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@ ordinary random walk

e definition of the main objects
simple cases and previously known results
criteria for the finiteness of exponential moments
illustrating example
asymptotics of the exponential moments
exponential moments vs power moments

@ perturbed random walk

e definition and large-time asymptotics
e criteria for the finiteness of moments
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Ordinary random walk:
definition of the main objects

Overview

Let (¢x)ken be independent copies of a real-valued random variable .

Ordinary random walk

Definition of the main objects A random sequence (Sn)nENo defined by
Simple cases and previously known
results

Criteria for the finiteness of So:=0, Sn:=& +...4+&n, neN
exponential moments

lllustrating example is called zero-delayed (ordinary) random walk.

Asymptotics of the exponential

moments

Exponential moments vs power
moments

Perturbed random walk
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Ordinary random walk:

definition of the main objects

Let (¢x)ken be independent copies of a real-valued random variable .
A random sequence (S )nen, defined by
So:=0, Sp:=& +...4+&n, nEN

is called zero-delayed (ordinary) random walk.

Main objects

@ the first passage time into (z, c0)
7(z) := inf{n € Ng: Sp, >z}, = >0;
@ the number of visits to the interval (—oo, z]

N(z) : = #{neN: S, <z}

= D Isu<ap €20
n>1

@ the /ast exit time from (—oo0, ]
sup{n € No : Sp, <=z}, =z>0.

July 16, 2014



Ordinary random walk:

Simple cases and previously known results

Overview When P{£20}=land P{£=0}<1,
Ordinary random walk _
Definition of the main objects N(z) = p(z), =>0.

Simple cases and previously known
results

Criteria for the finiteness of
exponential moments

lllustrating example

Asymptotics of the exponential
moments

Exponential moments vs power
moments

Perturbed random walk
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Ordinary random walk:

Simple cases and previously known results

Oz When P{¢ >0} =1 and P{{ =0} < 1,

Ordinary random walk _ _

Definition of the main objects (@) -1 = N(z) = p(z), ==0.
Simpl d previously ki . . .
ity o A R L Proposition (Beljaev & Maksimov (1963))

crtenaliothelintenesty Assume that P{¢ > 0} =1 and let 8 :=P{{ =0} € [0,1). Then for
Illustrating example a > 0 the following conditions are equivalent:

Asymptotics of the exponential

moments Ee®™(®) < oo for some (hence every) = > 0;

Exponential moments vs power =

moments

a < —logp
where —log 8 := oo if = 0. The same holds for N(z) and p(x).

Perturbed random walk
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Ordinary random walk:

Simple cases and previously known results

Oz When P{¢ >0} =1 and P{{ =0} < 1,

Ordinary random walk T(m) ~-1 = N(I) — p(:ﬂ), x> 0.

Definition of the main objects

Simple cases and previously known

s Proposition (Beljaev & Maksimov (1963))

CHesalRoT e oot Assume that IP{& >0} :} and let 8 = P{¢ =0} € [0,1). Then for
Illustrating example a > 0 the following conditions are equivalent:

Asymptotics of the exponential

moments Ee®™(®) < oo for some (hence every) = > 0;
Exponential moments vs power -
moments

a < —logp

where —log 8 := oo if 8 = 0. The same holds for N(z) and p(x).
Proof: If a < —log B3, pick r > 0 s.t. e*Ee "¢ < 1

Z e P{r(z) >k} = Z e P{S), < z}

k>0 k>0

e z:(e“]Ee*T'f)lC < o0
k>0

Perturbed random walk

IN
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Ordinary random walk:

Simple cases and previously known results

Oz When P{¢ >0} =1 and P{{ =0} < 1,

Ordinary random walk _ _

Definition of the main objects (@) -1 = N(z) = p(z), ==0.
Simpl d previously ki . . .
ity o A R L Proposition (Beljaev & Maksimov (1963))

crtenaliothelintenesty Assume that P{¢ > 0} =1 and let 8 :=P{{ =0} € [0,1). Then for
Illustrating example a > 0 the following conditions are equivalent:

