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1 Solution to Exercise 2.3.7 (p.41)
in S. Bosch’s Algebra

Exercise

Let R = Z[X,Y]/(XY?). Obviously, R is a commutative ring with 1 which,
however, is not an integral domain. The elements X and X + XY of R generate
the same principal ideals in R but there is no unit element F of R such that
X+ XY =FEX.

Solution :

Wehave (1+Y) X =X+ XY and 1 -YV)X+XY)=(1-Y)1+Y)X =
(1-Y?%)X =X — XY? = X from which it follows that (X) = (X + XY), i.e.,
that X and X + XY generate the same principal ideal in R.

Recall that for P in R the annihilator of P is defined as the ideal Anh(P) =
{Q € R| QP = 0}. If Fis a unit in R then Anh(P) = Anh(EP) because
QEP=0iff QP = 0.

Suppose F is a unit in R with X+XY = EX. Then by the above observation
we have Anh(X) = Anh(X + XY). Obviously Anh(X) = {PY? | P € Z[Y]}. As
EX =X+ XY =(14Y)X we have

E € (1+Y)+Anh(X)
and as E71(X + XY) =X = (1-Y)(X + XY) we have
E'e(1-Y)+Anh(X +XY)=(1-Y)+Anh(X)

from which it follows that both £ and E~! are elements of Z[Y] C R because
14+Y and 1 — Y are elements of Z[Y] and Anh(X) and Anh(X + XY) are
subsets of Z[Y]. But in Z[Y] the only units are 1 and —1 which both are not in
(1+Y)+Anh(X). Thus E cannot be a unit in contradiction to our assumption.
Thus, we have shown that there is no unit £ in R with EX = X + XY

2 Some remarks around Algebraic K-theory

2.1 The “Eilenberg Swindle”

Let R be a commutative ring with unit 1. A countably generated projective
R-module is a module P such that P& Q = R® := P, . R for some R-module
Q. If P and @ are R-modules with P @ @ = R*> then

R*=(PoQ)®...(P2Q)®.. 2P (QdP)®...(QdP)®... 2 P®R™

from which it follows that the Grothendieck group of the semigroup of isomor-
phism classes of countably generated R-modules vanishes (as for all countably
generated projective R-modules P and @ we have P ® R™® = R™® = () @ R™).

16



2.2 Grothendieck ring and Picard group

Let R be a commutative ring with 1. Let Mg be the category of R-modules and
Pr be the category of finitely generated projective R-modules. The Grothendieck
ring Ko(R) is obtained by freely adding negatives to the rig of isomorphism
classes of Pp w.r.t. @ and ®. The Picard group Pic(R) is Ko(R)*, i.e. the
abelian group of multiplicative units of Ko(R). Thus Pic(R) consists of isomor-
phism classes of modules X € Pg such that X ® Y & R for some Y € Pg.
Notice that such a Y is necessarily isomorphic to Homg (X, R), the module of
R-linear maps from X to R. Alternatively, the elements of the Picard group of
R can be characterized as those R-modules M where for every prime ideal p in
R the module R,®rM over R, has dimension 1 (the so-called “algebraic line
bundles”).

For more details see Ch. Weibel’s Introduction to Algebraic K-theory (book
in preparation).

3 Zariski Schemes

Let R be a commutative ring with 1. The Zariski spectrum Spec(R) consists of
all prime ideals in R with the topology generated by the basic opens

Oy = {p € Spec(R) | f & p}
with f € R. We consider the sheaf O over Spec(R) with
Or(Oy) = By

where R; is obtained from R by freely inverting all elements of the form f".
The corresponding etale space is Hp Spec(R) Ry, where R, is obtained by freely
inverting all elements in R\ p, endowed with the least topology making all maps

f
052094) H R, :p— = €R, (f,g € R)
peSpec(R) 9
continuous.
One thinks of R, as the local ring of germs of rational functions at point p.

Its residue field is isomorphic to the one obtained from the integral domain R/p
be freely inverting all elements different from 0.
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4 Lebesgue Integral

Let R, be {x € R |z >0} U{oo} and B(R,) the least o-algebra containing all
elements of the form [z, 0o] with z > 0.

Let (X, A, 1) be a measure space (i.e. A is a o-algebra on X and 1 : A — Ry
is a measure). A function f : X — R, is called measurable if f~! restricts
to a map from B(R;) to A. Let £ be the set of all functions of the form
e =A1xa, + -+ Anxa, where A\i,...,; A\, > 0and A, € A. We define fed,u
as Mp(A41) + - + App(4,). One can show that every measurable function
f: X — Ry is the pointwise supremum of a monotonic sequence of functions
in £. Moreover, whenever (e,) is a monotonic sequence in £ and ¢’ € £ with
¢/ <supe, then [¢'du < sup [ e, du. Thus, when defining for f = supe,, its
integral [ fdu as sup [ e, dp this definition is independent of the choice of (e,,).
Thus, a posteriori we have

/fdu:sup{/edu|6€5,6§f}

for all measurable f: X — R,.

For f: X — R (where R = RU {c0} U {—00}) we define f* : X — R, as
[T (z) = max(f(x),0) and f~ = (—f)". We say that f is integrable (w.r.t. p)
iff [ ftdu, [ f~dp < oo and define [ fdu = [ fTdu— [ f~ du. This makes also
sense if [ f*du < oo or [ f~dp < oo in which case we say that f is improperly
integrable (w.r.t. p).

For details and more information see H. Bauer Wahrscheinlichkeitstheorie
und Grundzige der Maftheorie.
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5 Convenient Vector Spaces
(of A. Frolicher and A. Kriegl)

Let (X, B) be a bornological vector space, i.e. X is a vector space, B is a bornol-
ogy! on X and vector addition and scalar multiplication are bornological maps,
i.e. preserve B under direct image.?

A filter F in X is Mackey convergent to z € X (notation F X x) iff there
exists B € B such that for every A € F there exists an open neighbourhood U
of 0 in R such that U - B C A — z, i.e. there exists € > 0 such that for all A € R
with |A] < e the set z + X - B C A.

A Cauchy filter in X is a filter F in X such that the filter generated by
{A—A| A e F} is Mackey convergent to 0 (where A— A ={x—y | z,y € A}).

A bornological vector space (X,B) is (Cauchy) complete iff every Cauchy
filter in X is Mackey convergent.

If X is a vector space and X' is a subspace of the algebraic dual X* of X
then a subset B of X is bounded in the induced bornology iff ¢[B] is a bounded
subset of R for every ¢ € X'.

A preconvenient vector space is a vector space (over R) together with a
subspace X’ of the algebraic dual X* of X such that

1. X' separates points of X, i.e. x = 2’ whenever ¢(x) = ¢(2’) for all ¢ € X’

2. every linear map X — R bounded w.r.t. the induced bornology belongs
to X'.

A convenient vector space is a preconvenient vector space (X, X') such that X
is (Cauchy) complete w.r.t. the induced bornology.

Let X = (X, X’) be a (pre)convenient vector space. A map ¢ : R™ — X is
smooth iff ¢ oc: R™ — R is smooth for all ¢ € X’. For (pre)convenient vector
spaces X and Y amap f: X — Y is smooth iff foc:R™ — Y is smooth (C*)
for all smooth ¢: R™ — X.

The real numbers R together with all linear functions R — R form a con-
venient vector space. From now on we understand R as endowed with this
structure. Obviously, a map f : R — R is smooth in this sense iff it is smooth
in the ordinary sense. Further one can show that the smooth linear maps from
X to R are precisely the elements of X’ (see Frolicher & Kriegl Linear Spaces
and Differentiation Theory (1988)).

li.e. B is a set of subsets of X s.t.

(1) every z € X is element of some B € B

(2) f B C Be€ Bthen B’ €B

(3) B is closed under finite unions.

2If (X1,B1) and (X2,B2) are bornological spaces then their product has underlying set

X1 X X2 and B C X1 X X is bounded iff m1[B] and m2[B] are elements of B; and Ba,
respectively.
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6 A non-discrete Hausdorff space all whose com-
pact subsets are finite

Let U a non-principal ultrafilter on N. For every n € N let n(n) = {a € P(N) |
n € a}. Recall that the topology on SN is generated by the basic open sets
U, ={F € fN | a € F} with a € P(N).

Then the subspace Y of SN on n[N]U{} is a Hausdorff space all whose compact

subsets are finite.

Proof:  Suppose K is an infinite compact subset of Y. Then a = n~![K] is

infinite.

Case a € U :

Let a = bU ¢ such that bN ¢ = () and b and ¢ are both infinite. W.l.o.g. suppose

that b € Y. Then we have K C U, U Unea Ugny- Since K is compact there exist

ni,...,ng € asuch that K C U := U, UUy, 3 U---UUyy,y. Let m € c. Then

n(m) € K but n(m) ¢ U contradicting K C U.

Case a U :

Let b = N\ a. We have K C Uy UlJ,,Utny. Since K is compact there

exist n1,...,ng € a such that K C U := Uy UU,y U---UU,y. Let m €

a\ {ni,...,nr}. Then we have n(m) € K but n(m) ¢ U contradicting K C U.
O

7 Inductive dimension of spaces

(originally due to Menger and Urysohn) is defined as follows (see e.g. Engelking’s
book on topology).

A space X has dimension —1 iff X = @) and for n > 0 a space X has
dimension 7 iff it does not have a dimension < n and for all x € X and open
neighbourhood U of = there exists an open neighbourhood V of x such that
V C U and 9V = V' \ V has a dimension < n. A space X is infinite dimensional
(has dimension o) iff X is non-empty and does not have dimension n for any
n € N.

Notice that for regular® spaces for every open neighbourhood U of z there
exists an open neighbourhood V' of x with V C U and 9V has a dimension < n.
The reason is that by regularity there exist disjoint open sets U; and Us with
x € Uy and X \ U C U, and thus one can find an open neighbourhood V of x
such that V' C U; and 9V has a dimension < n and for such a V' it holds that
VNU;=0and thus VN (X\U)=0,ie V CU as desired.

An open set U has empty border QU iff the complement of U is open, i.e.
iff U is clopen. Thus, a space X is O-dimensional iff its clopen subsets form a
basis.

3meaning that for closed sets C' and points z € X \ C there exist disjoint open sets U1 and
Us with x € Uy and C C Us
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8 Vietoris and Hit-and-Miss Topology

For a compact Hausdorff space X the Vietoris topology on K(X), the set of
compact subsets of X, is generated by the subbasis consisting of all subsets

t(U)={KeK(X)|KCU} and mU)={K eK(X)|KnU # 0}

where U € O(X).

For U € O(X) let s(U) =t(-U) ={K € K(X) | KNU = 0}. Obviously, we
have ¢(U) = J{s(V) | VUU = X} since K € J{s(V) | VUU = X} iff there
exists a V € O(X) with K C CV C X iff K C U since in any Hausdorff space
one may take V = CK.

Thus, for an arbitrary Hausdorff space X one may define subsets of the set
A(X) of all closed subsets of X

HU)={K € AX) | KCU} and m(U)={K € AX)|KNU # 0}

and still it holds that t¢(U) = J{s(V) | VUU = X} where s(U) = t(-U).
The topology generated by the ¢(U) and m(U) (or equivalently by the s(U) and
m(U)) is called the Hit-and-Miss topology.

Moreover, for any Hausdorff space X the set {{z} | x € X} is a closed
subset of A(X) which can be see as follows. The open set t(f) = {0} is a
neighbourhood of ) containing no singleton sets as elements. If A € A(X)
containing two distinct elements z and y then for disjoint open neighbourhoods
U and V of z and y, respectively, we have A € m(U) Nm(V) but m(U) Nnm(V)
contains no singleton set (since otherwise U NV were nonempty).
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9 Vietoris vs. Hausdorff

The motivation for the Vietoris topology is that for compact metric spaces
(X,d) it coincides with the topology induced by the Hausdorff metric dy on
K(X) which is defined as follows: first for x € X and A € K(X) put d(z, A) =
infyec 4 d(x,y) and then

dy (Aa B) = max(sup d(l‘, B)a sSup d(y7 A))
z€eA yeB

for A, B € K(X).
We observe that for ¢ > 0 we have d(z, B) < ¢ if v € U(B) = Jye g Uc(b)
and thus
dy(A,B) <e ifft  ACU.(B)and BCU.(B)

for A, B € K(X).

We first show that the Vietoris topology is finer than the one induced by
dp. For this pupose it suffices to show that for every A € X and ¢ > 0
there exists a Vietoris open V with A € V dy(A,B) < ¢ for all B € V.
Since A C Us and A is compact there exists ag,...,a, € A such that A C
Us(ar)U---UUg(an). Put U =U(A) and U; = Ug(a;) for i = 1,...,n. We
define V- = ¢(U) N m(Uy) N--- Um(Uy). Obviously A € V. Suppose B € V.
Then B C U = U.(A). Suppose x € A. Then for some i we have z € Uj,
ie. d(z,a;) < Since B € m(U;) there exists a y € B with y € U, ie.
d(ai,y) < 5. Thus d(z,y) < d(z,a;) +d(a;,y) <e,ie x € U(y). Thus we have
shown A C U.(B). This finishes the argument that dy (A, B) < e.

Next we show that the topology induced by dg is finer than the Vietoris
topology. For this purpose it suffices to show that for every subbasic open V'
in in the Vietoris topology and A € V there exists a € > 0 such that B € V
whenever di (A, B) < €.

Let U € O(X) and A € t(U). i.e ACU. Then K = X \ U € K(X). Since
d(—,K) : X — R is continuous and A is compact ¢ = inf,¢c 4 d(z, K) > 0. Thus
U:(A) C U. Suppose dig(A,B) < e. Then B C U.(A) C U, ie. B e t(U) as
desired.

Suppose A € m(U) where U € O(X). Then ANU # ), i.e. there exists
ax € ANU. Since x € U there exists an ¢ > 0 with U.(x) C U. Suppose
dp(A,B) < e, ie. ACU(B) and B C U (A). Thus there exists a y € B with
z € Us(y), ie. d(z,y) < e. Thus y € Us(x) C U from which it follows that
BNU#0,ie. Bem(U) as desired.

[l0)
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10 Sp is not lL.f.p.

An object K of a category C is finitely presentable iff the functor C(K,—) : C —
Set preserves directed colimits, i.e., more explicitly, for every directed diagram
D : (,<) — C and colimiting cone (¢; : D; = D);c; and morphism f: K — D
it holds that

(i) there is an ¢ € I and a morphism g : K — D; with f = ¢;g and this
factorisation is essentially unique in the sense that

(ii) whenever ¢;g = f = ¢;¢’ then D(i—j) - g = D(i—j) - ¢’ for some j > i.

A category C is locally finitely presentable (1.f.p.) iff C is cocomplete and there
is a set A of finitely presentable objects such that every object of C arises as a
directed colimit of objects in A. Typical example Lf.p. categories are categories
of algebraic and/or relational structures.

Non-examples are the category Cpo of complete partial orders and Scott
continuous maps and the category Sp of topological spaces and continuous
maps. These facts can be seen as follows.

No non-empty cpo A is finitey presentable. Let w be the directed colimit of
the finite ordinals n, i.e. the natural numbers N with an additional top element
00. Then the constant map f : A — @ with value co factors through no finite
ordinal n. Thus in Cpo there are not enough finitely presentable objects.

In Sp non-discrete spaces are not finitely presentable. Suppose A is a space
with non-open subset M. Let D,, = A+ N whose proper open subsets are those
proper subsets U whose intersection with A is M and whose intersection with
N is cofinite and disjoint from n = {0, ...,n—1}. Obviously D, is a subspace of
D, 41 and the colimit D of (D,,)nen is the set A+N with the indiscrete topology.
Then the inclusion map f : A < D is continuous but does not factor through
any of the D,, as a continuous map since M = f~'[M U{k € N | k > n}] is
not open in A. Since directed colimits of indiscrete spaces are indiscrete the
category Sp does not have enough finitely presentable objects.
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11 Semantics of Nondeterministic/Probabilistic
Computation

The interval [0,1] is a continuous lattice w.r.t. <. For a topological space X let
V(X) be the set of all Scott continuous maps u € [0,1]°X) such that

p@ =0 wX)=1 pOUV)+upUNV)=pU)+pulV)

for all U,V € O(X). Obviously V(X) is a dcpo w.r.t. the pointwise order
(although in general it will not have a least element).

Let S be a countable set (of states). Then V(S,) is isomorphic to the
pointwise ordered set of maps p : S — [0, 1] satisfying > ¢ p(s) < 1. We write
p(L) for 1 =3 ¢ pu(s), the probability of divergence.

The direct semantics of a pGCL program P is a function [P] : S — P(V(51))
where P stands for the Plotkin powerdomain. If P is probabilistic but deter-
ministic(ally chooses the output sub-probability measure on S) then [P] : S —
V(S1). The predicate transformer associated with an f: S — P(V(S.)) is the
continuous function wp(f) : [0,1]% — [0,1]° with

for B: S —[0,1] and s € S (where [ B dpu stands for ) g B(s) - u(s)).
One can show that for a while program while b do P we have

wp([while b do P])(B) = u(®) = uX. (b Awp([P])(X)) V (-b A B)

for all B € [0,1]°. However, for verifying while loops by the well established
method of loop invariants one would need that the right hand side is a greatest
fixpoint. Suppose I € [0,1]° is a postfixpoint of @, i.e. I < (b Awp([P])(I))V
(=b A B) which is equivalent to the conjunction of b A I < wp([P])(I) and
b AT < B, then I < v(®) (where v(®) is the greatest fixpoint of @, i.e.
NI | I <O(D)).

For this reason A. Mclver and C. Morgan have suggested to consider a partial
correctness variant of their predicate transformer semantics for pGCL where
while loops are interpreted as greatest fixpoints. They suggested to associate
with every pGCL program P a predicate transformer wip(P) : [0,1]% — [0,1]°
which for loops is defined as

wlp(while b do P)(B) = u(®) = vX. (b Awlp(P)(X)) vV (-b A B)

and for all other cases like for wp. Formally, such a procedure is certainly
possible but there arises the question whether the formally defined wlp factors
along the direct semantics of programs, i.e. whether we have wip(P) = wip([P])
for some appropriately defined map

wlp: [S=P(V(51))] — [[0,1]°—[0,1]7]
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In order to arrive at this goal we first consider the case of deterministic
nonprobabilistic programs f: S — S . For such f its weakest liberal precondition
at B C S is given by

wip(f)(B) = f~H(BU{L})
ie. sewlp(f)(B) & f(s) e BU{L} & (f(s) # L = f(s) € B). Obviously
wlp(f) commutes with arbitrary unions and nonempty intersections. Notice,
however, that wlp is antitone, i.e. wip(f)(B) 2 wlp(g)(B) whenever f C g.
Moreover, for every ascending w-chain (fy,)nen in [S — S| we have

sewlp(Unen fn)(B) iff  (3ne€N. fu(s) € B)V (YneN. f,(s) = 1)

iff VneN. [3neN. fu(s)€B)V fuls) = L]

iff VneN. [fu(s)# L= (FneN. f,(s) € B)

iff  VneN. [fu(s) # L= fu(s) € B

iff VneN.sewlp(f,)(B)

iff 5 € Npew wip(f2)(B).
i.e. wip(Ll,,en fn)) is the pointwise infimum of the decreasing sequence wip(fy,).

Now given b C S and f : S — S, the direct semantics of while b do f is
given by the least fixpoint of ¥ : [S—S,] — [S—S ]| with

s ifseb
. { 9(f() ifse

S otherwise
We have to show that for all B C S it holds that
p(0)~H(BU{L}) = v(®5)
where ®p : P(S) — P(S) : X — (bnwlp(f)(X)) U (=bnN B). For this purpose
we show by induction on n € N that

(T"(As.1))"H(BU{L}) = 5(9)

which suffices since ® g preserves infima of decreasing chains. The claim holds for
n = 0 since (As.L)"1(BU{L}) = S = ®%(S). Assume as induction hypothesis
that (U"(As.L))"H(BU{L}) = ®*(S). Then we have

s € (U (As. 1)) (BU{L}) iff
se (N f7H((P"(As.L))"H(BU{L})) U (-bU B) iff (by i.h.)
se(bn f~H(®%(S))) U (-bN B) iff

s € d+L(Q)
ie. (U (As.L))"H(BU{L}) = @5 (S) as desired.

Next we consider deterministic probabilistic programs f : S — V(5) for
which their weakest liberal precondition is given by

wip(f)(B)(s) = wp(f)(B) + f(s)(L) =
=2 wes B()-f(8)(8) + 1 =3 ucg f(s)(s) =
=142 es(B(s) = 1)-f(s)(s")
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The first equality shows that wlp(f) is continuous (since wp(f) is continous).
The third equality shows that wlp reverses order (because the B(s")—1 are < 0).
Suppose (fn)nen is an increasing sequence in [S—V(S1)]. Then for B C S and
s € S we have

WIp(Upen /) (B)(s) = 1+ 35 e5(B(s)) = 1)-(Unen ) () (")
=142 0es(B(s) = 1)-(suppen fn(s)(s"))
=143 scsinfnen (B(s') = 1)-fu(s)(s")

= infneN 1 + ZS/GS(B(S/) - 1)fn(5)(5/)
= infnenwip(fn)(B)(s)

i.e. wip(Ll,,cn fn) is the pointwise infimum of the decreasing sequence wip(fy,).
Now given b C S and f : S — V(S,) the direct semantics of while b do f
is given by the least fixpoint of ¥ : [S—V(S1)] — [S—=V(5L)] with

(f;9)(s) ifseb

n(s) otherwise

U(g)(s) = {
for B € [0,1]° and s € S where

(f:9)()(s) = D g(s")(s) - F(s)(s")

s"es
and
(5)(s") 1 ifs=¢
s)(s') =
1 0 otherwise

For B € [0,1]° we have to show that
u(O)H(BU{L}) = v(®p)

where @5 : [0,1]% — [0,1]° : X + (b Awlp(f)(X)) V (=b A B). We prove by
induction on n € N that

wip(I" (As.)s".0))(B) = &% (\s.1)

which suffices since wlp sends sups of w-chains to pointwise infima and ®p pre-
serves such infima. For n = 0 we have wlp(As.\s’.0)(B) = Ass.1 which estab-
lishes the induction basis. Since we have wip(¥(g))(B) = ®p(wlp(g)) for all g :

S — V(S it follows from the induction hypothesis that wip(¥"+1(As.\s".0))(B) =
wip(T (T (As.A5".0)))(B) = @5 (wlp(¥™(As.15".0))) = (P (As.1)) = 5T (As.1).
Next we consider nondeterministic probabilistic programs f : S — P(V(S1))
where P is the Plotkin powerdomain. For u € V(S ) let i : [0,1]% — [0,1] be
defined as fi(B) = 1+ ) .g(1 — B(s)) - u(s). Obviously, the construction (/\)
is antitonic, i.e. 17 > 2 whenever p; < pz. For this reason it makes sense to

define wip : [S = P(V(S1))] — [[0,1]° — [0,1]°] as

wWip(f)(B)(s) = inf "A(B)
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11.1 An explicit construction of the extension of f: A —

PVB to f: VA — PVB

Let f : A — PVB be continuous. We write II.(f) for the set of continuous maps
g: A— VBwith g(a) € f(a) for all a € A. Under reasonable assumptions about
A and B it holds that II.(f) is a compact saturated subset of [A — VB]|. Then,
for u € VA the set

f(u) = AV € O(B). /g(w)(V) du(x) | g € Ie(f)}

is a compact subset of VB since it arises as continuous image of the compact
set II.(f). Since f(u) is compact its upward closure T f(x) is an element of
PVB. Thus we may define f(u) as 1 f(u) or more explicitly as f(u) = T {AV €

O(B). [g(z)(V)du(z) | g € I.(f)} One readily checks that the so defined 7
is continuous and linear. Moreover, for simple valuations p = > \; - 14, we
have f(u) =T{AV. XX\ - gi(V) | g € I f(a;)} Thus f is the unique continuous
extension of the (continuous) function Y A; - na, = [{AV. A - gi(V) | g €
I1f(a;)} on simple simple valuations which is the way how it was constructed —
slightly more implicitly — by Keimel and Plotkin.

Lemma 11.1 [t remains to show that for a continuous domain A, a coherent
continuous domain B and a continuous map f : A — P(B) the set II.(f) =
{g € [A—=B] |Va € A. g(a) € f(a)} is a compact subset of [A—B.

Proof: Since B was assumed to be a coherent continuous domain it is compact
w.r.t. the Lawson topology thus HaEIA\ B is also compact w.r.t. the Lawson
topolgy.

Consider the diagram of pullbacks

I(f) > () = [] f(@)
N 1]

a€|A|

|

[A=B] = [A—,,B] — [] B
a€lA|

where obviously I, (f) = {9 € [A—»nB] | Ya € A. g(a) € f(a)}. Notice
that both IL,(f) and [],c 4 f(a) are closed subspaces of Il,j4/ B w.r.t. the
Lawson topology. Thus II,,, (f) is a compact subset of [A—,, B] w.r.t. the Lawson
topology and thus a fortiori w.r.t. the Scott topology.

Next we show that there exists a continuous retraction r on the domain
[A—,, B] such that

4We still have to check that the Lawson topology on [A—, B] coincides with the subspace
topology inherited from Hae\A| B.
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(1) [A—B] is the image of r and
(2) r preserves IL,(f).

For g € [A—,,B] and z € A we put r(g)(%) |, -, 9(y). Obviously r(g) is
monotonic. We next show that 7(g) is continuous. Suppose X C A is directed.
Then we have

r) (D)= | ] row =] | ] 9w =[] re)w

y<Lr reX y<Kzx reX

since by definition of the way-below-relation <« we have y<<| | X iff y<a for
some x € X. If g is already continuous then g(z) = g(|, ., v) = r(g)(y) for
all z € A, i.e. g = r(g). Thus r(g) is the greatest continuous function h C g.
Finally, we show that r preserves II(f). Suppose g € IL,,(f) and = € A. Then

rg)@) = | | 9w e ) fw) = | ]| f) = f(2)

y<Lz y<Lz y<Lz

since directed suprema in PV(B) are given by intersection and all g(y) € f(y)
due to assumption g € IL,,(f).

Thus I1.(f) is the image of the compact set I, (f) under the continuous map
r and, accordingly, the set [A— B is a compact subset of [A—B] as desired. O

Recap on Lawson topology. If X is a dcpo then a subset C' of X is Scott
closed iff C' is downward closed and closed under suprema of directed subsets
(taken in X). The Lawson topology on X is the least topology whose closed
sets contain all Scott closed sets and all sets of the form 1 = for z € X. Thus,
the Lawson closed subsets of X are precisely those sets which can be obtained
as arbitrary intersections of sets of the form C'Utxy U---U Tz, where C is a
Scott closed subset of X and the x; are elements of X. Sets of this form are
called basic Lawson closed sets.

The Lawson topology on Hae\ A B is generated by the sets of the form
I aclA| C, with the C, Scott closed subsets of B and the closed sets of the form
1Tf with f € Hae|A\ B. Thus, for showing that the Lawson topology on [A—,, B]
coincides with the subspace topology induced by the inclusion into [ [ ac|Al B it
suffices to show that

(1) the Scott topology on [A—,,B] is generated by closed sets of the form
Hae‘ Al C, with the C, Scott closed subsets of B and

(2) for every f € [],¢| 4 B the set 1fN[A—, B] is Lawson closed in [A—, B].

However, if A is some countable discrete poset of states and B = V(S5) (as
is the case when modelling pGCL) then [S—V(S)] carries the product topology
(of [Tg V(S)) anyway both for the Scott and the Lawson case. Now if f: S —
P(V(S)) then Msesf(s) is a closed subspace of IIgV(S). Thus Hesf(s) is
compact in the Lawson topology and thus a fortiori in the Scott topology.
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11.2 Minkowski Duality (a4 la Keimel and Plotkin) gives
rise to a palatable description of Kleisli Composition

In their paper on “Predicate Transformers for Convex Powerdomains” Keimel
and Plotkin (2007) have made use of a certain “duality” between Py (C), the
convex compact saturated subsets of a d-cone C, and [C*,Ry], the set of con-
tinuous superlinear® functions from C* to R where C* = Rg, the d-cone of
countinuous linear functionals from C to R,. This duality is established by
sending @ € Py (C) to the functional

ming : C* - Ry : f— ingf(x)
zTE

and F € [C*,R4] to the convex compact saturated subset

Qr={zeC|n) I F}={zecC|Vfel f(z) = F(f)}

This extends to the “bounded” case where R, is replaced by 7 =
at least for C = V(S). In this case V(S)* = £(S) = Z° where (A \
Y oscs A(s)u(s). Then Py (V(S)) gets identified with the set [£(S),Z] of (con

tinuous) functions F : £(S) — Z such that for all A < B € £(S) and a,b 2
with a + b < 1 it holds that

[0,1]
)

(1) F(aA+bB) > aF(A) + bF(B)
(2) F(aA+b) <aF(A)+b

where b is the constant function with value b. A Q € Py (V(S)) again is sent to
ming defined as above and an F' € [£(S),Z] is sent to

Qr ={neV(S) VA€ E(S). (A|p) = F(A)}

since n(p)(A) = (A | p).
This identification of Py (V(S)) with [£(S),Z] allows one to define for f :
S — Py (V(S)) its associated predicate transformer wp(f) € [£(S),E(S)] as

reminding one of the correspondence between X — RE" and RY — RX.

As one certainly wants wp to preserve composition this requiremnt allows one
to reconstruct the appropriate (Kleisli) composition for maps S — Py (V(S))
as follows. Let f,g: S — Py(V(S)). Then the Kleisli composition f;g should
satisfy wp(f;g) = wp(f) o wp(g) from which it follows that

(£39)(s)(C) = wp(f;9)(C)(s)
= wp(f)(wp(9)(C))(s)
= f(s)(wp(9)(C))

= f(s)(Xs.9(s)(C))

5F is “superlinear” iff F(af + bg) > aF(f) + bF(g) for all f,g € C* and a,b > 0.
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which is a most palatable version of composition avoiding lifting twice as is
necessary when one works with Py (V(S)) instead of the isomorphic [£(S),Z].

Analogously, a map g : S — [£(S),T)] lifts to g : [£(S),T)] — [E(5),Z]
sending F' to g'(F)(C) = F(\s.g(s)(C)).

Now given f : S — P(V(S)) this gives rise to g : S — [£(5),Z] : s — mingy
which lifts to g : [£(S),Z] — [£(S),Z] with ¢"(F)(B) = F(As.inf,,c y(5)(B | p)).
Now we may define f1: Py (V(S)) — Py(V(S)) as fT = mino gl o min™'. For
Q € Py(V(S)) we have

T(minp )(B) = minp(\s. inf (B :inf/ inf (B dv(s
o (ming) (B) = ming(rs. inf (B )= inf [ i (5| n)du(s)

from which it follows that

peslQ it vBees). it [ it (Bl ds) < (B W

Thus, in the particular case where Q = 1u we have p/ € fT(1u) iff

vBees). [ it (Blvdus) < BlK)

which is equivalent to

Woet / g dus) g [y @)

as claimed by A. Rosenbusch.

Proof: Clearly (1) implies (). For the reverse direction suppose () holds for
p'. Let t € S. Let B = xg4. Since f(s) is compact there exists g;(s) € f(s)
with inf, e p(s) v(t) = g+(s)(t). Then () entails that [ g¢(s)(t) du(s) < p/(t). Let

T = % We may assume w.l.o.g. that ), ¢ u(t) > 0 since otherwise

(1) is trivially true. Now let g(s) = > ,.g7¢ - gr- Since f(s) is convex closed
(w.r.t. the Euclidean topology) it follows that g(s) = >, cq7¢ - 9:(s) € f(s).
Then for arbitrary ¢’ € S we have [ g(s)(t')du(s) = [ > ,cqme-9:(s)(t') du(s) =
Yiesreo [ 9i() () du(s) < e re - p/ (1) = p/(t)), ie. (). 0

It remains to show that

(1) f1:Py(V(S)) = Py (V(S)) preserves sub-convex combinations and

(2) ft(tn(s)) = f(s) for all s € S.

The isomorphism min : Py (V(S)) — [E(S),Z] preserves sub-convex combi-
nations (which are defined pointwise on [£(S), Z]). Thus it suffices to show that
g' preserves sub-convex combinations which, however, is immediate from the
definition of g. Thus (1) holds.

For (2) we argue as follows
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poe fitn(s)) iff

VB € &£(S). [ infoepu(B|v)dn(s)(t) <(B|p) iff
VB € £(S). infep)(B| ) iff
p' € f(s)

where the last equivalence follows from min being an isomorphism.

11.3 Quintessence of Keimel and Plotkin (2007)

Let T be some monad on the category C of d-cones, as e.g. the upper convex
powercone monad. For cones C' and D we write [C, D] for the cone of linear
continuous maps from C' to D. For every cone C' there is a morphism

—=[C,TRy]
¥ :

A:TC — TR vy (f = fT(y)

in case of the upper convex powercone monad we have TR, = R,
For all cones C' and D we have an isomorphism

t: [0, TR = [0, TR, 1P TR+

with ¢t(m)(f)(x) = m(x)(f). Now using this isomorphism ¢ we can define
Wep : [C,TD] — [C, TRLP TR s ¢(A o m)

or more explicitly W(m)(f)(z) = t(Aom)(f)(x) = (Aom)(x)(f) = Alm(x))(f) =
ff(m(x)), i.e.
W(m)(f) = ffom

which allows one to show that W is functorial w.r.t. the Kleisli composition.
For m = nc we have W(no)(f) = ffone = f and for m € [C,TD] and
n € [D,TE] we have W(m;n)(f) = ffo(m;n) = flonfom = (ffon)fom =
W (m)(W(n)(f)) = W(m)o W(n))(f) and thus W(m;n) = W(m) o W(n) as
desired.

31



12 Derivation of the Left Implication Rule

From hypothetical derivations of the sequents ?T'*+, A* and ?A*+, ?B*+ II* a
derivation of 7T+, ?A*L ?(1A*®?B*L), II* can be obtained as follows

0, A
|
7wt 14* Bt B* ()
®
?F*J', 'A*®B*J',B*

T+ 2(1A*@B*), B
L 2(1A* @B ), IB* A 2B T
0L 2ATL 2(1A* @B, T

(deril)
|

(cut)

where applications of the exchange rule are omitted.
We observe that the translation of a cut—free proof in IL to LL does not
directly give rise to a cut—free proof in LL. But, that’s not required anyway!
Translating natural deduction proofs in intuitionistic logic to linear logic is
easier and details can be found on pp 32-35 of Braiiner’s survey article.

13 Derivation of -——A——--B+F -—=(A—B)

First observe that from I'A = B it follows that I',-B + —A. Thus, from
I', A+ B it also follows that I', == A F =—B. Now we have

A-AF L
A-AFB A BB
-A+A—B B+ A—B

-(A—=B),mA+1 —(A—B),B+ 1
~(A>B)F —=A  —(A—=B),~—B+ L
——A—-—-B,~(A5B)F L
——A—--BF -—(A—DB)

(—=L)
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14 A Tait calculus for classical logic which is
deterministic for its J-free fragment

The formulas are built up from literals, i.e. negated and unnegated prime formu-
las, by A, V, V and 3 where negation is defined a la de Morgan and involutive
on literals. We use P,Q,... as metavariables for literals and A, B,C ... as
metavariables for formulas.

There is an axiom

— (aX
F,P,ﬂP< )

for every literal P and a single rule for every connector and quantor

A T.,B T, A
— ) (V)

I AANB I,VzA

' A, B T, 3zA, Alt/x]
(v -
I'AvB I,3zA

where, of course, in (V) the variable x is assumed not to occur freely in T

Notice that weakening is built into the formulation of (ax) by allowing arbi-
trary side contexts. Contraction is built into the formulation of (3) by repating
Jx A in the premiss.

Most importantly, notice that all rules are deterministic with the single ex-
ception of the rule for 3. Thus, from any (cut-free) proof of 3z A one can easily
read off the corresponding Herbrand disjunction.

The cut rule

ryA I,-A

. (cut)

can be shown to be admissible.
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15 Exponentiation is weaker than Subset Col-
lection

We know that A 4T : Sh(R) — Set is a connected, locally connected geometric
morphism, i.e. A is full and faithful and preserves the locally cartesian closed
structure. Moreover, the Dedekind reals Rp are not in the image of A. Thus,
if Sh(R) were a model of CZFy, i.e. Aczel's CZF without Subset Collection,
and Exp, the exponentiation axiom, whose sets are precisely the objects in the
image of A then this would provide a model of CZFy+ Exp not validating Subset
Collection as otherwise Rp were a set which it isn’t as Rp is not locally constant.
Let U be a Grothendieck universe in Set then®

El=A(cy—UxUZBU):E—-U
should give rise to a notion of smallness in the following way: a map b: B — A

in Sh(R) is in Sy, i.e. U-small, iff there is an epi e : C' — A such that e*b = f*El
for some f: C — U.

In 2003 R. Lubarsky has shown via a forcing argument that Exponentiation
does not imply Subset Collection !

6We don’t distinguish syntactically between U and A(U) and write E for A(€y).
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16 Regular Extension Axiom (REA) and
Axiom of Multiple Choice (AMC)

For sets a and b we write mv(a,b) for the class of total relations from a to b.
A set A is called regular iff A is inhabited, transitive and for all a € A and
R € mv(a, A) there exists a set b € A such that (Vo € a3y € b xRy) A (Vy €
b3z € a xRy). We write Reg(A) to express that A is regular. Now the Regular
Extension Axiom REA says that

VadAa C AAReg(A)

If X is a set we write mv(X) for the class of relations R such that Va €
X3dyxRy. For R € mv(X) we say that a set C' covers R iff (Vx € X3y €
CzRy) AN (Vy € Cz € X zRy). We say that a class ) is a cover base for X iff
for every R € mv(X) there exists a cover which is an image of a set in ). If
is a set then we say that ) is a small cover base for X. One can show that
Proposition
YV is a cover base for X iff for every surjection e : Z — X there exists a surjection
Y — X with Y € Y that factors through e.

The Aziom of Multiple Choice (AMC) says that every set is element of a col-
lection family, i.e. a set which is a cover base for all of its elements.

Suppose Y is a collection family with X € Y. Let E={e: C — X | C € V}.
Then (dom(e))eeE is a collection family. Suppose e : C — X is in F and
e 1 Z — C. Since Y is a collection family with C' € ) there is a C' € ) and a
map f:C' — Z withe'f : C' - C. Thus also e¢’f : C' — X, ie. ee'f € E.
Moreover, we have idx € E. Thus (dom(e))e < 1s an inhabited collection family
containing X together with the family (e : dom(e) — X) cep Of epis to X.

On the other hand suppose (Ci)ie 7 is an inhabited collection family together
with a family (e; : C; — X)iel of epis to X. Let Y = {C; | i € I} U{X}. Then
Y is a collection family since (C’i)ie 1 is a collection family and for an arbitrary
epi e: Z — X we may consider for some ¢ € I the pullback

Ay
= l
e e
Ci —»
€
for which there exists f : C; — Z’ with ¢/ f : C; — C; and thus egf : C; — X.

Thus, we have shown that AMC is equivalent to the requirement that for
every X there exists an inhabited collection family (Cl)z o7 together with a
family (ei :Cp —» X)iel of epis to X. It is this latter form in which Moerdijk
and Palmgren stated AMC originally.



16.1 TTCA; as a Weakening of AMC

For the sake of verifying subset collection in the proof-irrelevant version of
the Aczel interpretation T. Streicher has identified a weakening of AMC called
TTCA claiming that every set x is element of a set y which is a cover base for
2. This is weaker than AMC which claims that every set x is element of a set
y which is a cover base for all elements of y and not just for z.

17 There are no nontrivial sup-lattices in the
van den Berg — Lubarsky — Streicher model
for CZF + REA

B. van den Berg has shown that the hereditarily countable sets within the
Friedman — McCarty realizability model V(K7) for IZF give rise to a model
for CZF + REA (REA holds since the universe Mod(K7) is closed under W-
types). Moreover, since all hereditarily countable sets are quasimodest” objects
of the effective topos Eff (which is equivalent to V(K7)) the following uniformity
principle

up (Vp e P(1)3z € a ¢p(p,x)) — Jz € aVp € P(1) ¢(p, x)

holds in the hereditarily countable sets of V(K7).

Th. Coquand has observed that in CZF + REA + UP one can show that all
set based \/-lattices are trivial. His argument proceeds as follows.

Suppose there is a set L with a partial order < on L which itself is a set and
where every subset A of L has a supremum \/ A. Let T =\/ L. Then we have

VpeP(l)JacAa=\/{T|0ep}
from which it follows by the uniformity principle UP that there is an a € A with
VpeP(1)a=\/{T|0¢ep}
Instantiating p as () and 1 we get from this that
L=\/{Tloe=a=\/{T|O1}=T
from which it follows that all elements of A are equal, i.e. that (A, <) is trivial.

Thus in CZF one cannot prove the existence of nontrivial complete
lattices or bounded complete dcpos.

"Recall that an object A of & is quasimodest iff A appears as subquotient of the nno N.
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18 Infinity Axiom in CZF

In CZF (e.g. the introductory notes of P.Aczel and M. Rathjen) infinity is ax-
iomatized in a somewhat nonstandard way as

(Inf) Ja(Fr.x€a)AN(Vzx€aTy€axey)

as opposed to the more common infinity axiom stating the existence of a set a
with 0 € a and closed under z — 2 = 2 U {z}.
The reason why Inf works nevertheless is somewhat intricate. Let I' be the
monotone class function sending a set = to I'(x) = {0} U{y™ |y € «}. In CZF
one may show that there is a class J such that® for all sets a, J¢ = ['(J<%)
where J€* = |J, ¢, J*. Now one can show that for any set a satisfying (3z.z €
a) A (Vz€a.Jy€a. x € y) the set J* is the least fixpoint of T w.r.t. set inclusion.
One easily shows by set induction over = that J* is a subset of any fixpoint
of I". Thus, it suffices to show that J* =T'(J%).

