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Well-posed ordinary differential equations in RY...
... perturbed by small noise

dX° =b(X5)dt +edW, X(0)=x€cRY >0

Huge literature on related topics:
e First exit problems, Freidlin-Wentsell theory, Persistence proba-
bilities
e Invariant measures, Hitting probabilities, Metastability etc.

But in general:
E(X€> l) 5xﬂ, e—0 + .



lll-posed ordinary differential equations in RY...
X =b(X), X(0)=xecR?

¢ e.g. Characteristics of the transport equation
e Mild ill-posedness: Non-uniqueness of the solution
e Dimension 1 as a test case



lll-posed ordinary differential equations in RY...
X =b(X), X(0)=xcR?

Peano phenomenon:'|Let b : R — R continuous.
1. b(x¢) # 0, there is a unique local solution around x

2. b(xg) = 0, x¢ isolated zero of b.
Then there exists a non-constant local solution around x, if and
only if one of the two cases is satisfied

(a) b(y) > 0 for y > x( and
Xotr 1 4
——dy <
/XO b(y)
(b) b(y) < 0 for y < xq and

/Xo—I‘ 1 d
——dy < .
X0 b<y)

!Petrov: Ordinary differential equations, Prentice-Hall, 1966



Paradigmatic Example:
b(x) =B*x|" 1{x > 0} - B |x|” 1{x > 0}

for BT, B~ >0and 5*,5~ €(0,1).

The set of solutions of i1 = b(u) is knowntobet >t' > 0

(

(B 5t _mw)# x>0

1= N (b —t/ — )t x=0,5>0
(1

u(t;t’,x) = <

1

— BNt =t =) x=0,s>0

1

(B
(B
(-Ba-)t-t)ex )T x<0



lll-posed ordinary differential equations in RY...
... perturbed by noise

dX® =b(X*)dt + edW,  X(0) =x € R¢

e There exists a unique strong solution for any Wiener Process W
e It has the strong Markov property

e Remains true for W replaced by an a-stable process L. with ab-
solutely continuous laws



Bafico and Baldi: A solution selection problem ,

Theorem:
Denote by P? the law of X¢

dX°® =b(X5)dt +edW, X(0)=0eR%e>0

and 77 = inf{t > 0| X{ ¢ [—r,r]} forr > 0.
Then

P? % pToy +p by, ase — 0,
for the extremal solutions
1
x(t) = £CHt15~, t>0

( 1 if Bt < G

pr=¢ B if gt =g =3

(B+) T4 (B-) 7

0 it Bt > 6

2Small Random perturbations of Peano Phenomena, Stochastics, (6), 279-292

\




Proof of Bafico and Baldi’,

¢ ».(x) :=P(w € C(]0,0),R) with 7(w) < oo and w(7) =)
solves

SO0 +b()Ex) = =1, é(-1) =0, ¢.(r) =1,

e Explicit solution and explicit calculation

—A.(—r)
() = A ) - A—r)
A (x) = /OX exp ((— 52—2/0 b(s)ds)dt

3Small Random perturbations of Peano Phenomena, Stochastics, (6), 279-292



Flandoli, Delarue: Reproof based on self-similarity

Proposition 1:
letB=B" =B andg=05"=75".
There are functions (t., ®.) \, 0+ such that

lim P(1e. > t.) = P(|[W| < 2) < 1.

e—0
and as a consequence for any t./t. — coase — 0

lim P%(rg. > t.) = 0.
e—0

4The transition point in the zero noise limit for a 1 D Peano example, Discrete Contin. Dyn. Syst., 34 (2014), n.10, 4071-4083.



Flandoli and Delarue: A proof based on self-similarity |

Proof: Assume there are (t., ®.) as above.
e To. > t. implies |X{| < ©.forall t <t.

t
AW X[ + [ [b(X)|dt< ©. + Bt.©
0

e Assume Bt.®’ = ©.. Then
elW¢|< 20, Vt<t,
in particular e|W¢_| < 20..

e Hence

0 0 0/1,—3 ©.
Pl(te. > t.)< P (e|W¢ | < 20.)= P([t: *W¢_| < 2—)

ct2

1
e Assume further ®. = =t2 then
Pl(re. > t.) =P(|W;| < 2) < 1.