Asymptotics of the exponential

moments Ee®™(®) < oo for some (hence every) = > 0;

Exponential moments vs power =

moments

a < —logp

where —log 8 := oo if 8 = 0. The same holds for N(z) and p(x).
Proof: If a < —log B3, pick r > 0 s.t. e*Ee "¢ < 1

Z e P{r(z) >k} = Z e P{S), < z}

Perturbed random walk

k>0 k>0
< € z:(e“]Ee*T'f)lC < o0
k>0
If a > —log g,
> e P{Sp <z} > > e P{S, =0}
k>0 k>0

Z ek gk — oo,

k>0
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Ordinary random walk:

Simple cases and previously known results

Orreitry General case: P{¢ < 0} > 0.
Ordinary random walk FINITENESS:
Definition of the main objects @ Borovkov (1962): if

Simple cases and previously known
results . —t&
Criteria for the finiteness of a < R:= —loginf Ee™ ",
exponential moments t>0

Illustrating example

Asymptotics of the exponential aT(0) .

moments then Ee < 005

Exponential moments vs power If a > R, then ]ECaT(O) = Q.

moments

Perturbed random walk
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Ordinary random walk:

Simple cases and previously known results

Orreitry General case: P{¢ < 0} > 0.
Ordinary random walk FINITENESS:
Definition of the main objects @ Borovkov (1962): if

Simple cases and previously known
results . —t&
Criterial for the finteness of a < R:= —loginf Ee™*,
exponential moments t>0

lllustrating example

Asymptotics of the exponential ar(0) )
moments then Ee < 00;

Expone{\tial moments vs power if a > R, then ]ECaT(O) = Q.
@ Heyde (1964): assuming that E¢ € (0, o),

Perturbed random walk

Ee?™(®) < oo for some a > 0 iff

Ee? ™ < oo for some b > 0.
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Ordinary random walk:

Simple cases and previously known results

Orreitry General case: P{¢ < 0} > 0.
Ordinary random walk FINITENESS:
Definition of the main objects @ Borovkov (1962): if

Simple cases and previously known
results . —t&
Criterial for the finteness of a < R:= —loginf Ee™*,
exponential moments t>0

lllustrating example

Asymptotics of the exponential ar(0) )
moments then Ee < 00;

Expone{\tial moments vs power if a > R, then ]ECaT(O) = Q.
@ Heyde (1964): assuming that E¢ € (0, o),

Perturbed random walk

Ee?™(®) < oo for some a > 0 iff

Ee? ™ < oo for some b > 0.

@ Doney (1989); Bertoin & Doney (1996) — other relevant
results.
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Ordinary random walk:

Simple cases and previously known results

Orreitry General case: P{¢ < 0} > 0.
Ordinary random walk FINITENESS:
Definition of the main objects @ Borovkov (1962): if

Simple cases and previously known
results . —t&
Criterial for the finteness of a < R:= —loginf Ee™*,
exponential moments t>0

lllustrating example

Asymptotics of the exponential ar(0) )
moments then Ee < 00;

Expone{\tial moments vs power if a > R, then ]ECaT(O) = Q.
@ Heyde (1964): assuming that E¢ € (0, o),

Perturbed random walk

Ee?™(®) < oo for some a > 0 iff

Ee? ™ < oo for some b > 0.

@ Doney (1989); Bertoin & Doney (1996) — other relevant
results.

ASYMPTOTICS:
@ Heyde (1966): whenever E¢ € (0, 00) and Ee¢”(0) < oo,

Ee®™(®) ~ conste(@/Ee 4 4 0.
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Ordinary random walk:

Criteria for the finiteness of exponential moments

Oz Theorem (1. & Meiners (2010))
Ordinary random walk Let a > 0 and P{¢ < 0} > 0. Then the following conditions are

Definition of the main objects equivalent;
Simple cases and previously known ( )
results at(x .
Criteria for the finiteness of Ee < oo for some (hence every) x > 0;
exponential moments N

lllustrating example Ee®N(*) < oo for some (every) z > 0;
Asymptotics of the exponential

moments

an
e
Exponential moments vs power E 7]P{Sn S l'} < oo for some (every) T Z 07

moments
n>1
Perturbed random walk

a < R:= —log inf Ee %,
t>0
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Overview