Lemma 18.1 For all sets x it holds that JS* C J* and thus J* C T'(J%).

Proof: We prove the first claim by set induction on z. Suppose as IH that

IH
JEY C JY for all y € z. Then for all y € x we have JY C I'(JY) C T'(J&*) = J®
and thus J<* C J=*.
Thus, also J* = T'(J€*) C T'(J%). O

Lemma 18.2 For any a satisfying the requirement of the infinity axiom it holds
that T'(J€*) C J€°.

Proof: Suppose b € T'(J€%). Then either b = 0 or b = 2z for some z € J&4.
In the first case b =0 C ['(J€*) = J* C J€* where z is some element of a.
In the second case we argue as follows. As z € J€% there exists an z € a
with z € J*. Then there exists a y € a with y € . Thus z € J€¥ and we have
b=zt el(J)=JY C Jeo. 0

Theorem 18.1
For every set a satisfying the requirement of Inf we have J* =T'(J%).

Proof: By Lemma 5.1 we have J&* C J* = I'(J€*) and by Lemma 5.2 we
have J€% C T'(J€%). Thus J€* = T'(J€%) = J* from which it follows that
J =T (J%). 0

8If X is a class (of ordered pairs) and a is a set then we write X® for {b | (a,b) € X}.
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19 Algebraicity of cpos of fixpoints

Let @ : P(2) — P(2) with ®(0) = ®({0}) = {0}, ®({1}) = {1} and ®({0,1}) =
{0,1}. Obviously, the map ® is inflationary, i.e. X C ®(X) and FP(®) ={X ¢
P(2) | X = ®(X)} is not a complete lattice.

Let L be the complete algebraic lattice as given by w+1 U {a,b, T} where
w—1 is ordered as usual, a and b are two incomparable elements above w and T
is the greatest element. Let ® : L — L be the identity on L\ {w} and ®(w) = a.
Obviously, the map @ is inflationary and FP(®) = L\ {w} is not a cpo since
w C L has two different minimal upper bounds a and b.

If Sis aset and @ : P(S) — P(S) is monotone then FP(®) is a complete
lattice where [,c; Xi = Nacon @*(Nier Xi)-

The map @ : P(N) - P(N) : A— AU {n € N| A infinite } is monotone,
idempotent and inflationary. Thus, its set FP(®) of fixpoints is a complete
lattice w.r.t. C. However, the lattice FP(®) is not algebraic since @ is the only
compact elements of FP(®) which can be seen as follows. Obviously N is not
compact. If A is a nonempty finite subset of N with greatest element ng then
ACN=|],.yAn where A, = {k € N|ng <k <n}but AZ A, foralln € N.

Let {g, | n € N} be an enumeration of Q N [0,1]. Let ® : P(N) — P(N)
be the Scott continuous with ®(X) = {n € N | 3k € X.¢, < qx}. Obviously,
the map @ is idempotent (but not inflationary) and (FP(®), C) is isomorphic to
([0, 1], <) which is not algebraic (since 0 is the only compact elment).

Let D be a cpo and f : D — D be Scott continuous. Then FP(f) is a cpo
w.r.t. the order inherited from D. If f is moreover inflationary and idempotent,
ie.idp C f = fof, then FP(f) is an algebraic cpo which can be seen as follows.
Let e € D be compact. Then f(e) is compact in FP(f) because if X C FP(f)
is directed with f(e) E | | X then e C | | X from which it follows that there
exists an € X with e C z (since e is compact) and thus f(e) C f(z) = z. If
x € FP(f) then {f(e) | f(e) C = and e compact } is directed with supremum z.

If g: D — D is Scott continuous and inflationary the map f = ||, 9"
is Scott continuous, inflationary and idempotent since it sends every x € D
to the least fixpoint f(z) = [],cn9" () of g above 2. Obviously, we have
FP(f) = FP(g) which is an algebraic cpo by the previous paragraph.
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20 Gabriel-Ulmer and Bunge Duality

A locally finitely presentable (Ifp) category is one of the form Lex(C, Set), i.e.
the category of finite limit preserving functors from the finite limit category C
to Set. If F': C — D in Lex then Lex(F, Set) preserves cofiltered colimits and
has a left adjoint (i.e. preserves small limits). Let us denote this category by
LFP. Gabriel-Ulmer duality says that

Lex(—,Set) : Lex°® — LFP

is an equivalence. The quasi-inverse of this functor is given by LFP(—, Set).

In her Thesis Generalised Algebraic Models (Louvain-la-Neuve, 2004) C. Cen-
tazzo has generalized Gabriel-Ulmer Duality by replacing the category of finite
categories (implicit in the notion of finite limit category and cofiltered colimit)
to more general classes D of diagram shapes. If D is the empty class one
obtains the Bunge duality between the category Cat of small categories and
arbitrary functors between them and the category Psh of (covariant) presheaf
categories with continuous and cocontinuous functors between them by sending
F:C — DtoSet” : Set” — Set®. The quasi-inverse is given up to equivalence
by Psh(—, Set).

In her Thesis M. Bunge has characterized presheaf toposes as cocomplete
locally small regular categories £ whose atoms (up to isomorphism) form a small
set of generators. Here atoms are objects A € £ such that £(A,—) : £ — Set
preserves small colimits, i.e. A is indecomposable and projective.
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21 Conditional pca’s give rise to triposes

A conditional pca (c-pca) is a tuple A = (A4, -, k, s) where Aisaset, - : AXA — A
and k and s are elements of A satisfying

kab=a sabe = ac(be)

where t1t5 stands for ¢1 - t5 and t; > to is an abbreviation for the statement 5]
implies t; = t9. Instead of postulating elements k and s with the above prop-
erties one might equivalently postulate the following more liberal form of func-
tional completeness: whenever t is a polynomial in the variables x, 2’ then there
exists a polynomial Az.t in the variables Z such that (Az.t)[d/Z]a = t[a,d/z, Z]
for all a,d in A.

Recall that pcs’s are c-pca’s satisfying the further requirement that sab is al-
ways defined. In c-pca’s it is not guaranteed that (Ax.t)[@/Z]] unless t[a, d/x, 2]
for some a € A. In particular, for terms ¢ their abstraction Azx.t need not be
defined in general. Thus, the usual trick of thunking is not available. However,
there is a slightly more sophisticated way of achieving the same goal. Define a
binary operation thunk(t, ¢) where ¢ is a term and ¢ € A such that thunk(¢, ¢) is
a term satisfying

thunk(t, ¢) - true = ¢ thunk(t, ¢) - false = ¢

where true = Az.Ay.xz and false = Axz.Ay.y. Such an operation thunk can be
defined by recursion on the structure of ¢ as follows

thunk(t,¢) = Az.zte  if t is a constant or variable
thunk(t1ts, ¢) = sthunk(ty, kc) thunk(ts, ¢)

where in the second clause it is necessary to modify the second argument as
otherwise thunk(tta, ¢)true = cc and not thunk(tyts, ¢)true = kce = ¢ as under
the correct definition.

Given a c-pca A one may now define a fibred poset P4 over Set where

Pa(l) = (P(A)!,F-r) with
phry iff JecAVielVacyp(i).ea € (i)

and P4 (u)(¢) = powu. It is a priori not clear whether P(A) is a tripos as A is
not a pca. However, one may define a pca A* from A such that P4 and P4« are
equivalent as fibred posets. The underlying set of A* is again A but application
in A* is defined as

a-g+b~a-k-b

for a,b € A.

Before showing that A* is actually a pca we first verify that P4 and P4« are
equivalent as fibred posets. The equivalence is the identity on objects in each
fibre. Thus, it remains to show that the following two conditions are equivalent
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(1) JecANicelYacyp(i).ea € (i)
(2) JecAViclVacyp(i). eka € (i)

for all p,% € P(A)!. Suppose that e satisfies Vi€l.Va€p(i).ea € (i) then
€ = thunk(e, k) satisfies VieI.Vacyp(i).e'ka € (i) because thunk(e,k)k =~
thunk(e, k)true = e. Suppose €’ satisfies VieI.Vacp(i). e'ka € (i) then e = €'k)
satisfies Viel.Vacp(i). ea € (i) if €'ka is defined for some a € (i) and other-
wise choose e arbitrarily.”

Finally, we have to show that for a -4« b ~ a - k - b there exist appropriate k*
and s* satisfying

k*kakb ~ a and s*kakbkc = akck(bkc)

for all a,b,c € A. An appropriate choice for k* is Axyzu.y and an appropriate
choice for s* is Aurvywz.thunk(zkz(ykz), false)w as we havel®

s*kakbkc > thunk(akc(bkc), false)k = ake(bke)
and for k' = false we have
s*kakbk’c = thunk(akc(bkc), false)false = false

from which it follows that s*kakb is defined.

9Notice that this argument uses classical logic as e is constructed according to a case
analysis whether (J;c; #(4) is inhabited or not.

Owhere for the first step we use the fact that thunk(t[Z], ¢)[@/&] = thunk(t[d@/],c) for all
lists @ of elements in A of appropriate length
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22 J. R. Moschovakis’ G-realizability

Let A be a pca and Ay be a subpca of A. Typical examples are R.E. C Pw and
Ky . C Ky. It’s the latter example that was considered by J. R. Moschovakis
in 1971 in [Mo71].

Let RT(A, A4) be the topos originating via the tripos-to-topos construc-
tion from the tripos P(A, Ay) over Set which is defined as follows. Objects of
P(A, Ay)(I) are functions ¢ = (pq, ¢p) : I = P(Ay) x P(A) with ¢, (i) C ¢, (i)
for all i € I. The preorder F; on P(A, Ay)(I) is defined as follows: ¢ ;1 9
iff ;e r[0a () —=a ()] N Nierl0p(i)—=1p(3)] N Ay is nonempty (where [A—B] =
{e € A|VacA.eacB} for A,B C A).

Let u = (0,{ao}) with ag € A;. Then u V (—) defines a topology on the
tripos P (A, Ay) giving rise to the subtripos M(A, Az) of P(A, Az) where ¢ €
M(A, Ay) (1) iff Ay N (;c; p(i) is nonempty.'* Then the topos obtained from
M(A, Ay) is called the G-realizability topos induced by Ay C A and also denoted
by M(A, Ay).

Recall that 1 € M(A, Ay) is given by u. As usual we write —A for A—1 =
A—u. Let A € M(A, Ay) be a G-realizability proposition. One easily checks
that (—A), = A,—{ao} and (mA), = Ay N (A,—0) N (—A4),. Thus we have
(=) = (Ap— a0} —>{ao} and (- A)s = (~~Ay) (1 {e € A; | A, # 0},

Next we characterize the ——-separated objects of M(A, Ay). Using the
above explicitation of —— in M (A, Ay) it is straightforward to check that the cat-
egory Sep__(M(A, Ay)) is equivalent to the category Asmg = Asme (A, Ay)
which is defined as follows. Objects of Asmg are triples X = (| X|, Px, ||-[|x)
where | X| is a set, Px € A with AyNPx # 0 and ||-||x : | X| — P(A:NPx)\{0}.
For objects X and Y of Asmg the hom-set Asmg(X,Y") consists of all maps
f X = |Y| with

ec [Px—=Py]n () llzllx=If()ly]
z€|X|

for some e € Ay.
At first sight Asm¢ looks quite similar to Asm(Ay) as f is an Asm(Ay)-
morphism from (| X, ||-||x) to |Y],]|-|lyv) iff f:]|X]|— |Y]| and

ce [ llzlx=1f@)ly]

z€e|X|

for some e € Ay. However, such an e need not satisfy that ea € Py whenever
a € Px as is required for Asmg-morphisms!

Notice also that Asmg (A, A;) contains as a full subcategory the category
Sep__(Mod(Ay)) of ——-separated objects of the modified realizability topos
Mod(Ay) over Ay, namely as those (|X|, Px, |||l x) € Asmg with Px C A;y.

' Notice that u—(—) also defines a topology on P(A, Ay) giving rise to the so-called relative
realizability tripos R(A, A;) where R(A, A)(I) consist of all ¢ € P(A, Ay)(I) with ¢4 (i) =
©p(i)NAy. The ensuing relative realizability topos has been investigated intensively by Bauer,
Birkedal and Scott.

42



References

[Mo71] J.R. Moschovakis Can there be no non-recursive functions? J. Symbolic
Logic 36 (1971), pp. 309-315.
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Notice that classically already FANp entails the existence of a nonrecursive
a € 2V (using the Kleene tree). Thus INT + MP proves that ==3a—3e {e} = a.
But this is not the case intuitionistically since by Moschovakis’ G-realizability
INT is consistent with the principle Ya—~—3Je{e} = «, i.e. -Ja—Je{e} = o
saying that “there exist no non-recursive functions”. Thus G-realizability refutes
MP which is no suprise after all since it is a kind of modified realizability.

24 Markov’s Principle fails in Sh(NY)

Though MP holds in all realizability models it does not hold in all sheaf models.
For example in Sh(NY), i.e. sheaves over Baire space, Markov’s principle does
not hold which can be seen as follows. First recall that N~ (U) = Cont (U, NY),
N(U) = Cont(U,N)and ev : N¥xN — N is given by evy (f, g)(z) = f(z)(g(x)).
The interpretation of the predicate P(f) = In:N.f(n) = 0 on N¥ is given by
[Pl (®) ={z € U | 3n € N. ®(z)(n) = 0}. Now putting U = N¥ and ® = idyx
we get [P](idy) = {f € N¥ | 3u:N. f(n) = 0}. Since this open set is dense in
NN we have ==[P](idy+) = NY although [P](idyv) # NY.
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25 “Muchnik topos” as subtopos of “Medvedev
topos”

Let A be a pca and Ay a subpca. Typical examples are the second Kleene
algebra Ko with its subpca Kj g of effective elements and Pw (Scott’s graph
model) and its subalgebra RE of recursively enumerable sets.

A mass problem is a subset of A. On the set P(A) of mass problems
Medvedev considered the following reducibility relation: B is reducible to A,
notation A B, iff there exists a v € Ay with Va € A.y-a € B. Notice that
this relation I is the entailment relation of the tripos from which one constructs
the relative realizability topos RT (A, Ay) which for this reason might as well be
called Medvedev topos.

On A one my consider the relation <r (“Turing reducibility”) where a <p
iff 3y € Ay.ao =~v-8. A subset A of A is upward closed w.r.t. <7 iff « € A and
a <p  implies B € A. We write P4(.A) for the set of upward closed subsets of
A.

Lemma 25.1 For A, B € P+(A) we have A+ B iff AC B.

Proof: Suppose A | B, i.e. there exists a v € Ay such that y-a € B for all
a € A. Suppose a € A. Then v-a <r «. Since v-a € B and B is upward closed
it follows that o € B. Thus we have shown that A C B. On the other hand if
A C B then AF B is realized by a v € Ay with y-a = o for all a € A. O

Let j : P(A) — P(A) with j(A) = {f € A| Ja € A.a <r B}, i.e. j performs
upward closure w.r.t. <7. One easily shows that j is a local operator on the
Medvedev tripos, i.e. the one inducing the Medvedev topos. The corresponding
subtripos/subtopos is known as the “Muchnik” tripos/topos where entailment
between upward closed subsets of A is given by inclusion. Muchnik originally
defined a notion of reducibility on subsets of A where A - B iff for all a € A
exists a 8 € B with § <7 a which is easily seen to be equivalent to j(A) C j(B).
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26 Fan vs. Heine-Borel

In [FH] there has been considered the localic topos Sh(K (R?)) of sheaves over
the pointless locale K (R?) of coperfect subsets of R? (i.e. those open subsets of
R? (w.r.t. the Euclidean topology) whose complement has no isolated points).'?
As K (R?) is locally connected the functor A : Set — Sh(K (R?)) (left adjoint to
I = Sh(K(R?))(1,—)) is known to preserve first order logic and exponentials.
Thus, this topos validates FANp and weak compactness of [0,1]¢ (the latter
meaning that every countable covering of [0, 1]° by open intervals with rational
endpoints admits a finite subcovering). Recently, in [Loe] it has been shown that
these two principles are actually equivalent over Troelstra’s EL where number
choice is replaced by unique number choice.

The last theorem of [FH] shows that, however, the unrestricted fan principle
FAN does not hold in Sh(K (R?)). In [Moe] it has been shown that nevertheless
Sh(K(R?)) validates the compactness of [0,1]¢. In [Grl] it has been shown
that Sh(K (R?)) does not validate compactness of [0,1]¢ as this would entail
that O(R?) =2 O(R¢) (by sending U to U NR¢) and the latter does not hold in
Sh(K (R?)). Thus, we have

(1) FAN = compactness of [0, 1]¢
(2) compactness of [0, 1] = FANp
(3) compactness of [0,1]¢ = compactness of [0, 1]%

where (1) is well known, (2) follows from Loeb’s result (as, obviously, compact-
ness of [0,1]¢ implies weak compactness of [0,1]¢) and (3) is a result of [Grl].

The topos Sh(K(R?)) shows that the implications (2) and (3) cannot be
strengthened to equivalences. It is open whether (1) can be strengthened to
an equivalence. The penultimate theorem of [FH] provides a locally connected
localic topos where compactness of [0, 1]¢ fails. Obviously, this topos validates
FANp and the statement that all continuous functions on [0, 1]¢ are uniformly
continuous (because this property is expressible in the language of HA“ and
holds in Set) although [0,1]¢ is not compact in it (as otherwise [0, 1]¢ were
compact in it by (3) above). It remains as an open problem, however, whether
compactness of [0, 1]¢ entails FANp.

12Recall that a perfect set is a closed set without isolated points. For a space X there is
an endomap P on the set C(X) of closed subsets of X sending A to the greatest perfect set
P(A) C A. P(A) is obtained from A by transfinitely iterating the operation (—)’ sending a
closed set A to the set A’ consisting of all points in A which are not isolated in A. Obviously,
the operation P is deflationary (P(A) C A), idempotent, monotone and preserves U. The
latter follows from the fact that for closed A and B we have (AU B)’ = A’ U B’ since a point
is isolated in A U B iff it is isolated in A or isolated in B. Thus P°P : C(X)°P — C(X)°P is a
nucleus on O(X) = C(X)°P.

If X is a T -space then all singleton subsets of X are closed and the map F : O(X) — O(X) :
U+ X\ (X\U) can be described more explicitly as F'(U) = | J{V € O(X) | Fz€V. V\{z} C
U}. The set K(X) of coperfect subsets of X is then given by {U € O(X) |U = F(U)}. It is
the sublocale of O(X) given by the least nucleus identifying U and U \ {z} for all open sets
U and points z.
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27 Kripke-Joyal Semantics for Toposes

Let £ be an elementary topos. If X is an object of £, ¢ is a predicate on X and
a: I — X is a generalised element of X then we write I |- ¢(«) iff « factors
vthrough the subobject [¢] of X. The “forcing” relation IF is define inductively
as follows

(AN) TIF¢(a) Np(a) iff TIF ¢(a) and T IF ()

(=) Tk ¢(a) = (o) iff for all f: J — I from J I ¢(af) it follows that
JIEy(af)

(L) T+ Liff I220

(V) Il ¢(a) V() iff there exist jointly epic mapsp:J — T and ¢: K — [
such that J IF ¢(ap) and K IF ¢(aq)

(V) IIFVYy:Y.o(y,
(3) Ik 3y:Y.o(y,

a)iff JIFo(B,af) forall f:J—-Tand f:J—Y
a) iff J I ¢(8, ae) for someepie: J »Tand f:J =Y

Notice that I IF Vy:Y.¢(y, o) iff Y XTI IF ¢(idy xa) iff Y XT IF ¢(71, ams).
For the basic predicates we have

(=) IFa=g8iffa=4
(€) Ik ae Siff (a,S) factors through € x — X x P(X).

Let £ = Sh(C, J) where J is a subcanonical'® coverage (Grothendieck topol-
ogy) on a small category C. Let X be an object in £ and ¢(x) be a predicate on
X. We write C I ¢(a) for a € [¢] C X. This “forcing” relation I- is defined
inductively as follows

(N) CIFola) Np(a) iff CIF ¢p(a) and C I+ P ()

(=) C Ik b(a) — ¥(a) iff for all f: D — C from D I ¢(af) it follows that
D IF y(arf)

(1) CIF Liff 0 e J(0)

(V) C Ik ¢(a) V () iff for some {f; : D; — Clier € J(C) for all ¢ €

(V) CIFVy:Y.d(y,a) iff DIF¢(B,af) for all f: D — C and 8 € Y(D)

(3 C I+ Fy:Y.p(y,«) iff there exist {f; : D; = Clic; € J(C) and (B; €
Y(Di))ieI with D; IF 1/)(Bi,afi) for all 7 € I.

For equality and elementhood the conditions are

(=) Clra=pifa=4

13

i.e. all representable objects of C are J-sheaves
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(6) Clkae Siff (idr,a) € S.

If £ = C, ie. J is the minimal topology, then the clauses (1), (V) and (3)
can be simplified as follows

(L) CIF L never holds
(V) ClF¢(a) Vop(a) iff CIF ¢(ar) or C IF p(a)
(3) CIFJy:Y.o(y, ) iff CIF ¢(8, a) for some § € Y (C).

Hx and VX

Let X be an object of £ = Sh(C,J). Then 3x,Vx : QX — Q are the charac-
teristic maps of the predicates 32:X.2 € S and Vo:X.2 € S on P(X) = QX,
respectively. Thus, we have for S € Subg(Y¢(C)xX) and f: D — C in C that

(1) f € 3x(9) iff there exists a cover (g; : By — D);c; € J(D) and a family
(a; € X(E;))ier with (fg;, ;) € Sforalliel

(2) feVx(S)iff (fg,a) e Sforallg: E— D and o € X(F).

Notice that for & = C condition (1) simplifies to f € 3x(S) iff (f,a) € S for
some a € X(D).
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28 Kripke-Joyal Semantics for Fibred Categories
and Stacks

Suppose P : X — C is a fibration not necessarily split. We write X} for the
fibre of P at I. The language of X is a dependently typed first order language
where the atomic formulas are equalities between morphisms. We assume P to
be endowed with some cleavage choosing a reindexing functor u* : X7 — X
for every v : J — I in C. More generally, we consider the situation where C
is endowed with a Grothendieck topology J and P is a J-stack, i.e. for all J-
covers i : S — Y¢(I) the functor Fib(C) (4, P) : Fib(C)(Yc (1), P) — Fib(C)(S, P)
is an equivalence of categories. As suggested by M. Shulman (2008) we extend
the Kripke-Joyal semantics for Sh(C, J) as follows

IFf=giff X =f=yg

IlFVX.o(X) iff for every u : J — I and every object X in X; we have
JIFu*o(X)

I'lFVf: X = Yo(f) iff for every uw : J — I and every morphism
fu*X = u*Y in X; we have J IF u*o(f)

I'IF 3X.p(X) iff there is a J-cover S of I and for ever u € S there is an
object X, in X,y with do(u) IF u*¢(Xy)

T'lF3f: X — Y.p(f) iff there is a J-cover S of I and for ever u € S there
is a morphism f,, : u* X — u*Y in Xp; ) with do(u) IF u*o(fy)

where u*p is the formula obtained from ¢ by applying u* to its parameters. One
can show that this definition is independent of the choice of cleavage which were
not the case if we had included equality of objects into the language. Moreover,
as usual this extended Kripke-Joyal semantics satisfies the conditions

(stable) ifI'lFpandwu:J— 1 then JIFu*p
(local) if S'is a J-cover of I and dy(u) IF u*y for all uw € S then I IF .

The latter requirement holds for atomic formulas since P is assumed to be a
J-stack. Actually, a necessary and sufficient condition for this would be that
P is J-separated, i.e. for every J-cover i : S < Y¢(I) the functor Fib(C)(i, P)
is faithful. But then the above Kripke-Joyal clauses would rather correspond to
reasoning about the J-stackification of P. Thus, it seems to be more appropri-
ate to assume already beforehand that P is a J-stack.

A most important case is when C is a pretopos and J is the finite cover
topology in which case the clauses for existential quantifiers can be simplified
as follows

Il 3X.o(X) iff there is a regular epi e : J — I and an object X in X,
with J IF e*p(X)

I'F3f: X — Y.o(f) iff there is a regular epi e : J — I and a morphism
f:e*X — e*Y in X with J |- e*p(f)
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and (local) can be reformulated as
(local) if e: J — I is a regular epi and J I e*¢ then T IF .

Notice that P is separated w.r.t. the finite cover topology whenever for P equal-
ity of morphisms is definable in the sense of Bénabou.

The above Kripke-Joyal semantics for the (first order) language of a fibration
provides the linguistic framework missing (?) in Bénabou’s fibrational account
of category theory relative to (fairly) arbitrary base categories.

In his draft paper Unbounded quantification and strong azioms in topos the-
ory from 2008 M. Shulman considered the particular case where C is a (locally
cartesian closed pre)topos and P is the fundamental fibration Po = 8y : C2 — C
which is a stack w.r.t. the finite cover topology, i.e. e* : X1 — X; is an equiv-
alence for all regular epis e : J — I.'* Thus, in the language associated with
the fundamental fibration Pz one can quantify over (families of) of objects and
morphisms in C, i.e. this language provides unbounded quantification. Shulman
also introduces there the notion of logical completeness of C which requires that
for every formula ¢ with parameters over I the subpresheaf

[l ={u:J—=1|JIFu*p}

of Y¢(I) is representable, i.e. there exists a mono m : Iy — I such that m € [¢]
and every u € [[¢] factors through m.'® This may be seen as a very strong
version of Bénabou’s notion of definability for Pe. From a set-theoretic point of
view it generalizes the full separation principle, since if C is logically complete
then the model of set theory in IdI(C) validates the full separation scheme. This
model always validates (strong) collection which, however, gets strong only in
presence of full separation because then one can construct families of sets by
recursion as e.g. (P™(X))new-

14Thus P¢ is in particular separated w.r.t. the finite cover topology.
15T ater, in 2010, following a suggestion of P. Freyd he rebaptized this property as C being
autological.
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29 Grothendieck toposes validate all true sen-
tences of first order arithmetic

In a presheaf topos C the nno N is given by A(N). Using this it is easy to
show that a first order arithmetical formulas ¢(77) (with parameters 77) is true
iff Il (7)) for all I € C.

Now let J be a Grothendieck topology on C and j be the corresponding
local operator on C. Let ny : N — a(NV) be the reflection map from N to its
J-sheafification a(N') which is the nno in Sh(C, J). Since N is J-separated ny
is monic. It is known that subsheaves of a(N) correspond to j-closed subobjects
m : P>— N as indicated in

p j-closed
| om
np NN
3(P) s 3V)

Thus, for first order arithmetical formulas (7)) we have

N lo(M)]e QO
U e XX
a(N)k - - Q

[[@(ﬁ)ﬂsmc,j)

where k = |7].

Using this fact validity of first order arithmetical formulas with parameters
in NV in Sh(C, J) can be expressed in Kripke Joyal form by adapting the one for
C by changing the clauses (L), (V) and (3) appropriately. Let us write I for
the thus adapted forcing relation.

Then one can prove by induction on the structure of first order arithmetical
formulas that o(77) is true iff I Iz ¢(7) for all T € C.
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30 Local operators induced by subobjects of (2

Let € be a topos and D C Q. Following 3.5 of Johnstone’s Topos Theory (1977)
we will construct the least local operator j :  — € such that D is contained in
J, the subobject of Q2 classified by j.

Consider the binary relation © C Q x Q where O(p,q) = (p D ¢) D ¢q. The
relation © induces a Galois connection

D'={qeQ|Vpe D.O(pq)} D! ={peQ|V¥qe D.O(p,q)}
i.e. (—)" and (—)* are order reversing endomaps of P () such that D; C D} iff
Dy C D

Johnstone shows that

(1) For a local operator j we have J” = Q; and Qf =J.

(2) For D C Q we have D = D"* iff the characteristic map for D is a local
operator.

Thus the least local operator j with D C J is given by the characteristic map
of D™, Explicitating the construction of D™ we get

i(p) =g Q((vreD((r>q) >q)D(p>q)Dq)

Thus, for a mono m : P — X in £ the least topology j on £ for which m is
j-dense is given by {z € P |z € X}, ie.

i) =VgQ((Vz: X (€ P) D ¢) Dq)) D (pDq) Dq)

If f: F — & is a geometric morphism and j is a local operator on £ then
the pullback of £; — £ along f is given by F} where £ is the least topology on

F for which the mono f*(1 5 J) is dense.

31 Fixpoint objects need not be ()-discrete

An object X of a topos is called Q-discrete iff X' : X = X' — X% is an
isomorphism. In an unpublished note Peter Johnstone has shown that fixpoint
objects in toposes need not be {2-discrete.

His counterexample starts from a nontrivial extensional total pca A as given
by e.g. Scott’s D, model for the untyped A-calculus. Since A admits a fixpoint
operator represented by some element of A. Therefore, in C = PER(A) the
object A(A) is a fixpoint object in C. Accordingly, the object F' = y(A(A)) is
a fixpoint object in & = Set®. We will show now that F' is not Q-discrete in
E. For this purpose first observe that ¢ = [L, T] : 1+ 1 —  is a split mono, i.e.
there exists p: Q@ = 1+ 1 with poi = id1+1.16 Let a; and as be two distinct
elements of A. Then the map f = [a1,a2] 0op : @ — F is not constant and,

accordingly, the fixpoint object F' is not (2-discrete in £ = Set®”.

16This p exists since in SetC” nonempty sieves are stable under reindexing because a
nonempty sieve on I always contains the map 0 — I.
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32 A Non-Inductive but Well-founded Relation
on N in Set”

Consider the topos Set® of “sets developing in discrete time”. The natural
numbers object N in Set® is given by A(N). Consider the relation R C N x N
with Ry = {(i+1,i) | i < k} for k € w. Obviously, in Set® it holds that
-3f:NN.Yn:N.f(n+1)Rf(n), i.e. R is well-founded. But, nevertheless, the re-
lation R on N is not inductive, i.e. does not validate

VP(N). [(vn:N.(vm;N.(mRn — P(m))) = P(n)) — Vn:N.P(n)}

This can be seen when instantiating P with the prediate P, = {i | i < k} for
k € w. Obviously Vn:N.P(n) fails at all k € w whereas Vn:N.(Vm:N.(mRn —
P(m))) — P(n) is universally valid which can be seen as follows. Let k € w and
n € N. Since Py (n) holds for n < k we just have to consider n > k in which case
Py(n) is false. We have to show that in this case also Vm:N.(mRn — P(m))
fails at k. For this purpose consider node n+1 > k and instantiate m by n+1
and observe that n+1 € P,41 but (n+1,n) € R, rendering the implication
false.

Of course, in &ff the Kleene tree gives rise to a relation on N which is
well-founded but not inductive.
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33 Cauchy Completeness of Cauchy Reals

For locally connected locales A the functor A : Set — Sh(A) preserves first
order logic and exponentials. Thus, for every locally connected locale A in
Sh(A) the Cauchy reals are Cauchy complete as they are Cauchy complete in
Set and the property of Cauchy completeness of Cauchy reals can be formulated
in first order logic over higher types.

As R is a locally connected space the Cauchy reals are Cauchy complete in
Sh(R) although they are properly contained in the Dedekind reals. Thus in
Sh(R) the Cauchy completion of Cauchy reals within Dedekind reals gives the
Cauchy reals and not the Dedekind reals. In realizability toposes which validate
number choice the Dedekind reals and Cauchy reals coincide.

M. Escardé and A. Simpson have asked whether there is a topos with NNO in
which the Cauchy reals are not Cauchy complete. From the above considerations
we know that such a topos can neither be a realizability topos nor a locally
connected localic topos over Set. Of course, if there is any topos with NNO in
which the Cauchy reals are not Cauchy complete then this holds in particular
for the free topos with NNO.

Moreover, there naturally arises the question whether there are toposes with
NNO where the Cauchy completion of the Cauchy reals lies properly in between
the Cauchy and the Dedekind reals.

33.1 Model of EL in sheaves over a space

Let T be a topological space. Then every topological space X induces a sheaf X
in Sh(T") with X¢(U) = {f : U — X | f continuous } for U € O(X). For every
set S the constant sheaf A(S) is given by St where S is considered as a discrete
topological space. Thus A(S)(U) consists of all locally constant functions from
U to S. The natural and rational numbers in Sh(T') are given by N = A(N)
and @ = A(Q), respectively. We write § for the constant function on T with
value s € S and §y for § | U. Tt can be shown that A(N)2® is isomorphic to
B = By where B = NV is Baire space, i.e. infinite sequences of natural numbers
with initial segment topology. The application map App : Br x Ny — Np is
given by Appy (F, f)(z) = F(x)(f(z)). We now give the clauses of Kripke-Joyal
semantics needed for determining the validity of EL formulas in Sh(T).

UlFa=b iff  a(x)=>b(x) forallx € U

UlFL never holds

UlFgpANy it Ul-¢andU Ik

Ulk¢—1 ifft  forall V CU from V IF ¢ it follows that V' IF 4
UlkVz:A. ¢(x,¢) iff forall V CU and a € A(U) it holds that V' I+ ¢(a, ¢|U)
UlFoVp iff  there exist U; and Uy with U; UU; = U

such that U; IF ¢ and Us -1
Ul 3x:A. ¢(x,é) iff  there exists an open covering (U;);er of U and a; € A(U;)
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such that U; IF ¢(a,, ¢|U;) for all i € T
One easily checks that Sh(T) validates the extensionality principle
Vo, B:B oo = < (Vn:N a(n) = B(n))
and that
Ulk—=¢ iff V =0 whenever V CU with V I ¢

where as usual —¢ is defined as ¢ — 1. Moreover, we define a binary relation
<on N as

Ulkf<g iff f(z)<g(zx)forallzelU

for f,g € N(U). This suffices for giving an interpretation of EL in Sh(T).
It can be shown that the forcing relation IF has the following two properties

(stable) if Uk ¢(c) and V C U then V I ¢(CTV)
(local) if U= U,¢; Ui and U; IF ¢(cTU;) for all i € I then U I- ¢(C)

from which it follows that U IF Vz:N. ¢(x, €) iff for all V' C U and n € N it holds
that V' I- (v, EIV).

33.2 Dedekind reals in Sh(7T)

The Dedekind reals in Sh(T') appear as a subobject Rgy C P(Q) x P(Q). Recall
that for U € O(T) we have P(Q)(U) = Subsyx)(Q[U), i.e. P(Q)(U) consists
of all subsheaves of QU = y(U) x Q.

In Sh(T') the sheaf Ry is isomorphic to Ry by the following construction.
Given (L, R) € R4(U) the corresponding continuous function fy gy : U — R is
given by

q< fart)<r iff Ggv € L(V) and #y € R(V)
for some open V C U witht € V

fort € U and ¢q,r € Q.
For the reverse direction suppose f : U — R is continuous. Then the corre-
sponding (L, Ry) € Rq(U) is given by

peLy(V) iff p(t)< f(t) forallteV
peRy(V) if p(t)> f(t) forallt eV

for all open V C U and p € Q(V), i.e. locally constant ¢ : V — Q.

Since B is totally disconnected and R is connected and locally connected we
have A(N)2®™ = A(NY) 2 Br in Sh(R). For this reason in Sh(R) the Cauchy
reals R, are isomorphic to A(R) which is a proper subobject of Ry since for
example idg € R4(R) is not locally constant.
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33.3 Lubarsky’s counterexamples

For the purpose of answering Escardé and Simpson’s question R. Lubarsky has
suggested to consider an appropriate sheaf model Sh(T') in which there exists
a Cauchy sequence of Cauchy sequences which does not converges to a Cauchy

Sequence.”

33.3.1 Lubarsky’s 1st model

As a first approximation he has constructed a sheaf topos Sh(C') in which there
exists a Cauchy sequence of rational numbers for which there does not exist
a modulus of convergence. The underlying set of C' are Cauchy sequences of
rational numbers. Its topology is generated by basic open sets (p,I) where
p € Q<¥ and I is an open interval in R (with rational endpoints) where (p, I)
consists of all r € C such that

(1) 7(ph) =p
(2) rp €I forall k > |p|
(3) lim(r) € I.

Thus U C C is open iff for all » € U there exist p € Q<“ and an open interval
I (with rational endpoints) such that r € (p,I) C U.

At first sight one might think that every continuous f : C' — N is already
continuous w.r.t. the relative Baire topology, i.e. that for every r € C there exists
ap € Q<% such that r € (p,R) and f is constant on (p,R). This, however, is
not the case as the following counterexample due to A. Simpson shows.

Let D be the subset of C' consisting of those x € C' such that

—(n+1) < 2, < n+1

for all n € w. We will show that D is a clopen (“decidable”) subset of C
which, however, is not open w.r.t. the relative Baire topology and, therefore,
the characteristic function xp : C — {0,1} C N is continuous but not w.r.t. the
relative Baire topology.

We first show that D is open. Suppose x € D. Since z is bounded there
exists a natural number n such that —(n+1) < z; < n+1 for all k. Then
z € (Z(n+1),(—(n+1),n+1)) € D. If z € C'\ D then there exists an n such
that 2, € (—(n+1),n+1) and thus « € (Z(n+1),R) C D. Thus C \ D is also
open and accordingly D is clopen. Suppose D were open in the relative Baire
topology. Then, since the constant there function 0 is in D, there exists a
natural number n such that 0 € (0(n),R) C D. This, however, is impossible
since for the Cauchy sequence z with z,, = n+1 and z = 0 for k # n it holds

that € (0(n),R) but = ¢ D.

17Notice that this slightly stronger than exhibiting a Cauchy sequence of Cauchy reals which
does not converge to a Cauchy real.
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34 Lubarsky’s Forcing with Settling Down

34.1 Forcing with Settling Down over R

In their recent paper “On the Constructive Dedekind Reals” (2007) Lubarsky
and Rathjen have introduced a new (kind of) forcing model for CZF where
“names” are inductively defined as sets of the form o = {{(o;,J;) | i € I} U
{{on,rn) | h € H} where the o; and o}, are previously generated names, the J;
are non-empty open subsets of R and the 7}, are elements of R. For every » € R
and name o they define ¢”, the “settling down” of ¢ at r, inductively as

o ={{o],R) | {04, ;) € a AT € J;} U{(o},,R) | (o}, 7) € 0}

which is an ordinary set. One may think of the operation (—)" as “localizing at
r”. Next they define a forcing relation J I+ ¢ between open subsets J of R and
formulas ¢ possible involving names as parameters. For the basic predicates =
and € forcing is defined by mutual recursion as follows

(=) JIFo=rifffor all (o;,J;) € 0 JNJ; IFo; € 7 and vice versa and for all
reJo =1"

(€) J I o € 7 iff for all r € J there is an (r;,J;) € 7 and J' C J with
reJ' NnJ;lFo=m and forallr € J (¢",R) € 7".

For a formula ¢ in the language of set theory ¢" is the formula obtained from
¢ by replacing each parameter o by ¢”. The clauses for logical connectives and
quantifiers are as follows

(A) JI- ¢ Apiff JIF ¢ and J I

(V) J Ik ¢V iff for all r € J there is an open set J' with » € J C J such
that J' IF ¢ or J' I

(=) JIF ¢ — o iff for all open J' C J if J' I+ ¢ then J' Ik ¢ and for all r € J
if R IF ¢" then R IF ¢

(3) J Ik Jzg(z) iff for all » € J there is an open J' with r € J' C J and a
name o such that J' I ¢(o)

(V) J Ik Vzg(x) iff for all » € J and all names o there is an open J’ with
r € J' C J such that J' IF ¢(c) and J' I+ ¢" (o).

Lubarsky and Rathjen show that every axiom of CZFgy, is forced in a neigh-
bourhood of 0 and that there does not exist a name o such that a neighbourhood
of 0 forces “all Dedekind reals are elements of ¢”. Thus SubSet Collection is
not forced either because it would entail that Dedekind reals form a set.
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34.2 Forcing with Settling Down for arbitrary spaces

More recently Lubarsky has come up with a generalisation to arbitrary spaces
T instead of the very particular space R. Again they define “names” inductively
as sets of the form o = {(0y, J;) | i € I} U{{(on,rn) | h € H} where the o; and
oy, are previously generated names, the J; are non-empty open subsets of 7" and
the rj, are elements of T. Again for every r € T and name o they define ¢”, the
“settling down” of ¢ at r, inductively as

o' ={{o],T) | (o, Jiy eoc Ar € J;} U{{o},,T) | (oh,7) €0}

which is the image of an ordinary set. One may think of the operation (—)"
as “localizing at r”. Next they define a forcing relation J I+ ¢ between open
subsets J of T and formulas ¢ possible involving names as parameters. For the
basic predicates = and € forcing is defined by mutual recursion as follows

(=) JIFo=riff for all {o;,J;) € 0 JNJ; IF 0; € 7 and vice versa and for all
redJo =17

(€) JIFo e 7 iff for all r € J there is an (7, J;) € 7 and J, C J; N J with
r € J, such that J,. IF o = 7;.

For a formula ¢ in the language of set theory ¢" is the formula obtained from
¢ by replacing each parameter o by o”. The clauses for logical connectives and
quantifiers are as follows

(A) Tl ¢ Apiff JIF ¢ and J I+

(V) JIF ¢V iff for all » € J there is an open set J,. with r € J,. C J such
that J, IF ¢ or J, IF 3

(=) JIF ¢ — o iff for all open J' C J if J' I+ ¢ then J' IF 4 and for all r € J
there exists an open J,. with r € J,. C J such that for all opens K C J,. if
K I+ ¢" then K IF "

(3) J Ik Jzg(zx) iff for all € J there is an open J, with r € J, C J and a
name o such that J, IF ¢(o)

(V) J IF Vae(z) iff for all names o J IF ¢(o) and for all » € J there exists an
open J, with r € J, C J such that J, IF ¢" (o) for all names o.

It can be shown that for a formula ¢ if J I ¢ then for all all » € J exists an
open J,. with r € J,. C J such that J,. |- ¢".