5The transition point in the zero noise limit for a 1 D Peano example, Discrete Contin. Dyn. Syst., 34 (2014), n.10, 4071-4083.



e Solving

Bt.©’ = O,
1
O, = ct?
yields
ol-p o 15 2 2 2(1-8)
1+ e 2+0-1 o cl+p c2+p-1 c2+/-14p(24+5-1)
t p— _ ————— p— p— p—
° B+8 B1+8 ’ © B+ B# B#
Note that
O, = X;Z.

- (t.,©.) defines a scale of space-time points, close to which the
strenght of the noise matches the drift.



Flandoli, Delarue: larger values °

Proposition 2:
ForB=B"=B andg=p"=3",7¢€(0,1)
and any ©./0. — oo we have

lim inf P(X§°>(1—-~)x; Vt=>0) =1.

e—0 X>é€

e Indirect argument using the continuity of the paths of X°.

e Proposition 1, the strong Markov property and Proposition 2 together
prove the desired result, in this case

1 1
PY — §5X+ + 5(5)(_, fore = 0

5The transition point in the zero noise limit for a 1 D Peano example, Discrete Contin. Dyn. Syst., 34 (2014), n.10, 4071-4083.



Extension to a-stable perturbations

e Let LL be a strictly a-stable process, for a € (0, 2).

e Selfsimiliarity: Then there exists 7y € R such that for any a > 0.
1
(Xat)t=0 4 (a2 X¢)t>0-
e Consider

dX® = b(X*)dt +edL,  X°(0) = 0.
with b(x) = B*|x|? 1{x > 0} — B7|x|” 1{x > 0}

forB¥, B~ > 0,57, 57 €(0,1).



Extension to a-stable perturbations

Question:
P — pTi +p O
Difficulties:
e Integral/ inegro-differential equation to solve

e L, has arbitrarily large jumps, for any £ > 0, |X® — x*|,, will be very
large.

e Asymmetries of Bt, B~ > 0,57, € (0,1) € R



A proof based on self-similarity |/

Proposition 1: Under the previous assumptions and
a>1—(B"AB)
there are functions (t., ®F, ©-) \, 0+ such that

lim P (7 o @r > tc) <1

and as a consequence for any t./t. — co as ¢ — 0 we have

€
e—0

"Flandoli, Hogele: A solution selection problem for small stable perturbations, http://arxiv.org/abs/1407.3469



A proof based on self-similarity [

Proof: Assume there are (t.,®F, ®_) as above.

£

*T oo+ > t.implies —O- < X < OF forall t < t.

t
FL< XE + / B~ (X5)" ds< ©F + B t.(©°)"
0

e Assume B t.(©.)” = ©'. Then
cLi<20. Vit <t..
e Assume B7t.(®1)" = @*. Then by symmetry
€Lt> —2@; Vit < t€°

e In particular
—2@; < 8Lt5 < 2@:

8 A solution selection problem for small stable perturbations,



e In particular
—20_ <cL; <207

€ £

e Hence

PY(rg. > t.)< P(—20_ <cL; <207) =P(—2—5 <t "Ly < 2—5
et et

1
e Assume in addition © A ©_ = ct2, w.l.o.g. ©Ff = O AO_. Then

lim P%(1e. > t.) <P(L; < 2) < 1.

e—0




e Solving
Bt.(0.)" =©
B't.(0:)" ~ e
O A O —ct?

yields
a(1-5%5°)

gaJrgS’*—lJr;S’*(a+60—1)

t. = af* N )
(B0>a+/3*—1+/3*(a+60—1) (B*>a+6*—1+5*(a+ﬁo—1)
1 B
@;r _ <]§5*>1—505* <B+>1—BOB* a €<y+3*_oi’(j;f(a>+go_1)
(BO)a+B*—1+B*(a+BO—1) (B*)a+ﬁ*—1+ﬁ*(a+6°—1)

(BT (BT (145

@8_ — — gat+f*=1+5%(a+5°-1)

(BO> a+pB*=1+5*(a+5°-1) (B*) a+ﬁ*—1+ﬁo§k(a+/30—1)

where g* = gt Vv - and 8° = ST A~
e We see a > 1 — 5°is necessary for t. — 0!