Ordinary random walk
Definition of the main objects

Simple cases and previously known
results

Criteria for the finiteness of
exponential moments

lllustrating example

Asymptotics of the exponential
moments
Exponential moments vs power
moments

Perturbed random walk

Alexander Iksanov

Ordinary random walk:

Criteria for the finiteness of exponential moments

equivalent:

ean
g —P{S, <z} <
n

n>1

Ee

Theorem (I.
Let @ > 0 and P{¢ < 0} > 0. Then the following conditions are

& Meiners (2010))

Ee®™(®) < oo for some (hence every) z > 0;

Ee*N(®) < oo for some (every) x> 0;

a< R:=

oo for some (every) z > 0;

—log inf Ee~ .
ogtlg0 e

0

t

The bold segments indicate the sets of values of e =% for which both Ee®™(®) and

Ee®N (@) are finite.

Moments of first passage times and related quantities for ordinary and perturbed random walks
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Ordinary random walk:

Criteria for the finiteness of exponential moments

Oz Theorem (1. & Meiners (2010))
Ordinary random walk Let a > 0 and P{¢ < 0} > 0. Then the following conditions are

Definition of the main objects equivalent;

Simple cases and previously known a (z)

results Ee*?'\*) < oo for some (hence every) z > 0;
Criteria for the finiteness of

exponential moments

lllustrating example g e""P{S, <z} < oo for some (every) z > 0;
Asymptotics of the exponential

moments n>0 i . _te

Exponential moments vs power either a < R=— log inf Ee , or
moments t>0

Perturbed random walk a = Rand EEE—’Yoﬁ >0,

where ~g is the unique positive number such that Ee=70¢ = ¢~ £,
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Simple cases and previously known
results

Criteria for the finiteness of
exponential moments

lllustrating example

Asymptotics of the exponential
moments

Exponential moments vs power
moments

Perturbed random walk

Ordinary random walk:

Criteria for the finiteness of exponential moments

Theorem (. & Meiners (2010))
Let @ > 0 and P{¢ < 0} > 0. Then the following conditions
equivalent:

Ee*(®) < oo for some (hence every) = > 0;

Z e""P{S, <z} < oo for some (every) z >0

n>0
either a < R = —loginf Ee *  or
t>0
a = RandEge ¢ >0,
where g is the unique positive number such that Ee—70¢ =
]E{’Lf p ]E(’/é 7777777777777777777777
i // X

are

)

e B,
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Ordinary random walk:

Illustrating example

Overview Example (simple random walk)

Let p € (1/2,1) and
Ordinary random walk

Definition of the main objects

Simple cases and previously known

results —t& —t t

Criteria for the finiteness of Ee =pe = +qe and

exponential moments te

lllustrating example R = —log inf Ee™ "> = —log(2+/pq).
- - - t>0

Asymptotics of the exponential =

moments

Ble=1}=p=1-P{e=—1} =

Exponential moments vs power
moments

Perturbed random walk
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Overview

Ordinary random walk
Definition of the main objects

Simple cases and previously known
results

Criteria for the finiteness of
exponential moments

lllustrating example

Asymptotics of the exponential
moments

Exponential moments vs power
moments

Perturbed random walk

Ordinary random walk:

Illustrating example

Example (simple random walk)
Let p € (1/2,1) and

P{é=1}=p=1-P{{=~1}=11-q.

Then
Ee % = pe~t 4 ge' and
R = —log inf Ee ¢ = — log(2v/pPq)-
>0
One can check that
1 (Zn)
P{r(0)=2n-1} = ———"/ _(2pg)°"
{r(0) } 2 22"(277.71)( Pa)
2n
1
— i%e*mﬂi n e N;
2q 227 (2n — 1)
2n n
Plo(0) =20} = (-a( )@
()
_ _ n —2nR
= (r ‘1)22ne » m€No.