34.3 Simplification in case of homogeneous spaces T

For general spaces T from J IF ¢ it just follows that for every r € J there exists
an open J,. with r € J. C J and J,. IF ¢". However, if T is a homogeneous
space, i.e. for all r,s € |T| there exist open neighbourhoods J, and Js of r
and s, respectively, such that J,. and Js are homeomorphic (subspaces of T')
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from J IF ¢ it follows that T IF ¢" for all » € J. A most typical example of a
homogeneous space is R.

For general spaces T Lubarsky’s model doesn’t validate full separation though
it validates bounded separation. However, if T" is homogeneous then one may
interpret full separation as follows: if ¢ is a name and ¢ is a predicate in the
language of set theory then a 7 with T'IF Va. z € 7 <> = € 0 A ¢(x) is given by
{{os, TN T;) | {04, ;) € o and J I+ ¢(o;)} U {{&,r) | T IF ¢"(Z)}.

34.4 The logic of forcing with settling down

There arises the question to which extent the various forcing conditions can be
derived from the universal properties of the connectives and quantifiers and how
Lubarsky’s new notion is related to O(T')-valued sets. For this purpose we try
to abstract from the particular case of names and the settling down operations
(-)" defined for names.

Whereas O(T')-valued predicates on a set I are just functions from I to O(T)
with entailment defined as ¢ 7 ¢ iff ¢(i) C ¥ (4) for all ¢ € T we have to assume
some additional structure on I, namely a |T'|-indexed family of operations ()" :
I — 1 (r e€T)such that (3")° =" for all i € I and r, s € T. In particular this
means that all ()" are retractions with the same image. Let us write Gr for
the category of such structures and structure preserving'® maps between them.
Notice that G is a presheaf topos (actually a topos of monoid actions) which
in case T has 2 elements coincides with Lawvere’s topos of reflexive graphs.

Now for such I endowed with settling down operations ()" for r € T we
define a class of predicates P! consisting of all functions ¢ € O(T)! satisfying
the condition

() for all i € I and r € ¢(4) it holds that r € ¢(i")

which is definitly not of a local character, i.e., it can’t be described as Qf
for some Q C O(T). Now if h : J — I is a morphism in Gr and ¢ € P!
then its reindexing h*¢ = ¢ o h € P”’. Defining entailment on P! pointwise
as for Q! it is evident that reindexing preserves entailment. One can show
that the poset P indexed over Gr is a posetal hyperdoctrine where connectives
and quantifiers (along projections) are uniquely determined by their universal
properties. Lubarsky’s forcing conditions make these constructions implicit in
the sense that the interpretation of ¢(i) is the union of all opens J with J I+
@(i). But it seems worthwhile to give here the following direct construction of
connectives and quantifiers

(¢ A ) (D) = 6(0) A (i
(6 $)(i) = pli) v o(i
(¢ — )(0) = int{r € (#(i) = ¥(0)) | r € ($(i7) — (")}
35601, §) = Uje s 6(i.5)

18k . I — J is structure preserving iff h(i") = h(i)" foralli € I and r € T

)
)
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Vi.o(i,j) = int{r € N\je; ¢(i,4) [ 7€ Njes 00", )}

where A refers to infimum in O(T) and int is the interior operation sending a
subset X of T to the open set intX ={r € X |3V € O(X).x € U C X}.

Notice that the usual posetal hyperdoctrine of O(T)-valued sets is obtained
from P by change of base along A : Set — Gr sending I to the set I where all
(-)" are equal to id;. In this sense the logic of Lubarsky forcing is a generalisation
and not a variation of O(T')-valued logic.

34.5 Relation to the “Joyal topos”

Let T be a topological space. Then one may consider the topological space T
with |T| = |T|+ |T| = {0,1} x |[T| and U € O(T) iff U; 2 Uy € O(T) (where
we write U; for {& € |T| | (i,z) € U}). One may now consider the topos
Sh(T') which comes equipped with a geometric morphism i : Sh(|T|) < Sh(T)
induced by the inclusion |T| < T : & ~ (1,2).)% The inverse image part
of i is given by i*(A)(J) = A({1} x J) and its direct image part is given by
i«(X)(U) = X(Uy). Moreover, there is a left adjoint ¢ to ¢* with 4(X)(U) =
{z € X(U;y) | Uy = 0}. Apparently, both 4 and i, are full and faithful and 7.4
and i*i, are both isomorphic to the identity functor on Sh(|T'|). The functor
i* : Sh(T) — Sh(|T|) ~ Set!™! is logical which follows from the fact that Sh(T)
is equivalent to Sh(T")}F, the (Artin) glueing of F', where F' is the direct image
part of the geometric morphism induced by the continuous map |T'| — T :
x — x (which, however, is not a subspace inclusion). More explicitly, we have
F(X)(U) = X(U) for U € O(T). Under this equivalence i* is equivalent to
01 : Sh(T)|F — Sh(]T'|) which is known to be logical since F' preserves finite
limits. The right adjoint of d; sends X to (X,idp(x)) and the left adjoint sends
X to (X,0— F(X)).

Apparently, the “names” in Lubarsky’s model correspond to V(M) the
O(T)-valued model of IZF. Moreover, the forcing conditions for this model
seem to coincide with those of Lubarsky’s forcing with settling down. When
Lubarsky writes J I ¢ this seems to be equivalent to {0}xJ C [¢]. There is
also a relation r Ik ¢ abbreviating {(1,7)} C [#] corresponding to validity of
¢". To establish this relation one first observes that r I+ z" = z. Thus, the

operation (—)" corresponds to Sh(7T) % Set!l s Set where r* is evaluation at
point 7.

Actually, the clauses for both notions of forcing all coincide with the excep-
tion of universal quantification. In case of O(T')-valued sets we have [Vz.¢(Z, z)] =
Nsev oy [¢(Z; )] from which it follows that

{0}xJ C [Vz.6(Z, )] iff {0}xJ C [¢(Z,2)] for all z € V(©OD),

19 André Joyal has used Sh(R) for proving the Continuous Choice Rule for HAH. He never
published this result but an account of it can be found in R. Grayson’s survey article Heyting
Valued Semantics published in the Proceedings of Logic Colloquium 1982.

Therefore, we refer to Sh(R) and more generally Sh(T') as “Joyal topos”.
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Thus, if {0}xJ C [Vz.¢(Z,z)] then for all » € J we have (1,r) € [Va.¢(Z,z)]
and thus r IF Va.¢(Z", ) but not (necessarily) that {0} xJ,. C [Vz.¢(2", )] for
some J, € O(T) with r € J,.. This latter condition is added as an “ammend-
ment” in the clause for universal quantifications in forcing with settling down.
It is precisely this “ammendment” which prevents the model from validating
full IZF.
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35 J. Berger’s characterization of UC(2Y) rela-
tive to HA, + AUC

We consider HA,, augmented by the Aziom of Unique Choice
(AUC) Veeo.yer. A(z,y) — If:0—1.¥x:0. Az, f(x))

where o and 7 are arbitrary finite types and A is an arbitrary formula in the
language of HA,,. In order to avoid too much coding we have adopted a base
type 2 containing just the elements 0 and 1. We refer to the type 2V = N — 2
as Cantor space since its elements are infinite sequences of 0's and 1’s.

In Brouwer’s intuitionistic mathematics the following principle of uniform
continuity plays a prominent role

uc(2h) (Vae2" 3IneNvpe2".a(n)=5(n) — F(a)=F(B))
— IneNVa, Be2V.a(n)=4(n) — F(a)=F(j3)

where F ranges over 2V — N. In the following we write pc(F) and uc(F) as
abbreviations for the premiss and conclusion of UC(2V), respectively.

Brouwer restricted attention to those continuous functionals from 2V to N
which are given by a so-called “neighbourhood function”, i.e. a function v € NV
such that Vae2¥.3neN.y(a(n)) > 0 and Vu,ve2*.y(u) > 0 — v(u) = y(uv).
The functional F induced by v is given by F(a) = n iff JkeN~y(a(k)) =
n+1. When restricting attention to continuous functionals on 2V induced by
neighbourhood functions the principle UC(2%) is equivalent to the principle

FANp Vae2¥.3IneN. f(a(n)) > 0 — IneNVae2V. f(a(n)) > 0

called “detachable fan”.
In HA,, + AUC from UC(2") one easily derives FANp and the principle?’

(DECF) VE,G : 2N 5 N.pc(F) A pc(G) — F=G V ~F=G

where F' = G stands for extensional equality, i.e. Va € 2¥. F(a) = G(a). That
the reverse implication holds as well can be seen as follows. Suppose pc(F). By
DECF we get that Yue2*.3In. n < 1A (n = 1 <> Yoe2* . F(ux0%) = F(uxv*0>))
from which we get by AUC the existence of an f € N~ such that Yue2*. f(u) =
1 & Ywe2* F(ux0°) = F(uxvx0>)). Now applying FANp to this f we get
IneN.Yae2". f(@(n)) = 1 from which it follows that IneN.Va, €2V F(a(n)) =
F(B(n)) as desired.

J. Berger has further shown that in HA,+ A UC there is a 1-1-correspondence
between continuous F : 2V — N and functions f : 2* — N satisfying

pc(f) = Vae2N Ine N.vue2*. f(@(n)) = f(a(n)*u)

20 DECF stands for “decidable equality for continuous functionals (on Cantor space)”
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With a continuous F one associates f : 2* — N with f(u) = F(ux0%). Ob-
viously, we have pc(f). Given f : 2* — N satisfying pc(f) one may define a
relation R; between 2V and N as follows

Ry(a,n) = VEkeN.((Vue2". f(a(k)) = f(a(k) xu)) = n = f(a(k)))

for which one easily verifies (using assumption pc(f)) that Vae2¥ . 3ln.Ry(a,n).
Thus, by AUC we get a functional F : 2V — N satisfying Vae2V . R¢(a, F(a))
and, accordingly, is continuous and satisfies F(ux0°) = f(u) for all u € 2*.
Notice, however, that this equivalence is not provable in HA, without AUC
because it does not hold in the HEO model for HA,, with classical logic (in this
model one can define (using the Kleene tree) the graph of a continuous functional
on 2% which is not computable). This observation is interesting because it (is
unexpected and) allows one to reduce the question whether HA, + AUC +
FANp F UC(2V) to the (possibly) simpler question whether EL + FANp
VfEN? (pc(f) — uc(f)) where uc(f) stands for In:N.Vae2N Vue2*. f(a(n)) =
f(@(n)*u).

A bit later (2006) in his paper The logical strength of the uniform continuity
theorem J. Berger has shown that over HA,, + AUC the principle UC(2%) is
equivalent to FAN,, i.e.

Vae2¥.3neN.B(@(n)) — IneN.vac2V. B(a(n))
for so-called c-predicates B, i.e. predicates of the form
B(u) = Vve2*.C'(u*v)

for some decidable predicate C on 2*. Obviously FAN. is in between FANp and
the FANp, ie.

Vae2V . 3neN.B(@(n)) — IneN.Yaec2¥. B(a(n))
for T19-predicates B, i.e. predicates of the form
B(u) = ¥neN.C(u,n)
for some decidable predicate C' on 2* x N. Obviously, we have
FANp < FAN, < FANH?

but is an open problem to which extent these implications can be reversed
relative to HA, + AUC. The problem is that in most realizability models either
Church’s Thesis holds or there holds enough of continuous choice to guarantee
FANppo in presence of FANp.

Can one weaken AUC in J. Berger’s argument?

Actually, in his 2006 paper J. Berger claimed something stronger, namely that
relative to HA,, + QF—AUC"° the principle UC(2V) were equivalent to FAN...
This, however, is wrong for the following reasons.
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(1) U. Kohlenbach in his paper Foundational and mathematical uses of higher
types (2002) has shown that E-PRAS + QF—AC*" + FANp F UC(2Y)
(Prop. 4.10).2!

(2) E-PRA{, + FAN, proves FANpo and actually arithmetic comprehension,
i.e. that every arithmetically definable predicate has a characteristic func-

tion. This can be seen as follows. By contraposition FAN, is equivalent
to WKL, i.e.

(Vn € N.3u € 2°.T(u)) — 3o € 2".Yn € N.T(a(n))

where T'(u) = Jv € 2*.P(uxv) for some decidable predicate P on 2*. Now
instantiating WKL, by the predicate

P(u) =Vn < |u]. (u, =04 Yk < [ul.a((n,k)) = 0)
one obtains that there exists a x € 2% with
VYn.Jv € 2*.P(x(n)*v)

from which it follows that x(n) = 0 iff Vk.a((n,k)) = 0. Now using the
existence of characteristic functions for IIY predicates FANpyo follows from
FANp. Since this holds in presence of parameters one easily shows that
arithmetic predicates have characteristic functions.

Now if HA,, + QF—AUC"° 4 UC(2V)  FAN, as claimed by J. Berger it
follows using (1) and (2) that E-PA,, + QF —AUC"" + FAN, proves arithmetic
comprehension in contradiction with Th. 10.47 of U. Kohlenbach’s book Applied
Proof Theory (2008).

We now will spot the subtle mistake in J. Berger’s tentative proof of HA, +
QF—-AUC™® +UC(2V) I FAN,.

He starts from the assumption that for a decidable predicate C on 2* (w.l.o.g.
we assume —C'(())) for the associated predicate B(u) = Vv € 2*. C(uxv) it holds
that Vo € 2¥.3n.B(a(n)). He then claims to construct a function F : 2V — N
assigning to « the greatest n such that @(n) ¢ C. He then shows that this F'
is continuous and thus by UC(2Y) there is an n with F(a) < n for all a € 2.
Then for all u € 2* with |u| > n we have B(u).

21From this it follows by ——-translation and the fact that E-PRA,, + MP (where MP is
Markov’s principle) proves the ——-translation of FAN that E-PRA,, + MP + FAN proves

(Vae2N.IneNvpe2N a ( )=B(n) —» F(a)=F(B))
——-—3nENYa, fe2V.a(n)=F(n) = F(a)=F(B)

Since there is no (obvious) way to remove the double negation in the conclusion it remains
an open problem whether E-PRA,, + FANp - UC(2") and even whether E-PRA,, + MP +
FANp - UC(2V).

I first thought that the classical equivalence of FAN. and FANH? would allow one to show
their equivalence in constructive logic together with MP. But I was mistaken since although
under MP the negative translation of FANp is equivalent to FANp this is not the case for
FAN. and FANH(l)A
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The mistake, of course, is made when arguing for the existence of the desired
functional F. Using the assumption Vo € 2V.3n.B(a(n)) one easily shows
that Va3!n R(a,n) where R(a,n) = -C(a(n)) AVk > n.C(a(k)). Now if R
were quantifier free one could conclude using QF—AUC™? that there exists a
functional F : 2V — N with Va3n R(«a, F(a)). But, alas, the relation R is not
quantifier free but T19.

This mistake is interesting because it shows how strong AUC' is compared
with QF —AUC™.

Summary of the Current State of Knowledge

In the formal system FS = HA,, + QF—AC*? + QF—AUC"® one can show
that
FANp < UC(2¥) < FAN,

where the first implication can be reversed when adding classical logic to F'S
and the second implication can be reversed when adding AUC (for I1Y relations)
to FS. Thus, under different strengthenings of F'S the principle UC(2¥) gets
once equivalent to FANp and once to FAN, though in F\S with classical logic
the principle FAN, is significantly stronger than FANp. However, when adding
both AUC and classical logic to F'S both fan principles imply the fan principle
for bars of arbitrary logical complexity.
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36 Open locales constructively

A locale map f : A — B is called open iff fi 4 f* 4 f. : A — B validating
the Frobenius reciprocity law fi(a) Ab = fi(a A f*b). A locale A is called open
iff the unique map ¢t : A — Q = P(1) is open. One can show that in this case
Frobenius reciprocity is automatic provided t* has a left adjoint ¢.

Thus, it remains to characterise in logical terms when such a left adjoint
exists. First recall that ¢t* : Q@ — A : uw — \/{T | * € u}. Then, provided it
exists, the left adjoint ¢, is constructed as follows

ti(a) = /\{u |a <t'u}

One easily checks that ¢ is monotonic and #t*u < u. Thus, a left adjoint to
t* exists iff @ < t*tia = \/{T | * € ti(a)} for all a € A. Now x € ti(a) is
equivalent to Vu:Q.a < t*(u) = * € u which latter condition we abbreviate as
Pos(a). Obviously Pos(a) holds iff every cover of a is nonempty. Thus a < t*tia
iff @ < V{T | Pos(a)}. But the latter is equivalent to a = \/{z € A | z <
a and Pos(a)}. Thus A is open iff every a € A is the supremum of all z < a
with Pos(a), i.e. every element of A is the supremum of positive elements below
it.22

Notice that Pos(a) is an impredicative notion. Therefore, in formal topology
one adds a positivity predicate Pos as additional structure and calls a formal
space with a positivity predicate open iff every formal neighbourhood is the
supremum the positive neighbourhoods contained in it.

37 For every countably based 7; space X there
is an open surjection from a subspace C of
NY to X

Let X be a countably based Ty space.?® Let {B, | n € N} be an enumeration
of a basis for O(X). The map ix : X - P(N) : 2 — {n € N| z € B,}
exhibits X as a subspace of P(N) endowed with the Scott topology. This space
is isomorphic to SY, the countable product of the Sierpinski space S. The map
e: NV = P(N):a— {neN|3IkeNa((n,k) =0} is an open surjection.
Now consider the pullback

NY — P(N)
e

where i x and i¢ are subspace inclusions and e and ¢ are open surjections. Thus
c is an open surjection from a subspace C of NY to the space X.

22Gee also Lemma C3.1.17 of PTJ’s Elephant.
23Sometimes such spaces are called completely separable.
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38 Formal Spaces (Fourman and Grayson 1982)

Formal spaces may be thought of as infinitary propositional geometric theories.
In their 1982 paper Formal Spaces M. Fourman and R. Grayson they define such
theories to be given by a conditional A-semilattic (P, <) called the language of
the theory and a set T of sequents 6 - I" where § € P and I' C P. The induced
entailment relation 7 is the least set of sequents which contains 7" and is closed
under the rules

p<q p<I TCA
(weakening)

pkTq pFr A

pFrT o pFr A qbrT(ged) .
————— (localisation) (composition)
pAgtr ' Ap pkr T
Such an entailment relation k7 is nothing but a Grothendieck topology on the
poset P.

A T-closed sieve is a subset K of P such that p € K whenever p Fr K.
Thus closed sieves are in particular downward closed w.r.t. <. For U C P let

U:={peP|ptr U} ‘Obviously, we have U C U = U. Moreover, one can
show that that U AV = U NV. We write M(T) for the set of T-closed sieves
ordered by C. It is a complete lattice where

\/Ui:@ and /\Ui:ﬂUi

i€l el iel iel

for (U;)ier. Using U AV = U NV one easily checks that M (T) is a frame, i.e.
validates the infinite distributivity law V- A\, U; = V,c; V A U;.

Suppose T is countable. Let (91- H Fi)n y e an enumeration of 7" where
each axiom shows up infinitely often. Let T be the tree defined inductively as
follows

(eT
(p)eTforallp e P
if a € T of length ¢ + 1 then

ax*{a(i)) € T whenever a(i) £ 0;
ax{a(i) N¢) € T whenever a(i) < 6; and ¢ € T;

If a € T has length ¢ + 1 then we write ¢, for a(i). Apparently a(i) > a(j)
whenever 7 < j. We say that a € T secures ¥ € P iff ¢, < ¥ and a secures
I CPiff ¢, <9 for some ¢ € T.

For a,b € T we write b < a iff a is a prefix of b. The inductive topology
on T is the one generated by the immediate successor relation, i.e. sequents of
the form a F {a * (¢) | ¢ € P and a x (¢p) € T}. We write b; for the induced
entailment relation and say that C' is an inductive bar for a iff a F; C. We write
P(T) for the formal space induced by F;.
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Fourman and Grayson have shown that

Theorem 1

(1) Every infinite path « in T induces a model m of T where ¥ € m iff ¢, < )
for some ¢ € N.

(2) 6 b v iff for all @ € T which secure 0 the set {b € T | b < a and b secures I'}
is an inductive bar of a.

For every U € M(T) let f*(U) = {a € T | ¢, Fr U}. For showing that
f*(U) € P(T) suppose that a € T of length ¢ + 1 such that all successors of a
are in f*(U). If ¢, £ 0; then a x (¢,) is a successor of a and thus ¢, Fr U,
ie. a € f*(U). Otherwise ¢o A ¢ Fp U for all ¢ € I'; and, therefore, since
Ga = Gq NO; Fr g AT it follows that ¢, 7 U. Thus, we have shown that
f*: M(T) — P(T) It is easy to see that f* is 1-1 and preserves meets (since
meets in M(T) are given by intersections). The map f* preserves arbitrary
joins since by Theorem 1 we have ¢, 7 U iff for every b € T with ¢, < ¢, the
set {¢ € T | ¢ < band ¢ secures U} is an inductive cover of b. Thus f* has a
right adjoint f.. Since f* is 1-1 the locale map f : P(T) — M(T) as given by
f* - f« is a surjection.

Since f* preserves arbitrary meets it has a left adjoint fi sending V' € P(T) to
fi(V) ={¢as | a € V}. The adjunction f 4 f* satisfies the Frobenius reciprocity
condition fi(V)NU = fi(V N f*(U)) which can be seen as follows: if a € V with
¢o € U then ¢, Fr U, ie. a € f*(U), and thus a € V N f*(U) from which it
follows that ¢, € fi(V N f*(U)). Thus f* preserves also Heyting implication.
Thus, we have shown

Theorem 2
There is an open surjection f : P(T) — M(T) given by

ffU)={aeT| ¢ Fr U} and [(V)={¢a|a eV}

This theorem tells us that for countably presented formal spaces A there is an
open surjection from formal Baire space to A and thus assuming bar induction
such an A has enough points. Here “countably presented” means that the
underlying language has countably many propositions (“countably generated”)
and that the formal space is axiomatized by a theory with countably many
sequents.

There arises the question whether “countably generated” is equivalent to
“countably presentable”. As pointed out by M. Schroder this is not the case
already for subspaces of Baire space B = NN since a subset X of B is a continuous
image of B iff X is analytic and not all subsets of B are analytic. Thus, for any
subset X of B which is not analytic the corresponding subspace X of B is a
countably based Hausdorff space and thus sober but since X is not analytic
there cannot exist an open continuous surjection f : B — X since there does
not even exist a continuous surjection from B to X since X was assumed as not
analytic.
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39 un(F(f(n)x0>) < n) is computable

Let F € Tp(2) and f € Tp(1). We write f,, as an abbreviation for f(n)*0°. Due
to an argument by T. Grilliot one may decide whether F(f) = lim,, oo F(fn).
For m € N consider the functions g, € Tp(1) defined as

fu(k) iftm <n<kand F(f)# F(fn)
gm (k) = where n is chosen minimal with this property
f(k)  otherwise.

Then F(f) = F(gm) it Vm2n (F(f) = F(fn))-
Now define h € Tp(1) as

0 if F(f) = F(gm
h(m)_{ (f) = Flgm)

f(k) otherwise

for which it holds that

(1) if F(f) =lim, oo F(fy) then h = f,, where n is the greatest number with
F(f) # F(fn)
(2) if F(f) # limy, o0 F(f) then h = .

Thus F(f) = limg o F(fa) iff F(f) # F(h).

A consequence of Grilliot’s decidability result is that the functional M :
Tp(2) x Tp(1l) — N with

n  if n is the least number with F(f(n)*0>®) < n

0 if such an n does not exist

is (S1)-(S9) computable. Given F and f first check whether F/(f) = lim,, o0 F'(fn).
If yes then there exists a least n with F(f(n)*0>) < n and compute it by ter-
minating p-search. If F(f) # lim, o, F(f,) then 2E is computable relative to
F and f. Use this program for 2E to check whether 3n (F(f(n)*0>°) < n). If
yes then compute the desired n by terminating p-search and otherwise output

0.

Thus, we can interpret T'+ M programs P in Tp and in M, the hereditary
majorizable functionals, and know that [P]™ and [P]™ are related by the
canonical logical relation R between Tp and M which is identity at type 0. At
type 2 this relation is the inclusion of M(2) into Tp(2). Thus, T+ M programs
of type 2 receive the same interpretation in Tp and in M.
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40 U. Berger’s Program for the Fan Functional

Let ¢ be the type of natural numbers and o the type of booleans (both with L
included). We will exhibit a functional E of type ((t—0)—0)—o0 such that for
total t € (t—0)—o0 it holds that E(t) = true if ¢(f) = true for some total f and
E(t) = false otherwise.

First consider the auxiliary functions left,right : ((t—o0)—0)—(t—0)—0
which are defined as

left(¢)(f) = t(An*.if n=0 then true else f(n—1))
right(¢)(f) = t(An*. if n=0 then false else f(n—1))

respectively. Then we define E : ((t—0)—0)—o0 and B : ((t—0)—0)—t—0 as
E(t) = t(B(1))

B(t)(n) = if n=0 then E(left(t))
else if E(left(t)) then B(left(t))(n—1)
else B(right(t))(n—1)

by mutual recursion.

For verifying that E behaves as specified first observe that for every total
and continuous ¢ : (t—0)—o there exists a least number n such that ¢t(f) = t(g)
whenever f and g are total functions with f(i) = ¢(¢) for ¢ < n. This n is
called the modulus of uniform continuity of t and denoted as muc(t). Now by
induction on muc(t) we show that

(i) B(t) is total and
(i) if ¢(B(t)) = false then t(f) = false for all total f.

Obviously muc(left(t)), muc(right(¢)) < muc(t). Thus, by induction hypothesis
the functions B(left(t)) and B(right(t)) are both total. Accordingly, the function
B(t) is total as well. Suppose t(B(t)) = false but ¢(f) = true for some total f.
Then for some total f we have left(¢)(f) = true or right(¢)(f) = true. Thus by
induction hypothesis we have E(left(t)) = true or E(right(t)) = true. Suppose
E(left(t)) = true then false = ¢t(B(t)) = left(¢)(B(left(t))) = E(left(t)) = true.
On the other hand if E(left(t)) = false and E(right(t)) = true then false =
t(B(t)) = right(¢)(B(right(t))) = E(right(¢t)) = true. Thus, we have shown that
from t(B(t)) = false it follows in any case that ¢(f) = true for all total f.
Using E we can define A of type ((t—0)—0)—o0 as

A(t) = ~EAf77.5t(f))

which has the property that for total ¢ it holds that A(t) = true if ¢(f) = true
for all total f and A(t) = false otherwise.

Now given A we can define the Fan functional muc : ((t—0)—0) — ¢ recur-
sively as follows
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muc(t) = if A(Af7012(f) = t(Ant.true))
then 0
else 1+ max(muc(left(t)), muc(right(t)))

Notice, however, that the above programs do not work in the hierarchy of
total continuous functionals because already the mutual recursive definition of
B and E has the constant L functions as least fixpoint! In the hierarchy of
partial continuous functionals this is not the case since t(B(t)) may be defined
even if B(t) = L.

41 Universal quantification on Cantor space not
definable in Godel’s T

In the previous section we have seen that in the model C of continuous func-
tionals there exists a functional A : 2¢ — 2 with A(p) = 0 iff p(f) = 0 for all
f € C. The reason is that such a functional A can be implemented in PCF.
Already Gandy and Hyland have shown that such an A is not S1-S9 definable
in C and thus not definable in Gédel’s T.

D. Normann has given the following slick proof based on domain theory.
Suppose A were S1-S9 definable in C then A(p) = 0 whenever p(f) = 0 for
all recursive f € 2¥. Then there exists a functional ® in the Scott model
implementing A. Due to the Kleene tree there exists a functional F in the Scott
model with F(f) = 0 for all recursive f but F(f) = L for some nonrecursive
total f. By continuity there exists a compact Fy C F with ®(Fy) = 0. But
then there exists a total computable G extending Fy with G(f) = 1 for some
recursive f. But then by continuity ®(G) = 0 and thus A(G) = 0 although G
is not constantly 0 on total arguments.

Let 7 be the extensional collapse of closed Godel T terms. Since Godel T
definable elements are dense in C at type levels of degree < 2 if A were Godel T
definable in 7 then it were Goédel T definable also in C. Thus in 7 the functional
A is not definable in Gédel’s T.

In HEO we have 2V 2 NV and thus 22" 2 2V" . Suppose A exists in HEO.
Then also universal quantification on 2V " would exist in HEO. Since N is a
retract of N~ in HEO there would exist also universal quantification over N as
a functional 2 — 2 which is not the case. Thus A does not exist in HEO.

41.1 Fan functional not Godel T definable from A

The functional A is hereditarily majorisable (in C) and so are all element de-
finable in T + A (since Godel T definablility preserves the property of being
hereditarily majorizable). Since the fan functional is not hereditarily majoriz-
able it cannot be defined in T + A.
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42 Godel T definable elements are dense in C
and HEO

Due to a result by Plotkin all compact elements e of the Scott model can be
denoted by a PCF + por term t. not using the fixpoint operator but constants
Q. for denoting | € D,. Now replacing the Q,’s by 0,’s gives rise to a T +
por term t/ denoting a total element d’ extending e. Let . be the Godel T
term obtained from ¢, replacing por by or. Then £, denotes a total element d
equivalent to d’. This shows that Godel T denotable elements are dense in the
continuous functionals model C and in HEO (since the latter is isomorphic to
the effective Scott model factored by equivalence of total elements).
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43 Esakia’s Representation Theorem for Heyt-
ing Algebras

43.1 Preliminary Observations

Lemma 43.1 Let L be a distributive lattice. If F is a filter in L and I is an
ideal in L with F NI = () then there exists a prime filter V with F C V and
vnI=0.

Proof: Let F be the set of filters ® in L with £ C ® and ® NI = (. By
Zorn’s lemma there is a maximal element V (w.r.t. C) in F. Suppose V were
not prime. Then there exist ay,as € L with a; Vas € V and a1,as € V. Then
by maximality of V there exist by,by € I and c¢1,co € V such that ¢; A a; < b;.
Then b=5b; Vby € I c=c1 ANcy € V. We have

b> (a1 Ac)V(azANe)=(a1Vaz) Nc eV

and thus b € V N I contradicting VNI = (. Thus, we have shown by contra-
diction that V is a prime filter in L. m]

Lemma 43.2 Every Heyting algebra (ha) A appears as sub-Ha of a complete
Ha.

Proof: Let 2 be a Ha. Let X be the set of all prime filters on 2 and O(X)
be the least topology on X containing as basic opens all sets of the form P, =
{V € X | a € V} for some a € 2. Obviously, we have P,np = P, N P, and
P,yy = P,UP,. Moreover, for ¢ € 2 we have P. C P,_, iff c < a—biff cAa <b
iff P.N P, = P.aq € Py. From this it follows that P, ,;, = P,—PF. O

43.2 Descriptive Frames

A generalized intuitionistic frame (gif) is a triple § = (W, R, P) where (W, R) is
a partial order and P is a subHa of Up(W, R), the Ha of upward closed subsets
of (W, R). We write §* for the Ha P. The Vietoris topology on W is the least
topology on W such that all elements of P and their complements are open sets.

With a Heyting algebra 2 one may associate the generalized intuitionistic
frame 2, = (Wy, Ry, Py) where Wy is the set of prime filters on 2/, the relation
Ry is given by C and Py = {P, | a € A} with P, ={V € W4 | a € V}. Thus,
we have 20 2 (2(,)* via the map yg : A — Py : a— P,.

Next we want to characterize those gif’s § = (W, R, P) where the map
ys : W = Wp 2 P, ={U € P |z € U} establishes an isomorphism between
§ and (§*).. Such gif’s are called descriptive. Obviously, gif’s (W, R, {0, W})
with |W] > 2 are not descriptive.

A gif § = (W,R,P) is called refined iff for all x,y € W we have xRy iff
YU € P(x € U = y € U) and § is called compact iff the Vietoris topology on
W is compact.
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Lemma 43.3 (Prop. 8.48 of [ChZa] p.255) A gif § = (W, R, P) is compact iff
all prime filters in P are of the form P, ={ U € P|x € U} for some x € W.

Proof: (=) Suppose that the Vietoris topology on W is compact and V is a
prime filter in P. Then A = W\ V is a prime ideal and, therefore, closed under
finite unions.

Let X = Vand Y = {-P | P € A}. Suppose Xi,...,X,, € X and
Vi,o. .V €Y. Then X = X;N---NX, € Xand Y =Y, U---UY,, € V. Now
if XNY =0 then X C W\Y € V which is impossible since Y € ) and thus
WA\Y € A and ANV = (. Thus, since § is compact it follows that (X U Y is
nonempty, i.e. z € [ X UY for some x € X.

We show now that P, = V. Clearly, we have V C P, since z € (X = V.
Suppose x € X € P but X ¢ V. But then X € A and thus W\ X € Y from
which it follows that ¢ W\ X € ) which is impossible since € [ X U ).
(<) Suppose every prime filter in P is of the form P, for some x € W. Suppose
X CPandY CP={W\X| X € P} such that N Z # 0 for all finite
ZCXUY . We must show that (X UY # 0.

Let V be the filter generated by X and A be the ideal generated by {W\Y" |
Y € Y}. We show that VNA = (). Otherwise there exist X’ Cq, X and V' Cgn Y
with (A" = Uy ¢y W\Y from which it follows that § = | AX'NW\ (Uy ¢y W'\
Y)=NX'"NY =NAX"UY which is impossible since X’ U)Y’ Cqn X U Y. Let
V’ be a prime filter with V. C V' and V' N A = (. Then due to our assumption
about § there is an x € W with V' = P,. Thenz € Z forall Z eV and z & Z
for all Z € A from which it follows that z € (X U Y. m|

Theorem 43.1 A frame § = (W, R, P) is descriptive iff § is refined and com-
pact.

Proof: Obviously, a frame § is refined iff yz : W — Wp-~ preserves and reflects
the order, i.e. yz(z) C yz(y) iff xRy, and by Lemma 43.3 § is compact iff yz is
surjective.

Thus, a descriptive frame is necessarily refined and compact. On the other
hand if § = (W, R, P) is refined and compact then by the above consideration
yz : W — W5~ is an isomorphism of partial orders. Thus, it remains to show
that for X C W we have X € P iff y5[X] € Pz-. Recall that Pz = {yz-(X) |
X € Pland yz-(X) ={V € Wi+ | X € V}. Soif X € P we have yz[X] = {P; |
zreX}={P,|lzeWand X € P,} ={V e W;z | X € V} = y3+(X) € Ps~.
Conversely, if yz[X] € Ps+ then there exists a Y € P with yz[X] = {V € W;-
YeVhie{P |lzeX}={P, |zeWandY € P,} ={P, | v € Y} from
which it follows that X =Y € P since § is refined (ie. P, = Py iff e =y). O

43.3 Esakia Spaces

Recall that a Stone space is a compact, 0-dimensional Hausdorff space (where
0-dimensional means that clopen sets from a basis). An Esakia space (as intro-
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duced in [Esal) is a pair (X, R) where X is a Stone space and R is a partial
order such that

(E1) for every x € X the set R(x) = {y € X | zRy} is closed and

(E2) for every clopen subset U of X the set R~Y(U) = {y € X | 3z € U. yRx}
is clopen.

Alternatively, as done originally in [Esa], one may axiomatize Esakia spaces as
pairs (X, R) where X is a Stone space and R is a partial order on X such that
for every € X the set p(x) = R(x) = {y € X | «Ry} is closed and the map
p: X — 2% is perfect?® where 2% is the set of nonempty closed sets with the
Vietoris?® topology.

Lemma 43.4 Let 2 be a Ha and Oy the Vietoris topology on Wy, i.e. the least
topology such that P, and —P, are open for all a € A. Then (Wy, Oq) is a
Stone space, where the clopens are precisely the finite unions of sets of the form
P,N =Py for a,be A, and (Wy, Og,C) is an Esakia space. Finally, the clopen
upward closed subsets of Wy are precisely those of the form P, for some a € 2,
i.e. A is isomorphic to the clopen upward closed subsets of Wy ordered by C.

Proof: First we show that Wy is compact w.r.t. the Vietoris topology.?6 Let
X,Y C A such that (,cx Pa N[ yey —F» = 0. Suppose that for all Xo Crn X
and Yy Cg, Y the set ﬂanO P, N nbeYo — P, is nonempty. Then the filter F’
generated by X and the ideal I generated by Y are disjoint. Thus, by Zorn’s
Lemma, there exists a prime filter V € Wy with X C Vand Y NV = . But
then V € N,cx Pa Nyey —F» = 0 contradicting the assumption.

That the space Wy is Hausdorff can be seen as follows. Suppose V1 and Vs
are distinct prime filters on 2. Then w.l.o.g. there is an a € A with a € V; and
a &€ Vy. Thus, we have V1 € P, but Vo € —P, and, of course, the opens P,
and — P, are disjoint.

Every open set in the Vietoris topology appears as a union of sets of the
form P, N —P, for some a,b € A. Since Wy \ (P, N —P,) = —P, U P, is also
open it follows that P, N —P, is clopen. Thus, the clopen sets form a basis for
the Vietoris topology, i.e. Wy is 0-dimensional w.r.t. the Vietoris topology.

Suppose C C Wy is clopen. Since C is closed and Wy, Oy is compact
Hausdorff it follows that C' is compact and, thus, the clopen C appears as finite
union of sets of the form P, N —P,.

For showing (E1) suppose V is a prime filter on 2. We have to show that
{V' € Wy | V C V'} is clopen. A prime filter V' 2 V iff there exists a b € V
such that b ¢ V'. Thus, we have Wy \ {V' € Wy | V € V'} = ey — P which
is open and, accordingly, the set {V' € Wy | V C V'} is closed.

24A map f : X — Y is called perfect iff f is continuous and surjective and f~1[{y}] is
compact for all y € Y.

25 A basis for the Vietoris topology on 2% is given by sets of the form () = {F € 2X | F C
JU and Vz € F.3V € U. x € V} where U is a finite set of open sets in X.

26Notice that compactness is also an immediate consequence of Theorem 43.1.
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For the rest of the proof we need the following observation. For a,b € 2 we
have Ril (P,N—Py) iff V C V' for some V' € P,N—PF, iff the filter generated by
V U {a} does not contain b iff a Ac £ b for all ¢ € V. Thus A € Ry* (P, N —Pb)
iffanc<bforsomece Vifc<a—bforsomece Vifa—be ViTV e P,_,.
Thus, we have Ril(Pa N—P,) =—P, .

For showing (E5) suppose U is a clopen subset of Wy, i.e. U = JI"; P,, N
—Py,. Then Ry (U) = U7, Ry (Pa; N —Py,) = Ui, —Pa, b, which is clopen.

Since Wor \ U1 —Pai=b, = Mieq Paisb, = Play—b1)A-A(an—by) it follows
that Wy \ Ry'(U) is of the form P, for some a € 2. Since upward closed
clopen sets are complements of downward closed clopen subsets we conclude
that downward closed clopen sets are of the form P,. Since sets of the form P,
are always clopen and upward cloded it follows that a subset U of Wy is upward
closed and clopen iff U = P, for some a € 2. O

Lemma 43.5 For an Esakia space (X, R) the upward closed open sets form a
Ha A x gy w.r.t. set inclusion such that (X, R) is isomorphic to the Esakia space
(Wat x ny» O (x.rys B2 x5y ) @8 comstructed in Lemma 43.4.

Proof: Given an Esakia space (X, R) we may consider the sets 2(x, gy of upward
closed subsets of X ordered by C. Let (—)° : P(X) = P(X) : U {x €U |
R(x) C U} which clearly is a kernel operator. Since U° = —R~1(=U) it follows
from (E2) that U° is clopen whenever U is clopen, i.e. (—)° restricts to a kernel
operator on Clp(X), from which it follows that the poset 2(x ) is a Ha.

Since X is a Stone space and by (E1) the set R(x) is closed we have R(z) =
({C € Clp(X) | R(z) C C}. If R(z) C C € Clp(X) then R(z) C C° since
C° = {z € C | R(x) C C} and, therefore, we have R(x) = ({U € Ax p) |
R(z) CU} = (WU € Yx,r) | © € U}. Thus, we have xRy iff y € R(x) iff
YU € Ql(X,R)- (l‘ eU=yc U)

Next we show that prime filters on Clp(X) are in 1-1-correspondence to
prime filters on 2A(X, R). Suppose V; and V4 are prime filters on Clp(X) with
V1N x,ry = VaNA(x g). Since X is a Stone space there are unique x1, 72 € X
with V; = n(z;) = {C € Clp(X) | z; € C} for i=1,2. Thus, from Vi NAx p) =
Va2 N2Ax gy it follows that z; and z3 inhabit the same elements of 2 x r) and,
therefore, by the previous paragraph we have x1 = zo, i.e. V1 = V5. It remains
to show that every prime filter on 2 (x gy extends to a prime filter on Clp(X)
(without adding new elements from 2l(x gr)). Suppose Vj is a prime filter on
2Ax,r). Then F = {C € Clp(X) | 3U € V,.U C C} is a filter on Clp(X) and
I'={Celp(X)|3U €Ux,r \Vo.C CU} is an ideal in Clp(X). Then there
exists a maximal filter V on Clp(X) with FF C V and VNI = () and thus V and
Vo contain the same elements of 2 x gy, i.e. V is a prime filter on Clp(X) with
v OQ[(X,R) = Vo.

Let B(X) be the least sub-boolean-algebra of P(X) containing all elements
of A(x gy (B(X) consists of all sets of the form Ui, —C; U D; with C;, D; €
2A(x,r)). With an argument like in the previous paragraph one can see that
prime filters on B(X) correspond to prime filters on 2 x z). Thus, since both
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B(X) and A(x r) are free boolean algebras over % x r) they are isomorphic
and, therefore. the topology on X is generated by the elements of % x ) and
their complements.

