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Talk outline

1 Motivation: Euclidean intrinsic volumes and
Sudakov-Tsirelson result

2 Spherical counterpart and Gaussian persistence
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Intrinsic volumes in Rn

Steiner’s formula

Let K ⊂ Rn be a bounded convex set.

Voln(K + rBn) =
n∑

k=0

rn−kκn−kVk(K ), r > 0.

Notations

Minkowski sum: A + B = {x + y | x ∈ A, y ∈ B}.
Bn is the unit ball of dimension n.

κk = Volk(Bk).
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V1 and the mean width

Kubota’s formula

Vk(K ) =

(
n
k

)
κn

κkκn−k

∫
Lnk

Volk(K |L)µk(dL).

In particular,

Vn = volume,

Vn−1 = 1
2
· surface area,

. . .
2κn−1

nκn
V1 = mean width,

V0 = 1.
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Intrinsic volumes in Hilbert space

Definition (Sudakov 1971; Chevet 1976)

Let H be a Hilbert space and K ⊂ H a convex set. Define

Vk(K ) = sup
K ′

Vk(K ′) ∈ [0,+∞],

where the supremum is taken over all finite-dimensional
bounded convex subsets K ′ ⊂ K .
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Sudakov’s formula

Notations

(Ω,F ,P) – complete probability space

H = L2(Ω,F ,P) – Hilbert space

{X (t)}t∈T ⊂ H – centered Gaussian process

K = conv({X (t)}t∈T ) – convex set in H

Theorem (Sudakov, 1971)

V1(K ) =
√

2π E sup
t∈T

X (t).
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Tsirelson’s formula

Theorem (Tsirelson ’85)

Let X1(t), . . . ,Xk(t) be independent copies of the process
{X (t)}. Define

SpeckK = conv({(X1(t), . . . ,Xk(t)) : t ∈ T}) ⊂ Rk .

Then

Vk(K ) =
(2π)k/2

k!κk
EVolk(SpeckK ).
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Wiener spiral

Definition (Kolmogorov, 1940)

The Wiener spiral is a curve in L2[0, 1] defined as

W = {1[0,t] : t ∈ [0, 1]} ⊂ L2[0, 1].

Theorem (Gao and Vitale, 2003)

Vk(conv(W )) =
κk
k!
.

Theorem (Eldan, 2012)

Let {B(t) : t ∈ [0, 1]} be a Brownian motion with values in Rk .
Then,

EVolk(conv{B(t) : t ∈ [0, 1]}) =
κ2k

(2π)k/2
.
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Brownian bridge spiral

Definition

The Brownian bridge spiral is a curve in L2[0, 1] given by

W0 = {1[0,t](·)− t1[0,1](·) : t ∈ [0, 1]} ⊂ L2[0, 1].

Theorem (Gao, 2003)

Vk(conv(W0)) =
κk+1

2k!
.

Corollary (Randon-Furling, Majumdar, Comtet, 2009, for k=2)

Let {B0(t) : t ∈ [0, 1]} be a Brownian bridge with values in Rk .
Then,

EVolk(conv{B0(t) : t ∈ [0, 1]}) =
κkκk+1

2(2π)k/2
.
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Lipschitz balls

Definition

Consider the following compact subsets of L2[0, 1]:

LBM = {f : [0, 1]→ R : f (0) = 0, Lip(f ) ≤ 1},

LBB =

{
f : [0, 1]→ R :

∫ 1

0

f (t)dt = 0, Lip(f ) ≤ 1

}
.

Theorem (Kabluchko, Zaporozhets, 2013)

Vk(LBM) =
πk/2

Γ
(
3
2
k + 1

) , Vk(LBB) =
π(k+1)/2

2Γ
(
3
2
k + 3

2

) .
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Brownian zonoids

Claim

Let {B(t) : t ∈ [0, 1]} be the Brownian motion with values in
Rk . The spectrum of LBM is given by

Speck(LBM) =

{∫ 1

0

B(t)g(t)dt : − 1 ≤ g(t) ≤ 1

}
.