Stirling’s formula yields

[un

o)
"
~ , M — 00,

22n VT

which implies that
EeR7(0) < oo and EelP(0) = .
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Overview

Ordinary random walk
Definition of the main objects

Simple cases and previously known
results

Criteria for the finiteness of
exponential moments

lllustrating example

Asymptotics of the exponential
moments
Exponential moments vs power
moments

Perturbed random walk

Alexander Iksanov

Moments of first passage times and related quantities for ordinary and perturbed random walks

Ordinary random walk:

Asymptotics of the exponential moment:

NONNEGATIVE CASE

Theorem (l. & Meiners (2010))
Let a > O,
P{¢ >0} =1 and P{{ =0} < 1.

Assume that Ee@7 (¢) < oo for some (hence every) x > 0. Then, as x — oo,

Ee®™(®) ~ const e?®

where ﬁ, if £(&) is non-lattice,
— ) "Ege
const = A(1—e—9)

e NyEee—7E" if £L(&) is A-lattice

~y is the unique positive number such that
Ee 78 =@

3

and in the \-lattice case the limit is taken over z € AN.
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Ordinary random walk:

Asymptotics of the exponential moment:

Overview GENERAL CASE

Ordinary random walk Theorem (1. & Meiners(2010))

Dt G i el dHes Let @ > 0 and P{& < 0} > 0. Assume that Ee®?(*) < oo for some (hence every)
?\m?le cases and previously known 2z > 0. Then, as ¢ — oo,
results - Ee??(®) o conste?®
Criteria for the finiteness of
exponential moments +
Illustrating example where e~ @(1-Ee— 7M™
Asymptotics of the exponential const = vEge—E Y
oments | Ae”%(1—Ee—YMT)
xponential moments vs power 1oAY VRfo—7E
moments (1—e—AY)Ege— €

if £(&) is non-lattice,
if £L(&) is A-lattice

Perturbed random walk M := inf,,~1 Syn; v is a minimal positive number such that

Ee 7 = ™%,
In the A-lattice case the limit is taken over = € AN.
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Overview GENERAL CASE

Ordinary random walk Theorem (1. & Meiners(2010))
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Ordinary random walk:

Exponential moments vs power moments

Overview FINITENESS

Ordinary random walk
Definition of the main objects (Kesten & Maller (1996)) For p > 0

Simple cases and previously known 11

results 4 P

Criteria for the finiteness of IE(T(I‘)) < o0 Aad ]E(N($)) < oo <
exponential moments

lllustrating example E(p(z))P < oo.

Asymptotics of the exponential
moments

Exponential moments vs power
moments

(1) It may happen that there exists ¢ > 0

lim 2P{r >z} =0 and liminf29P{N >z} > 0.

Perturbed random walk
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Ordinary random walk:

Exponential moments vs power moments

Overview FINITENESS

Ordinary random walk
Definition of the main objects (Kesten & Maller (1996)) For p > 0

Simple cases and previously known 11

results 4 P

Criteria for the finiteness of IE(T(I‘)) < o0 Aad ]E(N($)) < oo <
exponential moments

lllustrating example E(p(z))P < oo.

Asymptotics of the exponential
moments

Exponential moments vs power
moments

(1) It may happen that there exists ¢ > 0
Perturbed random walk zli—E%oqu{T > .’E} =0 and lizrgi«:{(l)fqu{N > x} > 0.
(I. & Meiners (2010)) Provided that
R = —log inf Ee"%* >0,

t>0

it holds that
Ee®™(*) < 0o, Ee*N(*) < o0 iff a < R, and
Ee*®) < o if a < R,

whereas Eef?(?) s finite in some cases and infinite in others.
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Ordinary random walk:

Exponential moments vs power moments

Overview

Ordinary random walk

Definition of the main objects
Simple cases and previously known
results

Cricetialionthelfinitonsesle Let T'(z) denote any of the rvs 7(z), N(z) or p(z).

exponential moments
lllustrating example

Asymptotics of the exponential (Kesten & Maller (1996)) If E(T'(0))? < oo then

moments

ASYMPTOTICS

Exponential moments vs power
moments

p
x
Perturbed random walk ]E(T((E))p = (m) , T — 00.
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Ordinary random walk:

Exponential moments vs power moments

Overview

Ordinary random walk

Definition of the main objects
Simple cases and previously known
results

Cricetialionthelfinitonsesle Let T'(z) denote any of the rvs 7(z), N(z) or p(z).

exponential moments
lllustrating example

Asymptotics of the exponential (Kesten & Maller (1996)) If E(T'(0))? < oo then

moments

ASYMPTOTICS

Exponential moments vs power
moments

p
x
Perturbed random walk ]E(T((E))p = (m) , T — 00.