Thus, we have proved that (X, R) is isomorphic to (Wa ) Oy p)» Bt x 1))
as desired. a

Notice that for an Esakia space (X, <) implication in 2l(x,r) is computed
as follows. Let a,b € 2Ax gy then P,—P, = (=P, U B,)°, i.e. V € P,—Fy iff
a € V' implies b € V' for all V' 2 V. Thus, we have V € Wy  , \ (Pa— 1) iff
there exists some V' 2 V witha € V' but b ¢ V', ie. iff cAa Lbforall ce V.
Thus, we have V € P, _; iff aAc < b for some ¢ € V iff ¢ < a—b for some ¢ € V
iff a»be Viff V € P,_,;, i.e. we have shown that P,—P, = P,_;. Thus, we
have z € a—b iff y € b whenever x < y € a, i.e. implication is computed like in
Kripke models.

If (W, R) is a partial order then the poset (ucl(W, R),C) of upward closed
subsets of W is a very particular kind of Ha, namely a complete Heyting algebra
whose dual is also a (complete) Ha. Even complete Ha’s, e.g. (O(R), C), need
not2” be of this particular form. But this can be remedied by endowing W with
the structure of a Stone space and restricting to the clopen upward closed sets
of W.
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;[ forn € Nand V =R\ {0}. Then U, VV =R for all n and thus
MAncoUn) VV =0VV =V #R.
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44 Completely Distributive Lattices
A completely distributive lattice (cdl) is a complete lattice L such that
(cd) Nier Vje.]i Lij = \/feH(J) Nier i)

for all double indexed sequences ((w;;)jc,)

Hie] Ji.
We show now that in cdl’s it holds also that

ser) in L where II(J) stands for

(cd’) \/ieI /\jle, Tij = /\fen(J) \/iez Li, £ (i)

for all double indexed families ((xi;)jer, ), )->

For all i € I and f € II(J) we have A\ c; ij < @i pi) < Vier % p(i) from
which it follows that \/,c; Ajes, %ij < Ayens) Vier @i (). For the reverse in-

. (cd)
equality first observe that /\feH(J) Vier Tiga) = \/F:H(J)_ﬂ /\fen(F) Ty p(s)-
Suppose F : II(J) — I. We want to show that

(t)  there is some i € I with {i}xJ; C{(F(f), f(F(f))) | feUlJ)}

because then for such an 7 it holds that

N zrrn < Nzig <V N g

FETI(F) jed; iel jeJ;

Suppose (1) does not hold. Then by the axiom of choice there is an fy € II(J)
such that (4, fo(i)) & {(F(f), f(F(f))) | f € II(J)} for all ¢ € I. But this is
impossible since for i = F(fy) € I we have (io, fo(i0)) = (F(fo), fo(F(f0))) €
[P, FP()) | £ € T},

Of course, by duality for complete lattices (cd’) implies (cd). Thus, every
cdl is in particular a complete biHeyting algebra.

Since the notion of completely distributive lattice is infinitary equational one
can show the existence of free cdl’s (because by (cd) one can restrict attention
to terms of the form A g g \/ S with S € P?(L) and there are only 22" many of
them). Based on this observation M. Bonsangue has shown in his PhD Thesis
that the forget ful functor U : CDL — Frm has a left adjoint F' where F'(A)
is the free cdl over |A| factored by the least equivalence containing all infinitary
equations holding in A. Thus F(A) can be described as a certain quotient
of Fil(A)°P. However, as observed by C. Butz, it is unclear how to describe
this quotient explicitly, i.e. how to choose canonical representatives for these
equivalence classes of filters in A.

M. Bonsangue has shown that a space X is sober iff Q(X), the set of upward
closed sets (w.r.t. the specialization order <x) ordered by D, is isomorphic to
F(O(X)), the free cdl over the frame O(X) of open subsets of X.

28This proof is taken from Johnstone’s Stone Spaces Lemma VII 1.10. (pp.278-279).
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45 Constructive Complete Distributivity

Let L be a completely distributive (cd) lattice. For 2 € L consider the family
D = (D;);er of all downward closed sets whose supremum is z. By (cd) we have

<AV = VAL

i€l zeD; fell(D) i€l

where [[(D) stands for [],.; D;. Obviously, for every f € [[(D) and i € I we
have A,.; f(i) < f(i) € D; and thus A, ; f(i) € D;. Thus z is already the
supremum of A;_; D;, the least downward closed set with supremum x which
we denote as {x. Writing D for the set of downward closed subset of L we have

IEAVENEN AR >

where | * = {y € L | y < x}. Posets L with | 4\/ 4): L — D are called
constructively completely distributive (ccd) lattices and were introduced in a
paper by Fawcett, Rosebrugh and Wood.

Notice that a complete lattice L is ced iff \/ : D — L preserves infima (since
both L and D are complete lattices where the latter is ordered by C). This
allows us to show that ccd lattices are already cd. Suppose (((l‘i7j)je]i)iel is a
double indexed family in L. W.l.o.g we may assume that all J; are nonempty.
Let D; =] {z;; | j € Ji;} for i € I. Apparently, we have

()
AV =AVD=NDi< V ANf <\
i€l jeT; il il fell Jiel i€l jeg;

where step (*) uses axiom of choice implicitly: for x € (\,.; D; and i € I
choose an f(i) € J; with x < x; ¢(;). It has been shown by Fawcett, Rosebrugh
and Wood that the implication (ccd) D (cd) for arbitrary complete lattices is
equivalent to the Axiom of Choice.
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46 Artin glueing

Let X be a space and S € O(X). We write A for X \ S. Let i : S — X and

j : A<= X be the corresponding subspace inclusions. When considering them

as locale maps we have
rV)y=8nv i,
J *(V) =ANV Jx

U)=J{veox)|snVv cU}

U)=Jveox)|anv cu}

The composite i*j,. : O(A) — O(S) is trivial since i*j.(U) = S for allU € O(A).

But the composition j*i, : O(S) — O(4) sending U € O(S) to ANUgnycpy V =

A\ U (U is the closure of U in X) is nontrivial and called the fringe map.
One easily checks that O(X) = O(S)]j*i. by identifying V € O(X) with

the pair (ANU)°,SNU).

If £ is a topos and U € Subg(1l¢), i.e. “U is an open of €7, then &, = £/U is
a(n open) subtopos of £ via the injective geometric morphism U* 41y : £/U —
£ induced by the topology U—(—) on £. Its closed complement j : €. < & is
the subtopos induced by the topology UV(—) on £. Then one may consider the
functor F' : j*IIy : &, — &, for which one can show that £ ~ £, F. In case of
£ =Sh(X) and U € O(X) this is precisely the topos formulation of the above
topological fact.

Later it has been shown that for arbitrary finite limit preserving functors
F : & — F between (elementary) toposes their Artin glueing FLF is also a(n
elementary) topos. The functor i* = 9y : FJF — & is logical and has a right
adjoint ¢, sending A € € to (idpa, A). This gives rise to the injective geometric
morphism ¢* -, : £ — FLF induced by the open 0 — F'1 of F|F'. Its closed
complement is given by the injective geometric morphism j : F < F|F where
j* =0y : FIF — F and its right adjoint j. sends B € F to (!g,1).

If AT : & — Set is a topos over Set, i.e. in addition A preserves also
finite limits, one may consider the glueing of ', i.e. Set | I' aka sconing?® of &,
and the glueing of A, i.e. £ | A which comes together with the logical functor
01 : €] A — Set.

Glueing can also be applied for reconstructing the “Joyal topos”. Let T
be a topological space. We define T' as the space with underlying set |T'| =
IT| +|T| = {0,1} x |T| where U € O(T) iff U; D Uy € O(T). Joyal used Sh(R)
for proving a rule of continuous choice for HAH. Notice that S = {1} x |T|
is an open subspace of T and thus its complement A = {0} x |7 is a closed
subspace of T. Obviously S is isomorphic to the discrete space with underlying
set |T'| and A is isomorphic to the space T. The corresponding “fringe” map
f: P(T])) — O(T) sends X to its interior X°. Obviously, we have O(T) =
O(T) | f. The corresponding “fringe” functor F' : Sh(|T|) — Sh(T") sends

29this may be defined for arbitrary locally small toposes & since T' = £(1, —) can be defined
without postulating a left adjoint A
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X € Sh(|T) to the subobject F(X) € Sh(T) with F(X)(U) = [],¢y X» and
F(VCU)(s) = (sy)rev-2° Thus Sh(T) ~ Sh
the logical functor 9; : Sh(T') | F — Sh(|T|

Benno van den Berg has suggested the following generalisation of the con-
struction of the “Joyal topos”. Consider the map f : [[,¢ip) O(T) = O(T) :
(Ur)reir) = int{r € |T| | » € U,} which preserves finite meets as one eas-
ily checks. Then O(T)lf is a locale and one may consider the sheaf topos
Sh(O(T)Lf) instead of Sh(T).

T) | F which comes equipped with

—

30Notice that F is the direct image part m. of the geometric morphism m : Sh(|T'|) — Sh(T)
arising from the continuous map m : |T'| — T with m(r) = r for all r € |T).
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47 Sconing over Arbitrary Bases

If £ is a topos over Set then sc(£) = Set|I'. Generalizing this to arbitrary
geometric morphisms F 4 U : £ — § we put scs(€) = SJU which is fibred
over £ via Py = 0y : SJU — &. This fibration has a right adjoint right inverse
1: & — scs(€) fitting into the commuting triangle

1
&

SIU

o 9

S

All three functors involved are direct image parts of geometric morphism since
F AU, Py 41 and L - 9y. The functor L is given by LI =n; : I — UFI since
foru:I — Jand a:I — UA we have

I J
nr a
UFI Uau UA

FI -----+ A
au

and obviously L preserves finite limits since F' and U do so by assumption.
A fibred version of sconing is given by scs(&) fibred over £JF as in

SJ,U e SC3(5) _— Fam(Ps) — SiS

PU Fam(PS) Pg
£ < - ELF - SlS - S
v r 4 o
Pr Qs
Y

1——» S
1s

where all squares are pullbacks.
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48 Separators vs. Generating Families (3.-L. Moens)

Let F 4 U : C — B be a geometric morphism and P : X — B be the ensuing
geometric fibration. Recall that in X cocartesian arrows and collective epis are
stable under arbitrary pullbacks.

An S over 1 is called a separator iff for all A over 1 there is a collective epi
C — A where C is a vertical subobject of J*S for some J € B. Then for X over
I we have

Yo
X
cocart. HI »
©
c
cocart.
(]
m mo
t.
(IxJ)*s — 2 L g
'

where the top square is a pullback and eg and e are collective epis. Thus Gg over
Sub(S) is a generating family for P where mg : Gg — Sub(S)*S is a generic
family of subobjects of S, i.e. mg is a vertical mono such that for every vertical
mono m : P — I*S there is a unique map p : I — Sub(S) with m = p*mg.
Actually S is a separator if and only if Gg is a generating family for P.
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49 A Nice Picture Illustrating the Argument
Showing that Bounded Geometric Morphisms
Give Rise to Geometric Fibrations with a
Small Generating Family

Suppose FF 4 U : £€ — S is a geometric morphism with bound S. Suppose
a:A— FIin €. Then, since S is a bound, there exists a cover e : C' — A with
m: C»r— FJ xS for some J € S. Then we have the following diagram

A A

Fry x S
F(IxJ)xS X FJxS

(ae, c) c

FI - F'1

i
<

Y

F(IxJ) e - FJ
o

showing that there is a collectively epic map e to a over my : [ X J — I starting
from (ae,c¢) : C — F(IxJ) which appears as subobject of (Ix.J)*S via the
monomorphism (ae, m). Thus, the map g = m; omg : G — FUP(S) in

G > 59
- |
mg
FUP(S)xS P prs) x s
FUP(S) P(S)
EP(S)

is a generating family for the geometric fibration Pp = F*Pg over S.
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Notice that (since F(IxJ) = FI x F.J) we have

1

FJ

F7T2

illustrating why the cocartesian arrow from (ae,c) to ¢ = m o m over my :
I x J — J factors through the cartesian arrow to ¢ over mo : I x J — J via the
monomorphism (ae,id¢).



50 For bounded geometric morphisms F - U :
& — S the fibration Pr has a small generating
family

Let FHU : £ — S be a geometric morphism with bound S. Then for every

a:A— FI thereexista J € S,amonom :C — FJxSandanepie: C — A
as depicted?! in

Y

FI < F(IxJ)
Fm Fmy

FJ

illustrating also that the cocartesian arrow from (ae,mm) to mym over ma :
I x J — J factors through the cartesian arrow to mym over o : I X J — J via
the monomorphism (ae,id¢).

A small generating family for Pp : EJF — S is given by g : G — FUP(S)
as defined in

G S5
-]
g P(S) x S
FUP(S) P(S)

EP(S)

since (ae, mym) arises as pullback of ¢ along F(@) where @ : I x J — UP(S) is
the transpose of the unique map u : F(IxJ) — P(S) with (ae, m) = (uxS)*3g.

3lwhere we use that F(IxJ) = FI x F.J since F preserves finite limits
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51 Locally Bounded Implies Bounded

(on CATEGORIES 31.7.-3.8.2017)

End of July 2017 Mamuka Jibladze asked whether a geometric morphism f :
F — & is already bounded if it is locally bounded, i.e. f/X : F/f*X — /X is
bounded for some X € £ with global support. A few days later Peter Johnstone
came up with the following proof providing a positive answer.

First observe that F/f*X is bounded over £/X iff it is bounded over & since
E/X — & is bounded. And the following proposition holds.

Proposition If Y € F has global support and G is a bound for /Y over &
then ¥y (G) is a bound for f.

Proof: By assumption any object B of F/Y is a subquotient of G x Y* f*I for
some object I of £. But the Frobenius reciprocity condition Xy (G x Y* f*I) =
Yy (G) x f*I holds, so Xy (B) is a subquotient of ¥y (G) x f*I. Finally, since
Y has global support, any object A of F is a quotient of Xy (Y*A4) 2 A XY
and thus a subquotient of ¥y (G) x f*I for some I of €. ]

52 Counterexamples to Beck-Chevalley Condi-
tion for Adjoints to Change of Base

Consider the following pullback in Cat

where F(0) = 0 and G(0) = 1 (we write n for the ordinal n considered as a
category).

Let X be a category considered as a fibration over 1. Apparently both [ [, X
and [] X are isomorphic to the constant fibration over 2 with value X.

We have [ [~ F*X = 0 whereas F* [[ X = X which when taking a nonempty
X gives rise to a counterexample showing that in general the Beck-Chevalley
condition fails for [] F (—)*.

The (single fibre of ) [ G*X is equivalent to 1 whereas G* ] X is equiva-
lent to X. Taking for X a category not equivalent to 1 gives rise to a counterex-
ample showing that in general the Beck-Chevalley condition fails for (—)* F [].
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Consider a pullback

C B

P

in Cat where P (and thus also P is a fibration. If the Beck-Chevalley condition
holds for this pullback then F* [, ~ [[5 F*. Thus, for any fibration @ over B
we have

FrP=Q =F [[Pro~][FPo~][PFQ=]][FP)FQ=[FP-FQ
P P P F*P

i.e. change of base along F' preserves exponentiation of fibrations up to equiv-
alence. But this fails in general already for discrete fibrations since F™* :
Set®” — Set®” need not preserve exponentiation. Consider e.g. the func-
tor F: 1 — 2:0+— 1 giving rise to the global sections functor for the Sierpinski
topos. That this does not preserve exponentiation of presheaves can be seen in
various ways.

Let A and B be objects in 2 = Set?” with no global elements, i.e. A(1) =0 =
B(1). Then [F*A — F*B] contains precisely one element whereas F*[A— B]
contains as many elements as there are functions from A(0) to B(0).

Let A and B be the presheaves over 2 corresponding to the functions 2 —
1 and idy, respectively. Then F*(B#) contains 2 elements (since there are
precisely 2 morphisms from A to B) whereas (F*B)f 4 contains 4 elements
(since both F*A and F*B contain precisely 2 elements).
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53 Essential and local maps of locales

If A is a locale then there is a unique locale morphism ¢t : A — Q (where Q =
{L, T} is the lattice with 2 elements corresponding to the space with one point).
The map ¢ is uniquely determined by the requirement that t* preserves finite
infima and arbitrary suprema, i.e. t*(1) = 04 and t*(T) = 14. Accordingly,
we have t,(a) = T iff T < t.(a)iff 14 =t*(T) < q, i.e t, is the characteristic
function of {14}.

Notice that ¢ is always essential, i.e. t* has a left adjoint #,.32 This left adjoint
t; is characterized by t(a) < L iff a < t*L = 04, i.e. t; is the characteristic
function of A\ {04}. The locale map t is local iff t, has a right adjoint #'. Thus,
the map ¢ is local iff ¢, preserves arbitrary suprema which is the case iff A\ {14}
has a greatest element. In case A = O(X) for a Ty space X this amounts to the
requirement that there is a 1 € X whose only open neighbourhood is X itself
(such a point is called focal).

A point of a locale A is a locale map p: Q — A. A point p is essential iff p*
has a left adjoint iff p* preserves arbitrary infima iff there is a least a € A with
p*(a) = T. A point p is local iff p, has a right adjoint iff p, preserves arbitrary
suprema iff p,(L) =04. If A= O(X) and x € X then the corresponding point
p is given by p*(U) = T iff x € U. Thus U C p. (1) iff p*(U) < Liff x ¢ U,
ie. p(L) = X\ {z}. Thus, the point x is essential iff there is a least open
neighbourhood of = and the point z is local iff X \ {z} =0 iff X = {z}, i.e. iff
every nonempty open set U contains = as an element. A T space X has a local
point iff it has a greatest element w.r.t. the specialization order C x.

54 Preservation properties of inverse image parts
of geometric morphisms

If C is a small category and A 4 T": C — Set is the unique geometric morphism
then A always preserves the (locally) cartesian closed structure but it does not
preserve the subobject classifier unless C is a groupoid.

Suppose a i : F — £ is an injective geometric morphism then a : £ —
F always preserves the subobject classifier and thus is logical iff a preserves
the cartesian closed structure. That a need not preserve the cartesian closed
structure is shown by the following two counterexamples. Let M be the monoid
{1,e} with €2 = e and I' 4 V : Set < M be the injective geometric morphism
with T = I\\7[[(17 —) which preserves Q but not exponentials. Let I' 4V : Set —
Eff be the injective geometric morphism with I' = Eff (1, —) which preserves 2
but not exponentials.

32However, there exist spaces X such that the geometric morphism Sh(X) — Set is not
locally connected, e.g. Cantor space 2V or Baire space NV (for which Sh(X) — Set is also
not local).
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55 Counterexamples based on Sierpinski topos

The Sierpinski topos is defined as £ = 2 = Set?” where 2 the category 0 = 1.
The global sections functor I' : £ — Set is given by A — A(1). A left adjoint A
to T is given by A(S) =ids. A right adjoint V to T is given by V(S) : S — 1.
A left adjoint T to A is given by II(S) = S(0). A left adjoint L to II is given
by L(S) : 0 — S. Summarizing we have

LAIIAAAT AV :Set —» &

The geometric morphism I' 4 V : Set — &£ is bounded (with bound 1) and
essential but not locally connected since for U = y(0) we have

0_,—»1

-

I'(U) — (1)
since T'(U) 2 0 but

A(0) — A(1)

|

U——1

is not a pullback since A(0) = 0 and A(1) = 1. Moreover, the gm. I' 4V is
not connected, i.e. I' is not full and faithful, although A(1) 2 1.33

The geometric morphism IT 4 A : Set — & is bounded (with bound 1) but
not local (since II is not faithful) although A has a right adjoint I

However, for the particular case of bounded geometric morphisms A 4T :
Sh(C, J) — Set it holds that

(1) A 4T is locally connected iff A has a left adjoint
(2) AT islocal iff T has a right adjoint.

33Notice that a locally connected geometric morphism F - U : F — G is connected iff
L(1) =21 for L 4 F. This can be seen as follows.

First recall that the functor F' is full and faithful iff n : Id - UF is an iso iff e : LF' — 1d
is an iso. Thus, if F' 4 U is connected then € : LF'1 — 1 is an iso and, therefore, L1 £ 1 since
F121. For the reverse direction suppose L1 = 1. Since F' 4 U is locally connected

FX —— 1 LFX — L1
_ _
implies ex
FX ——» F1 X ——1

The left square is a pullback since 1 — F'1 is an iso. Thus the right square is also a pullback
and, therefore, since L1 — 1 is an iso it follows that € x is an iso.
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For proofs see the subsequent sections 60 and 61.
Moreover, the geometric morphism II 4 A : Set — £ is an essential local-
ization since L - II. Since one easily checks that

U Lu
J——~ 1T L] — LI
I
w v implies @ v
Iy — IIX Y — X

ILf /

the geometric morphism IT 4 A is even locally connected.

But L 4 1I is not a local geometric morphism because L does not preserve 1
and thus is not even a geometric morphism although II has a full and faithful
right adjoint.

56 An essential hyperconnected geometric mor-
phism which is not locally connected

Let 'V be the category with two objects V' and E and two morphisms s,¢ :
V — E. Then the topos V = Set"  is the topos of graphs. The functor
H :V — 2 with H(V) = 0 and H(E) = 1 induces an essential geometric

-~

morphism from V to 2 whose inverse image part is given by F' = H* = Set” ’
since L =[], 4 F 4 [[; = U. The left adjoint L to F can be described
as follows: it sends a graph s,t : G; — Gg togos =qot: Gy — @ where
q : Go — Q is the coequalizer of s and t. The functor F is full and faithful since
it includes graphs where all edges are loops into the category of all graphs. Thus
F 4 U is connected. It is even hyperconnected since the image of F' is closed
under subobjects (if all edges of a graph are loops then this holds also for all its
subgraphs). The right adjoint U to F' removes from a graph all edges that are
not loops. But U does not have a right adjoint since U does not preserve the
coequalizer of s,t: V — E which is the terminal object whereas the coequalizer
of U(s) and U(t) is the graph with one node but no edge.

That L 4 F 4 U is not locally connected can be seen by considering the

pullback
X
X

where G is the generic graph Yy (E) and X is the discrete graph with 2 nodes
and no edge. Obviously L(G) is terminal and thus X x L(G) = X. The graph
X X G has 4 nodes but no edges and thus L(X x G) 2 X x G. Thus X x L(G)
and L(X x G) are not isomorphic — as would be the case if F' 4 U were locally
connected — since X has 2 nodes whereas X x G has 4 nodes.

XxG—G
~ |
1

91



There is an even simpler argument. Choose for X the graph with one node
and no edge. Then X x G is the graph with two nodes and no edge. This is
not changed when applying L to it. Thus L(X x G) has two nodes whereas
X x L(G) = X has only one node since L(G) is terminal. Thus L(X x G)
and X x L(G) are not isomorphic as would be the case if ' 4 U were locally
connected.

57 A hyperconnected essential geometric mor-
phism from the topos of reflexive graphs to
the Dirichlet topos

Let M,, be the monoid with elements ey, ...,e,_1 besides 1 satisfying the iden-
tities e;e; = e; for 4,5 < n. Let h : My — M; be the monoid homomorphism
with h(e;) = eg for i < 2. Then h* : ]\//[\1 — ]\//.72 is the inverse image part of an
essential geometric morphism from the topos of reflexive graphs to the “Dirich-
let topos”. The right adjoint h, to h* removes from a reflexive graph all edges
that are not loops. The geometric morphism A* - h, is also hyperconnected
since reflexive graphs all whose edges are loops are closed under subobjects.
The left adjoint Ay to h* is the cocontinuous functor from My to M7 preserving
the terminal object and sending the generic edge to the generic loop. However,
h, does not have a right adjoint.

58 S-essential geometric morphisms

Let S be a base topos and e : £ — S and f : F — S be (bounded) geometric
morphisms. An S-essential geometric morphism from f to e is a geometric
morphism ¢ : F — & with f = ep, i.e. f* = p*e”, such that ¢* has a left
adjoint ¢ which is S-fibered in the sense that

h oh

B A o B P A
_ _
b a implies b a
A ———— f*I eJ —— I
f*u e*u

where b and @ are the upper transposes of b and a, respectively, w.r.t. ¢, - ©*.
Obviously, if e equals ids then ¢ is S-essential iff ¢ is molecular (i.e. locally
connected).
This terminology was originally introduced by Barr and Paré in their 1980
paper introducing molecular toposes and later taken up in Bunge and Funk’s
book.
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59 An Open Problem brought up by Lawvere
and Menni

Matias Menni has asked whether hyperconnected and local geometric morphisms
F AU : & — S which are essential are necessarily also locally connected,
i.e. whether F' preserves dependent products whenever F' has a left adjoint.
Hemelaer and Rogers have come up with a counterexample in September 2020.
Actually they show that the left adjoint L of F' does not preserve binary products
which by Lemma 3.5 of [Johll] would be the case if the geometric morphism
F 4 U were locally connected.

But there remains the question by Lawvere and Menni whether for hypercon-
nected and local geometric morphisms F 4 U : £ — S the functor F preserves
dependent products, i.e. F' 1 U is locally connected, whenever F' preserves ordi-
nary exponentials. This has to be considered as a strengthening of the previous
question since as shown by Menni in Cor. 3.8 of his 2017 paper The construction
of mo in axiomatic cohesion a hyperconnected geometric morphism p: £ — S is
essential, i.e. p* has a left adjoint p;, whenever p* preserves ordinary exponen-
tials. In the subsequent Cor. 3.9 Menni has shown that for a hyperconnected
geometric morphism p : £ — S the full subcategory p* : § — £ is an exponential
ideal iff p* has a left adjoint p, preserving finite products. In December 2020
R. Garner has come up with an example of an essential and local geometric
morphism p : £ — S such that p* gives rise to an exponential ideal although it
does not preserve dependent products. But, alas, this p is not hyperconnected
and thus the original question of Lawvere and Menni is still open.

But I expect the answer to be negative since the requirement that a geometric
morphism F HU : £ — S is locally connected / local is known to be equivalent
to the requirement that the corresponding cartesian functor A : Ps — Pr /
I' : Pp — Ps has a cartesian left / right adjoint II / V. This is the correct
fibrational generalization to arbitrary base toposes S of the folklore observations
(proved in the next two sections) that in case the base topos S is Set a geometric
morphism A T is locally connected / local iff A: Set — & / T': £ — Set has
a left / right adjoint IT / V.
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60 Locally Connected Toposes over Set

Suppose FF 4 U : £ — Set is a geometric morphism. Notice that F*Pg¢ is
equivalent to Fam (&), the full subfibration of Fam(€) over Set on bounded
families (where a family (A;);cs is bounded iff there exists an object A in £ such
that all A; appear as subobjects of A). Notice that the fibred functor A : Pget —
F*Pg, i.e. the fibred version of F', is equivalent to Fam(F") : Fam(Set) — Fam(&)
whose image stays within Fam,(£).

Now, if F' has a left adjoint L then Fam(L) is a fibred left adjoint of Fam(F").
Since Fam(F') and Fam(L) restrict to fibred functors between Fam,(€) and
Fam,(Set) = Fam(Set) and thus A has a fibred left adjoint A. Thus, we have
shown the following

Theorem
A geometric morphism F' 4 U : £ — Set is locally connected iff it is essential,
i.e. F has a left adjoint L.

Notice that for a = [[;c;'a, : [1;e; Ai = [,cr le = A(I) we have A(a) =
Hici'oean s Hier L(As) = ;e 1 = 1. But A(a) is isomorphic to @ = 7 o L(a)
since L (being a left adjoint) preserves sums and thus L(a) is isomorphic to
icr L('a;) : Tlier L(A)) — Il;e; L(1e) and e : LFI — I is isomorphic to

ser €1 because L and F' (being left adjoints) preserve sums and by naturality
of the counit € we have

LFI Lo

o

LF1 — 1
€1

for all (global) elements 4 of I. But, of course, this could have been concluded
also more abstractly since fibred left adjoints are unique up to (fibred natural)
isomorphism.

With some hand waving Barr and Paré have stated this in the last section
of their 1980 JPAA paper “Molecular Toposes” where they also observe that
a geometric morphism F' 4 U : £ — Set is locally connected iff F' preserves
exponentials. This can be seen as follows. Suppose A has a fibred left adjoint
A. Then A preserves internal products and thus all F); : Set/I — £/FI
preserve exponentials. In particular F/; = F preserves exponentials. On the
other hand if F preserves exponentials then Fam(F') preserves exponentials and
thus also internal products.®* Thus, the equivalent fibred functor A preserves
internal products from which it follows by the (appropriate) Fibred Adjoint
Functor Theorem that A has a fibred left adjoint A.

34In C3.3.1 of PTJ’s Elephant it is shown that a geometric morphism F 4 U : £ — S is
locally connected, i.e. A has a fibred left adjoint A, iff F' preserves dependent products iff all
Fyp:S/I — E/FI preserve exponentials.
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61 Local Grothendieck Toposes over Set

Suppose £ = Sh(C, J) is a Grothendieck topos where we assume w.l.o.g. that
(C,J) is a subcanonical site, i.e. that all representable objects are J-sheaves.
Let A 4T : £ — Set be the corresponding geometric morphism. We will show
that if this geometric morphism is local, i.e. I' has a right adjoint V, then V
(and thus also A) are full and faithful.

By Yoneda we have

V(S)(I) = Sh(C, J)(y(1), V(5)) = Set(I'(y(1)), 5)

from which it follows that V(S) = S%() where G =T o y.

Suppose G(I) were empty for all I in C. Then V(2) = 1 which is impossible3?
since it entails 2"(X) = Sh(C,J)(X,V(2)) = 1 and thus I'(X) = 0 for all
X € Sh(C, J). Thus G(I) is nonempty for some I, i.e. there is a global element
io : 1 = y(Ip).

From this it follows immediately that V : S — S&(=) is faithful. For showing
fullness of V suppose 7 : V(S) — V(T). We have to show that 7 = V(f) for
some map f : S — T. First we show that 77 : S — TCGU) preserves
constant functions. Let ¢, € SEU) be the constant function with value s. For
i € G(I) and J € C let uy,; be the map J — 1 = I. Obviously G(uy;) is the
constant map from G(J) to G(I) with value 4. Since ¢s 0 G(uy,;) = ¢ it follows
from naturality of 7 that 77(cs) = 7r(cs 0 G(ur,;)) = 71(cs) o G(ur,;) and thus
71(cs) is constant. Now we define f(s) = 7p,(cs)(ip) for s € S. For showing
that 7 = V(f) suppose ¢ : G(I) — S. We have to show that 77(c) = foec.
Suppose i € G(I). We write u as shorthand for uy, ; : [y — I and observe that
G(u)(ip) = i. By naturality of 7 the diagram

qG() T pG(I)
§G ) TG W)

GG o) TIo TG o)

commutes. For this reason and because ¢ o G(u) is constant we have 77(c)(i) =
71(c)(G(u)(io)) = (T o 7r)(e) (io) = (1, 0 S7™)(¢) (i0) = 71, (c 0 G(u))(i0) =
f((coG(u))(in)) = f(e(G(u)(ig))) = f(c(i)) = (foc)(4). Since this holds for all
i € G(I) we have shown that 77(c) = foc = V(f)r(c). Since this holds for all
I€Cand ce SEU) we finally have 7 = V(f) as desired.

35 Alternatively, one might argue that if G(I) is empty for all I € C then since T is cocon-
tinuous and 1 2 colimyccy(I) we have I'(1) is empty which clearly is impossible!
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62 Lawvere Comprehension

A fibration P : X — B has (Lawvere) comprehension iff P 4 1 4 G where
Pol =Idg (and thus also G o1 = Idg). This requirement expresses that the
fibration P has small global sections.

If P has Lawvere comprehension there is an induced functor I' : P — Py
(where Py = 01 : B2 — B) sending f : Y — X in X to the square

ax gy

PEXJ L'(f) lpﬂ/

PX —— PY
Pf

which is obtained by applying P to the square

1g
lex <L lagy

o e

X ——Y
f

since G o 1 = Idp. Instantiating f by the terminal projection !x : X — 1px in
the fibre over PX we obtain (since one may choose €1, as id;, )

¥el
lex —> lpx

ex |

X —— lpx
'x

from which it follows that Pex = G!x. Accordingly we have

ax 1

G!Xl I'(f) JG!Y

Gly — G1
X Gl Y

GY

since Glpy = Pf. From this it follows that I'(f) is a pullback whenever f is
cartesian, i.e. that I' : P — Py is a cartesian functor.3®

Moreover, one easily sees that I is full and faithful as a cartesian functor iff
for all objects X in X the arrow ex : 1gx — X is cocartesian.

36Notice that Pg is a fibration iff B has pullbacks.
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63 Comprehension for posetal hyperdoctrines

A fibration P : X — B has comprehension iff P 41 - G where Po1l = Idp (and
thus also Gol = Idg). If B has pullbacks and P has internal sums and the fibres
have have terminal objects stable under reindexing then P has comprehension
iff the cartesian functor A : Pg — P sending u : J — I to [], 1 has a cartesian
right adjoint I' (where I'7(X) = G(X—1;) : G(X) - G(1;) = I). If P is
posetal then I'; (X) is a subobject of I for all X € X;.

We will show that for B with a terminal object 'y need be neither one-to-
one nor onto. For that purpose recall that for a geometric morphism F 4 U :
F — & the fibration F*Pr has comprehension given by I't(A-%FI) = niU(a).
Thus, also the posetal hyperdoctrine P = F*Subg has comprehension given by
I'r(m) = njU(m). We consider now the particular case of a geometric morphism
F AU : Sh(X) — Sh(Y) induced by a continuous map f : X — Y in which case
[;: O(X) — O(Y) is given by the right adjoint f. to f* = f=1: O(Y) — O(X).
Since f*f.f* = f* and f.f*f. = f. the map f, is one-to-one iff f*f, = id iff
f* is onto and f, is onto iff f,f* = id iff f* is one-to-one. Thus I'1 = f,
is neither one-to-one nor onto iff f* is neither onto nor one-to-one. A typical
example of such a map is f : R — R : 2 + 22 because f* is not one-to-one since
(@) =0 = f*((—00,0)) and f* is not onto since (0,00) is not in the image of
f* (asif 1 € f*(U) then f(1) =1 € U and thus also f(—1) = 1 € U from which
it follows that also —1 € f*(U)).

Finally notice that posetal hyperdoctrines over a logos B with one-to-one
comprehension correspond to factorization systems (€, M) on B where all maps
in M are monos, £ is stable under pullbacks and M is stable under universal
quantification along maps in B. Typical such examples are j-closed monos in
a topos £ where j is a topology on £ (e.g. =—-closed monos in a realizability
topos).

64 f* has a right adjoint iff f is exponentiable

Let C be a category with pullbacks and f : J — I be a map in C. Then the
pullback functor f* : C/I — C/J has a right adjoint II; : C/J — C/I if and
only if (=) x f has a right adjoint (—)f in C/I.

Suppose f* 41l;. Then (=) x f =Xo f* 41l; o f* = (—)7. On the other
hand if (=) x f - (—)7 then for g : K — J we can construct II7g as

].] ﬁ’ ff
i,

where the right vertical arrow is (—)f applied to g : fg — f and ridf1 is the
“name” of idy, i.e. the exponential transpose (A-abstraction) of the projection
1; x f — f
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65 Exponentials in Fib/B

Let P and Q be fibrations over B then the exponential Q¥ in Fib/B is given
by the split fibration
Q"(I) = Fib/B(Ix P, Q)

where I = P; = 9y : B/I — B. Since IxP = X;I* Py we have
QP (I) = Fib/B(S,1° P,Q)  Fib/(B/I)(I" P,I°Q)

providing an alternative construction of Q.
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66 Surjective Geometric Morphisms of Toposes

Let f* 4 f. : F — £ be a geometric morphism. The geometric morphism
f = (f* f) is called surjective iff one of the following to equivalent condition
holds

(1) f* reflects isomorphisms
(2) f* is faithful.

Suppose f* reflects isos. Suppose u,v : A — B with f*u = f*v. Let e be
an equalizer of u and v. Since f*u = f*v and f* preserves finite limits f*e is
isomorphic because it is the equalizer of the equal arrows f*u and f*v. Since
by assumption f* reflects isos it follows that e is an iso and thus f = g. Thus
we have shown that f* is faithful.

Suppose f* is faithful. Suppose m : P — A is a mono with f*m iso. Let
X : A = © be the characteristic map of m. The mono m is the equalizer of x
and T4 = Toly. Since f* preserves finite limits f*m is the equalizer of f*T 4
and f*y. But as by assumption f*m is an iso it follows that f*T 4 = f*x. As
f* is assumed as faithful we have T4 = x and thus m is an iso. Now suppose
h:A— B with f*hiso. Let k1, ko : E — Abeakernel pairof handa: A > E
the unique arrow with k; o« = id 4 for i = 1,2. Since f* preserves finite limits
k1, ffko s f*E — f*A is the kernel pair of the iso f*h and thus f*k; = f*ko
is an isomorphism. Since f*k; o f*a =id and f*k; is an isomorphism it follows
that f*« is an iso as well. Thus, since « is a (split) mono it follows from our
previous consideration that « is an iso. Since k1 o a = id = kg o « it follows
that k1 and ko are equal isos and, therefore, the map h is monic. Since by
assumption f*h is an iso it follows from the previous consideration that h is an
iso as desired.

A further equivalent condition is
(3) fi :Subg(A) — Subz(f*A) is one-to-one for all A € €.

Suppose (3) holds. We show that this entails (2). Suppose u,v : A — B
with f*u = f*v. Let e be an equalizer of w and v. Then f*e is an equalizer of
f*u and f*v and thus f*e is an iso. From assumption (3) it follows that e is
itself an iso and thus u = v as desired.

Suppose (1) holds. We show (3). Suppose m: P — A and n: Q — A with
f*m = f*n as subobjects of f*A. Consider the pullback

| - |
P A

m

Since f* preserves pullbacks and f*m = f*n both f*i and f*j are isos. From
assumption (1) it follows that both ¢ and j are isos and thus m 2 n as subobjects

of A.
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67 Indexed Categories

Let B be a category. A category indexed over B is given by
(1) a category P(I) for every object I of B
(2) a functor u* : P(I) — P(J) for every morphism v : J — [ in B
(3) anatural isomorphism ¢, , : v*u* — (uwv)* forallu: J - Tandv: K — J
in B
(4) a natural isomorphism iy : 17 — 1p(;) for all objects I in B
satisfying the coherence conditions
(1) Cyvw © W Cyp = Cypw © Cop U™
(ii) c1,04 = u*is.

Instantiating v and w by identity maps in (i) we get 1%¢,1, = ¢1,,1,u*. Instan-
tiating u by 1, in (ii) we get ¢1,,1, = 1%i;. Thus 1%¢, 1, = 1% u* from which
it follows that

(iil) cy1, = igu*
since 1% is full and faithful because it is isomorphic to 1p( ).

The conditions expressed in (i) are reminiscent (see Section 189) of the so-
called “cocycle conditions” known from group cohomology and descent theory.

The unpleasant aspect of the above coherence conditions is that the isomor-
phisms ¢, , : v*u* — (uv)* and iy : 17 — 1p() are in no sense canonical. If
P : X — B is a fibration then a corresponding indexed category is induced by a
choice of a cleavage choosing for every u: J — I in B and X € P(I) a cartesian
morphism Cart(u, X) : u*X — X over u. For u : J — I the induced functor
u* : P(I) — P(J) sends a vertical arrow « : ¥ — X to the unique vertical
arrow v a : u*Y — u* X making the diagram

Cart(u,Y)

'Y Y

*

X — X
Cart(u, X)

commute. For v : J — I and v : K — J the component of ¢, , at X is the
unique vertical arrow making the diagram
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G
S
(e
&k
N7
(Cuw)x uw* X
@
>
%
XY
*X - X
(u) Cart(uv, X)

commute. For I € B the component (ir)x is given by Cart(17, X). Of course, one
may restrict attention to normalized cleavages where always Cart(1;, X) = 1x
in which case 17 = Idp(y) and 7 is the identity natural transformation on idp(y)
for all I € B. But in general there do not exist split cleavages which besides
being normalized satisfy Cart(uv, X) = Cart(u, X) o Cart(v, u*X) which would
give rise to v*u* = (wv)* and all ¢, , being identities.

Since one may always choose a normalized cleavage it would make a lot of
sense to simplify the definition of indexed category by omitting (4) and instead
requiring that 17 is always an identity functor. Then besides the “cocycle”
condition (1) one simply has to require that ¢, , is an identity whenever u or v
is an identity.

But experience shows that instead of working with indexed categories one
better works with fibrations as was immediately recognised by A. Grothendieck
who invented first indexed categories and then immediately replaced it by the
superior notion of fibred category. Jean Bénabou has over and over emphasized
this and given many examples showing the superiority of fibred over indexed
categories and how working with the latter is error prone because the bureau-
cracy of coherence conditions tempts one to neglect them and assuming that
Cu,n and i; are identities leads to wrong conclusions in many cases. A typical
example is the wrong claim that for an indexed category P the objects form
a presheaf over B. Alas, Jean Bénabou’s long awaited comprehensive book Des
Catégories Fibrées exposing his “correct” view of fibred categories will never
see the light of day because he got lost due to his somewhat exagerated desire
for accuracy and elegance and a tendency to pursue excessive generalizations.
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68

Local properties of functors
(Bénabou October 2007 on CATEGORIES list and talk in Paris in

June 2013)

Let P be a property of functors then a functor F' : X — Y has locally the
property P iff for every X € X the slice /X : X/X — Y/FX has property P.
We write L£(P) for the class of functors which locally have the property P.

We now consider a few examples.

(1)

(2)

A functor P : X — B is locally an isomorphism of categories iff P is a
discrete fibration.

A surjective equivalence is a functor which is an equivalence and surjec-
tive on objects. A functor P : X — B is a surjective equivalence iff P
is a fibration all whose fibres are equivalent to the terminal category 1.
Thus surjective equivalences are stable under arbitrary pullbacks (whereas
equivalences are not).