Exit probabilities from very small neighborhoods of 0 ﬁ

Proposition 2: Under the previous assumptions and
a>1—(B8"NB7)

and functions (t., ©7,

have
lim P(X > ©])= lim PeLi > 07)
e—0 e—0
lim — 2
= O + @_

©_) \( 0+ asin Proposition 1 and x = 7_g- g+ W€

2

1 if B+ < 5~
() ™)" ws=sos
0 if 67 < 5.

\

e Standard arguments for hitting probabilities for cL. analogous to Brow-

nian motion.

%A solution selection problem for small stable perturbations
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Small perturbations

Proposition 3:
Under the previous assumptions there is 6* > 0 and ¢, \, 0 such that for

any A./6. — oo with A. \, 0 that

lim sup P( sup |Xg*—x{|>A0)=0.
=035 «x<A. te[0,e70"]

Sketch of proof:
e Forpe (0,1) let
Ty :=inf{t > 0| |AL > "}
Ty ~EXP()\.), A =vR\ |- ")~
o Let n° be the CPP of all jumps |AL¢| > <77, and & =L —n°
dY® =b(Y")dt +2£°, Y =x

10Flandoli, H.: A solution selection problem for small stable perturbations, http://arxiv.org/abs/1407.3469



e Elementary comparison argument: On {supico 1,) [€§¢| < 0:}

Y > u(t;x —9.) — 0.

e Hence
sup P( sup (Y —x;) <0)
X>3(Sg tE[O,Tl]
< sup P( sup (YF° — (u(t;x - 6.) — 8.)) < 0)
x>30; tG[O,Tl]
< P( sup [e€°| > 9.)
tE[O,Tl]
< P( sup |g&] > 6.) + P(T1 > R)
t€[0,R?]
55 Q €
A eXp(_el_pR<‘5> + eXp<_€ "R )
e Need

c’Rf —- oo and




e Need

« g 55
R — o0 and o o
e L)
gxr
5 —51 p(1+a) |1Il( >|2
1
P ax1

ISy

e Using the subadditivity we get for r* = . 2 and any A./). — oo and
A. — 0 that

sup P sup XS —x; > AXV)KP(Ty > 1) +P( sup |e€5| > d.) = 0

30-<x<A:  t€[0,rf] t€[0,R?]



Bridging the initial values " < x < 4§

Proposition 4:
Fore > 0 and x € [©F,44.] denote

V¥ = inf{t > 0 | X{* > 44.}.

There is an increasing, continuous functions. : (0,1) — (0,1) withs. — 0
as ¢ — 0, such that

lim  sup P0*° >s.)=0.
e=0 o <x<4.



Bridging the initial values " < x < 4§

e For an appropriate choice of a parameter = € R we denote the time
T, =T,(e) :=inf{t >0 | |AL| >}

e Then on the events {T, > s.} and {sup,c o |eL¢| < 2O7s.} we have
fort € [0, s.]

t
X =x+ / b(X:*)ds + Ly
0

45€>6 o @?
40, — O,

t
>@5+B/ [@er(Xg’X—@g)( ]ds+sLt.
0
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Hence setting s. = 6.2 In(2©-75- """} yields
8
B B B B 1
SE Sg
exp (Zd}ﬁ) (1 —(1+ <Z5§_5>) exp ((— Z(Sgﬁsg))J

A

B
X372 ©. + 5 Ols. + SO

B 4 B s
—eF ~@P52(1-5) -
2. 0.+ 0/s. + =00 exp(45€1_5)

1 1.1-8
> —exp((—) 2 ) >_45.ase — 0.



Flandoli and H.: A solution selection problem for small

stable perturbations
Theorem:

]

Let L be strictly a-stable. Denote by P2(0) the law of X°|;, .

dX¢ = b(X)dt + edL,

X(0)=0€R,e>0

If « > 1— BT A 5~ then there exists 8* > 0 such that

PY(60*) = pToyr + p Oy, as e — 0,
for the extremal solutions
1
x=(t) = £CTt17F, t>0
( 1 if BT <p~
__1
pr=¢ — B i gr=p" =7
(B*) 1+5+(B—) 1+5
\ 0 if Bt > 4.

"Flandoli, H.: A solution selection problem for small stable perturbations, http://arxiv.org/abs/1407.3469



Thank you very much!