(1. & Meiners (2010)) If Ee4T(®) < oo then

EetT(®) = e’ x — oo.
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| Perturbed random walk:

Definition and large-time asymptotics

Overview

Ordinary random walk

Perturbed random walk Let (&, Mk )ken be independent copies of a random vector (£,n) with

Definition and large-time B

e arbitrary dependence between £ and 7.
Criteria for the finiteness of
moments of the last exit time

A evntion By_a perturbed random walk is meant a random sequence (1% )neN
Criteria for the finiteness of defined by

moments of the number of visits

Random processes with

immigration T’n = Sn—l + Nn = fl + . + gn—l + N, M c N
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| Perturbed random walk:

Definition and large-time asymptotics

Overview

Ordinary random walk

Perturbed random walk Let (&, Mk )ken be independent copies of a random vector (£,n) with

Definition and large-time B

e arbitrary dependence between £ and 7.
Criteria for the finiteness of
moments of the last exit time

A evntion By_a perturbed random walk is meant a random sequence (1% )neN
Criteria for the finiteness of defined by

moments of the number of visits
Random processes with

immigration T’n = Sn—l + Nn = fl + . + gn—l + N, M c N
The so defined PRW is related to

@ perpetuities
@ shot noise processes
@ the Bernoulli sieve

@ GI/G/oco queues
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| Perturbed random walk:

Overview
Ordinary random walk

Perturbed random walk
Definition and large-time
asymptotics

Criteria for the finiteness of
moments of the last exit time

A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration

Alexander Iksanov

Moments of first passage times and related quantities for ordin

Definition and large-time asymptotics

Let (¢k,mk)ken be independent copies of a random vector (£,7) with
arbitrary dependence between £ and 7.

By a perturbed random walk is meant a random sequence (T )nen
defined by

Th Z:Sn_l +nn:§1++£n—1 + Mn, n € N.

The so defined PRW is related to

@ perpetuities
2™
n>1

@ shot noise processes
@ the Bernoulli sieve
@ GI/G/oco queues

and perturbed random walks July 16, 2014



| Perturbed random walk:

Definition and large-time asymptotics

Overview
Ordinary random walk

Perturbed random walk
Definition and large-time
asymptotics

Criteria for the finiteness of
moments of the last exit time

A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration

Th :Sn—l +77n, n € N.

Proposition (Goldie & Maller (2000))

Either
limp o0 T = +00 a.s. (drift to +00), or
limp— 00 T = —00 a.s. (drift to —c0), or

—oo = liminf, 400 T < limsup,,_, o Tn = 400 a.s. (oscillation).

(1) It may happen that the perturbed random walk T, oscillates when

the corresponding ordinary random walk S,, drifts to +oo.
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| Perturbed random walk:

Criteria for the finiteness of moments of the last exit time

Overview

Ordinary random walk

Tn =Sn-1+m, neN.

Perturbed random walk For x € R, the last exit time from (—o0, z] is

Definition and large-time
2symptotics sup{n e N: T, <z if inf T, <z
Criteria for the finiteness of p{ € = }’ E>1 k=&
moments of the last exit time ) -

A curious observation if inf T >«
Criteria for the finiteness of k21

moments of the number of visits

Random processes with
immigration
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Overview
Ordinary random walk

Perturbed random walk
Definition and large-time
asymptotics

Criteria for the finiteness of
moments of the last exit time

A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration

Alexander Iksanov

Moments of first passage times and related quantities for ordinary and perturbed random walks

Perturbed random walk:

Criteria for the finiteness of moments of the last exit time

Tn =Sn-1+m, neN.