A functor P : X — B is locally a surjective equivalence iff P is a fibration
of groupoids.

A functor F : A — B has a right adjoint right inverse (rari) iff F' has a
right adjoint U such that all counits are identities, i.e. eg = idp for all
B € B. Apparently F' has a rari iff for every B € B there is a UB € A such
that FUB = B and for all f : FA — B there exists a unique g : A - UB
with g = F'f.

A functor P : X — B is a fibration iff P has locally the property of having
a rari.3”

Consider the following property of a functor F' : A — B, namely that all
its fibres have a terminal object. A functor P : X — B locally has this
property iff P is a prefibration.

Consider the following weaker property of a functor F : A — B, namely
that all its fibres are non-empty and connected. A functor P : X — B
locally has this property iff P is a homotopy prefibration.

37The functor P/X : X/X — B/PX has a rari iff for all u : J — I = PX there exists
@:u*X — X such that Pp = v and for all f:Y — X and v: PY — J with uv = Pf there
exists a unique g : Y — u*X with pg = f and Pg = v.
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69 Street’s Generalization of Fibrations

J. Gray has characterised (Grothendieck) fibrations as functors P : X — B such
that for every X € X the functor P/x : X/X — B/PX has a right adjoint right
inverse C'xy. Being a right inverse means that all counits are identities.

A notion of fibration stable under equivalence is obtained by just requir-
ing that all P/x have right adjoints Cx whose counits are isomorphisms. In
elementary terms this means that for every u : J — I = PX there is a mor-
phism Cx(u) : u*X — X together with an isomorphism ex ., : P(u*X) — J
satisfying P(Cx(u)) = uoex,, such that forall f:Y — X and v : PY — J
with Pf = wv there exists a unique g : ¥ — v*X with f = Cx(u) o g and
v = e€x 4 © Pg. In other words for every u: J — I = PX there is a(n ordinary)
cartesian arrow Cx(u) : v*X — X such that P(Cx(u)) = woex, for some
isomorphism ex ,, : P(u*X) — J. Such a generalised fibration (in Cat) we call
a weak fibration or a Street fibration.3®

For Street fibrations P : X — B and @ : Y — B a cartesian functor from
P to Q is a functor F' : X — Y such that P = @) o F and F sends P-cartesian
arrows to Q-cartesian arrows.

One can extend the notion of Grothendieck fibration to arbitrary 2-categories
K in the following way. A l-cell p: E — B in K is a strict fibration iff for all X
the functor K£(X,p) : K(X, E) — K(X, B) is a Grothendieck fibration and for
all f:Y — X the commuting square

K(f, E)

K(X, E) K(Y, E)
/C(X7p>l lm,p)
K(XB) g KO B)

is a morphism in Fib, i.e. K(f, F) is cartesian over K(f, B).

Requiring that all (X, p) are just Street fibrations gives rise to a notion of
Street or weak fibration in K which can be extended even to bicategories (c.f.
R. Street Fibrations in Bicategories).

Although for a weak fibration P : X — B in Cat in general there does
not exist for all w : J — I in B a reindexing functor v* : P(J) — P(I) there

38Notice that for a functor P : X — B and a morphism ¢ : Y — X in X one can formulate
cartesianness of ¢ as

Vo Z — XNv:PZ — PX.P()) = P(p)ov=39:Z > Y. =pof AP =v

i.e. without reference to equality of objects.
That P is a weak fibration can be formulated as

Vu:J — PX3p:Y — X. p cartesian AJe: PY — J. riso AP(p)=uor

i.e. also without reference to equality of objects.

But this weaker notion of fibration is not appropriate for developing category theory over
an arbitrary base (topos) B because it does not allow one to always transport an X over I to
an u* X over J along a arbitrary w: J — I in the base.
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does exist a reindexing functor between the essential fibres. The essential fibre
P[I] of P over I has as objects pair (X,iy) where X is an object of X and
ix : P(X) — I is an isomorphism. A morphism in P[I] from (Y,iy) to (X,ix)
is a morphism f : Y — X with ix o P(f) =iy (of course, the map P(f) is then
an isomorphism). Every morphism v : J — I induces a functor u* : P[I] — P[J]
as follows

u* (X, ix) X
. cart.
: ‘ P :
Plu (X, ix)) 29k p(x)
by (Xix) | = =lix
J I
u

From the ensuing pseudo-functor H : B°® — Cat one obtains by the Grothendieck
construction a fibration P, : X, — B such that P.o E = P for some cartesian
equivalence F : X — X..

One easily shows that all equivalences are weak fibrations and that weak
fibrations are closed under composition. Thus weak fibrations over B are ob-
tained from Grothendieck fibrations by precomposing with equivalences. But
since every fibration is equivalent to a split(able) one the weak fibrations over
B are obtained from split(able) fibrations by precomposing with equivalences.

Though there are many natural examples of non-split(able) fibrations there
are hardly any natural examples of weak fibrations that are not already Grothendieck
fibrations. So one may doubt that anything is gained by generalising fibration
to weak fibrations!

Acknowledgement

This has been pointed out to me by M. Shulman around 1. October 2010 dur-
ing discussions on the CATEGORIES network. A useful but more condensed
discussion of Street fibrations influenced by our discussions can be found at
http://ncatlab.org/nlab/show/Street+fibration.

Genuine FExamples

In a mail from 24. Jan. 2011 on CATEGORIES Janelidze, Lack and Street have
pointed out some examples of Street fibrations, there called abstract fibrations,
which are not Grothendieck fibrations.

The first one was mentioned in a paper by Janelidze from 1984 in the con-
text for categorical Galois theory. Let C be the opposite of the category of
commutative rings (with 1) and X the category of Stone spaces then the func-
tor P:C — X sending a comm. ring to the Stone space of the boolean algebra
of idempotents of the ring.
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Another example is the following one: C is the category of étale spaces over a
locally connected space S (i.e. Sh(S)) and X the category of sets and P : C — X
sends p: A — S to the set of connected components of A.

This generalises as follows. Call an object C of a category C with small sums
connected iff C(C,—) : C — Set preserves sums. Such a category C is called
locally connected iff every object of C is isomorphic to a small sum of connected
objects. For such a category C the functor P : C — Set sending an object to its
sets of connected components is an abstract fibration but not a Grothendieck
fibration. There are plenty of examples in this vein like the category cat of
small categories or any locally connected Grothendieck topos.

Another class of examples are finite limit preserving functors between finite
limit categories which have a full and faithful right adjoint.

70 A recent reformulation of Gray’s definition

J. Gray’s definition of a cloven Grothendieck fibration is a functor P : X — B
such that for every object X € X the functor P/x : X/X — B/PX has a right
adjoint right inverse C'x. One may formulate this more globally as follows.
Consider the functor ¢ : X — B{P sending f: Y — X to

P
py 21, px
P
py L1, px
Y X
f

Notice that 7 is a functor in Cat/B from P to 9y : BLP — B. Then P is
a cloven fibration iff ¢ has a right adjoint » whose counit is a vertical natural
transformation. More elementarily, this means that for every object u : J — PX
in Bl P there is a vertical arrow

PuwX)————=J
U
P(u*X) P(pu,x) PX
u* X X
Pu, X
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such that for every

Pz —"

u

P x) 29, px
Z X

there exists a unique 0 : Z — u*X making

PZ

u
P9 P(pu
pz LO) prxy PPux) py
WX X x
Q
)
Z

commute, i.e. (v,9) = (ids, pu,x) 0 (6).

M. Shulman and E. Riehl have observed that a weakening can be obtained
by requiring that the counit of i 4 r at (u,X) is just above an iso and not
necessarily above an identity.
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71 Locally small fibrations

Let P be a fibration over B. For X € P(I) and Y € P(J) let HOM(X,Y") be
the category whose objects are pairs (p,%) of morphisms where ¢ : Z — X
and ¢ : Z — Y and ¢ is cartesian and whose morphisms from (¢’,1’) to (¢, )
are morphisms 6 with ¢ = ¢’ and %0 = 1)’. Notice that 6 is necessarily
cartesian and uniquely determined by ¢, ¢’ and P(6). There is an obvious
functor HOM(X,Y) — Elts(y(I) x y(J)) (sending (i, %) to (P(¢), P(¥))) which
is an elementary fibration, i.e. a fibration all whose fibres are posetal groupoids.

The fibration P is locally small iff for all X € P(I) and Y € P(J) the ele-
mentary fibration HOM(X,Y") is representable, i.e. HOM(X,Y") has a terminal
object (po,%0). The universal property of (¢g, ¥9) means that for all morphisms
p:Z — X and ¢ : Z — Y with ¢ cartesian there exists a unique (cartesian)
morphism 6 with o8 = ¢ and g0 = .

If C is a locally small category and P = Fam(C) over Set then for families
X = (X})ier and Y = (Y}), e a terminal object in HOM(X,Y) is given by the
span

©0 o

X « Z Y

where Z is the family over Hiel,jeJ C(X3,Y;) with Z; ;o) = Xi, @o is the
canonical cartesian arrow over mo : [[;c7 ;e ; C(X;,Y;) — I and o = (m1, f)
where m1 ¢ [[;er e, C(X3,Y)) = J and f(i j.a) = o

In Bénabou’s original definition he considers only X and Y in the same
fibre over I and considers the full subcategory HOM;(X,Y") of HOM(X,Y) on
those spans (p,1) where P(p) = P(1). This subcategory HOM(X,Y") now
gives rise to an elementary fibration over B/I and he requires all such fibrations
to be representable by a morphism hom;(X,Y) — I (in case of Fam(C) over
Set this arrow is the projection of [[,.; C(X;,Y;) to I). In case B has binary
products Bénabou’s notion of local smallness is equivalent to the previous one
using HOM s (73 X, 73Y") for constructing HOM(X,Y).
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72 Internal vs. External Families of Objects

Let £ be a topos and F : Set — £ a functor preserving terminal objects. Let
I be a set and i € I then we write also i : 1 — I for the function picking i out
of I. The functor Pr = 0y : £/F — Set is a fibration of toposes called the
fundamental fibration of F. With every a : A — FI in £ we may associate the

family (Al) el where

A; ! A
_
tl(-a) a
F1 - FI
Fi

for i € I and with every f : a — b in £/FI we may associate the family
(fi A — Bi)ie[ € I where

A — A
_
fi f
v L(b) v
B; G B
_
b
Y Y
F1 FI

Fi

for i € I. This way we obtain a cartesian functor Cr from Pp to Fam(£), the
fibration of bounded families in £, which in general, however, does not reflect
isomorphisms as shown by the following two examples.3?

39There arises the question to which extent this observation can be reversed, i.e. whether F
has a right adjoint whenever C'r reflects isomorphisms. However, the answer to this question
is negative as shown by the following counterexample. Let £ be a nontrivial topos and F' :
Set — £ constant with value 1¢. Obviously F' preserves finite limits but has no right adjoint
(since 0 2 1 in &). Nevertheless Cr : Pr — Famy(€) does reflect isomorphisms since

A A
" |
Fl=—=FI

F(3)
for alli € I.
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Let A be a nontrivial pca and RT(.A) the associated realizability topos. Then
the global elements functor I' : RT(A) — Set has a full and faithful right adjoint
V : Set — RT(A). Then the cartesian functor Cy : Py — Fam,(RT(A)) does
not reflect isomorphisms for the following reason. Both idy(z) and 72 : 2 —
V(2) induce the constant family over 2 with value 1 but the two maps are not
isomorphic over V(2) since 2 is not isomorphic to V(2) (because otherwise A
were trivial).

Let G be the local topos of reflexive graphs, i.e. A 4T"' 4V : Set — G. Then
Cy : Py — Famy(G) does not reflect isomorphisms for the following reason.
Let ny : I — T'A(I) be the unit of the adjunction A 4T at I. Since A is full
and faithful 7y is an isomorphism. Let m; : A(I) — V(I) be the transpose of
77;1 :PA(I) — I. Then both idy(;y and m; induce the constant family over I
with value 1. But these two maps are isomorphic only if |I| < 1.

In the general case of a terminal object preserving functor F' : Set — £ the
fundamental fibration Pp is locally small if and only if F' has a right adjoint
if and only if £ is locally small as an ordinary category and F' preserves small
sums, i.e. is isomorphic to A : Set — & : I — []; 1¢.

Lemma 1
If FF: Set — & preserves terminal objects and small sums then Cp : Pp —
Fam,;(€) is a cartesian weak equivalence.

Proof: Suppose a : A — F'I is an internal family in £ over I. For ¢ € I we may
consider the pullback

A; ! A
_
tga) a
F1 — FI
Fi
Since (F 2)1 <7 1s a coproduct cocone and a* : £/FI — £/A preserves sums the
family (Lga))ieI is a coproduct cone as well. Thus a is isomorphic to [[,.; tEa)

in &, i.e. the internal family a is uniquely determined up to isomorphism by its
induced external family (Ai)iel‘ Thus, fora : A - FI and b : B — FI in

E/F1I for every family (fZ A — Bi)iel there exists a unique f : A — B with
fo LZ(-G) = LZ(»b) o f;, i.e.

A; A
fi f
B; o B



for all ¢ € I. Since for all ¢ € I the diagram

L@

Ay — A
fi f
v L(»b) v
B; G B

_J
b
Y Y
F1 - FI
F1

commutes it follows that bo f = a, i.e. f:a — b. Since in the previous diagram
the lower square and the outer rectangle are pullbacks we have

12
_|
fi f

A; A

B,— B
o

for all i € I. Thus we have shown that Cr(f) = (fi)iel' If g : a — b with
Cr(g) = (fi)iel then, in particular, for all ¢ € I we have

R

A

A
fi 9
%

and thus f = g. Thus, we have shown that Cp is full and faithful.

Since £ has copowers of 1 sums of small bounded families exist in £. More-
over, small sums which exist in £ are extensive, i.e. stable and disjoint. Thus,
the cartesian functor C'r is also essentially surjective and thus a cartesian weak
equivalence. O

On the other hand

Lemma 2
If F : Set — £ is a terminal object preserving functor with C'r : Pp — Fam, (&)
full and faithful then F preserves small sums.
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Proof: Suppose CF is full and faithful. We have to show that for an arbitrary
set I the cocone (F z)l cr is colimiting. For this purpose suppose C' is an object

of £ and (fl :F1 — C’)iel. Since CF is full and faithful there exists a unique

map ¢ from idpy to 7w : FI x C — FI in £/FI with Cr(g) = (fi)iel’ ie.
Fi
F1 FI
i g
Y Y
C FIxC
_l
™
Y Y
F1 . FI
Fi

for all i € I. Since g is necessarily of the form (id;, f) this means that — as
desired — there exists a unique f: FI — C with fo Fi= f; for all i € I. |

Thus we have shown that

Theorem 1

A terminal object preserving functor F' : Set — & preserves small sums iff the
cartesian functor Cr : Pr — Fam, (&) is a weak equivalence iff C' is full and
faithful.

Notice that functors F' : Set — & preserving terminal objects and small
sums also preserve pullbacks because this is equivalent to Pr having internals
sums validating the Chevalley condition which holds for the equivalent fibration
Fam,(E).

Theorem 2

A terminal object preserving functor F' : Set — & has a right adjoint iff £
is locally small as an ordinary category and the cartesian functor Cp : Pr —
Fam,(€) is a weak equivalence.

Thus, an elementary topos £ is over Set, i.e. has a unique (up to isomorphism)
geometric morphism to Set, iff £ is locally small and has copowers of 1.
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73 Notions of Definable Subfibration

A subfibration of a fibration P : X — B is given by a subcategory X’ of X such
that

(1) if ¢ : Y — X is cartesian with X € X’ then p € X’
(2) if p: Y — X is cartesian, o : Z — Y is vertical and pa € X’ then « € X'.

Is there a notion of subfibration avoiding the closure under vertical isos im-
plicit in (2) ? Well, Grothendieck originally defined a subfibration of a fibration
P : X — B as a subcategory X' of X such that P’ = Pix is a fibration and
I : X' — X is a cartesian functor from P’ to P. But for this more general
notion condition (1) will not hold in general as shown by the following example.
Let C be V(2) and C’ the subcategory 2 obtained from C by deleting the arrow
i~!:1—=0inverse toi:0 — 1in C. Considering C and C’ as fibrations over 1
we observe that ! : 1 — 0 is a cartesian arrow in C with codomain in C’ but
i~! is not in C’. This holds a fortiori for the subfibration Fam(C’) of Fam(C).
Notice, however, that X’ is a subfibration in our sense iff it is a subfibration in
the sense of Grothendieck and satisfies condition (1).

Apparently Bénabou’s notion of definability applies only to subfibrations in
our sense since for non-split fibrations reindexing is defined only up to isomor-
phism. However, for split fibrations P : X — B one may define a subfibration
of P as a subcategory X’ of X such that

(1) for every X € X' and u : J — I = P(X) the chosen cartesian arrow
Cart(u, X) : uw*X — X is in X and

(2°) for every vertical arrow o : X — Y in X’ over [ and u : J — I the unique
vertical arrow 8 = vw*a : w*X — w*Y with Cart(u,Y) o 8 = a o Cart(u, X)
is in X/

and then formulate the notion of definability w.r.t. the reindexing chosen by the
splitting.

74 Definable subfibrations of wellpowered fibra-
tions need not be wellpowered

Let C be the category of all ordinals and monotone maps between them and
C’ the (lluf) subcategory of C consisting of terminal projections and identity
morphisms. Notice that every isomorphism in C is an identity map and thus C’
is closed under composition with isos in C. Moreover, all morphisms in C’ are
monic. Obviously, the category C is wellpowered but C’ is not since 1 has as
many subobjects as there are objects in C’.

Since C’ is closed under isos in C it follows that Fam(C’) is a subfibration
of Fam(C). Actually, it is even a definable subfibration. Since Fam(C) is a
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wellpowered fibration whereas Fam(C’) is not we have shown that definable
subfibrations of wellpowered fibrations need not be wellpowered.

Bénabou originally suggested to consider C = Set and the (lluf) subcate-
gory C’ consisting of identity morphisms and terminal projections. Again C’
is not wellpowered though C = Set is. However, since C’ is not closed under
isomorphisms in C we can’t consider Fam(C’) as a subfibration of Fam(C).
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75 Geometric Morphisms, Logical Morphisms
and Cartesian Closedness

In Lemma A.1.5.8 of the Elephant it is shown that for an adjunction L - F :
C — D between cartesian closed categories the functor F' preserves the cartesian
closed structure iff L 4 F satisfies the Frobenius reciprocity law, i.e. the canonical
morphism

(Lmi,eaoLmg): L(Bx FA) — LB x A

is an isomorphism for all A € C and B € D. As Corollary A.1.5.9 one obtains
that for adjunctions L - F' between cartesian closed categories it holds that

1. if F preserves the cartesian closed structure and L preserves 1 then F is
full and faithful

2. if F'is full and faithful and L preserves binary products then F' preserves
the cartesian closed structure.

This has the consequence (stated in Lemma A.4.2.9) that a geometric morphism
between toposes is an inclusion iff its direct image part preserves the cartesian
closed structure. However, for every nontrivial monoid M the geometric mor-
phism A 4 T : M — Set is not an inclusion but T' preserves () since M is
2-valued.

In Proposition A.2.3.8 of the Elephant it is shown that for a logical functor
F : & — F between toposes with left adjoint L t.f.a.e.

1. L4 F is of the form Xp 4 B* : £ — £/B (where B is L1)
2. L is faithful

3. L preserves equalizers

4. L preserves pullbacks.

Thus, as observed in Scholium A.2.3.9 a logical functor between toposes has a
finite limit preserving left adjoint iff it is an equivalence.

In Lemma A.2.2.10 of the Elephant it is shown that a logical functor F
between toposes has a left adjoint L iff it has a right adjoint U. Thus, logical
functors I’ with a faithful left adjoint are inverse image parts of certain geometric
morphisms, namely the atomic and localic ones (Lemma C.3.5.4 (iii)).%® Such
geometric morphisms are called local homeomorphisms.

In Proposition A.4.5.1 of the Elephant it is shown that for an inclusion of
toposes i : L — & t.f.a.e.

1. 7 is of the form U* 4 Iy : £/U — & for some subterminal object U (i.e.
L is an open subtopos of &)

40 A geometric morphism f : F — £ is called atomic iff f* : £ — F is logical and it is called
localic iff every X € F appears as subquotient of some f*I.
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2. 1* is logical
3. 1" preserves the cartesian closed structure.

Notice, however, that for an inclusion ¢ : £ < &£ the inverse image part i* :
& — L might well preserve ) without preserving the cartesian closed structure.
Examples are global sections functors I' : £ — Set where £ is the topos of
reflexive graphs or the effective topos where I' 4V : £__ — & is the inclusion
of ——-sheaves.

76 A topos with no geometric morphism to any
boolean one

can be found in a paper by R. Paré from 1985 with this very title. Let I be the
inclusion of the topos Set of finite sets into the topos Set. Let £ = Set|I be
the topos obtained by glueing along I. It can be shown easily that there is no
geometric morphism from £ to a boolean topos B.

Suppose f : £ — B is a geometric morphism with B boolean. Since subto-
poses of boolean toposes are boolean we may assume without loss of generality
that f is surjective. Since f* preserves decidability of objects and an object
a: Ay — Ay in £ is decidable iff a is monic for all X,Y € B the hom-set
E(f*X, f*Y) is finite. Since f* is faithful all hom-sets B(X,Y") are finite. For
an arbitrary set A we have

B, fi (A=) 2 E(f 1, A=1) 2 E(1—1, A1) 2 A

which leads to a contradiction when choosing A to be infinite.

77 Mail to CATEGORIES from 25 June 2002

In my reply to the question about large sites for toposes I made the WRONG
claim that if Psh(C) is a topos then all slices of C are essentially small. As
Peter Johnstone pointed out this is a sufficient condition and he asked me for
an argument for the reverse direction. Alas, I couldn’t find one but instead I
came across the following counterexample.

Let G be a large group (e.g. all permutations of the universe whose collection
of non-fixpoints is small, see 1.96(10) of “Cats & Alligators”) then Psh(G) is a
locally small cocomplete topos although G is not even locally small. However,
every slice of G is trivial. But if one takes for C the large group G augmented
with a terminal object then Psh(C) is a locally small cocomplete topos, too,
whereas C/1 is not essentially small.

Thomas Streicher
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78 Local Homeomorphism of Toposes

In P. T. Johnstone’s book Topos Theory (1977) in Theorem 1.47 (pp. 37-38) one
finds the following characterisation of local homeomorphism between toposes,
i.e. geometric morphisms of the form I* 4 1I; : &£/ — &. A geometric morphism
f & — & is a local homeomorphism of toposes iff f*: & — F is logical and
has a left adjoint f; preserving equalizers. As shown in A.2.3.8 of the Elephant if
f* is logical then f, preserves equalizers iff f) preserves pullbacks iff f, is faithful.

Obviously, the conditions are necessary. For the reverse direction one first
derives from the assumptions that f, reflects isos and thus is comonadic. Then
one shows that the canonical morphism of comonads from fif* to fil x (—)
whose component at X is given by <f!(!f*X)7€X> c fif*X — fil x X is an
isomorphism (an instance of the Frobenius reciprocity law for the adjunction
S f).

Thus, alternatively, one could characterize local homeomorphisms of toposes
as those essential geometric morphisms f :.% — & such that

(1) fi preserves equalizers
(2) fi reflects isomorphism
(3) <f!(!f*x),5x> : fif*X — fil x X is an isomorphism for all X in &.

One may replace (1) by the requirement that f, preserves pullbacks since func-
tors of the form X; (4 I*) do and pullback preserving functors between finite
limit categories preserve also equalizers.
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79 Ordinary Frobenius Reciprocity
An adjunction F' 4 U : B — A between categories with finite products satisfies

the Frobenius Reciprocity law iff for all A € A and B € B the canonical morphism

<F7T1,F71’2> FAxe

F(Ax UB) FAx FUB ——""B FAxB

is an isomorphism.*!
This canonical morphism can be described alternatively as the exponential
transpose & = epaxp © Fa of the morphism «: A x UB — U(F A x B) with

77A><UB

AxUB UFAxUB

g] <U7T1 s U7T2>
U(FA x B)
where (Umy, Ums) is an isomorphism since U is a right adjoint. We observe that

moa=m10epaxp o Fa=¢cpyo0FU(m)oFa=
=eppaoF(Umoa)=cpaoF(naom)=
:EFAOF’I?AOFﬂleﬂ'l =

:7T10(FAXEB)O<F7T1,F7T2>

and

ToaoQ =Tg0epaxp o Fa=¢cpo FU(m)o Fa =
:SBOF(Uﬂ'goa)Zé‘BOFﬂ'QZ
=myo0 (FAxep)o (Fm, Frg)

from which it follows that
a=(FAxep)o (Fm, Frg)
as claimed.

F. W. Lawvere introduced Frobenius reciprocity in the late 1960s because
the existence of a natural isomorphism F(A x UB) & F'A x B is equivalent to
preservation of exponentials by U (provided they exist in B) since we have

A—UCYB
AxUB — UC
F(AxUB) = C

FAxB—C

FA—CP

A-UCP)

naturally in A, B and C.

411f U is full and faithful, i.e. € is a natural isomorphism, Frobenius reciprocity amounts to
the requirement that (F'7rq, Fre) is an isomorphism, i.e. F' sends products of A and UB in A
to products in B.
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80 Stably Frobenius

Suppose now that A and B have finite limits. Then L 4 F : B — A is stably
Frobenius (this notion is due to Ch. Townsend) iff for all 7 € B the adjunction
Ly 4 Fr:=Fy; :B/I — A/FI satisfies the ordinary Frobenius reciprocity law.
Notice that Ly(b: B — F1I) =b=¢es0Lb.

We now explicitate this requirement. Suppose a : A — Fl and b: B — [
then a x Frb is given by

whose transpose is

LA— 1
a
1.e.
L

p 4, rrp -5 . B
Lp LFb| <\ b

8
LA . LFI o T

a Er

Frobenius reciprocity for Ly 4 F requires the outer rectangle to be a pullback.
Thus Frobenius reciprocity for L; 4 F; means that whenever (1) is a pullback
then (2) is a pullback.

Thus F has a left adjoint L with L - F stably Frobenius iff Ap : Py — Pp
has a fibred left adjoint IIp (whose fiber over 1 is L). Thus, we may call
stably Frobenius adjunctions L - F' co-geometric morphisms since for finite
limit preserving F' : B — A the existence of a right adjoint U is equivalent to
A having a fibred right adjoint I'r (given by 17 o U,py).

One easily shows that co-geometric morphisms are closed under composition.
Moreover, if L 4 F' is a co-geometric morphism then F' is full and faithful iff L
preserves terminal objects (i.e. L1 2 1).

118



81 Funk’s Frobenius Reciprocity

Let C and B be categories with finite limits. We will characterize those adjunc-
tions F' 4 U : C — B which are “local homeomorphisms” in the sense that up to
equivalence they are of the form X; 4 I* : B — B/I for some I € B. Obviously,
this is the case iff F; : C — B/F1 is an equivalence (since F' = X o F/p).
Notice that F/; has right adjoint 0y o U,p;. Thus F); is an equivalence iff

(1) Fy reflects isos
(2) Fyy AnioUypy is a reflection.

Obviously, condition (1) holds iff F' reflects isos. Condition (2) holds iff for all
b: B — F1 for the map ¢ in

r—L uB
=
Ub
1— UF1
T

it holds that § = ep o Fiq is an isomorphism.

We will show now that from conditions (1) and (2) it follows that FF 4 U
satisfies a condition called Funk’s Frobenius Reciprocity from which it follows
that F; is an equivalence provided F reflects isomorphisms.

First notice that from (1) and (2) it follows that F' preserves pullbacks
(since equivalences and functors of the form X; preserve pullbacks) and thus F);
preserves finite limits. If G 4V : Y — X is an adjunction between categories
with finite limits and G preserves finite limits then G -4 V is a reflection iff
G/x 1nx oV)gx is a reflection for all X € X. Thus, since F/; preserves finite
limits and F; - nj o U,y is a reflection for all objects C'in C the adjunction
Fic Ang oUspe is a reflection, ie. for all C € C and b: B — FC for the map
q in

r—4,.unB

7

C — UFC
Ule}

it holds that § = eg o Fig is an isomorphism. We will show now that for all
a:A—-BinBandc:C —-UB

~

P44 rp L. 4
_l . _
from P Ua it follows that  Fp a

¢ — UB FC — B
c c
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which condition is called Funk’s Frobenius Reciprocity (FFR).*? Suppose

/

N o-L.4
I~ | =
p Ua and p a
C —UB FC — B
c C

and consider
U !
P2 vug 2L ua
_J _J
D Up/l Ua
C — UFC — UB
ne Uc

with Uq' o a = ¢q. By transposition w.r.t. F 4 U we obtain

~ /
FP2eg-1.a

|
Fp P a
FC —FC — B

c

with ¢’ o @ = § where a is an isomorphism. Thus

o~

-1, 4
=
Fp a

c

is a pullback as desired.

Thus, Funk’s Frobenius Reciprocity states that the canonical morphism & :
F(C xypUA) — FC xp A is an isomorphism (which is ordinary Frobenius
Reciprocity for the adjunction X, o Fyyp 41U, ).

The following theorem can be found in an appendix of J. Funk’s Thesis De-
scent for Cocomplete Categories (McGill 1990) where also FFR was introduced.

“2Instantiating ¢ by n¢ in FFR. it follows that g is an isomorphism whenever
q
P —— UB
_
Ub

C —» UFC
nc

p

since ¢ is the identity on F'C.
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Theorem 1

For an adjunction F© 4 U : C — B between categories with finite limits the
functor Fy; : C — B/F'1 is an equivalence iff I reflects isos and the adjunction
F - U satisfies Funk’s Frobenius Reciprocity.

Proof: The forward direction has just been established. The backwards direc-
tion follows by observing that FFR implies condition (2) when instantiating ¢
by 1. O

This theorem together with the simple proof of Moens’ Lemma in Section 82
gives rise to the following theorem which also can be found in Funk’s Thesis and
for which purpose he introduced FFR.

Theorem 2

Let T be a category with finite limits. Then a fibration P : X — I is equivalent
to one of the form Pr = 0 : CLF — I for a finite limit preserving functor
F : T — C where C has finite limits iff P is a fibration of categories with
finite limits and internal sums such that for every object I in I the functor
II; : Xr = Xy reflects isos and the adjunction [];, 4 I* : X; — X; satisfies
Funk’s Frobenius Reciprocity.

Proof: Let I be a category with finite limits. By Section 82 a fibration P : X — [
is equivalent to one of the form Pr = 01 : CJLF — I for a finite limit preserving
functor F : T — C where C has finite limits iff P is a fibration of categories with
finite limits and internal sums which is extensive in the sense that a commuting
square

cocart.
17 17
©Yr 17[

with u and v vertical is a pullback iff ¢ is cocartesian.

Thus it remains to show that a fibration P : X — I of categories with finite
limits and internal sums is extensive iff for all I € I the functor [[; reflects isos
and the adjunction [], 4 I* satisfies FFR. Suppose P : X — I is a fibration of
categories with finite limits and internal sums. By Theorem 1 the requirement
on the adjunctions [, 4 I* is equivalent to

(1) [I; reflects isos
(2) /1, 7 mi oIy, is a reflection.

Condition (2) is equivalent to the requirement that pullbacks of ¢; : 15 — [[; 11
along vertical v : U — [[; 1; are cocartesian. This can be seen from
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co@“. A

Vv v

_| « _, cart.

where the bottom row is ¢; since & is an iso iff u*p; is cocartesian. Now
assuming that ¢; : 17 — [[; 1; satisfies (2) the functor []; reflects isos iff for
every vertical v : V' — 1; the square

¥
\%4 14
cocart. ]71

v v

cocart.
l; ——— 1;
PI ]7[

is a pullback. Suppose all such squares are pullbacks and o : U — V is a vertical
arrow above I such that [[; o is an isomorphism. Then in

cocart. H U
I

;e

Y
2
\%4
cocart. ]7[

v I, v

1%

the lower square and the outer rectangle are pullbacks. Thus the upper square is
a pullback, too, from which it follows that « is an isomorphism. For the reverse
direction suppose | [, reflects isos and consider a diagram
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cocart.
Iy — || 11
Pr ]7[

where the top arrow of the square is cocartesian due to assumption (2) and
the already established equivalence. Then []; ¢ is an isomorphism from which
it follows that ¢ is an isomorphism. Thus we have shown that as desired P is
extensive iff (1) and (2) hold for all I € Tiff for all I € I the functor [ [, reflects
isos and [[, -7 I* satisfies FFR. O

Essentially the same argument allows one to prove

Theorem 3

Let T be a category with finite limits. Then a fibration P : X — I is equivalent
to one of the form Pr = 0y : CLF — I for a terminal object preserving functor
F : T — C where C has finite limits iff P is a fibration of categories with
finite limits and a cofibration such that for every object I in I the functor
II; : Xr = Xy reflects isos and the adjunction []; 4 I* : X; — X; satisfies
Funk’s Frobenius Reciprocity.

which provides an alternative characterization of Zawadowski’s cartesian bifi-
brations (see section 99).

However, the characterisations in terms of extensivity as given in subsequent
section 82 are certainly much more intuitive.
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82 The World’s Simplest Proof of Moens’ Lemma

Let B be a category with finite limits and P : X — B be a fibration of finite
limit categories which is also a cofibration. For I € B let ¢y : 11 — A(I) be a
cocartesian arrow from 1; (terminal object in the fibre X;) over the terminal
projection I — 1 in B. For v : J — I in B let A(u) : A(J) — A(I) be the
unique vertical arrow making the diagram

commute. This gives rise to a functor A : B — Xj.
A fibration P as above is called internally extensive iff every commuting
diagram with « and [ vertical

x -,y

o lﬁ
1r — A(D)
PrI

is a pullback iff ¢ is cocartesian.*?

Obviously, for internally extensive fibrations P the functor ¢ : X;/A(I) —

X;r/1; 2 X[ is an equivalence and thus, since (1) commutes, the diagram

SD*
Xy L X, /A(J)

u* Au)*

Xr ~—— Xi/A(0)
Pr

commutes up to isomorphism for all u : J — I in B and thus P ~ Py = A*Px,
(where Px, = 01 : X2 — X| is the fundamental fibration of X;).

Obviously, the functor A preserves 1. Recall** that a functor F : B —
C between categories with pullbacks preserves pullbacks iff P = F*P¢ has
internal sums, i.e. cocartesian arrows are stable under pullbacks along cartesian
arrows. Thus, the fibration P ~ Pa = A*Px, has internal sums iff A preserves
pullbacks (and thus all finite limits).

43Equivalently one may require that (1) cocartesian arrows are stable under pullbacks along
vertical arrows and (2) from ¢ and pa cocartesian and « vertical it follows that « is an iso,
i.e. [],, reflects isos for all u in B.

44see Lemma 13.2 (on pp.46-47) of my notes on Fibred Categories
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83 M. Jibladze’s Theorem on Fibered Toposes

Let B be a category with finite limits. A topos fibered over B is a fibration
P : X — B all whose fibres are toposes and all whose reindexing functors are
logical. M. Jibladze has shown that if a fibered topos has internal sums then
these sums are necessarily universal (i.e. pullback stable) and disjoint. Thus, by
Moens’ Theorem it follows that P ~ Py where A: B —-E = P(1): I — [],1;.
As a preparation we need the following results about logical functors F' :
& — F between toposes. If L 4 F' then (by A.2.4.8 of the Elephant) functor L
preserves monos and (by A.2.3.8 of the Elephant) the following are quivalent

1) Ly : F/1 — &/p1 is an equivalence®

2) L is faithful

1)
(2)
(3) L preserves equalizers
4)

4) L preserves pullbacks.

One easily shows?® that if L is full and faithful then L1 is subterminal from
which it follows that all components of the counit € are monos.

We are now ready to prove Jibladze’s Theorem on Fibered Toposes.

Proof:  First observe that for a mono m : J — I we have m*[],, = Idp(;) as
follows from the Chevalley condition for internal sums at the pullback square

45the right adjoint of L/; is given by n} o F,p4
465yuppose Xy : E/r — & is full and faithful. Then the unit n of ¥y - I'* is an isomorphism.
For a: A — I we have ng = (a,id4) : a = I*X1a as depicted in

A
\é
\ ~
e IxXA ——— A
_|

Uy

[ —» 1

Since 71, is an isomorphism the projection 72 : I X A — A is an isomorphism, too. Thus, for
a’ : A — I we have m2 0 (a,id4) =idg4 = m2 0 (a’,id 4) from which it follows that a = a’ since
72 is an isomorphism. Thus I is subterminal. But then the counit € 4 at A is given by

I"A

I A
) l

I — 1

and thus monic.
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J=—=17J
" |

m
J»—»I

Since m* is logical and [[,, is full and faithful all components of the counit of
[1,, #m* are monic.

Next we show that for all w: J — I in B and X € P(J) the map nx : X —
u* ], X is monic (where 7 is the counit of [, - u*). Recall that nx is the
unique vertical map such that

cocart.
S
nx N Cp
Ay
u* H X
Let kg, k1 : K — J be a kernel pair of v in B and d,, : J — K with kod, =

idy = k1d,. Consider the diagram

0
i > kTX - X
cart. _, cart.

¥ ‘pu(X)

cart.
SRR IS

nx ”

di kX

with 6 o9 = idx. Notice that ¢ is cocartesian by the Chevalley condition for
internal sums. Next consider the diagram

ki X
— ©
®1
Y
[T dikix kX
d ki X
P2 @

Y
I dikix =x — w ] X
ko du nx u
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where ¢ and 3 are cocartesian over kg and 7 is cocartesian over d,,. Since d,,
is monic the map ey x is monic. Since Hko is left adjoint to the logical functor
kg it preserves monos from which it follows that nx is monic.

Now since all components of the counit 7 of [[, + v* are monic it follows
that [, is faithful. Since u* is logical it follows that ][], /1, is an equivalence.
Recall that its right adjoint is given by 17, ou*,11 1,, i.e. pullback along the
cocartesian arrow @, : 15 — ]_[u 1;.

That the counit of the adjunction | F 2 is an isomorphism means that

u/l‘]
for vertical o in the pullback
a*
P LN ¢
wro «
cocart.
1; 1s
Pu "

the top arrow a*p,, is cocartesian. This is sufficient for showing that cocartesian
arrows are stable under pullbacks along vertical arrows, i.e. that internal sums
are universal (since by the Chevalley condition cocartesian arrows are stable
under pullbacks along cartesian arrows anyway).

That the unit of the adjunction [, /1y F ¢} is an isomorphism means that

X cocart. ];[X

'x JHU!X

cocart.

J ———* 1

Pu

u

is a pullback. From this it follows that all diagrams of the form

X cocart. ]Z[X

are pullbacks. But (from the proof of Moens’ Theorem) this is known to imply
disjointness of internal sums.*” 0

Though claimed otherwise in the Elephant Jibladze’s Theorem was not

470ne can see this more easily as follows. Since ]_[u/l ; is an equivalence it follows that

11, reflects isomorphisms which is known (from the proof of Moens’ Theorem) to entail that
internal sums are disjoint provided they are universal.
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proved in Moens’ Thése from 1982. Johnstone claims that Moens proved in
some other way that for a fibered topos internal sums are universal and dis-
joint. But this is not the case because he considered fibered variants of Giraud’s
Theorem where internal sums are assumed as universal and disjoint. The only
known way of showing that for a fibered topos internal sums are universal and
disjoint is via Jibladze’s Theorem.

However, in Jibladze’s original formulation he did not prove universality and
disjointness for internal sums in a fibered topos. For him it was sufficient to
show that all [], are faithful because from this it follows that the adjunctions
[1, 1 u* are (equivalent to ones) of the form ¥4 4 A* for some A in X; and
this is sufficient for showing that P ~ Pa.
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84 Johnstone’s Fibred Giraud Theorem

In part B of the Elephant Peter Johnstone formulates a fibred version of Giraud’s
Theorem employing the following notion of an co-pretopos.

Definition
An oo-pretopos over a topos S is a category £ fibred over S such that

1) all fibres & are pretoposes and all reindexing functors u* are coherent
( pretop g

(2) in all fibres & the functor Subg, : (£7)°° — Set sends coequalizers in &;
to equalizers in Set

(3) the fibration £ over S is well-powered

(4) the fibration £ over S has stable and disjoint internal sums.

Fibred Giraud’s Theorem Let S be a topos and & fibred over S. Then t.f.a.e.
(1) &€ is an oo-pretopos over S admitting a generating family
(2) & is a cocomplete locally small topos over S admitting a generating family

(3) & is a fibred Grothendieck topos over S for a site internal to S.

Proof Idea. The equivalence of (2) and (3) is a well-known theorem of R. Di-
aconescu from 1975. The implication (2) to (1) is straightforward. The key
idea of the implication (1) to (2) is to show that the fibred functor Sub from
(€ = 8)°P to 82 — & preserves small limits (for preservation of equalizers use
condition (2) of the definition of co-pretopos) from which it follows by the fibred
special adjoint functor theorem that Sub has a fibred left adjoint L whose value
at 1 gives Q in &.
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85 Giraud conditions without small generating
family don’t guarantee () uonnsone carecorss 1a/07/2011)

Let £ be the category whose objects are sets X together with a family (e4)acon
of endomaps of X and whose morphisms are equivariant maps, i.e. maps com-
muting with all the e,. One easily checks that £ validates all the Giraud con-
ditions but the existence of a small generating family.

For sake of contradiction suppose £ has a subobject classifier 2. For infinite
cardinals k let X,; be the object whose underlying set consists of all k-indexed
families of natural numbers with all but finitely many items equal 0 on which for
a < k the map e, acts as the successor map on the a-th item and as identity
otherwise. Obviously, the object X, has at least x many distinct subobjects
and, accordingly, there are at least x many distinct morphisms from X, to Q.
Since the constant family (0), generates X, this family will be mapped to at
least x many different elements of 2. Thus the underlying set of (2 has at least
x many different elements. Thus, for any infinite cardinal x the underlying set
of 2 has at least k many elements which is impossible.
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86 Connectedness relative to a base category

Let P : X — B be a fibration of categories with terminal object and (internal)
sums. Then for every object I in B there is a functor A; : B/I — X; sending
w:J = Ito Ar(u) = [[,1;. We write ¢, : 1; — Aj(u) for a (chosen)
cocartesian arrow over u.

