assumptions about
abstract k-logics proposed here. Another promising direction for related future
research could therefore also concern meaningful limitations of this generality,
maybe towards a focus that brings us closer again to more familiar scenarios
like neighbourhood or inquisitive semantics.
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