For z € R, the last exit time from (—oo, z] is

sup{n e N: T), <z}, if Iér>1f1 T, <z,
0, if ngl Ty >z
POWER MOMENTS.

Theorem (Alsmeyer, |. & Meiners (2014))
Let (T7,) be positively divergent and p > 0. The following assertions
are equivalent:

E(p*(x))? < oo for some (hence every) z € R;
E(p(y))? < oo for some (hence every) y >0 and
EJPH(n7) < oo,

where J(z) : z >0, and

P z
T EETA

p(y) = sup{n€Np:Sp, <y}, y>0.

July 16, 2014




Perturbed random walk:

Criteria for the finiteness of moments of the last exit time

Overview

Ordinary random walk Tn =Sn-1+m, neN.

Perturbed random walk For z € R, the last exit time from (—oo, z] is

Definition and large-time

asymptotics . < e <
Criteria for the finiteness of Sup{n eEN: T, < (E}, if Iil;fl Ty < =,
moments of the last exit time p* (Qj) = =

A curious observation 0, if inf T >
Criteria for the finiteness of k>1

moments of the number of visits

Random processes with EXPONENTIAL MOMENTS.

immigration

Theorem (Alsmeyer, |. & Meiners (2014))
Let (T,) be positively divergent, P{¢ < 0} > 0 and @ > 0. The
following assertions are equivalent:

E exp(ap®(z)) < oo for some (hence every) x € R;
Eexp(ap(y)) < oo for some (hence every) y >0 and
Ee ™ 7" < oo,

where v is the minimal positive number satisfying Ee~7¢ = ¢~¢, and

py) = sup{fn €Ng: S, <y}, y>0.

Alexander Iksanov Moments of first passage times and related quantities for ordinary and perturbed random walks July 16, 2014



Perturbed random walk:

A curious observation

Overview

: Alsmeyer, |. & Meiners (2014): for a > 0
Ordinary random walk

Perturbed random walk

«

ap™(x)
ST ) (i Ee < oo for some (hence every)z e R &
asymptotics.

an
Criteria for the finiteness of E e"P{T, <z} < oo forsome/all z€R.
moments of the last exit time >
A curious observation n>1
Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration
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Perturbed random walk:

A curious observation

Overview

Alsmeyer, |. & Meiners (2014): for a > 0

Ordinary random walk

Perturbed random walk ]Eeap* (z)

Definition and large-time
asymptotics. an
Criteria for the finiteness of E e"P{T, <z} < oo forsome/all z€R.
moments of the last exit time >1

n

< oo for some (hence every)z e R &

A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration

Kesten & Maller (1996): for p > 0

Ep(z)P < oo for some (hence every) 2 >0 <&

Z nP7IP{S, <z} < oo forsome/all z > 0.
n>1
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Overview
Ordinary random walk

Perturbed random walk
Definition and large-time
asymptotics.

Criteria for the finiteness of
moments of the last exit time

A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration

Alexander Iksanov

Moments of first passage times and related quantities for ordin

Perturbed random walk:

A curious observation

Alsmeyer, |. & Meiners (2014): for a > 0

Ee*” (*) < oo for some (hence every)z € R

Z e"P{T, <z} < oo forsome/all zcR.
n>1

Kesten & Maller (1996): for p > 0

Ep(z)?

Z nP7IP{S, <z} < oo forsome/all z > 0.
n>1

< oo for some (hence every) z >0

However

Ep*(z)P < oo < Z nPTIP{T, < z} < oo!!!
n>1
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Perturbed random

A curious observation

Overview

Ordinary random walk

However
Perturbed random walk oweve
Definition and large-time

asymptotics * P p—1 m
Criteria for the finiteness of Ep™(2)P <oo @ 2 : n P{Tn < x} < oo
moments of the last exit time n>1

A curious observation -

Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration Indeed
)

Z nPIP{T, <z} <o & Ep(x)? <oo and EJ(n7)P < oo,
n>1

whereas

Ep*(z)? < oo ¢ Ep(z)? <oco and EJ(n7)PH! < co.
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1 Perturbed random walk:

Criteria for the finiteness of moments of the number of visits

Overview

Ordinary random walk
’ Tn =Sn—1+nn, neN.