Anobject X € X is an I-indexed family of connected objects iff X;(X, Ar(=)) :
B/I — Set is represented by idy, i.e. for all w : J — I and vertical o : X —
Ar(u) there exists a unique s : I — J making the diagram

!I
X X .1y
vert ‘
a 1
cocart M
Ar(u) 15
Pu

commute. Notice that by applying P we get w o s = id;. Intuitively s(i) is the
unique j € J; such that o; : X; — [[;; 1 factors through inj : 1 — [, ;..

In case I is terminal we write A for A 7. Notice that A(1) is termmal Then
an object X € X; is connected iff for every a : X — A(I) there exists a unique
1 : 1 — I making the diagram

commute.

In case P is a Moens fibration, i.e. P = F* P¢ for some finite limits preserving
functor F' : B — C between categories with finite limits we can formulate things
as follows. A morphism x : X — FI is an I-indexed family of connected objects
iff for every w : J — I and a : x — F(u) there is a unique section s of u
such that @ = F(s) ox. If I is terminal then X € C is connected iff for every
a: X — FI there is a unique i : 1 — I with o = F(¢)olx

NB Unless the fibration P : X — B is locally connected, i.e. A has a fibred
left adjoint II, families of connected objects are not necessarily closed under
reindexing. Thus, for fibrations which are not locally connected one better
defines an X € X; to be a family of connected objects iff for every w : J — I
the presheaf Xy(u*X, A ;(—)) is isomorphic to B/J(id s, —).
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87 Connected Moens Fibrations

Let P : X — B be a Moens fibration, i.e. B and X are categories with finite
limits and P : X — B is a fibration preserving finite limits and having stable
and disjoint internal sums. The Moens fibration P is called connected iff for
every cocartesian arrow ¢ : 17 — [[, 17 over v : I — K and every morphism
f:1;—= 11,1 over v:J — K there exists a unique morphism w : J — I with

f=1voly,ie.

J 1,
: e
| w ]‘U)
¥
cocart.
I ] ——— I

u

For w:I — K and v : J — K consider the pullback

in B. Let ¢ : v*[[, 11 — [, 17 be a cartesian arrow above v. Then arrows
f:1; =11, 1 above v are in 1-1-correspondence with vertical arrows n : 1; —
v*[[, 11 (where ¢ on = f). Considering the diagram

w//
_, cocart.

U

m n

Y
/
lL l/} U* H 1[
_, cocart. "

¢ | cart. cart. | ¢

Y
cocart.

I 1]

u

where the lower square lies above the pullback (1) and m is vertical one further
observes that vertical arrows n : 1; — v* ], 1; (which are necessarily monic)
are in 1-1-correspondence with those vertical subobjects m : U — 1, for which
[1,U = 1,. From these observations it is immediate that connectedness of P is
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equivalent to the requirement that for every such m there exists a unique arrow
6:1; — U with ¢ 0§ =id;, as illustrated in the diagram

/

’U* H 11
_, cocart. -

1

"| cart. cart. | @

where cocartesianness follows from 9" o § = id;, since P is a Moens fibration
and both ¢ and id;, are cocartesian.

This reformulation of connectedness obviously establishes the connection
with the following elementary characterization of connectedness for geometric
morphism F' 4 U : £ — Set requiring that for every decomposition [],.; U; =
1¢ there exists a unique i € I with U; & 1¢ (and Uy = O¢ for all i’ € I with
i’ # 4). In the fibrational generalization of this requirement the unique arrow
w : J — I plays the role of the unique index ¢ in the elementary characterization.

133



88 Families of Sheaves

Let F 4 U : F — £ be an injective geometric morphism. As known from Moens’
work this induces a fibred geometric morphism A 4 T" : Pr — Pe whose unit
77((11) (in fibre I) at a : A — I is given by

UFA

F[A[(a) UFa

~

UFI

nr

Since Ay 4T's is a geometric inclusion (for all I € &) the family a: A — I is a
family of sheaves if and only if ﬁ,(lj) :a — I'fAja is an isomorphism, i.e. iff

A UFa
_
a UFa

I —— UFI
nr

is a pullback. Thus a arises as pullback of some map in F (which w.l.o.g. we
consider as a full subcategory of £). On the other hand if g : Y — X is a map
in Fand f: I — X amap in € then for a = f*g: A — [ with

q

A—Y
l_l
a g
] — X
f
it holds that
F
A ura Y5 ppy
_J
a UFa UFg
] — UF] —— UFX
n1 UFf

where the left square is a pullback because the right square is a pullback (since
both F and U preserve finite limits) and the outer rectangle is a pullback since
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it is equal to the rectangle

4y ™ Ry

A

- |
a g UFg
I

UFX

IR

l I

. X

f nx

which is a pullback since the left square is a pullback and nx and 7y are iso-
morphisms because by assumption X and Y are in the reflective subcategory F
of £.

Thus we have shown that a : A — I is a family of sheaves iff a arises as
pullback in £ of some arrow g in F.

We now give an alternative proof of this fact. Let w: J — I be a map in F
and

b
B—UJ
_
f Uu
A—UI
a
be a pullback in £. Then
b Fb
FB —J FB — FUJ —» J
| , _J
Ff u  since Ff FUu
FA— 1 FA— FUI — I
a Fa €1

because F preserves pullbacks and ¢ is a natural isomorphism. Then in

B—»UFBE)»UJ

1 e o

A— UFA — UI
NA Ua

the right square is a pullback since U preserves pullbacks and the outer rectangle
is a pullback by assumption from which it follows that

B — UFB

l JUF ;

A——UFA
na

is a pullback as desired.
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89 Fibred Enriched Categories

In November 1976 Gouzou and Grunig have published their work on Fibrations
Relatives as an internal report of the Seminaire Bénabou. I briefly recall their
main definitions.

Let B be a category with finite limits (or at least pullbacks). A fibration of
monoidal categories over B (discussed in Chapter I) is a fibration V : V — B
together with cartesian functors ® : V xg V. — V and I : Idg — V endowing P
with the structure of a monoid in Fib(B) (up to isomorphism). One easily sees
that this is equivalent to all fibres being monoidal categories and this structure
being preserved by reindexing.

Gouzou and Grunig defined a V-enriched category over B as given by

1) an object Cp € B

(1)
(2) an objects C7 € V(CyxCy)

(3) a vertical morphism 7 : I, — 05, C1

(4) a vertical morphism p : 75C1 @ 77Cy — 73C

(where §¢, is the diagonal on Cy and m; projects C§ on those factors whose
index is different from 4) satisfying some obvious conditions expressing that 7
gives identity morphisms and p is composition.

This notion (discussed in Chapter II) just captures small V-enriched cate-
gories and the associated ordinary fibration over B is necessarily split and small.
To overcome these limitations in Chapter II they define a V-enriched fibration
over B as given by the following data

(1) a V(I)-enriched category Cy for all I € B
(2) a mapping u* : Ob(Cy) — Ob(Cy) forallu:J — I'in B

o

(3) an isomorphism v*X,Y : «*C;(X,Y) > C;(X,Y) forallu:J - T in B
and X,Y € Ob(Cy)

(4) forallu:J = Tand v: K — J in B and X € Ob(Cy) an isomorphism
Oy, x VU X = (uv)*X in the underlying category of Cx

(5) for all I in B and X € Ob(Cy) an isomorphism «y x : id; X S X in the
underlying category of C;

satisfying some “obvious” coherence conditions.
This latter definition does not look very “fibrational”. It is rather in the
style of indexed categories. But presumably one can’t do better.
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Recently (see CATEGORIES 6. Sept. 07) M. Shulman and M. Przybylek
(writing a Master’s Thesis supervised by A. Tarlecki) announced to have found
a concept unifying internal and enriched categories. Przybylek’s notion coincides
with Gouzou and Grunig’s notion of V-enriched category over B and Shulman’s
notion is slightly more general*® and presented in a way technically very differ-
ent from Gouzou and Grunig’s account. Both Shulman and Przybylek observe
that one obtains internal categories in B when instantiating V' with the funda-
mental fibration Py = 0; : B2 — B and one obtains V-enriched categories when
instantiating V' with the family fibration Fam()) over Set. But that does not
go beyond Gouzou and Grunig’s work.

Possibly a notion of split but not small fibration of enriched categories can
be obtained by extending the Australian school’s work on “bicategory enriched
categories” to fibrations.*® As I understand it a fibred enriched category is
necessarily locally small in the sense that for (Y;);c; and (X;)ies there is an
I-indexed family (hom(Yj, X;))icr jes of objects in the enriching category V.
Penon’s “locally internal categories” (see Appendix of Johnstone’s 1977 book
“Topos Theory”) do this for the case V' = Py. One might try to generalize his
approach to arbitrary fibrations V' of monoidal categories and this way obtain
a notion of fibrations of enriched categories which is not necessarily split or
even small. But I think this way one just again arrives at Gouzou and Grunig’s
notion of V-enriched fibration over B from 1976.

See M. Shulman’s recent paper Enriched Indexed Categories (Dec. 2012)
section 6 on ¥ -fibrations for a tentative definition based on the more general
notion of “large ¥ '-category”.

48Tn Shulman’s paper Framed Bicategories and Monoidal Fibrations (arXiv:0706.1286v1)
is based on the concept of a “monoidal fibration”, i.e. a fibration P : X — B where X and B
are monoidal categories, P is a monoidal functor and cartesian arrows are closed under ®. If
the monoidal structure on B is cartesian, i.e. ® is X, then Shulman’s notion is equivalent to
Gouzou and Grunig’s notion of a fibration of monoidal categories.

49 Actually, in Betti, Carboni, Street and Walters Variation through Enrichment they ob-
served that every fibration P : X — B may be understood as enriched in W(B), the full
subbicategory of Span(@) on representable presheaves. The key point is that for X € P(I)
and Y € P(J) there is a presheaf HOM(X,Y) over y(I) x y(J) which is representable by an
object hom(X,Y) in B for all X,Y € X if and only if the fibration P is locally small.
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90 Shulman’s Enriched Indexed Categories (2012)

Let S be a category with finite products and ¥ a symmetric monoidal category
indexed over S. A large ¥ -category < consists of

i) A collection Ob(&7) of objects x,y, z, . ...

ii) For each object z, an object ex € S, called its extent.

)
ili) For each objects z,y € Ob(#/), an object ¥ Y*<*,
iv) For each x € Ob(/) a morphism

Hew - %(l‘a LL’)

61'45’633)(6‘7}
in [V.

v) For each z,y, 2 € Ob(%7) a morphism

comp

ﬁ(y, Z) ey ﬁ(l‘, y) — ﬁ(xv Z)

€Z X €Y X €X ———> €T X €X
Tey

in [ 9.5

such that the obvious associative and unit laws hold.

For X in S a #-functor f : X — & is given by an object a € Ob(</)
together with a morphism ef, : X — ea. If g : 0X — & is a ¥-functor given
by b and €gp : X — €b then a ¥ -natural transformation « : f — g is given by a
morphism « : Iy — &/ (a,b) in [ above (egy, €fa)-

If x is an object of &/ we write x also for the ¥-functor d(ex) — & as
given by x and ide,. For € Ob(«&) and f : Y — ex in S a restriction of x
along f is an object f*x of & such that e(f*x) =Y together with a ¥"-natural
isomorphism between

v %5 o and  §Y Lsx P o

where the second ¥ -functor is given by x and f.
A 7 -fibration is a large ¥ -category such that for each object x and each
f:Y — ex in S there exists a restriction f*x.

50in the index of m we list those components which are projected away
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91 A left adjoint to U : Sp(B) — Fib(B)

Let Y : B — B be the Yoneda functor. According to work by Bénabou the
fibred Yoneda lemma can be reformulated as U : Sp(B) — Fib(B) having a right
adjoint Sp = Yy HYE. M. Abbott and M. Warren independently observed that
a left adjoint to U : Sp(B) — Fib(B) is given by Yg [[y,. Both constructions,
however, can be found already in 1.2.4 of J. Giraud’s 1971 book Cohomologie
non abeliénne.

Explicitating the construction of [[, < F* as given by Bénabou (cf. my
lecture notes on Fibred Categories) one sees that this “left adjoint splitting”
looks as follows. The fibre over I is the category whose objects are pairs
(u, X) with v : I — P(X) and morphisms from (u,X) to (v,Y) are spans
(p:Z—= X, f:Z—=Y) such that P(¢) = u, P(f) = v and ¢ is cartesian. Of
course, morphisms (¢, f) and (¢, f') have to be considered as equal iff there
is a (uniquely determined) vertical iso ¢ (over I) with ¢r = ¢’ and fu = f'.
For (¢, f) : (u,X) = (v,Y) and (¢,9) : (v,Y) = (w, Z) their composition in
the fibre over I is given by (¢, ga) where « is the unique vertical arrow with
Ya = f. Reindexing along u : J — [ is given by precomposition with ap-
propriate cartesian arrows over u. The ensuing split fibration over B we call
L(P).

There is a cartesian functor Hp : P — U(L(P)) sending X over I to (ids, X)
which serves as unit of the adjunction L 4 U. For a cartesian functor F :
P — U(S) there is a unique (up to isomorphism) functor F' : L(P) — S with
U (ﬁ JHp = F which is constructed as follows using a (normalized) cleavage
Cartp of P. An object (u, X) is sent to S(u)(F (X)) and a morphism (¢, f) :
(u, X) — (v,Y) in the fibre over I is sent to the unique vertical arrow « :
uw*F(X) — v*F(Y) such that Cartp(v, F(f)) o« ot = F(f) where ¢ is the
unique vertical arrow (necessarily an iso!) with Cartp(u, F(X)) ot = F(p).

As emphasized by P. Lumsdaine and M. Warren the “left adjoint splitting”
L(P) of a fibraton P : X — B is isomorphic to the following split fibration over
B described in terms of a (normalized) cleavage Cartp for P. The objects of the
total category are again pairs (u : I — Iy, X) with P(X) = Iy. But morphisms
from (u: I — Iy, X) to (v:J — Jo,Y) are just morphism f : v*X — v*Y and
their composition is inherited from X. The functor constituting the fibration
sends (u:I = Ip,X)tolTand f: (u:1—= Ip,X)— (v:J— Jy,Y) to P(f).
The ensuing fibration can be endowed with the following canonical splitting:
for (u: I — Ip,X)andv:J — I weput v*(u: 1 — Ij,X) = (uv,X) and let
Cart(v, (u: I — Iy, X)) : (uv)*X — u*X be the unique arrow 1 over v with

Cartp(u, X) ot = Cartp(uv, X)

This new split fibration is isomorphic to L(P) via the split cartesian functor
which is the identity on objects and sends a morphism f : (u, X) — (v,Y) to
the equivalence class of (Cartp(u, X), Cartp(v,Y) o f).

Though this alternative construction of the left adjoint splitting of P relies
heavily on global choice, i.e. the axiom of choice for classes, it is in a sense
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“more explicit”. Moreover, as shown by Lumsdaine and Warren (2014) this
more explicit splitting construction can be used for splitting identity types in
non-split models of identity types as arising from e.g. Cisinski model structures.

92 Bénabou’s Set(B) and set(B)

For a category B we may consider the split fibration Set(B) over B with
Set(B)(I) = B/ = Set®/)” Set(B)(J % I) = (=) o 2%

where ¥, : B/J — B/I is given by postcomposition with u. Apparently, the
split fibration Set(B) is equivalent to the non-split fibration Yz Pg (where Py is
the fundamental fibration of @)

Now in case B has pullbacks we may consider the full subfibration set(B)
of Set(B) where set(B)(I) is the full subcategory of Ig/\f on representable
presheaves over B/I.°% Obviously, the split fibration set(B) is equivalent to
the fundamental fibration Py of B.

For X € B split cartesian functors from X to Set(B) are in natural 1-1-
correspondence with presheaves over the category Elts(X) = Y] X of elements
of X and those which factor through set(B) correspond to the representable
morphisms to X .52

93 Representable Morphisms

Let B be a category with pullbacks. A morphism f :Y — X in B is called
representable iff for every x : y(I) — X there is a pullback

y(J) — Y
_
y(U)l f
y(I) — X
x
withu : J — I'in B. Since y preserves pullbacks and B has pullbacks a morphism
f :+ X — y(I) is representable iff it is isomorphic in B/y(I) to y(u) for some
w:J — I in B. Via the equivalence I@/y([) ~ B/T the representable morphism
y(u) corresponds to the presheaf A, : (B/I)°® — Set with A,(v: K — I) =
{s : K= J|us=v}and A,(w: vw — v)(s) = sw.

51Notice that Set(B)(u) : Ig/\f — ]BT/T] preserves representability of presheaves if and only if
B has pullbacks along u : J — I. Thus set(B) is a full subfibration of Set(B) if and only if B
has all pullbacks.

52The first case was considered already by J. Giraud in his book Cohomologie non abélienne
from 1971 where he considered the following splitting of P;. The fibre over X € B is

SetEltS(X>op, the category of presheaves over Elts(X), and for v : ¥ — X in B reindex-

ing along wu is given by SetElts(W)%® where Elts(u) = Yplu, i.e. postcomposition with wu.
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Thus in case B = Set a family (A;);cs (thought of as a map A — I) gives rise
to the presheaf A : (Set/I)°® — Set sending v : J — I to A(u) =[[..; A
and v:uv — u to Av) : s+ sow.

This explains why a(n ordinary) distributor ¢ : A x B°® — Set gives rise to
the split cartesian functor Fam(¢) : Fam(A) x Fam(B)°P — set(Set) given by

jeJ “tu(y)

Fam(¢)1(A,B)(u: J = I) = [[ ¢(Augs), Bug)
jeJ

and
Fam(9)1(f,9)(u: J = I)(s) = (8(futs)» 9u())(55) je s

However, I have constructed a counterexample showing that in general Fam (¢¢)
and Fam(¢)Fam(¢) are different, i.e. not isomorphic.

94 The split fibration .7 induced by X € .#%

Let B be a small category and X an object of .72” the category of presheaves
over B. Let [ X : X — B be the discrete fibration obtained from X by the
Grothendieck construction. Then we may consider the split fibration .7 over
B whose fibre over I € B is given by .#((B/D*X% and whose reindexing along
w:J — I in B is given by precomposition with the functor (X, x X)°P, i.e.
I X(u)(A) = Ao (X, x X)°oP.53

This construction is mentionend in R. Street’s paper The petit topos of glob-
ular sets. But it occurs also implicitly and in a more general form in Bénabou
and Streicher’s draft Distributors between Fibrations, namely as Set(B)* where
Set(B) is the split fibration over B with Set(B)(I) = Set® D™ and Set(B)(u) =
(-) ° (3,)° (notice that Set(B) is isomorphic to .#’! where 1 is terminal in
BT,

530ne may understand . (I) as the category of “I-indexed families of objects in .%B” /X"
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95 Families of Separated Objects

Let B be a category with finite limits and Rep(B) be the class of representable
morphisms in B = Set®". The class Rep(B) contains all isos, is closed under
composition and pullbacks along arbitrary morphisms and from f and fg repre-
sentable it follows that g is representable, too. This latter condition is equivalent
(in presence of the other closure conditions) to ¢y being representable whenever
[ is representable.

A map f in B is (a family of) separated (objects) iff ¢ is representable.5*
One can show that

if f:Y — Xand g:Z — Y are separated then fg is separated,
too.

This follows from the following diagram

= ZXyZHZXXZ
|

gXxXxg

Y

YXXY
f

because d, is representable (since g is separated), the pullback of the repre-
sentable map ¢; along g Xx g is representable and dy, is the composition of
these two representable maps.

54 As observed by Bénabou a presheaf X € B is separated, i.e. dx = (idx,idx) is a rep-
resentable morphism, if and only if for X considered as a discrete fibration over B equality
of objects is definable, i.e. for z,y € X (I) there is a mono m : Iy — I such that uw: J — I
factors through m iff u*z = u*y.

142



96 Anafunctors : ordinary, fibred and internal

Let C and D be categories. An anafunctor from C to D is a pair (Pp, F') where

(Al) Pp : Sp — C is an elementary fibration (i.e. all fibres of Pr are posetal
groupoids) with all fibres of Pr non-empty and connected and

(A2) F:Sp — D is a(n ordinary) functor.

Obviously (A1) is equivalent to the requirement that Pr is full, faithful and
surjective on objects.?®

If (Pp,F) and (Pg,G) are anafunctors from C to D and from D to &, re-
spectively, then their composition is given by (Pr o F*Pg, G o PLF') where

PLF G
Sy —% %+ So —» €&
_
F*Pg Pg
Sk D
PFl
C

and one easily observes that Pr o F*Pg is an elementary fibration with non-
empty connected fibres. The identity anafunctor from C to C is given by
(Ide, Ide).

The notion of anafunctor can be easily extended to fibrations as follows. Let
C:C— Band D :D — B be fibrations over B. Then a cartesian anafunctor
from C to D (over B) is a pair (P, F) where Pp : Sp — C is an elementary
fibration with non-empty connected fibres and F' is a cartesian functor from
C o Pp to D (over B).

Now if C'and D are categories internal to B (with pullbacks) then an internal
anafunctor from C to D is a cartesian anafunctor (Pg, F') from C to B such

that Sp 5 B(C) S Bis a small fibration. (Here C : B(C) — B denotes the
“externalisation” of C as a fibration over B).

This latter definition may be reformulated within the internal language of B
as follows (where one has to assume that B is regular). An internal anafunctor
from C to D is a pair of internal functors Pr : Sp — C and F' : Sp — D such
that Pp is full and faithful and surjective on objects (it is for expressing fullness
and surjectivity on objects that we need B to be regular).

Anafunctors as Representable Distributors

In January 2011 Bénabou observed on the CATEGORIES list that anafunc-
tors from A to B correspond to representable distributors from A to B, i.e.

551t is not sufficient to require essential surjectivity!
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distributors ¢ : A — B such that for all A € A the presheaf ¢(A) over B is
representable.

Given such a representable distributor ¢ let Sy be the category whose objects
are f € ¢(B, A) which represent the presheaf ¢(A) = ¢(—, A) over B and whose
morphisms from f to f/ are pairs (8, «) with ¢(B, a)(f) = (8, A’)(f’) for which

we write

Let Py : Sy — A and Fy : Sp — B be the obvious projection functors. Then
(Py, Fy) is the anafunctor from A to B corresponding to ¢. Conversely, given
an anafunctor (P, F') from A to B the associated representable fibration is given
by ¢p * ¢ : A —— B.

It is known that distributors correspond to arbitrary functors P : C — 2 (so-
called “barrels”). This correspondence restricts to one between representable
distributors and fibrations over 2. Given a fibration P : C — 2 consider the
category S whose objects are cartesian arrows over 0 — 1 in 2 and whose
morphism from ¢ to ¢’ are squares

with o and 3 vertical. Let Pr: S — Aand F : S — B be the obvious projection
functors where A and B are the fibres of P over 1 and 0, respectively. Then
(Pp, F) is the anafunctor from A to B associated with P. Conversely, given an
anafunctor from A to B one first constructs the associated distributor and from
this the corresponding fibration over 2.

Using the axiom of choice (for classes) for every anafunctor (Pp, F') from A
to B there is an equivalent anafunctor (Id4, F o E) where E : A — Sp is an
equivalence with Pr o ¥ = 1Id 4. But notice that there may be anafunctors from
A to B which are not isomorphic to any anafunctor induced by a representable
distributor but every anafunctor is equivalent to an anafunctor induced by a
representable distributor.
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97 Spreads at 1 need not be spreads

Let M be the monoid with underlying set {1, a,b} where 1 is the neutral element
and za = a and zb = b for all € {1,a,b}. We write M for the submonoid
of M on {1,a}. Let & = M, F = M, and ¥ : F — & the geometric morphism
where ¥* : £ — F restricts right M-actions to right My-actions.

Evidently, the functor ¥* is surjective on objects and, therefore, the geomet-
ric morphism 4 is not only localic but also a spread at 1 (because identities are
Set-definable subobjects).

Nevertheless b : F — &£ is not a spread over Set which can be seen as
follows. Let A be the representable object of £, i.e. Ml acted on by itself from
the right. Let P C ¢*A be the subobject with P = {1,a}. For showing that
¥ is not a (Set-)spread suppose that for some morphism « : B — A and Set-
definable, i.e. decidable, subobject @ C * B the restriction of ¥*u to @ factors
through P via an epimorphism e :  — P. Then there exists an « € @ with
u(z) =e(x) =a. Asxz-b-a=x-aand @ C ¢Y*B is decidable it follows that
y=2x-be€ Q. But then P 3 e(y) = u(x -b) = u(x)b = ab = b in contradiction
with the definition of P.

This counterexample shows that families generating at 1 need not be gener-
ating®8: take the pullback g : G — ¥*1,2 of true : 1 — 2 along eg : 9*1p,2 — 2
(the counit of ¥* - 1), at 2) then g is generating at 1 but not generating for the
fibration 01 : Fly* — £ as we have seen above. But this “failure” shouldn’t
be considered as such as universally quantified statements need not hold even
if they hold for all instances by global elements!

The reason for Marta and Jonathon’s confusion (who claimed that “gen-
erating at 1”7 entails already “generating”) was a remark in the article by
Paré and Schumacher (pp.98-99) claiming that an object G € P(I) is gener-
ating for P : X — B if and only if for all J € B the object 753G € P(JxI)
(where o : JxI — I is second projection) is generating at 1 for the fibration
P,y = ¥%P. That this claim holds can be seen from the following diagram

t. t.
X G S . 1iG cart.
v (v, u) T
J < K > JxI i
v
>

noticing that u = my o (v, u).

56For a fibration P : X — B an object G € P(I) is generating iff for all o, : X — Y in
P(J) with o # B there exist a cartesian arrow ¢ : Z — G and an arrow ¢ : Z — X such that
at) # Bi. If B has a terminal object 1 then G € P(I) is generating at 1 iff forall a, 8 : X — Y
in P(1) with o # B there exist a cartesian arrow ¢ : Z — G and an arrow ¢ : Z — X such

that atp # B,
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98 A Fibrational Account of Measures on Toposes

Suppose B and C are categories with finite limits and F' : B — C. Since FP¢ is a
fibration of categories with finite limits and change of base (along F') preserves
this property F* Pc is also a fibration of categories with finite limits.

Already back in 1974 Jean Bénabou proved that Pr = F*Pc = 0; : C |
F — B has (Lawvere) comprehension iff F' has a right adjoint. Since cofibra-
tions are stable under change of base (along F') and P is a bifibration it follows
that F* Pg is also a bifibration (where cocartesian arrows are stable under pull-
backs along vertical arrows). Also already in 1974 Bénabou showed that the
bifibration F™* Pc has internal sums, i.e. satisfies the (Beck-)Chevalley condition
(i.e. cocartesian arrows are stable under pullbacks along cartesian arrows) iff F
preserves pullbacks.

For functors F' : B — C the bifibration F* P satisfies the following exten-
sivity property (c.f. section 82): for every commuting square

x-*.y

al lﬁ
11$ ]7[1,

with pj cocartesian over I — 1 and « and f vertical the square is a pullback iff
 is cocartesian. This extensivity property amounts to claiming that the fibre
X1 over I is isomorphic to X1JA(I) where A : B — X sends u: J — I in B to
the unique vertical arrow A(u) making the diagram

1, 24 AW

14 lA(u)

1 — A(D)
Pr
commute. Thus fibrations P : X — B of finite limit categories which are also
bifibrations satisfying the above extensivity property are equivalent to fibrations
of the form F*P¢ for some functor F : B — C where C has finite limits (take
for C the fibre over 1 and for F' the functor A as described above).

Thus functors F' : B — C having a right adjoint and preserving terminal
objects are in 1-1-correspondence with fibrations P : X — B of finite limits
categories having (Lawvere) comprehension and which are also bifibrations sat-
isfying the above extensivity property. It is a consequence that cocartesian
arrows are stable under pullbacks along vertical arrows.

If B and C are toposes (C loc. cart. closed suffices!) then F™*PFP¢ having
Lawvere comprehension is equivalent to F™*Pr being locally small (since Pr is
locally small iff C is locally cartesian closed).

Since functors F' : B — C having a right adjoint and preserving terminal
objects may be thought of as normalized C-valued measures on B there arises
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the question whether this fibrational characterisation of normalized measures is
of any use?
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99 Zawadowski’s Cartesian Bifibrations

If C is a category with finite limits then Pc = 9; : C]C — C is a bifibration
such that

(1) Pc is a fibration of finite limit categories

(2) for all w:J — I the functor w (left adjoint to the reindexing functor u*)
preserves pullbacks

(3) for all w : J — I the unit and counit of the adjunction uy - u* are

cartesian®”.

If F : B — Cis a functor between categories with finite limits and F preserves
terminal objects then F™* P is a bifibration over B still satisfying the conditions
(1)-(3) above. We call such fibrations cartesian bifibrations.>®

We now show that every cartesian bifibration P : X — B is equivalent to
one of the form F*P¢ for some terminal object preserving functor F : B — C
between finite limit categories. For this purpose the following Lemma will be
crucial.

Lemma If P : X — B is a cartesian bifibration and

Y v Z
a (*) B
cocart.
—

14

is a commuting square in X with o and [ vertical and ¢ cocartesian then this
square is a pullback if and only if v is cocartesian.

Proof. Suppose 1 is cocartesian. Consider the diagram

cart.
Y ﬂ» wrwY — wY

al_, lu*ﬁloz lﬁ

N cart.
X — vy X — uwX

Ub'e

57a natural transformation 7 : F = G is cartesian iff for all o : X — Y the square

FX X% ox

-

Yy % gy

Ga

is cartesian, i.e. a pullback
58They were introduced by M. Zawadowski in his paper Laz Monoidal Fibrations (2009).
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where the bottom and top arrow are ¢ and 1, respectively. Since both squares
are pullbacks so is the rectangle.
Now suppose that (*) is a pullback. Consider the diagram

u
wY 2l wu*Z
A A
)
cocart. cocart. s
¥ * cart.
Y - w7 - 7
| ]
« u* 153
Y Y
cart.
X — vy X — X
Ube

where the bottom and top arrow of the rectangle are ¢ and v, respectively.
Thus, for showing that v is cocartesian it suffices to show that ez o w7y is an
isomorphism. For showing the latter consider the diagram

wY T, wu*Z 2 Z

w i) T

mX —— X — wX
unx Eu X

where the left square is a pullback because u; preserves pullbacks and the right
square is a pullback since ¢ is cartesian. Thus, the rectangle is a pullback, too.
Since the bottom arrow of the rectangle is an identity arrow it follows that the
top arrow of the rectangle is an isomorphism as claimed. O

From this Lemma it follows that P is equivalent to A* Px, where A : B — X
is given by

PJ

1, — A(J)
1ul lA(u)
17 ? A(I)

where ¢; and @ are cocartesian over terminal projections.

Notice that A preserves pullbacks iff cocartesian arrows are stable under
pullbacks along cartesian arrows, i.e. P has sums.
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100 Complete Spreads

Let ¢ : Z — X be a continuous map with Z locally connected. Then G =
7o - p 11 O(X) — Set is a cosheaf. For x € X the set of cogerms at x is given
by ) _

¢ (2) = Limeer G(U)

i.e. the set of all consistent selections £y € G(U) as U varies over open neigh-
bourhoods U of z. Let Y be the space of all cogerms of G whose topology is
generated by the basic open sets

(U.a) = { cogerm ¢ | $(¢) € U and & = a}

where U is an open set of X and a € G(U). The space Y is locally connected
and the projection ¢ : Y — X is continuous. Let p : Z — Y be the map sending
z to the cogerm p(z) at ¢(x) with p(z)y > z (i.e. the connected component of
¢ 1(U) containing z as an element). Notice that p is continuous and 1 - p = .
The map ¢ is called a complete spread iff p: Z — Y is a homeomorphism.

This construction is analogous to the following one from sheaf theory. Let
¢ : Z — X be a continuous map and F': O(X)°® — Set the sheaf of continuous
sections of ¢. For every x € X the set of germs at x is given by

Y~ (z) = Colimey F(U)

i.e. the set |J,cy; F'(U) modulo the equivalence relation ~, where F(U) 3 s ~,
s € F(U') iff synyr = synyr- Let Y be the space of all germs of F whose
topology is generated by the basic open sets

(U,s) = { germ € | $(¢) € U and s € €}

where U is an open set of X and s € F(U). Let 0 : Y — Z be the map sending
[s] € ¥~1(z) to s(x). The map p is continuous and satisfies ¢ - p = 1. The map
p is called an etale map iff o is a homeomorphism.
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101 Geometric morphisms between sheaf toposes

A morphism of locales f : A — B induces a geometric morphism F 4 U :
Sh(A) — Sh(B) where U is given by reindexing along f* : O(B) — O(A) and
F' is given by

SetP(B)” &, SetPAW”*

Sh(B)

Sh(A)

where [] o I8 left adjoint to reindexing along f* and a is the sheasfification
functor.

Unravelling the construction®® of ]_[f* : Set?B)” _; Se
that [[;.(Y)(U) is the quotient of

op
tO(A™ one observes

I ym
U<f*V
modulo ~y where (V1,y1) ~u (Va, yo) iff there exists V3 < Vi, Vo with U < f*V3
and Y1ivs = Y21v5-

In part C.2 of the FElephant this has been extended to morphisms between
sites. If (C,J) and (D, K) are sites where C and D have finite limits then a
morphism from (C, 7) to (D, K) is a functor F : C — D preserving finite limits
and covers. Then the change of base functor F* : Set™ — Set®” restricts to
a functor F* : Sh(D, K) — Sh(C, J) which has a left adjoint F; given by

Set®” &» Set””

Sh(C.J) —= Sh(D,K)

where [[ 4 F*: Set™ — Set™ and a is the sheafification functor.

59Recall that [+ (Y)(U) is obtained by inverting all arrows in Ulf* Xo(p) Y where

Ulf* oY — Y

A" ——5+ O(B)

considering Y as a discrete fibration over O(B).
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102 Axiom of Replacement in Categorical Logic

In E. Zermelo’s axiomatisation Z of set theory he forgot to postulate the so-called
replacement scheme as pointed out by A. Fraenkel. The system ZF of Zermelo’s
set theory augmented with Fraenkel’s replacement scheme is nowadays used as
the axiomatic basis of modern mathematics. Often one also adds the axiom of
choice to ZF giving rise to the system ZFC.

Informally speaking the replacement scheme says that for a set a and a class
function f its image f[a] is also a set where a “class function” is a functional
relation on the universe (class) V of all sets. At the time of Zermelo and Fraenkel
it was not quite clear what is meant by a class function since the logical basis
of set theory was not yet quite clear. But rather quickly people agreed on first
order logic as the logical framework relative to which the axioms of ZF(C) have
to be understood. Accordingly, a class function was understood as (given by)
a first order formula ¢(x,y) (possibly with further free variables z1, ..., z,) for
which it holds that Vz3'p(x,y).

This restriction to first order logic forces one to formulate replacement as a
scheme. A bit later von Neumann, Bernays and Gddel introduced the equivalent
system NBG of class theory where (in modern formulation) the logical basis is
second order logic where (unary) predicates on the universe of sets are thought of
as classes. Second order logic allows one to quantify over classes. But how many
classes are forced to exists is regulated by how strong a comprehension principle
one postulates for defining predicates on classes. Unrestricted comprehension
AXVz(z € X < ¢(x)) gives rise to so-called Morse-Kelley set theory whereas in
NBG the comprehension principle is restricted to those ¢ which are “predicative”
in the sense that they do not contain any second order quantifiers. Of course,
one would get an even stonger class theory if one used higher order logic as
a logical framework for set theory. A. Grothendieck in the 1950s went even
further using ZF(C) as logical framework for set theory thus arriving at the
notion of a Grothendieck universe, i.e. a transitive set U containing w, closed
under cartesian products and powersets and satisfying a replacement axiom
saying that Va € UVf € U® fla] € U where fl[a] = {f(z) | = € a}. Notice
that this replacement axiom is (much) stronger than the usual replacement
scheme since f may be instantiated by functions from a to U which are not first
order definable in the language of set theory. A formal system for set theory
sufficiently strong for almost all purposes of category theory is ZFC together
with the axiom that for all sets a there exists a Grothendieck universe U with
aeU.

From the above discussion we learn two things, namely that (1) for formu-
lating replacement we need to quantify over a universe (class) of all sets and (2)
the strength of replacement depends on the (strength of the) ambient logic.

There is also a pragmatic side, namely the question What is replacement
needed for? Experience tells us that one uses replacement for constructing re-
cursively defined families of sets like (775((,L)))56(1 where PP (w) = U,es P (w).

Donald Martin has used the family (P*(w)) in his celebrated proof of Borel

acwi
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determinacy and a bit later H. Friedman has shown that this uncountable it-
eration of powerset is indispensible for proving Borel determinacy, i.e. that it
cannot be derived in Zermelo’s set theory Z. Logicians who indulge in measur-
ing the strength of formal systems and witnessing their different strengths by
mathematically natural statements provable in one but not in the other system
tend to the opinion that the crucial step is from 2nd Order Arithmetic to ZF
and that the step from 2nd Order to Higher Order Arithmetic is not witnessed
by any mathematically natural statements provable in higher order but not in
2nd order arithmetic.

But there are other issues than measuring strength when analysing formal
systems. From this point of view higher order arithmetic appears quite natu-
rally since it is objectified in a syntax-free way by the notion of an elementary
topos with a natural numbers object N which has been forcefully suggested as
an alternative (and better) foundation for mathematics by categorical logicians
since end of 1960s. An impressive manifestation of this view can be found in
Lawvere and Rosebrugh’s book Sets for Mathematics. The superiority of cat-
egorical logic or equivalently type theory over set theory is analogous to the
superiority of a high level programming language over machine language since
it is not very user friendly to reduce everything to the relation € of elementhood
just as it is not very user friendly to reduce everything to bit strings. But more
important (for me) is that the categorical account of logic opens up the possi-
bility to study models for intuitionistic formal systems and actually provides us
with a lot of such models arising in a natural way. (One should also notice that
the forcing models used in classical set theory are just sheaf models in disguise!)

However, the notion of elementary topos with natural numbers object does
lack the logical strength provided by replacement. Therefore, now and then
categorical logicians have paid attention to replacement. Already in Lawvere’s
1964 paper An Elementary Theory of the Category of Sets (ETCS) one finds
an axiomatisation of replacement for wellpointed toposes £ with nno satisfying
AC (i.e. every epimorphism splits). His form of replacement claims that for any
object A of £ and any £(1, A)-indexed family S of objects of £ there exists a
morphism X — A such that S, = a*X for all @ : 1 — A. But Lawvere re-
quires this only for families S which are syntactically definable in the language
of ETCS. This axiom makes sense only because for a wellpointed topos £ sat-
isfying AC one can show that objects X — A and Y — A in £/A are already
isomorphic if a*X = o*Y for all a € £(1,A). Lawvere argues that models of
ETCS satisfying his form of replacement are equiconsistent with models of ZFC.
Thus, his account is sort of convincing if one wants to axiomatize “the” cate-
gory of sets. But it is not clear how to extend his approach to toposes which
are not wellpointed because external and internal notions of families of objects
fall apart: e.g. if A has no global elements then for all internal families X — A
and Y — A it (vacuously) holds that a*X = o*Y for all @ : 1 — A. Thus,
there are many nonisomorphic internal families giving rise to the same external
(empty) family. In my opinion it is sheer luck that syntactically definable in
the language of ETCS and syntactically definable in the language of set theory
turn out as sufficiently equivalent.
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Moreover, Lawvere’s formulation of replacement is not in coincidence with
set theory since for him families of sets are not given by a functional relation
on some universe U of sets where U itself is an object of the category. But if
— following Quine — existence means to be the range of a quantifier then the
class of sets over which the axioms of ZF(C) quantify as a completeted totality
does exist and, therefore, should be represented by an object of a categorical
model. This was the starting point of Ch. Maurer’s paper Universes in Topoi
from 1975 where (in a topos) he postulates a universe U »— P(U) satisfying a
few well chosen axioms including a strong form of replacement claiming that
for every a € U and f € U® the image of f is in U. Maurer’s axiom of
replacement (like the one of Grothendieck universes) is stronger than the set
theorist’s one because it considers families ¢ — U which are not necessarily
given by a syntactically definable relation. Moreover, in Maurer’s account the
ambient logic is given by a topos, i.e. higher order and not first order logic.

This has been “corrected” in Algebraic Set Theory (AST) originated by
A. Joyal and I. Moerdijk where the ambient category is assumed only to be
a Heyting category (or Heyting pretopos) where one also postulates a class
S of small maps providing a notion of “size” (c.f. Jean Bénabou’s notion of
“calibration” from the 1970s). The class S is required to be pullback stable
and to satisfy quite a few more closure properties depending on how strong a
set theory one wants to axiomatize. The requirement for S corresponding to
replacement is that f € S whenever e is an epimorphism with fe € S since it
says that (in every context) the image of a small object is small. Depending on
the class S of “small maps” in AST one postulates a “small powerset” functor
Ps sending X to the unique object Ps(X) such that morphisms I — Pg(X)
are in natural 1-1-correspondence with subobjects m : R ~— I x X such that
mom € S (i.e. I-indexed familes of small subobjects of X). Of course, the
object Ps(X) is determined uniquely up to isomorphism by this requirement.
Now every morphism f : X — Y gives rise to Ps(f) : Ps(X) — Ps(Y) by
sending R € Ps(X)(I) to the image R’ of R under I x f which is in Ps(Y)

because we have

R c R
| o
Ixx X5 ey

and mom is in § and e is epic. In AST one constructs or postulates an initial
fixpoint V' of Ps which in presence of the other axioms gives rise to a model of
set theory whose class of sets is given by V and whose elementhood predicate
is given by € — V x Ps(V) =2V x V.

