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Hole probability

Given a point process in the plane X, one measure for its “rigidity”
is the decay of hole probability.
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Hole probability

Given a point process in the plane X, one measure for its “rigidity”
is the decay of hole probability.

» Which is the probability that a disk of radius r contains no
points of X, as r — oo.

» We will denote this probability by py(r).
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Hole probability

Given a point process in the plane X, one measure for its “rigidity”
is the decay of hole probability.

» Which is the probability that a disk of radius r contains no
points of X, as r — co.
» We will denote this probability by py (r).

» The center is not important if the process is translation
invariant.

» One can also consider other domains\geometries.
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Poisson point process
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Poisson point process
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Poisson point process

» Number of points in circle of radius r
has Poisson distribution with mean
Amr2.

» The hole probability is

_ 2
e ATr
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Random Matrices - Ginibre Ensemble
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Random Matrices - Ginibre Ensemble

i, & , s "o » Finite Ginibre - The eigenvalues of the
ol I DI N x N random matrix with i.i.d.
Ta g oy e mg standard complex Gaussian
F e e ™R oy S coefficients.
BT R RS .. » Ginibre - The limit of this process as
N — oo,
S... e " .. ++. .. » Determinantal point process.
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Random Matrices - Ginibre Ensemble

AT g 2o > Setofradii{]21\2,\22\2,...}is
% 8 e R " ._ distributed like independent set
e T {r(1,1),r(2,1),...}.
" g ki TS T ” » Hole probability:
U ) . p(r) = e ir2(1+o(1)
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GEF - Gaussian Entire function
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GEF - Gaussian Entire function

S . . . - = » Zeros of entire function given by the
L et ¢ | Gaussian Taylor series
st T . o > ol oy 2"
- BTLEET R F)= Y &
) S '- . » &, ii.d. standard complex Gaussian.
.ot - = 5 - . » Zero set is translation invariant (unique
TR A T for Gaussian analytic functions).
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GEF - Gaussian Entire function

o . . % " « = » Nota determinantal point process.
TS " . . » Hole probability?
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Random Taylor series

f(z)= 20 Enanz”
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Random Taylor series

f(z)= io Enanz"”

» &, i.i.d. random variables (mostly std. complex Gaussians).
> E& =0, El&,[ =1

» a, non-random sequence (can assume a, > 0)

» fis (a.s.) an entire function when limsupay” = 0.

> Analytic in the unit disk when limsupa’/" = 1.
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Random Taylor series

f(z)= Z Enanz"”
n=0
» Properties are determined by covariance kernel:
Ke(z.w) =E{F(2)F ()} = ¥ [anl (z)"
n=0

» For the GEF:
Ke(z,w) = e*"

» One can consider similar functions in several variables.
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Zero set

Zr={z: f(z) =0}
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Zero set

Zr={z:f(z)=0}

» Understood to include multiplicities (multiset).
» Random point set (or point process)

» Simple in the Gaussian case (maybe except non-rand. zeros).
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Zero set

={z:f(z)=0}

> Interested in linear statistics.

/ hdns= Y h(a)

an,c

» h:C — R meas. function with compact support

» Formula for complex Gaussian (Edelman-Kostlan)
ELs (h) /h AlogK (z,2) dm(z)

» For the GEF )
EL (h) = —/hdm(z)
TJC
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Hole probabilities

» Given domain U C C, interested in the probability of the event
Unzs=0.

> In general in the asymptotics for ‘large’ domains.
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Hole probabilities

» Given domain U C C, interested in the probability of the event
uUnzs=0.

» In general in the asymptotics for ‘large’ domains.

» Problem related to large\very large deviations in some cases.

» Also might be related to moderate deviations in other cases.
» One can consider similar questions for linear statistics.
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Hole probabilities

» Given domain U C C, interested in the probability of the event
unzqs=0.

> In general in the asymptotics for ‘large’ domains.

» Problem related to large\very large deviations in some cases.

» Also might be related to moderate deviations in other cases.
» One can consider similar questions for linear statistics.

» Physics - The zeros represent a gas of (interacting) particles in
quantum systems.
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Hole probabilities (cont.)

» Special case: rID - disk around zero with large radius r.
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Hole probabilities (cont.)

» Special case: rID - disk around zero with large radius r.
» GEF: Sodin and Tsirelson (2005)

—ar* <logpu(r) < —cor”.

> Ideas were used in many different settings.
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-
Hole probabilities (cont.)

» Special case: rD - disk around zero with large radius r.

» GEF: Sodin and Tsirelson (2005)

—ar* <logpu(r) < —cor®.

» Ideas were used in many different settings.

» GEF: N. (2010)

e2

o8 pr () = — 1+ 0 (14).

> In fact error term is O (r?logr).
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How to guess the right constant

> |dea for the lower bound.
» Works surprisingly well for different cases.

» Unit disk, higher dimensions, etc.
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.
How to guess the right constant

» Generate an event where there are no zeros of F inside rD:

» & is large
» &1, ..., &y are small (N will depend on r)
» Eny1,... are ‘typical’ (not too large).

» Then for |z| <r:

£ (2)] = &l — Z !iin
» Use independence:

N
P(|&1] < t1,...,[En] < tv) = I:Ilpﬂénl <ty).
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The ‘general’ case (entire functions)

» We need the following function

S(ry=2- iolong (anr")
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The ‘general’ case (entire functions)

» We need the following function
S(r)=2- Z log™ (anr")
n=0

» A measurable set £ C [1,0) has finite logarithmic length if

"1
/f&<w
t
E

» Remark: We have to assume that ag # 0
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The ‘general’ case (entire functions)

» We need the following function
S(r)y=2- Z log™ (anr™)
n=0

Theorem
(N. 2012) For € € (0,3), exists set E C [1,0) of finite log. length,
such that

log pr (r) = —S(r)+O<S(r)1/2+£), r—oo,ré¢E.