Perturbed random walk

e e (ErEedie For z € R, the number of visits to (—oo, z] is

asymptotics.

Criteria for the finiteness of
moments of the last exit time N*

° ° z) = #{neN:T, <z}
A curious observation () # n—=
Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration
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Perturbed random walk:

Criteria for the finiteness of moments of the number of visits

Overview

Ordinary random walk

Tn =Sn-1+mnn, neN.
Perturbed random walk

e e (ErEedie For z € R, the number of visits to (—oo, z] is
asymptotics.

Criteria for the finiteness of

moments of the last exit time N* ($) — #{TL eN: Tn < $}

A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with POWER MOMENTS.

immigration

Theorem (Alsmeyer, |. & Meiners (2014))
Let () be positively divergent and p > 0. The following assertions
are equivalent:

E(N™(z))P < oo for some (hence every) z € R;

E(N(y))? < oo for some (hence every) y > 0.

Here
N(y) = #{ne€No: S, <y}, y>0.
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Perturbed random walk:

Criteria for the finiteness of moments of the number of visits

Overview

Ordinary random walk Th =Sn-1+ M, NE N.

(Rentibed] el el For z € R, the number of visits to (—oo, z] is

Definition and large-time
asymptotics.

Criteria for the finiteness of * _ .
moments of the last exit time N (CC) = #{n eN: Tn S CC}
A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with EXPONENTIAL MOMENTS.

immigration

Theorem (Alsmeyer, |. & Meiners (2014))
Let (T) be positively divergent.

(a) If P{¢ < 0} > 0, then the following assertions are equivalent:

Eexp(aN*(z)) < co for some (hence every) z € R,
Eexp(aN(y)) < oo for some (hence every)y > 0.

Here
N(y) = #{neNo:S, <y}, y>0.
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Perturbed random walk:

Criteria for the finiteness of moments of the number of visits

Overview

Ordinary random walk

Perturbed random walk Tn = Sn—l +Nn, NE N.

Definition and large-time .. .
asymptotics For z € R, the number of visits to (—oo, z] is
Criteria for the finiteness of

moments of the last exit time

A curious observation N*(z) = #{neN:T, <z}

Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration

EXPONENTIAL MOMENTS.

Theorem (Alsmeyer, |. & Meiners (2014))
Let (T},) be positively divergent.

(b) If £ > 0 a.s., then the assertions

Eexp(aN*(z)) < oo,
eaP{5:07ﬂ§$}+P{§:0:7]>z}< 1

are equivalent for each @ > 0 and = € R.
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Perturbed random walk:

Random processes with immigration

SR DEFINITION:
Ordinary random walk

Perturbed random walk @ X = (X (t))ter is a random process with paths in the
Definition and large-time

Skorokhod space D(R);
asymptotics.
Criteria for the finiteness of
moments of the last exit time
A curious observation
Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration
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Perturbed random walk:

Random processes with immigration

SR DEFINITION:
Ordinary random walk

Perturbed random walk @ X = (X (t))ter is a random process with paths in the
Definition and large-time

Skorokhod space D(R);
asymptotics. ) )
Criteria for the finiteness of @ ¢ is a random variable;
moments of the last exit time
A curious observation
Criteria for the finiteness of
moments of the number of visits

Random processes with
immigration
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| Perturbed random walk:

Random processes with immigration

SR DEFINITION:
Ordinary random walk

Perturbed random walk @ X = (X (t))ter is a random process with paths in the
Definition and large-time

Skorokhod space D(R);
asymptotics.