One should notice here that weaker requirements on S give rise to weaker
set theories. For example requiring only regular monomorphisms to be in S
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gives rise to a set theory BIST which as argued by Awodey et.al. in their 2007
Bull. Symb. Logic paper is conservative over higher order arithmetic since ev-
ery topos with nno appears as the full subcategory of sets of a model of BIST.
The theory BIST validates replacement but only bounded separation which
demonstrates that the strength of replacement strongly depends on the remain-
ing axioms and also on the ambient logic (since BIST with classical logic is as
strong as ZF). The same remarks apply to the even weaker “predicative” set
theory CZF of P. Aczel.

If one does not insist on mimicking set theoretic replacement but rather its
desired consequence that certain recursively defined families of types do exist
an attractive alternative are universes a la Martin-Lif. Categorical semantics
of type theory was developed in the 1980s with the aim of providing (a notion
of) models for Martin-Lof type theory and its “impredicative” relatives like the
(Extended) Calculus of Constructions. In this endeavor one considers pullback
stable classes S of “display” maps validating various closure properties and
which are generated by a (strongly) generic family F — U in S where “strongly
generic” means that every map X — I in S can be obtained as pullback of
E — U along some (generally not unique) map I — U. These assumptions
guarantee the existence of an exponentiation operation — : U x U — U such
that E(a—b) = E’* and if Nisin U (i.e. thereisan : 1 — U with E,, = N) then
by recursion over the nno N one may define a map f: N — U with f(0) = N
and f(n+1) = N7 If the ambient category is a topos and the subobject
classifier Q € U (i.e. Q = E,, for some w : 1 — U) then by primitive recursion
one gets a map g : N — U with g(0) = N and g(n+1) = Q9™ = P(g(n)) and
the pullback of E — U along ¢ gives rise to the N-indexed family whose n-th
item is P™(N).

The axioms for such type-theoretic universes are in one respect stronger
than those for § in AST which postulates just a “weakly generic family” 7 :
E — U (for every a : A — I in S there exist an epimorphism e : J — [
and a map f : J — U such that e*a = f*m) but weaker in the respect that
they don’t postulate a “type-theoretic collection axiom” which is needed for the
construction of initial fixpoints of Pg.5°

But even from a type-theoretic point of view one does not need type-theoretic
universes to guarantee the existence of certain recursively defined families. An
alternative are so-called “large elemination” schemes which allow one to con-
struct (e.g. N-indexed) families of types by (primitive) recursion. A categorical
account of large elimination has been given by P. Taylor in his book Practical
Foundations (1999). His account essentially amounts to requiring the existence
of initial fixpoints for indexed/fibred endofunctors. However, besides such re-
quirements being open ended there arises the question which of them can be
assumed consistently. Such problems of this “external” approach do not show up
in the “internal” approaches based on universes where the axiomatics is “fixed”
by the assumptions on the class S of small maps. In Streicher’s Universes in

60The type-theoretic collection axiom says that Pg preserves epimorphisms (see Joyal and
Moerdijk’s book Algebraic Set Theory from 1995 for details).
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Toposes (2005) it has been shown that in all Grothendieck and all realizability
toposes suitable such universes S do exist when assuming suitable Grothendieck
universes on the meta-level.

Summarizing the discussion above I conclude with the following “lessons”

e Replacement as a scheme and replacement as an axiom are different. The
latter is more natural and the former just enforced by the restriction to
first order logic.

e The strength of replacement strongly depends on the ambient logic and
on which other axioms are postulated.

e There are internal and external approaches where the former objectify
collections of small types as big types whereas the latter require fixpoints of
fibred/indexed endofunctors in analogy with “large elimination” schemes
familiar from type theory.
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103 Spector’s Functional Interpretation of
Classical Analysis with Choice

Classical Analysis can be formulated as EL + AC with classical logic where the
Axiom of Choice (AC) is given by

(AC) VedyP(x,y) = IfVeP(x, f(x))

as comprehension follows from AC and tertium mon datur. Godel’s functional
interpretation for Heyting (and thus also Peano) Arithmetic from 1958 was
extended by C. Spector to Classical Analysis (as described above) in a (posthu-
mously published) paper from 1962.

There is no problem to extend Gédel’s functional interpretation to (classical)
EL. The problem rather is to find a functional interpretation for the double
negation translation of AC which looks as follows

(ACY)  Ya=—3yPC(z,y) — ——3fVaPC(x, f(z))
This looks rather hopeless because by double contraposition we only get
(ZE’) ——VzIyPC(z,y) — ~—3fVoPC(z, f(x))

from Va3yP% (x,y) — EL_foPG(:L', f(z)) which is an instance of AC. However,
we easily get AC from AC using the principle

(DNS) Ve——A = ——VzA(z)

called Double Negation Shift which, however, is not derivable in EL + AC as it
contradicts Church’s Thesis.

Spector’s ingenious idea now was to give a functional interpretation for EL+
AC 4+ DNS in T + B, i.e. Gédel’s T extended by bar recursion, thus providing
(sort of)%1 a constructive explanation of classical analysis (via Godel-Gentzen
translation of Classical Analysis to EL + AC + DNS).

Before we can explain how to provide a functional interpretation for DNS a
la Spector, of course, we have to explain what bar recursion actually is. Suppose
we are given functionals Y, G and H (of appropriate? types) then bar recursion
allows us to define a functional FF = BY GH of type o* — 7 satisfying

Fla) = G(a) if Y([a]) <o
a H(\z.F(axx))a  otherwise

where o ranges over finite lists (of type o), || stands for the length of a and
[a] : 0 — o is the function with [o](n) = «a, for n < |a| and [o](n) = 07 for

61Up to now it is not clarified whether bar recursion is “constructively sound”. Independent
of this somewhat ideological debate one may consider bar recursion as a concept allowing one
to pinpoint the algorithmic content of Classical Analysis. A less problematic(?) way for doing
this is via Girard’s system F' from 1972.

62Namely Y : (0 - 0) =+ 0,G:0* = 7and H: (60 — 7) = 0* — 7 where 0 stands for the
type of natural numbers and o* for the type of finite lists over elements of type o.

157



n > |a|. Notice that for termination of BY GH it is required that for every
f: 0 — o there exists an n € N such that Y ([f(n)]) < n.5% From this point of
view bar recursion may be understood as transfinite induction over wellfounded
trees (of finite lists of elements of type o).

We now describe how to construct a functional interpretation of DNS using
bar recursion. The functional interpretation of DNS requires one to exhibit
constructive Skolem functions for

(1) VA,Y,D 3x,Z,C Ap(x,AzZ,Z(AxZ)) - Ap(YC,C(YC),DC)

where A(x)P = JuVvAp(z,u,v) is the functional interpretation of A(x).
A sufficient condition for (1) is

(2) VAY,D 32, Z,Cx =YCANAzZ =C(YC) N Z(AzZ) = DC
which can be reduced to

(3) VA, Y,D3CVm <YC 3Z,, AmZ,, = Cm A Z,,(Cm) = DC
as (2) follows from (3) putting x =m =Y C and Z = Z,.
In the following we employ the abbreviation

Q(m,C) = m<YC—3Z, AmZ,, = Cm A Z,,(Cm) = DC.

Using bar recursion we now construct a functional ® extending every finite list
(Co,...,Cr_1) to atunctional C = &(Cy, ..., Cy_1) satisfying ¥m > = Q(m, C).
Then for C' = ®() we have Vm <YC 3Z,, AmZ,, = Cm A Z,,(Cm) = DC, i.e.
(3) as desired.

Assume as induction hypothesis that

(IH) VX ¥Ym > 2+1 Q(m, ®(Cy,...,Cr_1, X))

is already known. We are looking for a definition of ®(Cy,...,Cy_1). If
Y[(Cy,...,Cr_1)] < x then we put ®(Cy,...,Cr_1) = [(Co,...,Cr_1)] which
works as for C = [(Cy, ..., Cy_1)] we have

Ym>x (im<YC —3Z,, AmZ,, = Cm A Z,,(Cm) = DC)

because x < m < Y is impossible due to our assumption Y (C) < x. Now
suppose that Y[(Cy,...,Cy_1)] > x. Due to our induction hypothesis it suffices
to exhibit an appropriate Xo with Q(z, ®[(Co,...,Cr_1,X0)]). Obviously, for
this purpose it suffices to exhibit an Xy with

(4) 3Z, AxZ, = Cx N\ Z,(Cx) = DC
for C = ®[(Cy,...,Cu_1,X0)]). Now putting

63This property is ensured e.g. by continuity of Y because then Y (f) is determined by an
initial segment of its argument f. Thus bar recursion can be interpreted in the continuous
functionals & la Kleene/Kreisel. An alternative model are the strongly majorizable funtionals
(due to M. Bezem) containing also discontinuous functionals.
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Xo=AzxZ, with Z,=MXX.D(®(Cy,...,Ch_1,X))
for C = ®[(Cy,...,Cr_1, X0)]) we have
Cz = ®[(Cy,...,Ch1,Xo)])x = Xo = AxZ,
and, therefore, also
Z.(Cx) = D(®{Cy,...,Cr_1,Cx)) = DC

establishing (4).
Summarising the construction of ® we notice that ® is defined recursively
as

[(Coy... Cost)] if Y[(Coy... ,Coy)] <

®(Co,...,Coy) =
(Go y {<I>(C’0,...,Cm_l,Ax(AX.D(QJ(CO,...,Cx_l,X>))> else

and, therefore, an instance of the scheme of bar recursion.

Obviously, Spector’s functional interpretation of ACY, the double negation
translation of AC, is somewhat involved. A bit later Howard gave a more
perspicuous account showing that HA,, + AC + BI allows one to prove AC®
where BI is the principle of bar induction. Then it is more or less routine to
show that HA,, + AC + BI can be given a functional interpretation in 7'+ BR.

104 Girard’s Functional Interpretation for HAS

For this purpose Girard invented his system F, a polymorphic extension of
Godel’s system T'. With every set variable Z he associates type variables «,
and a variable Z* of type @« — 8 — ¢ — . Then t € Z is translated to
3z VyP. Z*(z,y,t) = 0.

Suppose A has been translated as A = Jzo[*Fl yy7lef], A*[x,y, Z*] = 0.
From Vo, B.YZ*. A9 one gets by straightforward quantifier manipulation the
formula 3X Vo, BVZ* Vy A* (X («)(B)Z*,y, Z*) which may be reformulated as

JX.VY.unpack Y as (o, 8, u) in A* [ X afB(m(u)), m2(u), 1 (w)] = 0

with X : Vo, 8. (a—=8—1—t) = ola, ] and Y : o, 8. (a—=L—1—1) X T[a, ).
This serves as interpretation of (VZ.A)%.

The formula 3o, 3.32*. AS, ie. Ja,3.32* FxolPlyymlBl A* [z, y, Z*] = 0,
may be reformulated as

JX.VY. unpack Xas (o, 5, u) in A*[ma(u),Yafu, 7 (u)] =0

with X : 3o, 8. (a—=B—1—1) x ola, f] and Y : Vo, B. ((a—=—1—1) X ol B]) —
7[a, B]. This serves as interpretation of (32.4)¢.

This is a solution to exercise 7.B.16 in Girard’s Proof Theory and Logical
Complezity. For more details see 3.5.21 of Troelstra’s SLNM 344.
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105 Unrestricted Bar Induction entails PEM for
[1{-sentences (S. C. Kleene)

In Kleene and Vesley’s Foundations of Constructive Mathematics (1965) one
finds an argument showing that unrestricted bar induction allows one to prove
(Va. a(n) = 0) V = (Vo a(n) = 0).
Let R(e, () = Va.a(n) =0, R(a, (n)) = a(n) = 0and -R(«, s) for |s| > 2.
For the predicate
A(a, s) = R(a, s) VVn. R(a, sx(n))

one can show that

(1) R(a,s) = A, 5)

(2) VA3n R(a, B(n))

(3) VnA(a, sx(n)) — A(a, s).

Claim (1) is obvious. For (2) if a(3(0)) = 0 put n = 1 and otherwise put n = 0.
For showing (3) suppose VnA(«, sx(n)), i.e. Vn(R(a, sx(n))VVmR(«, sx(n)*(m))).
Since R(c, sx(n)*(m)) never holds it follows that VnR(«, sx(n)), i.e. A(a,s) as
claimed.

By unrestricted bar induction it follows from (1)-(3) that A(«, (), i.e. "VnR(a,n)V
VnR(a,n) which does not hold constructively since it contradicts WC-N.

Constructively correct versions of bar induction

Kleene has restricted bar induction to decidable or monotone R. W. Veldman
has suggested the following formulation coming closer to Brouwer’s original
intention. For B C N* let Sec(B) be the least subset C' of N* with C' O B and

seC iff Vnsx(n)eC

Now Brouwer’s Thesis on Bars says that
if B C N* is a bar, i.e. Yadna(n) € B, then () € Sec(B).

Brouwer mistakenly thought that the above Thesis on Bars entails that from
(1)-(3) it follows that A(()). Well, this true classically but it took Kleene’s
example to show that it contradicts WC-N.
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106 Two Applications of Bar Recursion (by P. Oliva)

106.1 Type 2 functionals cannot be 1-1

One can prove classically that for every type 2 functional ¥ there exist different
a and S of type 1 with ¥(a) = ¥(5). Such « and 8 can be constructed from ¥
using bar recursion.

If s is a sequence of objects of type p we write 5 for the function of type
0 — p with 5(¢) = s; for ¢ < |s| and 5(i) = 0° for i > |s|. Let 6, = Ak.g(k)(k)+1
forge0—0—0.

Consider the functional B defined by bar recursion as follows

() if Wiz < |
B(s) =< 6p*B(s*xdp) if Wor=|s|
0! % B(s*0) if Wos > |s]
where r = s % 0! % B(s % 0').

Let ¢ = B({)). One shows by induction on k < |¢| that t = t(k) * B(t(k)).
For k < [t| let 7 = (k) x 0! x B(f(k) » 0!). Obviously, for k < |t| we have

(1) if Uém = k then ¢, = o and thus Uty =k
(2) if o7 > k then t = ry, and thus W, = Wi > k.

Since B(t) = () we have n := Wiy < |t|. Suppose ¥dr > n. Then from (2) it
follows that n = Wé; = Wi > n which clearly is impossible. Thus, we have
U=~ = n from which it follows by (1) that ¥¢, = n and ¢, = é7;. Thus for
f =1t we have

Vo =n=Ut, =¥(fn)=Y(f(¥))

but 6y # f(Véy) since 67 (n) = f(n)(n)+1 # f(n)(n) = f(¥é)(n) = f(¥ér)(n).
Thus, for o« = §; and 8 = f(¥d;) we have Pa = U5 but a # (3 as desired.

106.2 Fixpoints of Update Procedure

In the following let o and 7 range over finite partial functions from N to N.
Finite partial functions from N to N may be coded as finite sequences of pairs
of natural numbers. We write () for the everywhere undefined partial function
and (k,n) for the partial function which is defined only at k with value n. If o
is a partial function and k,n € N then o ® (k,n) is defined as

n if i=k
(c® (k,n))(i) =< o(i) if i #kAiéecdom(o)
T otherwise

If o is a partial function from N to N the we write ¢ for the total function from
N to N which behaves like o on dom(o) and &(k) = 0 for k & dom(o).
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Let ¥ : (N — N) — N be a continuous functional on Baire space and
® : (N — N) — N. We say that the pair (¥, ®) forms a (unary) update procedure
if whenever 7 extends o & (U, @) and Ug = ¥T then &7 = P7.

Lemma
There exists a o with 0 = o @ (¥7, 7).

Proof: We define a sequence o), 0(1), ... recursively as
o) =) e = 06 © (Vo) o)

which is increasing since (¥, ®) is an update procedure. Let g = (J;cy 0(;)- By
continuity of ¥ there is an i € N with Vg = ¥ ;) = Vo (;41) = .... Since (¢, ®)
is an update procedure we have

oGir1) = 0G) © (V0(0), PT(5) = 01 & (o (G11), Po(i1))
and thus o(;41) is the desired fixpoint. O

Alas, the construction of g (as opposed to that of g) is not effective since
one has to decide whether k& € dom(g). It could be done effectively if we could
find a function f : N — N such that

(T) Vk(ﬂz(k c dom(a(i))) —kc dom(af(k)))

because then we could produce g as

O’(f(k))(k) if ke dom(a(f(k)))
g5 (k) = .
0 otherwise

since the oracle f tells us which 7 to choose. Let us write wy for the function
which assigns to every f the number n = wg (f) such that U(f) = U(f’) for all f’
with f(i) = f'(¢) for all i < n. (The functional wy is part of our assumption that
(¥, ®) is an update function!) Now if f satisfied (}) then the value ¥(g) = ¥(gy)
is determined already by the first wy(gs) values of gy. Thus the fixpoint is
attained at stage n = max{f(k) | k <m}, ie. U(gy) = ¥(G(n))-

Although we cannot effectively construct an f satisfying () we can con-
struct a sufficiently good approximation as follows. Define (uniformly in the
parameters v, ¢) the following bar recursive functional

() if ¥(3) < |s|
Byg(s) =4 o(7) x By g(s*o(r)) if [s| € dom(o )
0% By 4(s *0) otherwise

where 7 = s % 0% By, 4(s*0). Let t = By 4(()). One can show by induction on
k < |t| that t = t(k) * By (t(k)). For k < |t| let 7y = t(k) % 0 % By, 4(t(k) % 0).
Obviously, for k < |t| we have

(1) ifk e dom(a((b(;;))) then ¢t = ¢(7%) and thus k € dom(a(tk))
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(2) if k & dom(o(4(r))) then t = ry and thus () = o(7%).

Now instantiate the parameters ¢ and ¢ as follows

U(f) = wu(gy) ¢(f) == max{f(k) |k <¢(f)} +1 .

Let t := By (()) and n := ¢(t). Since B(t) = () we have m = (1) < |t|.
Suppose £ < m and k € dom(c(,)). Suppose k & dom(o(g(r))). Then from
(2) it follows that ¢t = rj and thus n = ¢(t) = ¢(7%). Thus k & dom(o(y))
contradicting the assumption k& € dom(c(,)). Thus we have shown that k €
dom(c(4(m)y) from which it follows by (1) that ¢, = ¢(r) and thus also k €

dom(o(¢,)). Thus we have shown
(i) Vk < wq,(g;) (k S dom(a(n)) — ke dom(o(tk))) .

From the definition of ¢ it follows that n = ¢(t) > t; for all k < wy().
Thus all positions in o(,) have been defined before n and, therefore, we have
O(n) = O(n—1)- Thus, since o(,) = o(—1) ® (‘Ila(/n\,l), \I/m) it follows that
O(n—1) = O(n-1) @ (‘I/m, \1107:1)% i.e. that o(,,_1) is the desired fixpoint.

107 Bar Induction vs. Bar Recursion

In ZF one can prove transfinite induction over well-founded trees and thus, in
particular, bar induction. However, ZF proves that bar recursion does not hold
since since there are type 2 functionals whose associated stopping condition is
not a bar. Thus, Krivine’s classical realizability for ZF validates bar induction
but not bar recursion.

However, from bar recursion one can derive that stopping conditions associ-
ated with type 2 functionals give rise to bars (see Lemma 3C of W. A. Howard’s
Functional interpretation of bar induction by bar recursion Compositio Math. 20
1968). Thus, there cannot be models of bar recursion where the stopping con-
ditions don’t give rise to bars.
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108 Modified Bar Recursion for
Modified Realizability of Classical Analysis

However, Godel’s functional interpretation has the disadvantage that it gets
complicated rather quickly. Kreisel’s Modified Realizability introduced a bit
later is much more convenient for the task of extracting algorithms from proofs.
Thus, it appears naturally to ask how one can give a modified realizability
interpretation for ACC.

For this purpose U. Berger and P. Oliva recently introduced a so-called
modified bar recursor

Bn:(0¥ =0)—= (6" = (0 50)—=0¥)—=0" =0
where ® = B,,Y H satisfies the defining equation
O(s) =Y (s*x H(s, \x.®(s xx)))
w 64

given Y :0¥ 2 0and H:0* = (0 5 0) >0
Actually, for interpreting the double negation translation of dependent choice

(DC)  VnVzdyA(n,z,y) = Vz3f (f(0) =z A VnA(n, f(n), f(n+1)))

it suffices to have weak modified bar recursion associating a functional ® : c* — o
with
D(s) =Y (s* Ak.H(s, \z.D(s*x)))

toallY : ¥ — 0o and H : ¢* — (60 — 0) — o. For showing the modified
realizability of DC® besides HA,, + DC we need also the following axioms

Sequential Continuity
V770 a3nVp (Vi < na(i) = (i) — F(a) = F(B)

and
Relativized quantifierfree Bar Induction

(VaeS 3n P(a(n))) — (VseSVa(S(skx)—P(sxx))] — P(s)) = S(()) = P(()

where S is an arbitrary and P is a quantifierfree predicate on o* (we employ
the notation s € S and « € S as abbreviations for S(s) and ¥nS(&(n)), respec-
tively). It is a straightforward exercise to derive from the latter principle the
principle of

Relativized quantifierfree pointwise Bar Induction

(VaeS3n P(a(n))) — (VseSNVxz(S(x,|s|)—=P(s*z))] — P(s)) = P({))

64We write 0 as an abbreviation for ¢+ — o where ¢ is the type of natural numbers.
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where S(z,n) is arbitrary and P(s) is quantifierfree and s € S and « € S stand
as abbreviations for Vi < |s| S(s;,4) and Vn S(a(n), n).

For the purpose of these notes we content ourselves with showing the mod-
ified realizability of ACC. Following Spector we know that it suffices to show
the modified realizability of Yn——B(n) — -—=VnB(n) for B(n) = JyA(n,y).

We assume that

Yo 7°mr VnB(n) — L and

Gi—(e—=0)=o Vn—ﬁB(n)

and try to build a realizer for L from these. Let H°~7 be a closed term such that
Vk Hmr L — B(k) is provable. Using weak bar recursion we get a ¥ : 6* — o
satisfying

U(s) =Y (sx Ak.H(G(|s|, \x. ¥ (s *x x)))

for all s € 0. We employ the abbreviations
S(z,n) = xzmrB(n) and P(s) =T(s)mr L

respectively. Now using relativized quantifierfree pointwise bar induction we
will prove P(()), i.e. ¥({)) mr L as desired.

i) Yoo € S3n P(&(n)) is verified as follows:

Suppose a € S. Then by Sequential Continuity there is an n such that Y («)
is determined by @(n). By assumptions on Y and « we have V3 Y (&(n)*S) mr L
and thus ¥(a(n)) mr L.

ii) VseS[Vz(S(z, |s|)—P(sxx))] — P(s) is verified as follows:

Suppose s € S and Vz(S(z, |s|)—P(sxx)). More explicitly, the latter means
Va (zmr B(|s|) — ¥(s*x)mr L) and, therefore, we get Az?. U (sxz) mr =B(|s|).
Using the assumption on G we obtain G(|s|, \z”.¥ (s z)) mr L. Thus, for all k
we have H(G(|s|, \x?. W (s*z))) mr B(k). Ass € S, i.e. Vi < |s| s;mr B(i), we get
sx Ak.H(G(|s|, Az U (s xx))) mrVkB(k). Thus, it follows from the assumption
onY that ¥(s) = Y (sxA\k.H(G(|s|, \z7.U(sxx)))) mr L, i.e. P(¥(s)), as desired.
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109 Double Negation Shift in Type Theory

We work in Martin-Lof type theory with a universe U containing the types IV,
Ny and N7 as elements. We write 0 for the zero element of type N of natural
numbers and denote the successor operation on B by S. The single element of
N; is also denoted by 0. If n < m then (n < m) = Ny and (n < m) = Ny
otherwise. There is a function less : IIn, m:N.(Sm < n) 4+ (n < m). We write
exit for the canonical function from Ny to A for arbitrary types A and —A as
an abbreviation for A — Nj.

If B: N — U then vec(B) : N — U is the family with vec(B,0) = N; and
vec(B, Sn) = vec(B,n) x B(n). Let get : IIn, z:N.(Sz < n) — vec(B) — B(x)
be the function projecting on the z-th component.

For B : N — U there exist functions

¢ : (IIn:N.——B(n)) = -(IIn:N.B(n)) — IIn:N.—vec(B, n)
U : (IIn:N.——B(n)) = =(In:N.B(n)) —
IIn: N.v:vec(B, n) Ix:N.(Sx < n) + (N < z) — B(z)
which are specified by the equations
PHEKnv=KMe.WHKnvz(lesszn))

U HKnuvz(inlp) =getnzpv
U HKnvz (inrq) = exit(Hn (Au.® H K (Sn) (v,u)))

Now using ® and ¥ double negation shift (for B) is realized by
AHAK.®HKO00 : (IIn:N.==B(n)) = —-—(IIn:N.B(n))

This little note is a correction of a (faulty) suggestion by Th. Coquand and
A. Spiwack in a preprint A Proof of Strong Normalisation using Domain Theory
from 2007.

In older work by Coquand and Spiwack they showed that Ah.Ap.®ph () re-
alizes (IIn:N.——B(n)) — == (IIn:N.B(n)) in the sense of modified realizability
where @ is defined recursively as

Ppht=prx.getzl(exitthe Ny.@ph ((z,y):¥)))))

where getx la = y if (z,y) is the first element of £ whose first component is x
and getx fa = a if such an element does not exist in ¢.

Alas, the program for ® is only weakly normalising because one may expand
® ad libitum and so avoid doing any “real computation”. But one may apply
“Vogel’s trick”, i.e. introduce an additional case analysis on « € ¢ (meaning that
(x,y) occurs in ¢ for some y) thus obtaining

Ophl=pAz.¥phlz(zel))
Uphlxtrue=Vl.x
Uphlxfalse =exit(tha (Ay.Uph((z,y) : £)))

where £.z = y if (x,y) is the first pair in £ whose first component is 2. This
program ® is very similar to the one above suggested an an extension of type
theory.
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110 The Inherently Parallel Nature of
Exact Real Number Computation

This is a somewhat subjective summary of discussions among A. Bauer, M. Es-
cardo and T. Streicher during September 02 in Birmingham.

In [EHS] it has been shown that the parallel join operation V: ¥ x X — ¥ on
the Sierpinski domain ¥ = {_L, T} can be defined from a few basic undoubtedly
sequential operations on the interval domain Z and an arbitrary continuous
function & : 7 x T — 7 satisfying x @y = % for all z,y € R. However,
this result doesn’t tell us anything yet about the existence of some sequential
model of extensional exact real number computation. There are essentially two
parameters in this question that may vary. The first one is the notion of domain
we are using and the second one is the choice of a subspace embedding of R into
a domain R playing the role of (formal) partial reals.

The partial reals are inherently parallel

For the first parameter it appears as natural (at least from the point of view of
SDT) that a notion of domain is given by some pca A together with a dominance
Y in RT(A) satisfying the axioms of SDT. In any topos one may define the type
R of partial reals in a purely logical way just simply dropping one condition in
the definition of Dedekind reals (namely that for all n € N there are p € L and
q € U with ¢ < p+27™). One readily checks that all operations of Escardd’s Real
PCF can be defined in the internal language of the topos including the parallel
if-then-else called pif. Now if R is a ¥-domain recursion over R is available
and R provides a model of Real PCF (together with the lifting of booleans and
natural numbers). However, in Real PCF one readily defines V : ¥ x ¥ — 3 as
follows: embed ¥ into R via sending L to¢(L) =[0,1] and T to «(T) =1 = [1,1]
and then define join on ¥ as

uVo= (i < (¢(u) + ¢(v)))

where z +y = [z + y, T+ 7] for z,y € R. Thus, if R is a ¥-domain then
¥ is closed under disjunction. One may also show that closure of ¥ under
disjunctions allows one to verify the R is actually a X-domain.

Thus, summarizing the discussion of this paragraph we have shown that

R is a X-domain if and only if ¥ is closed under disjunction

and, therefore, Escardd’s model of Real exists only in SDT models (£, X)) where
3 is inherently parallel in the sense that ¥ is closed under existential quantifi-
cation over N (as ¥V is a ¥-domains and, therefore, existential quantification
over N may be defined recursively as In(p) = p(0) V In(An.p(n+1))).

167



Embedding R into domains

In the previous paragraph we have shown that exact real number computation
a la Escardé via the domain of partial reals only works in a world where parallel
computation in the form of extensional dovetailing is available. However, we
may also vary the second parameter, namely the domain R into which we embed
R as a subspace.

It is not at all evident which axioms this embedding of R into R should
satisfy simply because Escardé’s Real PCF is an implementation of an unknown
specification. However, a minimal requirement for the subspace embedding R C
R seems to be the following extension property requiring that every continuous
function f: R — R extends to a continuous function f : R — R.

It seems to be a very difficult question to characterise those SDT models
(€,%) where such an embedding of R into an appropriate Y-domain R can be
found. Already for particular sequential pca’s such as B (of Longley and van
Oosten), Ly (of Marz, Rohr and Streicher) or Ay o (of Abramsky and Long-
ley) it is unknown whether for the natural choice of ¥ there do exist subspace
embeddings of R into a Y-domain R satisfying the above extension property.
We would rather claim that this is not the case, however, haven’t got the faintest
idea how to prove it. Of course, the problem is that one hasn’t any control over
the collection of all subspace embeddings of R into Y-domains.

The inherently parallel nature of
the canonical embedding of R into T,

Instead of considering arbitrary subspace embeddings of R into ¥-domains in
arbitrary models of SDT (which seems sort of hopeless) one might ask the
following more conservative question staying within the realm of Scott domains.

Is there a subspace embedding of R into T,, such that every continu-
ous function f : R™ — R extends to a sequential continuous function

f:Tn T, ?

Actually, we don’t have a negative answer to that question in general. However,
for the canonical inclusion

t:R=>Ty:x— ({neN|p, <z}, {neN|z<p,})

(where po,p1,...,Pn,... is some enumeration of the set Q of rational numbers)
we can show by a fairly simple argument that almost no continuous function on
R extends to a sequential continuous map on T,.

First we show the following lemma.

Lemma Fvery sequentially realizable one-to-one function f : R — R must send
irrational numbers to irrational numbers.

Proof : Let f: R — R be a continuous one-to-one function that is sequentially
realizable, i.e. there is a sequential continuous ® : T,, — T, with to f = ® 0.
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Now for the sake of contradiction suppose that there is an irrational number
a € R\ Q such that f(a) = p, € Q. As ® was supposed to be sequential the
functional ¢, := A\h:T,,. ¢(h)(n) : T, — B, is sequential, too. Notice that ¢, is
not constant as we have

Pn(v(a)) = (@) (n) = o(f(@))(n) = t(pn)(n) = L

whereas
Dn(L(pn)) = (e(pn))(n) = t(f(pn))(n) # L

as pp, = f(a) # f(pn) due to the assumption that f is one-to-one. Thus, as ¢,
is not constant there is a natural number £ at which the argument of ¢,, has to
be evaluated first.

As a is assumed as irrational we have ¢(a) (k) # L as either py, < a or @ < py.
But if already ¢, (t(a)) diverges although t(a)(k) terminates then ¢, (¢(pg))
must diverge, too, as ¢(py)(k) diverges (because pr £ pi). As « is irrational
it is different from py and thus f(«) # f(pr) and, therefore, also ®(c(pr)) #
O(1(a)) = t(py) from which it follows that ¢y, (¢(px)) = (¢(pr))(n) # L contra-
dicting the divergence of ¢, (t(px)) derived above. O

Using this Lemma we can show that all basic functions on reals are not
sequentially realizable.

Theorem Addition, multiplication and exponentiation on R do not extend to
sequential continuous functions on T,,.

Proof : If +: R x R — R were sequentially realizable then so would be f(z) =
x4+ 2 contradicting our Lemma as f sends the irrational number 1 — V2 to
the rational number 1.

If x : RxR — R were sequentially realizable then so would be f(z) = x x /2
contradicting our Lemma as f sends the irrational number v/2 to the rational
number 2.

If exponentiation were sequentially realizable the so would be f(x) = 2*
contradicting our Lemma as f sends the irrational number Id 3 to the rational
number 3. O

Actually, this way sequential realizability of most other basic functions on
R can be refuted.

Embeddings of R into dI-domains

Suppose R appears as subspace of some countably based dI-domain A (as e.g.
T,,) endowed with its Scott topology. Then not for every open subset U of R
there exists a stable continuous map p : A — ¥ with U = RNp~Y({T}). This
can be seen as follows.

First recall that for a stable p : A — 3 we have that p~}({T}) = Upetr(p) T0
and that the open sets of the family (10)pcer(p) are pairwise disjoint. Now sup-
pose that for a connected open subset U of R we have U = RNp~!({T}) then
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there exists a unique b € tr(p) with U N1b # () as otherwise U would not be
connected. Thus, as by assumption A has a countable basis

only countably many connected opens of R are realizable by a stable
map from A to X..

As there are already uncountably many open intervals of the form (z, —oc) in R
not all of them can be realized by a stable map from A to ¥. Thus, in particular,
already

the partial predicate <: R x R — B, is not realizable by a
stable map from A x A to ¥

for arbitrary subspace embeddings of R into a dI-domain A.Thus, it cannoy
happen for such an embedding that the partial predicate 0 < (—) and addition
are both stably realizable. Thus, no subspace embedding of R into a dI-domain
gives rise to an even moderately expressive implemenntation of R. Moreover,
for embeddings into T, our argument does not depend on choosing some sort of
(strong) stability as our model of sequentiality because all n-ary PCF definable
maps on T, are (strongly) stable (which is not the case anymore if instead of
T, we choose for A some higher type).
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111 C*-algebra approach to quantum mechanics

(& la Segal, Emch, Brattelli & Robinson et.al.)

It is known that every C*-algebra 21 appears as a closed subalgebra of L(H)
for some Hilbert space H. Thus, we may define algebras of observables (on a
quantum space®) as C*-algebras with a unit I.

A positive element of 2 is a selfadjoint A € 21 whose spectrum is > 0. One
may show that for every positive A € 2 there exists a unique positive B € 2
with A = B?. Moreover, for every R € 2 the element R*R is positive in 2.
Thus, the positive elements of 2 are those of the form R*R for some R € 2.

A state of 2 is a (continuous) linear functional ¢ : A — C with ¢(I) = 1 and
¢(R*R) > 0 for all R € 2. The latter condition says that positive observables
are sent to positive numbers. This has to be seen in analogy with integration
theory & la Daniel-Stone where measures on a (sufficiently reasonable) space
X are identified with the positive linear continuous functionals on C(X). The
requirement ¢(I) = 1 just says that the measure of the whole space is 1, i.e. that
we are dealing with probability measures on the (non-existing) quantum space.

Thus, the intuition is that a state ¢ sends an observable A (i.e. A* = A)
to its expectation value ¢p(A) relative to the state ¢. As usual the variance of
A w.r.t. ¢ is defined as ¢(A?) — ¢(A)? since from linearity of ¢ it follows that
O((A — G(A)1)2) = G(A2) — 26(d(A)-A) + B(A)? = B(A2) — 26(A)? + §(A) =
#(A?)—¢p(A)2. Thus, the variance of A w.r.t. ¢ vanishes, i.e. ¢ is dispersion-free
w.r.t. A, iff $(A?) = p(A)2.

This approach has first been presented by I. E. Segal in 1947.

There arises the question in which sense elements of a C*-algebra 2 can
be thought of as observables. Well, if 2 = B(H), the C*-algebra of contin-
uous operators on Hilbert space H, then the self adjoint elements A = A*
can be interpreted via the Spectral Theorem as real valued observations (on a
noncommutative state space). Moreover, an arbitrary A € 2 can be uniquely
decomposed as A = Ay + 1A with Ay, Ay self adjoint. Obviously, it holds that
A; = $(A+ A*) and Ay = (A — A*). We think of 4; and A; as the real and
imaginary part of the observable A.

If A and B are self adjoint then (AB); = 1(AB+BA) and (AB); = - (AB—
BA). For A= A; +iAs and B = By + iBs we have

AB = (A1 + ZAQ)(Bl + ZBQ) = (A1B1 — AQBQ) + ’L(AlBg + AgBl) =

= 2(A1B1 + B1A; — AyBy — ByAy + A1 By — ByAy + Ay By — By Ay)
3:(A1By — BiAy — A3 By + BaAs) + 5(A1Ba + BaAy + Ao By + B1Ay) =
1(A1B1 + B1A; — AsBy — BoAs + A1 By — Bo Ay + Ay By — B A)
(

+

+%(_AIBI + B1A) + A3By — BoAs + A1 Bo + BoAy + AsBy + B1A)) =
A1B1)1 — (A2B3)1 + (A1B2)2 — (B142)2)
+i(—(A1B1)2 + (A2B3)2 + (A1B2)1 + (B142)1)

—~

65which doesn’t exist as such as only the algebra of observables exists as a mathematical
object

171



112 States and Observables in Quantum Theory
(a la Ptak and Pulmannova)

Let L = P(H) be the orthomodular lattice of projectors on Hilbert space H, i.e.
closed linear subspaces of H ordered by C. For A € L its orthocomplement is
given by A’ ={x e H| (z | y) = 0 for all y € A}. Obviously, we have A” = A
and B’ < A’ whenever A < B, i.e. the operation (—)’ is an involution on L which,
moreover, satisfies the law of orthomodularity saying that B = AV (A’ A B)
whenever A < B. We say that A, B € L are compatible iff A < B’ (iff B < A’).
If X is a topological space let B(X) be the least o-algebra containing all
open sets of X. A (quantum) observable on X is a function a : B(X) — L s.t.

(01) a(X)=1
(02) a(X\E) =a(E) for all F € B(X)
(03) a(U,en Bn) = V ey a(Ey) for all sequences (Ej, )nen in B(X).

Condition (O3) can be replaced by the requirements that a preserves suprema
of w-chains and binary suprema. Thus, the set of (quantum) observables on X
are closed under suprema of w-chains w.r.t. the pointwise order, i.e. form an
w-Cpo.

Notice that the cpo Py(X) of quantum observables (on X) should be inter-
preted as the space of X-valued observations on the quantum system represented
by H. One can check (I think!) that P, is a monad on w-cpos. Morphisms in
the Kleisli category from X to Y, i.e. maps f : X — P4(Y’), may be considered
as functions from X to Y parameterized over the quantum system H.

A state (on L) is a function s : L — [0, 1] such that

(S1) s(T)=1
(S2) s(A")=1-3s(A)

(83) 5(V,en) = 2 onen 8(Ay) for all sequences (A,,)nen which are pairwise com-
patible, i.e. A; < B} for all 4, j € N with i # j.

Obviously, for an observable a on X and a state s their composite soa : B(X) —
[0, 1] is a probability measure on X.

A state is pure iff there is an atom a € L with s(a) = 1. One may consider
so called partial states which are functions s : L — [0, 1] satisfying (S3) and the
condition s(A’) = s(T) — s(A). For partial states 1 — s(T) is interpreted as the
probability of divergence. Obviously, partial states form a cpo with 1 w.r.t. the
pointwise order.

Quantum Theory in Topological Domain Theory

Separable Hilbert space H = {5 is a complete separable metric space and thus
naturally lives within QCB, the Y-extensional spaces within Mod(K3>). Closed
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subsets of H are in 1-l1-correspondence with elements of ¥ since for every
p € X the set p~1(L) is a closed subset of H and for every closed subset
A of H there is a unique p € X with A = p~!(L). Theset L = {p €
YH | p~1(L) is closed under addition and scalar multiplication} is a =—-closed
subset of ¥# and thus in QCBy. Notice, however, that the operation (—)=+
sending A € L to its orthocomplement At = {z € H | Vy € A. (z | y) =
0} is antitonic and thus does not correspond a QCBg-map on L. However,
it holds in the internal logic of the function realizability topos RT(K32) that
VAeL-—3BeLVzxe Hx e B+ VyecA(z|y)=0. Thus, for A € L its
orthocomplement A is just an element of P(H) = Qf and not necessarily of
L. However, one may check(?) that for all A € L we have A*+ = A. One may
show that for A, B € L we have A® B = (AU B)*+ € L.

For every object X of QCBy we may consider quantum observables on X as
certain QCB, functions a : ¥% — L, namely those which are lattice homomor-
phisms.

The unit interval I = [0, 1] ordered by > is a continuous lattice and thus an
object of QCBy. Then states of L may be considered as certain QCBj functions
s: L — I, namely those with s(0,) =0, s(1z) =1 and s(AV B) + s(AA B) =
s(A) + s(B).
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113 Ideas on Higher Order Quantum Comput-
ing

Let Q be the category of finite dimensional Hilbert spaces (over complex num-
bers) with partial isometries (i.e. self adjoint operators f with fff = f) as
morphisms. (If one prefers total computations one may take unitary opera-
tors instead of partial isometries!) Obviously @ endows Q with a symmetric
monoidal structure (in both cases!).

For defining composition in the subsequently defined G(Q) we need a trace
operation in Q. Let f : X ®Z — Y @ Z. Its trace Tr(f) : X — Y should satisfy
the feedback equation

@ ®2) = Te(f)(@) @ 2
for all z € X. It is unlikely that for arbitrary morphism f the feedback equation
has a unique solution z for all x € X. Such a z has to satisfy

2= fxz(x)® fz2(2)

and one might attempt to construct it as

fxx + Z fzxfzzxz
neN
applied to . But, alas, there is no reason why this series should converge in
general!
Notice that this is no problem if one works instead with the monoidal cate-
gory Q = (Rel, ®,0) where a trace is given by

Tr(f) = fxx U | Ixxf3zfxz

neN

which works as the required union always exists.