It is the zonoid generated by the Brownian motion.

Corollary

The expected volume of the Brownian zonoid in Rk is

1

(2
√

2π)k

(
3
2
k

k

)−1
.
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Wills functional

Definition (Wills ’73)

K – convex body in Rn. Wills functional of K :

W (K ) =

∫
Rn

e−π·dist
2(x ,K) dx .

Theorem (Hadwiger ’75)

W (K ) =
n∑

k=0

(
1√
2π

)k

Vk(K ).

Corollary ∫
Rn

e−π·dist
2(x ,rK) dx =

n∑
k=0

(
r√
2π

)k

Vk(K ).
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Infinite dimensional Steiner’s formula

K = conv({X (t)}t∈T ) ⊂ H = L2(Ω,F ,P).

Theorem (Tsirelson ’85, Vitale ’01)

E exp

(
supX∈K

[
rX − r 2

2
VarX

])
=
∞∑
k=0

(
r√
2π

)k

Vk(K ).
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Basic notations

Notations

Sn−1 ⊂ Rn – unit sphere

ds(x , y) = arccos〈x , y〉 – usual metric in Sn−1

convex cone C : λ(x + y) ∈ C for all x , y ∈ C and λ > 0

spherical convex body C̃ – intersection of Sn−1 with convex
cone C 6= {0} in Rn

equivalence C̃ ↔ C
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Spherical Steiner’s formula

Spherical (conic) Steiner’s formula (Weil ’39)

Let C ⊂ Rn be a convex cone.

µn−1(x ∈ Sn−1 : ds(x , C̃ ) 6 λ) =
n∑

k=1

βk,n(λ)νk(C ), λ ∈ [0, 1].

ν0(C ) = 1−
n∑

k=1

νk(C ).
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Spherical Kubota’s formula

Definition (Santaló)

Uj(C ) =
1

2

∫
Lnn−j−1

χ(C ∩ L)µn−j−1(dL).

Spherical Kubota’s formula (Santaló)

Uj(C ) =

b(n−j)/2c∑
k=0

νj+2k(C ).
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Spherical intrinsic volumes in Hilbert space

Definition of Uj

Let H be a Hilbert space and C ⊂ H a convex cone. Define

Uj(C ) = sup
C ′

Uj(C
′),

where the supremum is taken over all finite-dimensional con-
vex cones C ′ ⊂ C .

Definition of νk

νk(C ) = Uk+1(C )− Uk−1(C ), k = 2, 3, . . .

and

ν0(C ) =
1

2
− U1(C ), ν1(C ) =

1

2
− U2(C ).
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Spherical Tsirelson formula

K = conv({X (t)}t∈T ) ⊂ H = L2(Ω,F ,P).

Theorem (Kabluchko, Zaporozhets ’14)

Let X1(t), . . . ,Xk(t) be independent copies of the process
{X (t)}. Define

SpeckK = conv({(X1(t), . . . ,Xk(t)) : t ∈ T}) ⊂ Rk .

Then

Uk(cone(K )) =
1

2
P(0 ∈ SpeckK ).

k = 1

U1(cone(K )) =
1

2
− P(inf

T
X (t) > 0),

ν0(cone(K )) = P(inf
T

X (t) > 0).

18



Spherical Wills functional

Theorem (McCoy, Tropp ’14)

C – convex cone in Rn, g – standard Gaussian vector in Rn.

λnE exp

(
1− λ2

2
· dist(g ,C )

)
=

n∑
k=0

λkνk(C ), λ > 0.
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Infinite dimensional spherical Steiner’s formula

Theorem (Kabluchko, Zaporozhets ’14)

E exp

(
1− λ−2

2
· sup

T

+ X (t)√
VarX (t)

)
=

n∑
k=0

λkνk(cone(K )).

λ = 1
n∑

k=0

νk(cone(K )) = 1.

λ = 0

ν0(cone(K )) = P(sup
T

X (t) < 0).
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Final slide

THANK YOU!
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