Criteria for the finiteness of @ ¢ is a random variable;

moments of the last exit time

A curious observation o (Xk, gk)keN are independent copies of the pair (X, {),
Criteria for the finiteness of

moments of the number of visits

Random processes with
immigration
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| Perturbed random walk:

Random processes with immigration

Overview DEFINITION:

Ordinary random walk

Perturbed random walk @ X = (X (t))ter is a random process with paths in the
Definition and large-time Skorokhod space D(R);

asymptotics. ) )

Criteria for the finiteness of @ ¢ is a random variable;

moments of the last exit time

A curious observation o (Xk, gk)keN are independent copies of the pair (X, {),

Criteria for the finiteness of

moments of the number of visits @ (S, is the zero-delayed random walk with jumps &, i.e.,
n€Ng k

Random processes with

immigration

So:=0, Sp:=&+&+...+&, neN.
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Perturbed random walk:

Random processes with immigration

Overview DEFINITION:

Ordinary random walk
Perturbed random walk ° X= (X(t))tE]R is a random process with paths in the
Definition and large-time Skorokhod space D(R);

asymptotics

Criteria for the finiteness of @ ¢ is a random variable;
moments of the last exit time

A curious observation @ (Xk,&k)ken are independent copies of the pair (X, £);

Criteria for the finiteness of

[EMENE & e mumlsa &F oie @ (Sn)nen, is the zero-delayed random walk with jumps &, i.e.,
Random processes with
immigration

So:=0, Sp:=&+&+...+&, neN.

Random process with immigration

The process Y := (Y (t))+cr defined by

Y(t):=> Xpy1(t—Sk), teR
k>0

will be called random process with immigration at the epochs of a
renewal process.
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Perturbed random walk:

Random processes with immigration

Crzrit INTERPRETATION in the case when £ > 0 a.s. and X (t) =0, t < 0.
Ordinary random walk

Perturbed random walk ¢

Definition and large-time A
asymptotics.

Criteria for the finiteness of Ve

moments of the last exit time

A curious observation > \/
Criteria for the finiteness of

moments of the number of visits '

Random processes with

immigration s

At time Sp = 0 the immigrant 1 arrives at the system and runs a
random process X7.

Alexander Iksanov

Moments of first passage times and related quantities for ordinary and perturbed random walks
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| Perturbed random walk:

Random processes with immigration

Crzrit INTERPRETATION in the case when £ > 0 a.s. and X (t) =0, t < 0.

Ordinary random walk

Perturbed random walk ¢

Definition and large-time
asymptotics.

Criteria for the finiteness of Ve

moments of the last exit time

A curious observation > \/

Criteria for the finiteness of

moments of the number of visits

Random processes with /
immigration $ $ s

At time Sp = 0 the immigrant 1 arrives at the system and runs a
random process X7.

At time Sg the immigrant k + 1 arrives at the system and runs a
random process X1 which evolves along with already existing
processes X1, ..., Xg.
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urbed random walk:

Random processes with immigration

Overview

INTERPRETATION: in the case when ¢ > 0 a.s. and
X(t)=0,t<0.

Ordinary random walk

Perturbed random walk

Definition and large-time
asymptotics.

Criteria for the finiteness of
moments of the last exit time

A curious observation
Criteria for the finiteness of )
moments of the number of visits

el (e it N \/
Teetion / /
.

Y (¢) is then the sum of all processes run by the immigrants up to and
including time t, i.e.,

Y(t) = Xppr(t — Sk)-
k>0

Alexander Iksanov Moments of first passage times and related quantities for ordinary and perturbed random walks July 16, 2014



Perturbed random walk:

Random processes with immigration

Overview
Ordinary random walk
Perturbed random walk

Definition and large-time
asymptotics.

Criteria for the finiteness of

moments of the last exit time
A curious observation = #{k‘ eN: T, < t}

Criteria for the finiteness of

moments of the number of visits _ I[

Random processes with — E <t-S

immigration {T]Ic+1 - K}
k>0

= Y Xpal(t—Sp) =Y(t), tek
k>0

Therefore (N*(t))¢cr is a random process with
immigration with Xy (t) = 1, <, K € N.
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Overview
Ordinary random walk

Perturbed random walk
Definition and large-time
asymptotics.

Criteria for the finiteness of
moments of the last exit time
A curious observation

Criteria for the finiteness of
moments of the number of visits

Random processes with

immigration THANK YOU FOR YOUR ATTENTION
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