Remark: Log. length of E depends on € and on the sequence {a,}.

Alon Nishry

Hole probabilities for Random Taylor series



Other random variables?

Difficult to say something for ‘general’ random variables. Make the
following assumptions:

» Let K C C be a compact set and 0 ¢ K.

» Suppose that &, € K for each n, and that a, = -1

\/ﬁ .
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Other random variables?

Difficult to say something for ‘general’ random variables. Make the
following assumptions:

» Let K C C be a compact set and 0 ¢ K.

» Suppose that {, € K for each n, and that a, = \/%

Theorem

There exists ry = rp(K) < e so that f(z) must vanish somewhere in
the disk {|z| < rp}.

» This result depends on the (specific) nature of the
deterministic coefficients a,.
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Gist of the proof (upper bound)

» (ag =1) Assume f # 0 inside rDD, so log|f| harmonic there and
forp<r

%/log’f<pe9>‘d9:|og|f(0)\:|0g|§0|
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Gist of the proof (upper bound)

» (ap =1) Assume f # 0 inside rDD, so log|f| harmonic there and
forp<r

;t/log’f(peg)‘dez log |f (0)| = log |&o|

» Notice that P (log|&| > A) = exp (—exp (24)) (very small
probability)
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Gist of the proof (upper bound)

» (ap =1) Assume f # 0 inside rDD, so log|f| harmonic there and
forp<r

%/Iog‘f (pe®)| do = log| (0)] =log |

» Notice that P(log|&p| > A) = exp(—exp(2A)) (very small
probability)

» Discretize the integral, for a set of N point z; with |zj| = p, we
have

N
Z log|f (z) <A
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Gist of the proof (upper bound)

» Notice that P (log|&| > A) = exp (—exp (24)) (very small

probability)
» Discretize the integral, for a set of N point z; with |zj| = p, we
have
1Y .
S Y loglf ()] < A
j=1
» The vector (f(z1),...,f (zy)) has multivariate complex

Gaussian distribution.
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Gist of the proof (cont.)

» Have to find an upper bound for the following expression:

| = n_Nc}etz/exp (—C*Zflg) dg
o

» o/ ={CeCN || <Band []|§| <N-A}

- Ty =E{(2)7 ()}

» Choice of {z;} is important for getting a good lower bound for
detX.

» Upper bound for the integral is volen (%)
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Gist of the proof (cont.)

» Outline of estimate for the GEF:
» We choose N (dep. on r), equidistributed points.

» Then write X = VV* with

1 A i
1! VNI
V= : :
1 A v
V1! VNI
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Gist of the proof (cont.)

» Then write X = VV* with

1z '
VI VN

V= ) ) :
1 2L Zﬁ
VI 0 VNI

» Collecting common terms and projecting on the largest N
columns we get:
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Further questions\Future

» Another approach (for the upper bound): Large deviation
principle for empirical measure of zeros of random polynomials.

> [Joint w. Ghosh, following Zeitouni and Zelditch (2010)] Set
N = [an, where o > e and consider the polynomial

N z n
Pu(z)= Zlin(fﬁ)!

> dl.LéN € # (C) - empirical measure of the polynomial Py.
» This is a scaling of the original problem to the unit disk (r is
replaced by L).
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Further questions\Future (cont.)

» Roughly: For Borel set AC . (C)

.1 N :
AlllgnwmlogIP’(dué € A) =—inf /(0)

cEA

» Here the rate function is:

zeC

2
I(G):sup{2-U6(z)—|V;|}—ZG+Ca
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Further questions\Future (cont.)

v

Roughly: For Borel set AC . (C)

.1 N :
Alllgnwmlogl[”(dué € A) =—inf /(0)

cEA

v

Here the rate function is:

2
I(G):sup{2-U6(z)—|V;|}—ZG+C,X

zeC

v

Us (2) = Jloglz— w] do (w)
Yo = [[c2log|lz—w|do (z)do (w)

v
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Further questions\Future (cont.)
» Roughly: For Borel set AC .# (C)

.1 :
lim mlog]?(duév GA) =—inf /(o)

N—c0 ocA

» Here the rate function is:

zeC

I(G)_sup{2-Uc,(z)—MOJQ}—ZG+CQ

» For the hole probability we consider the set of measures A, for
which the mass of the disk of radius 1 is 0.

» Minimizing measure might shed light on the conditional
distribution of zeros.
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Further questions\Future (cont.)

» Roughly: For Borel set AC . (C)
1 N :
Jim. g logP (91" € 4) =~ inf 1 ()

» Here the rate function is:

2
/(o) :sup{2- Uo(z)—|w‘} —Y5+ Co
zeC (04
» For the hole probability we consider the set of measures A, for
which the mass of the disk of radius 1 is 0.

» Minimizing measure might shed light on the conditional
distribution of zeros.

» Let n(r) be the number of zeros of Py inside the disk of
radius 1. Can consider P (‘n(r) - L2‘ > 8L2).
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Thank you for listening

il "Ufz/g i " ‘Gravitational’ allocation of the

plane to the zeros of the GEF.
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Proof for compact coefficients

» (Simple) proof is by contradiction.

» There is a sequence of entire function f¢(z) that does not
vanish in r D, with r, — .

» Using compactness, Hurwitz's theorem and the fact that
0 ¢ K, we find a limiting function that does not vanish in the
complex plane, and have coefficients from the set K.

» Since the function is of order 2 we know that it is of the form

g(z):exp(a22+ﬁz+}/), o,B,veC.

» Calculate the asymptotics of the Taylor coefficients of g(z).
» Arrive at a contradiction, since &, - ﬁ has a different
asymptotics.
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