One may apply the Gol (Geometry of Interaction) construction to Q thus
arriving at a category G(Q) whose objects are pairs A = (A1, A7) of objects of
Q and whose morphisms from A to B are Q-morphisms f : AT®&B~ — A~®B™T.
If f: A— B and g: B — C then their composite gf : A — C is given by the
trace of

AtaC- @B @Bt 2 AteB - eBTeC~ 1* A eBTeB aCt ~ A~ aCteB BT

in Q.
Abramsky and Coecke suggest to work with @ = (Rel, x,1) or @ = (FDVec, ®, C)
where a trace of f: X ® Z = Y ® Z is given by

xTe(f)y iff F2eZ (x,2) f (y,2)

and

Te(f)(vi) = ) fingh - w5
k

where f(vi®ex) = > fikje - wj®e, with {v;}, {w;} and {e;} orthonormal
bases of X, Y and Z respectively. Here the sum is not a problem as it is finite!
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114 Kleene’s definition of Countable Function-
als in his 1959 paper “Countable Function-

als”
For o, B € NN we define |8 = n iff Im (a(B(n)) = m+1AVk < m a(B(n)) = 0).
The family of pure types is defined inductively as follows: Tp(0) = N and
Tp(n+1) = NTP(") the set of all set-theoretic functions from Tp(n) to N.

In [K159] he defined for every n € N a subset Ct(n) of Tp(n) of “countable
functionals” of type n as follows

(1) Ct(0) = Tp(0)
(1) Ct(1) = Tp(1) and for o € Ct(1) the set of its associates is {a}

(2) forn > 1 an F € Tp(n) is in Ct(n) iff F has an associate a € NN
meaning that for every f € Ct(n—1) and every associate § of f it holds
that F'(f) = «|fB.

Obviously, the hierarchy (Ct(n))nen coincides with the pure types in RT(K3) |
V where I' 4 V : Set — RT(K32). The extensional collapse of this hierarchy
in RT(K2) | V coincides with the hierarchy of pure type in RT(K3) which
nowadays is referred to as the countable functionals.
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115 Exact and Regular Completions

Let C be a category with finite limits. Its exact completion Cox has as objects
pseudo-equivalence relations rg, 71 : R — X (not jointly monic in general) and as
morphisms from 7,71 : R — X to sg, 1 : S — Y equivalence classes [f] of maps
f: X — Y such that there exists a map f : R — S with for; = s;0 f for i=0, 1
where f and f’ are equivalent iff there exists a map g : X — S with f =sgo0g
and f' = s; 0g. One embeds C into Cex via a functor y : C — Cox sending
X to the span idx,idy : X — X and f : X — Y to the equivalence class [f].
One can show that for every exact category £ and finite limit preserving functor
F : C — & there exists an (up to isomorphism) exact functor F : Cox — € with
f = Foy. One can show that an exact category & is an exact completion of
a finite limit category iff its full subcategory C of (regular) projectives is closed
under finite limits and every object in £ is covered by a (regular) projective in
which case £ ~ Cuy.

The regular completion Ccg of a finite limit category is constructed similarly
but where objects are regular equivalence relations. Instead of regular equiv-
alence relations on X one may work with maps p : X — U whose kernel pair
induces a regular equivalence relation on X. So we may take as objects of Cieg
maps h : X — U and as morphisms from p: X — U to ¢ : Y — V equivalence
classes [f] of maps f : X — Y with ¢fro = ¢fr1 (where rg,r; is the kernel
pair of p) where f and f’ are equivalent iff ¢f = ¢f’. One can show that a
regular category £ is a regular completion iff its full subcategory C of (regular)
projectives is closed under finite limits and every object of £ is covered by an
object in C and appears as subobject of some object in C in which case £ ~ Cieg.

Exact and regular completions are a possible way of constructing realizabil-
ity toposes and categories of assemblies. Let A be a pca and PAsm(A) and
Asm(A) be the categories of partitioned assemblies and assemblies over A, re-
spectively. Due to a seminal paper by E. Robinson and G. Rosolini one gets
the realizability topos RT(A) as PAsm(A)cx and Asm(A) as PAsm(A);eg.
Later M. Menni has shown that Asm(A)e is also a topos, namely the topos
given by the tripos I(A)(~) over Set where A is the ordered pca of nonempty
subsets of A and I(A) consists of downward closed subsets of A. The topos
Asm(A)q, was introduced by J. van Oosten in his paper Extensional Realiz-
ability (APAL 1997) where he showed that the extensional realizability topos
Ext(A) as introduced by R. Grayson appears as subtopos of Asm(A)e. The
topos Ext(A) is induced by the subtripos J(A)(~) of I(A)(~) where J(A) con-
sist of those elements of I(A) which are closed under pushouts and directed
unions, i.e. downward closures in I(A) of A/R for some per R on A.5

Menni’s proof that Asm(A)ex is a topos employs his characterization of
finite limit categories whose exact completion is a topos as those finite limit
categories which have weak dependent products and a generic proof, i.e. a map
0 : © — A such that for every map f:Y — X there is a map vy : X — A such
that there are maps f — v and v;© — f in the slice over X. Since Asm(A)

66 Alas, in this paper and also in his book he forgot to mention closure under directed unions.
But he confirmed to me privately that closure under directed unions has to be added.
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is locally cartesian closed it has in particular weak dependent products. A
generic proof for Asm(A) can be obtained as follows. Let A = V(P(P(A)))
and © be the assembly whose underlying set is {(u,U) |  # v € U} and with
[|(u, U)|| = u. The map 0 sends (u,U) to U. For f:Y — X in Asm(A) take
vi(@) = Iyl | F(y) = 257

Notice that the construction of the exact completion is reminiscent of the
setoid construction in type theory. The existence of a generic proof in (a model
of) type theory reminds one of Aczel’s Axiom claiming that (in all contexts)
for all types A there is an a € U such that there are maps A — El(a) and
El(a) — A. But, alas, the universe U as given by Mod(.A) does presumably
NOT validate Aczel’s axiom.%® Still, under the assumption of Aczel’s axiom the
setoid construction gives rise to a topos.

There is also an ex/reg-completion which to every regular category C asso-
ciates the exact category Cex/reg Whose objects are pairs ((X, R) where X is an
object of C and R — X x X is an equivalence relation on X and morphism from
(X, R) to (Y, S) are relations F »— X xY such that 2’ Rz AxFy AySy' + o' Fy/,
xFy A xFy' + ySy' and y:Y. 2Fy.%° Composition in Cex/reg 1s Telational com-
position in C and the identity on (X, R) is given by R. Carboni, Freyd and
Scedrov have shown that Asm(A)ex/reg is equivalent to RT(A).7

The construction of Cex can be performed in two steps namely as regular
completion followed by ex/reg completion. This is informative in case of C =
Asm(A) where Asm(A),.z can be obtained as follows: objects are pairs (X, R)
where X € Asm(A) and R is a per on |X| and morphisms from (X, R) to (Y, S)
are morphisms f : X — Y with f(z)Sf(y) whenever xRy where f and g will
be identified iff f(z)Sg(z) for x € |X]|.

116 Quotients and Choice imply Classical Logic
and Maietti’s Question

In their draft for a book on type theory Coquand, Dybjer, Palmgren and Setzer
have come up with the following proof. Let P be a proposition. On Ny define
the equivalence relation a ~ b =a = bV P. Let ¢ : No — @ be a quotient of
N3 modulo ~. By Choice there exists a function s : = Ny with g o s =idg.
Since equality on Ny is decidable we have s(0) =n, s(1) V =s(0) =p, s(1). In
the first case since s is monic it follows that 0 =g 1, i.e. 0 ~ 1 and thus P. In
the second case we have =0 =qg 1, i.e. =0 ~ 1 and thus —P. Thus from choice
for @ it follows that PV —P.

67For PAsm(.A) a generic proof is constructed similarly: the underlying set of A is P(A)
together with some constant map to A, the underlying set of © is {(a,u) | a € u € P(A)} with
[l(a,u)|| = aand 8(a,u) = a. For f : Y — X in PAsm(A) one takes vy (z) = {||yl| | f(y) = =}.

68Tn Menni’s argument sketched above A is V(P(P(A))) and not V(PER(A)) !

69Notice that in general such an F' need not contain the graph (idx, f) of some morphism
f: X Y.

"0Question In Asm(A) for every strongly inaccessible cardinal & there exists a generic
r-small family. Does that imply that also in RT(A) ~ Asm(A)ey/req there exists a generic
k-small family?
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This proof is a considerable simplification of Diaconescu’s proof that toposes
with choice are boolean. In particular there is no reference to power types
whatsoever.

M. Maietti asked the question whether power types together with choice
imply classical logic if one does not postulate the principle of propositional ex-
tensionality claiming that equivalent propositions or predicates are equal. One
might rephrase this as the question whether ECC + AC + PEM. This is essen-
tially unsolved but there is the following observation of Benno van den Berg.
From section 115 we know that RT(A) is a subtopos of Asm(A)ex. Pulling
back the subobject fibration of Asm(A)ex along the inclusion Asm(A) —
RT(A) < Asm(A). we get a tripos™ over Asm(A) which validates choice
since this tripos is equivalent to the poset reflection of the fundamental fibration
of Asm(A)q, which validates AC since existential quantification is interpreted
via 3. Thus HAH + AC does not imply classical logic. Notice, however, that
van den Berg’s tripos does not validate Lawvere comprehension and thus cannot
be used for interpreting ECC (Extended Calculus of Constructions).

117 Axiom of Choice in Toposes

A topos & validates AC iff every epi is split. Since in a topos epis are stable under
pullbacks AC is equivalent to the requirement that for every epi e : X — Y and
object A the function £(A4,e) : £(A, X) — E(A,Y) is onto. One can show that
for toposes AC is stable under slicing. Suppose £ is a topos validating AC and
I € £. For showing that £/ satisfies AC suppose e : @ — b is epic in £/I. Since
Y : &/I — &£ is a left adjoint it preserves regular epis and thus all epis. Thus
e: A — B is epic in £ and, therefore, there exists a section s of ¢ in £. But we
also have s : b — a since aos =boeos =0>and thus s: b — a is a section of
e:a—bin &/I

A topos & validates IAC (the internal AC) iff for every object A the functor
(—)# preserves epis. Since every functor preserves split epis AC entails TAC.
The reverse implication does not hold since for a nontrivial group G the presheaf
topos G validates IAC but not AC since the terminal projection of the repre-
sentable object is epic but has no splitting.”> However, for a topos satisfying
AC is equivalent to the requirement that it validates IAC and 1 is projective.

R. Diaconescu (1975) has shown that a topos validating IAC is boolean.
Suppose P € 2. We define Ag, A; € P(2) as

Ay={z€2|(x=0AP)vVz=1} Aj={ze€e2|z=0V(x=1AP)}

"lthere is a generic proposition since Asm(.A) has a generic proof as shown in section 115

72In some toposes there are even K-finite objects A for which (—)“4 does not preserve epis.
Consider for example the Sierpinski topos Set? for which we have A 4T" 4V : Set — Set?.
Let A be the object in Set? with A(0) = {0,1} and A(1) = {*}. Let B = A(2) and e the
obvious epi from B to A whose component at 0 is the identity on 2 = {0,1}. Notice that
I'(B#) contains 2 elements whereas I'(A4) contains 4 elements. Thus I'(e) is not epic from
which it follows that e is not epic either (since I' has a right adjoint and thus preserves epis).
Notice that A is K-finite since A(0) — A(1) is surjective.

However, if A is finite, i.e. is K-finite and has decidable equality, then (—)“ preserves epis.
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and put A = {Ap, A1}. Obviously, for all X € A there exists x € 2 with z € X.
Thus by TAC there is a function f : A — 2 with F(X) € X for all X € A.
We have either f(Ap) = 0 or f(Ag) = 1. If f(Ap) = 0 then 0 € Ay and thus
P. So let us suppose w.l.o.g. that f(Ap) = 1. We have either f(A;) = 0 or
f(A1) = 1. If f(A;) =1 then 1 € A; and thus P. So let us suppose w.l.o.g.
that f(A;) = 0. Suppose P holds. Then Ayg = {0,1} = A; and thus Ay = A,
from which it follows that 0 = f(A41) = f(Ap) = 1 which clearly is impossible.
So we conclude —P. Thus we have shown that in any case PV —P holds. Thus
the topos is boolean.

Using this one can show that a locally small cocomplete topos £ validates AC
iff it is equivalent to one of the form Sh(B) for a complete boolean algebra B. It
is well known that for a complete boolean algebra B the topos Sh(B) validates
AC. For the reverse direction suppose that £ is a locally small cocomplete topos
satisfying AC. Then by Diaconescu’s result £ is boolean. We next show that in
& subobjects of 1 generate. Let f,g: A — B with f # g. Then the equalizer F
of f and g is a proper subobject of A. Thus its complement E’ is different from
0 and so is the support U of E’. By AC there is a map s : U — E’. Composing
with the inclusion of E’ into A we obtain a map a : U — A. Suppose fa = ga.
Then a factors through E and E’ and thus through 0. But then U is isomorphic
to 0 contradicting our assumption. Thus we have shown that fa # ga. Since in
& subobjects of 1 generate & is equivalent to Sh(B) where B = Subg(1).

118 Wellpointed Toposes

Let £ be a wellpointed topos. Suppose m : U ~— 1 with U not initial. Then
there exists two different maps f,g : U — € whose equaliser is the initial object.
Since £ is wellpointed there exists u : 1 — U with fu # gu and thus U = 1.
Thus, using PEM on the metalevel we have shown that £ is 2-valued, i.e. the
only global elements of (2 are T and L. Since =—o T =T and =-—o L = L it
follows by wellpointedness that —— = idg, i.e. that £ is boolean.

For a pca A the category Asm(.A) is well pointed. Since in general subobject
lattices of Asm(A) are not boolean it follows that Asm(A) is not a topos
(though it comes close to it since it is equivalent to the category of ——-separated
objects of Eff (A)). If Asm(.A) is boolean then it has a subobject classifier given
by V(2) and thus is a boolean topos from which it follows that V(2) =2 = 1+1
which, however, entails that A is trivial.

If a realizability topos RT(A) is boolean then it is equivalent to Asm(A)
and thus A is trivial by the observation above. If RT(.A) is wellpointed then it
is boolean and thus A is trivial.

It is well known that Grothendieck toposes can be characterized as those
locally small toposes which have copowers of 1 and a small generating fam-
ily. Thus, a wellpointed locally small topos £ has copowers of 1 iff £ is a
Grothendieck topos. Actually, in this case £ is a localic topos and since Subg (1)
has precisely two elements it holds that £ ~ Set.
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Forcing models are toposes Sh(B)/U where B is a complete boolean algebra
and U is an ultrafilter on B. Such toposes are wellpointed and locally small.
Accordingly, a forcing model Sh(B)/U is a Grothendieck topos if and only if
Sh(B)/U is equivalent to Set. In case Set validates the Continuum Hypothesis
CH then forcing models Sh(B)/U not validating CH cannot be Grothendieck
toposes as otherwise they were equivalent to Set and would validate CH (since
CH is is a statement of higher order arithmetic whose truth is preserved by any
equivalence).

119  is Dedekind finite but need not be K-
finite

Let T : 1 —  be the subobject classifier in a topos. Then every monic f : Q —
Q is an isomorphism.”™ Consider the diagram

V=7V »—Ur——>1
N

g T
Ur—1—Q»—— 0

v T f

from which it follows that ffg = fT!y = ¢ since both maps classify V — U.
But then the square

U=—==U
=]
g g
Q- Q
ff

is a pullback since ff is monic. Thus f = fff since both maps classify ¢ from
which it follows that ff = idg, i.e. f is an isomorphism (with f= = f).

This shows that in a topos 2 is always Dedekind finite, i.e. all monic endomap
on () are isomorphisms. On the other hand e.g. in the topos Set™ of “sets
developing in discrete time”, the subobject classifier is not K-finite (since Q(n)
is infinite for all n € w).™ Thus, in a topos there may be Dedekind finite objects
which are not K-finite.

120 For the free topos F with nno the Heyting
lattice Subx(1) is not complete (D. Scott)

Notice that Subx(1) is the Lindenbaum-Tarski algebra of Higher Order Heyting
Arithmetic HAH. If Subz(1) were complete then Subx(1)-— = Subx__ (1) were

73The map f need not be the identity map as e.g. = : Q — Q in a boolean topos.
74Notice, however, that in the topos of trees Set“” the subobject classifier 2 is K-finite
since all Q(n) is finite and all transition maps are onto.
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complete as well. Since F__ is the free boolean topos with nno the boolean
lattice Subz__(1) is the Lindenbaum-Tarski algebra of Higher Order Peano
Arithmetic (PAH) which is countable and non-atomic (by Godel’s Second In-
clompleteness Theorem). But countable non-atomic boolean algebras are all
isomorphic to Clp(2“), the clopen subsets of Cantor space, which is known to
be not complete (since every open set is a union of clopen sets). Thus, we have
derived a contradiction from the assumption that Subxz(1) is complete.
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121 Remarks on Realizability Toposes

121.1 Mod(A) is not internally complete in RT(.A)

The object 2 = 141 is modest and thus 3 : 2 — 1 is a family of modest sets. We
will show that do = IITls : 2 = Q (classifying 72 : 2 — 2) is not (even) a family
of (quasi-)modest sets. Thus Mod(A) (and also QMod(A)) is not internally
complete in RT(A).

Suppose dy were a family of (quasi-)modest sets. Then there is a diagram

R QxA(A)
Ul lﬂ'
2 Q
do

with R C-- Q@ x A(A). Thus, in RT(A) from u = o(p, a) it follows that da(u) =
p. As o is epic it holds that Yue2.3a€A(A).u = o(d2(u),a). Thus, as RT(A)
validates the uniformity principle for A(A) it holds that JacA(A).Yue2.u =
0(dy(u),a). Thus, there is an a € A such that Yue2.u = o(dy(u), a) from which
it follows that 72(0) = o(d2(n2(0)),a) = o(T,a) = a(d2(n2(0)),a) = n2(1). As
72 is monic this implies 0 = 1. Contradiction!

Notice, however, that Mod(A) (and also QMod(.A)) is internally complete
w.r.t. Asm(A).

121.2 On the size of projective covers of (gt

Let e : C — Q with C projective in RT(A). We have also ¢ : V(P(A)) - Q
with [¢(b) = a] = b < a for a,b € P(A). As C is projective there exists
f:C = V(P(A)) with g o f = e. Thus, we have

[e(c) =a] = f(c) & a

uniformly in ¢ € |C] and a € P(A). Thus, since e is epic it holds that
Va:Q.3c:C. f(c) +» a. From a realizer for this proposition we can extract eq, ea €
A such that for all a € P(A) there exists ¢, € |C| with e1 IF ¢ — f(c,) and
es IF f(ca) — a. Instantiating a by A we get that ejel for all e € A and
instantiating a by {e} we get that es(eje) = e. Thus, for a € P(A) and e € A
we have eje € f(c,) iff e € a. Accordingly, for different a,a’ € P(A) we have
{eeAleee fleca)} =a#d ={e € Al eie € f(ca)} from which it follows
that f(c,) # f(cqr) and thus ¢, # cor. Thus, the assigment a — ¢, gives rise to
an injective function from P(A) into |C|, i.e. 241 < |C|.

With almost the same argument one shows that in RT(A) every projective
cover of the object QF = {p € Q | =—p} is at least of size 2M!. Thus, for
nontrivial pca’s A (which are necessarily infinite) the object Q% in RT(A) is
not Vy-small since every projective cover of QO contains at least 24 > X,
elements. Thus in nontrivial realizability toposes there exist objects which are
not Nyp-small although they admit only one global element.

Question Does this generalize to arbitrary strongly inaccessible cardinals 7
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122 Small Maps in Realizability Toposes

Let A be a pca (e.g. K corresponding to Kleene’s number realizability) and
E = RT(A) be the ensuing realizability topos. Joyal and Moerdijk in their
booklet [JM95] on Algebraic Set Theory (AST) have defined for every strongly
inaccessible™ cardinal & a class S, of so-called k-small maps consisting of all
maps f : Y — X such that there is a diagram

W,

= ——Y
l_l

f

P— X

where P and @ are projective and |F(g)*1(p)| < kin Set for all p € T'(P). Joyal
and Moerdijk have shown that S, satisfies their axioms required for classes of
small maps. In particular they have shown that S, satisfies the following two
properties (where we write S as abbreviation for Sy)

Descent If e is a (regular) epi and e*f € S then f € S.

Representability There exist a map 7 : E — U in § such that every map
f:Y — X in S fits into a diagram

Y <~—D——F

ol

X «+—C——U
(&

where both square are pullbacks and e is a (regular) epi.
A map 7 validating this requirement will be called weakly generic for S.

Obviously, from Representability together with Descent it follows that a map
fisin & iff there exists a regular epi e such that e* f can be obtained as pullback
of 7 iff (as follows by Kripke-Joyal)

(V2:X)(3a:U,) Y, 2 E,

holds in the internal language of £.
In this note we discuss the following

Open Problem

Does there exists a generic map for S, i.e. a map 7 : E — U in S such that
every f: Y — X in § (and not just some pullback of f along some (regular)
epi) can be obtained as pullback of 7 along some map from X to U.

75i.e. k is regular and 2* < k whenever \ < x
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Obviously, if 7 : E — U is generic for S then amap f:Y — X isin S iff
there exists a map g : X — U such that (Va:X) Y, = E;(,) holds in the internal
language of £. Notice that the existence of a such a map g is stronger than the
mere requirement that (Va:X)(3a:U) Y, = E, since typically £ will not validate
an appropriate axiom of choice.

Thus, since £ in general does not validate sufficiently strong choice principles
there is no reason to assume that in general there do exist generic small maps.
Since realizability toposes validate only a very restricted kind of choice there
is no reason why they should admit generic xk-small maps. However, since the
existence of generic small maps is not equivalent to the full axiom of choice the
Open Problem is not settled yet!

Actually, the question appears as a quite natural one if — like the author
of this note — looks at it from the point of view of categorical semantics for
(dependent) type theories where type theoretic universes are axiomatized as
classes S of so-called “display” maps which are required to be stable under
pullbacks, closed under various type theoretic constructions (like dependent
sums 3 and dependent products II) and for which there exists a generic map
m: E — U for S. But on the other hand in categorical (semantics of) type
theory the descent axiom is usually not considered at all. Nevertheless descent
does hold in the most interesting realizability models for type theory, namely
categories Asm(.A) of assemblies for a pca A when taking for S the class of
those maps f : Y — X where each fibre of I'(f) has cardinality < k (where x
is some strongly inaccessible cardinal with A € V,;). Moreover, for this S there
also exists a generic family 7 : E — U with U = V(Asm,(A) where Asm,(A)
is the set of all assemblies X whose underlying set | X| is an element of V.

Thus, taking into account that Asm(A) appears as the full subcategory of
RT(A) on (——-)separated objects it is quite natural by analogy to ask whether
in RT(A) there exists a generic family for x-small maps.

We first discuss what the Descent axiom is needed for and to which extent
it is compatible with the existence of a generic small map. Then we discuss the
question whether generic x-small maps exist in realizability toposes.

122.1 The benefits of descent and its compatibility with
the existence of a generic small map

In [JM95] it was shown that for every object A families of small subobjects of A
are classified by a universal such family € 4— A X Ps(A). Joyal and Moerdijk
construct Ps(A) as (Xa:U)APs modulo the equivalence relation

(a,f) ~(bg) = (Vi:E.)(F):Ep) [(1)=9(j) & (Vj:Ep)(Fi:Ea) f(1)=9(j)
and define € 4 as
z€al{a, f)] . = (FiE,)f(i)=a

For showing that € 4— A x Ps(A) is a family of small subobjects of A one
needs the descent axiom for S since one cannot choose representatives out of
equivalence classes w.r.t. ~.
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In his LICS’99 paper [Si99] A. Simpson has shown that from the existence
Ps is follows that S satisfies the descent axioms. Thus, the descent axiom is
actually necessay for constructing Pgs.

On the other hand in [Si99] it has also been shown that whenever Ps(V) —
V then every f : Y — X in § with X C V can be obtained as pullback of
Ey;my : Ey— Ps(V) along some map X — Pg(V). Thus within the full
subcategory £y of £ on subobjects of V' there exists a generic small map, namely
Ey;my : €Ey— Ps(V), where within &, the notion of smallness is given by
Sy =&y nS.

Although not mentioned in [JM95] the descent axiom for S has the (pleasant)
consequence that the full subfibration Pg s of the fundamental fibration Ps =
01 : £2 — £ on those objects which are in S is definable in the sense of Bénabou
which can be seen as follows. For an arbitrary map f: Y — X in £ we may
consider the following subobject

S={zeX|(Eal)Y,=E,}

of X. The corresponding inclusion map m : S < X has to meet the following
two requirements

1) m*fisin S

2) every map g : W — X with ¢g*f € S factors through m (necessarily in a
unique way).

Actually, the second requirement follows quite easily as follows. Suppose g*f €
S, ie. (Vw:W)(Fa:U) Yy(uw) = E,, from which it follows that (Vw:W) g(w) € S,
i.e. that g factors through m. The first requirement that m* f € S can be seen
as follows. By definition of S it holds that (Vz:5)(3a:U) Y, = E, which — in
presence of the descent axiom — is equivalent to m*f € S.

However, it is not clear why there should exist a map h : S — U with
g*f = h*r since this map would choose for every x € S an element h(xz) € U
with Y, = Ej,(,) and it is not clear how this can be effected in general.

We discuss now how the Descent axiom may be used more directly for over-
coming this draback. We may consider the subobject Z of (Xz;X)(Xa:U) Y,Fe
consisting of all (z,a, f) € ($2:X)(Za:U)Y,Fe such that f is an isomorphism.
Obviously, the image of pr; : Z — X is (isomorphic to) m : S < X. Let
e : Z — S be the unique map with pr; = me. Then, clearly, we have

where all squares are pullbacks from which it follows that m* f is in S. Although
prim appears as pullback of 7 (along pry) it is not clear at all whether m* f can
be obtained as pullback of = along some map h : S — U since this would amount
to a splitting of e.

Summarizing the discussion we observe that
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1. descent is a desirable and often even necessary property of a class of small
maps

2. in presence of a generic small map descent entails choice principles which
are not always available in an intuitionistic context.

3. due to 1. and 2. it appears as necessary to weaken the assumption of a
generic small map to the requirement of just the existence of a weakly
generic map

4. in type theory (with a proof irrelevant representation of logic) descent has
not been considered because it is concerned with type equality”® rather
than isomorphism of types as in the above applications of the descent

property.

Nevertheless, in a wide range of situations small maps do admit a generic
small map, namely x-small maps in Grothendieck toposes over a site of cardi-
nality < k as shown in [St05].

122.2 Generic k-small maps in realizability toposes

As already observed in the previous section the technical difficulty is essentially
the following. Suppose 7 : E — U is a weakly generic map for S, i.e. a map
Y - X is in S iff (V2:X)(3a:U) Y, = El(a). Then it is not clear whether
(Va:X)(Fa:U) Y, = El(a) guarantees the existence of a map ¢g : X — U with
g*El = f, ie. (Va:X) Y, = El(g(z)).

In [JM95] one can find a characterisation of x-smallness which in a somewhat
simplified but equivalent way can be formulated as follows. Let K be a set with
|[K| = Kk, e.g. K = V,. Then map f : Y — X is k-small iff the following
statement folds in the internal logic of the realizability topos

VzeX IPEP(V(K)) [Fe:P—f~(z) A ~3e:mP—V(K)]

i.e. iff every fibre f~!(z) can be covered by an assembly @ with |I'(Q)| < k.
This observation gives rise to the following weakly generic map 7, : E,, — Uy
for S,. where U, is

{(P,R) € P(V(K)) x P(V(K)?) | -3e:==P—-+V(K) A R equiv. rel. on P}

and , is the projection of ]_[(P’R)GUN P/R on U,.
The underlying idea of this construction is to view’” RT,(A), the realiz-
ability topos constructed in Vi, as a category internal to RT(.A) whose type of

76In order to interpret type equality categorical models of type theory are required to be
endowed with a functorial choice of pullbacks but has to drop the assumption that small
display maps are closed under isomorphism. It is usually not required but holds in most
models that for family of types (X;);cr for a universe U the predicate {i € I | X; € U} exists
as a predicate in the model.

"There we tacitly assume that A € Vj
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objects is U, € P(V(K)) x P(V(K)?). Actually, for this purpose it is appropri-
ate to observe that the weakly generic family 7, considered above is isomorphic
to the following one.

The underlying set of U is the set of all R € P(V,xV,x.A) NV, whose
transpose R : V,, x V,, — P(A) is an equivalence relation, i.e. realizably sym-
metric and transitive. Writing E(R) for the set of realizers for “R symmetric
and transitive” we define equality of U as follows

Ey(Ry, R2) = E(Ry) A E(Ry) AV, y € Vi [Ri(z,y) < Ra(z,y)]

The underlying set of E counsists of all pairs (R, z) such that (z,z,a) € R for
some a € A and

EE((Rl,l‘l), (RQ, 1‘2)) = EU(Rl,RQ) N Rl(xl,xg)

A further more type theoretic description of a weakly generic x-small map
starts from 7 : [[4caem, (1) A = V(Asm,(A)), the canonical generic map for
r-small assemblies within Asm(A). Let Ux = [[1cv(asm,(4)) ER(A) where
ER(A) = {R € P(A?) | R is an equiv. rel. on A}. There is a canonical equiva-
lence relation R, on

F, = H A XV (Asm,(A)) H ER(A)
A€Asm, (A) A€V (Asm, (A))

namcly RR((A17Q17R1),(A27a27R2)) = U{Rl(al,ag) ‘ R1 = RQ} in the slice
over U, giving rise to E, = F;/R, as in

E, «+—F, —» ]_[ A

\ l _, A€Asm, (A)
% '

U, — V(Asm,(A))

Suppose 7 : E — U were a generic k-small map, i.e. 7 is k-small and all -
small maps can be obtained as pullback of . Then U cannot be ——-separated
for the following reason. The subobject classifier T : 1 — € is certainly &-
small. If one could obtain T as pullback of 7 along some f : @ — U then
Vp,q¢:Q (——p = ¢ — p = q) which is certainly wrong since it would entail
Vp:Q2 (——p — p) contradicting the fact that RT(.A) is non-boolean for nontrivial
pcas A.

Thus, generic x-small maps 7 : £ — U cannot have separated codomain.
For this reason one can always find a weakly generic k-small map 7’ : B/ — U’
which is not generic for k-small maps since if 7 : E — U is weakly generic and
e : U’ — U with U’ projective then 7’ = e*7 is weakly generic with separated
codomain and thus cannot be strongly generic.

But, alas, this does not answer the question whether for all strongly inac-
cessible k there exists some generic k-small map n, : B, — U,.
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Now let us return to the particular case of RT(A). A. Simpson has shown
that RT(A) is equivalent of V(A), the McCarty realizability model of IZF. For
a strongly inaccessible cardinal x a weakly generic family 7, : E, — U, is given
by U, = V.(A), the initial ZF-algebra for S, and E.(a) = {b € V,; | b € a}.
Now if f:Y — X is a k-small map in V(A) with X,Y C V,,(A) we can obtain
f as pullback of 7, along the map x : X — Vi (A) defined x(x) = f~1(x) =
{yeY | fly) ==x} for z € X.

However, if k' is a strongly inaccessible cardinal > x then we may consider
f =i*m. where i : X — V,/(A) is the inclusion of

X ={acVy(A) | eV, (A) a =b}

into Vi/. Obviously, the map f k-small but it is very unlikely that f = g*m,
for some g : X — V,(A) since this g would choose for every a € X an element
g(a) out of the set {b € V;(A) | a = b} which seems to require a kind of choice
principle not validated by V(A) (e.g. if A = K7). It would be nice if one
could actually disprove the existence of such a map g !

Notice in case of Asm(.A) the situation is quite different. For every strongly
inaccessible cardinal k we may consider 7, : E, — U, where U, = V(Asm,(A)),
|Ex| = Hxeasm,a) X with [[(X,2)[|E, = [|z][x and 7 is the projection on
the first component. A map f : Y — X arises as pullback of 7, along some
X : X — U, iff for all # € X the cardinality of the fibre f~!(z) is less than
k. Moreover, the class S,; of such maps is definable (in the sense of Bénabou)
since for every map f : Y — X in Asm(A) we may consider the ——-closed
subobject S = {z € X | |f~(z)| < x} of X for which one readily checks that
g : Z — X factors through S iff ¢g* f € S,. Thus, in particular, the property of
being isomorphic to an object in Asm, (.A) is =—-closed.

The reason why in Asm(A) things are so easy is that

(i) an assembly X is isomorphic to an assembly in Asm,(A) if and only if
| X| has cardinality < x and

(i) if | X| has cardinality < x then an isomorphic copy X’ in Asm,,(.A) can be
obtained quite easily by simply renaming the elements of | X | into elements
of the set card(]X|) via some isomorphism between |X| and card(|X|)
guaranteed by the classical metatheory in which AC available.

We could exhibit a generic family in S, if we could prove the following

Conjecture 122.1 If an object (X, Ex) in RT(A) is isomorphic to some ob-
ject in RT(A) then there exists an equivalence relation ~ on X satisfying the
conditions

(1) Ex(x1,22) = Ex(2},2) whenever 1 ~ ) and xo ~ x}
2) X/~ <r

where RT(A) stands for the full subcategory of RT(A) on those objects X in
RT(A) where the underlying set | X| is an element of V.
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Using AC in the metatheory there exist maps ¢ : |X/~| = X/~ and ~ :
|X/~] = X with a = [y(a)]g for all @ € X/~. Reindexing along cx = yo¢
gives rise to an object (|X/~|, Exo(cx xcx)) in RT,(A) trivially isomorphic to
(X7 EX)'

Actually, considering the unit nx : X — V(I'(X)) for which it holds that
I'(nx) is a bijection it would suffice to prove

Conjecture 122.2 [If (X, Ex) is an object in RT(A) with precisely one global
element then there exists an equivalence relation ~ on X satisfying the condi-
tions

(1) Ex(z1,22) = Ex (2, x%) whenever xy ~ | and x4 ~ x}
(2) | X/~| < K.

because if (X, Ex) is isomorphic to some object in RT.(A) then |X/~x| < k
where z ~x 2’ iff Ex(z,2') # 0 and one can apply Conjecture 122.2 to the
restrictions of (X, Fx) to the equivalence classes of ~x.

Notice that conditions (1) and (1’) guarantee a sufficient amount of unifor-
mity allowing one to leave realizers unchanged.

Alas — as pointed out by Benno van den Berg — Conjecture 122.2 is
blatantly wrong as shown by the following counterexample. Let A be a car-
dinal with x < A. Then we may define an X € RT(A) with |X| = X and
Ex(a,8) ={0} U{l | a < S}. Then there cannot exist an equivalence relation
~ on |X| with Ex(z1,z2) = Ex (2, 2%) whenever z; ~ x| and x5 ~ z}, and
|X|/~ < k as otherwise there would exist & < f < A with a ~  and thus
{0} = Ex(ﬂ,a) = Ex(a,ﬁ) = {0, 1}

Thus, there is no easy way of uniformly transforming a x-small object X
in RT(A) into an isomorphic copy X’ whose underlying set |X’| has cardinality
less than x.

As noticed by Jaap van Oosten it is already not clear’® whether every X
in RT(A) with |I'(X)| = 1 is isomorphic to some X’ whose underlying set has
cardinality less than k. Of course, in van den Berg’s counterexample above this
is easily possible since it is obviously isomorphic to the terminal object. But
there could be much more complicated objects X in RT(A) with [I'(X)| = 1 for
which such an argument is not possible. On the other hand it might be the case
that every X with |I'(X)| = 1 appears as subobject of QT = {p € Q| =—p}.
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123 There are class many objects X in &ff with
II'(X)| =1 (Jonas Frey, Jan. 2008)

In January 2008 J. Frey has come up with a construction which for every cardinal
k exhibits an object X, in Eff with |T'(X,)| =1 and |Eff(V(2), X,.)| > k.

Put |X,| = x x 2 and By({i,n), (j,m)) = [(i,n) = (G, m)] V ({n} x {m})
(where [- = -] stands for Lawvere equality, i.e. [t = y] = {0 | z = y}). Obviously,
we have that

(1) X, has precisely one global element and

(2) X, arises quotient of V(x X 2) via the epi e, : V(k x 2) = X,; given by
E,.

Thus every map f : 2 — k x 2 induces the morphism e, o V(f) : V(2) — X,
given by Fy(n, (j.m)) = Ex(f(n), (G, m).

For every i € k let f; : 2 — |X,| : n — (i,n) inducing the morphism
ex o V(fi): V(2) = X, given by Fy,(n, (k,m)) = E.(fi(n), (k,m)).

Suppose e, 0 V(f;) = e, 0V(f;). Then E.(fi(n), (k,m)) = E.(f;(n), (k,m))
is uniformly realizable and thus E.(f;(n), fi(n)) F E.(f;(n), fi(n)) is also uni-
formly realizable. Thus E(f;(n), fi(n)) is uniformly realizable (since [f;(n) =
fin)] B E.(fi(n), fi(n)) is uniformly realizable). Thus there is a number realiz-
ing both E,(f;(0), f:(0)) and E,(f;(1), fi(1)) from which (due to the particular
way how E, is defined) it follows that i = j .

Thus we have shown that Eff (V(2), X,;) contains at least x many elements.

From this it follows that for every cardinal x there exists a cardinal x’ such
that X, is not isomorphic to X for A < k (choose ' such that it is strictly
greater than the cardinality of (J, ., &ff (V(2), Xy)).

From this it follows that there are as many non-isomorphic objects X in &ff
with [I'(X)| = 1 as there are ordinal numbers.

124 Elementary characterization k-small objects
and maps in &ff

Suppose X = (|X|, Ex) is an object in &ff. Then X is covered by the (——)-
separated object X with underlying set |X| and l|z|| ¢ = Ex(z) = Ex(z,x) by
the map ¢ = [Q] : X — X with Q(2/,z) = Ex(2/,z). Nowife:C — X is a
regular epi and C is a projective object with |I'(C)| < & then there exists a map
h:C — X with e = g o h. Thus, we can cover X already by the restriction of
q to the regular subobject X of X where z € |X| iff © = h(y) for some y € |C/.
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Thus X is x-small iff X can be covered by some x-small assembly and the latter
can be chosen as a regular subobject of X. Let us write g for the restriction of
g to X. Although one can always choose a trivial realizer (namely identity) for
the surjectivity of ¢ realizers for the surjectivity of ¢ may be very difficult to
find and certainly do depend on the choice of e : C'— X. Thus, it seems to be
very unlikely that realizers for ¢ can be chosen uniformly in x-small X.

Next we give a more concrete characterization of x-smallness of maps. By
definition a map f : Y — X is k-small iff f fits into a diagram

€2

D Y

> elY
_
b eif f

Y

C - X

€1

where C' and D are projective objects and I'(g) has k-small fibres. W.l.o.g.
one may choose C' as the canonical projective cover of X whose underlying set
consists of pairs (x,n) with « € |X| and n € Ex(x) and ||[(z,n)||c = {n}. Now
let ¢ : Y —» Y be the canonical cover of Y by an assembly as described in the
previous paragraph. Then we have

~ 7 ~ ~

Y« - eV .Y
_

P erq q

D— 2.y .y
- el f

'y Y
C X
el

where ¢ is a regular mono and, therefore, the map ¢ = efgoi : Yy — elY is a
regular epi. Since I'(g) has k-small fibres and ¢ is epic for every z € |X| and
n € Ex(x) we can choose a subset Y, ,, C |Y;| of cardinality < x such that

V(m,n) € ‘Cl Vy € |Yz| Ym € EY(y) Ely/ S ?Jz,n 6'<n7m> S EY(y/ay)

for some e € N.7 Since by assumption A has cardinality < » (and & is regular)

for every z € | X| the set }A’r =U ?xn has also cardinality < k.

neN

" Recall that for x € | X| the object Yz is obtained by restricting Fy to the set |Yz| = {y €
V|| F(y,2) # 0} where f = [F].
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Thus we have
Vo € | X| Vn € Ex(z) Vy € |Yy|Vm € Ey(y) 3y € Yy e-(n,m) € By (v, y)

for some e € N and some | X |-indexed family ¥ such that Y, is a subset of |V,
of cardinality < k for all € |X|. Obviously, this condition is also sufficient for
f being k-small and thus characterizes x-smallness of f.

Summarizing the above discussion we have the following

Theorem (explicit characterization of k-smallness)

An object X of &ff is k-small iff there exists a subset X of | X| of cardinality
< k such that

Vz € |X|Vn € Ex(z) 32’ € X en € Ex(a,x)

for some e € N. R
Amap f:Y — X in &ff is k-small iff there exists an | X|-indexed family Y such
that Y, is a subset of |Y;| of cardinality < & and

Vz € |X|Vn € Ex(z)Vy € |Y,|Vm € Ey(y) 3y € f’l e{n,m) € Ey(y,y)

for some e € N.
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125 Full Inclusions of Groupoids

Let f: X — Y be a functor between groupoids and

Xxy X 22 L x

_

p1 = f

X Y

f

a bicomma square, i.e. X Xy X is the category whose objects are triples (x1, x2,1)
with ¢ : fo1 — fzo in X and whose morphisms from (x1,%2,1) to (y1,y2,7) are
pairs (a1, ag) making the diagram

fry L fxa
fall lfoéz
fyr — fyo
J

commute. The functor py sends (x1,x2,4) to x and (a1, as) to ag. The natural
transformation ¢ is given by ¢(4, 2, = 4. Let d : X — X Xy X be the unique
functor with pyod =idx and ¢f =id : Idx = Idx.

Lemma
The functor f: X — Y is a full inclusion iff d is an equivalence.

Proof. Suppose f is a full inclusion. Then p;d = Idx and dp; is isomorphic to
Idx«,x via ¢ whose component at (x1,z9,17) is given by

fri = fn
e

fry — fxo

where o : 1 — x5 is the unique map with fa = 1.

__ For the reverse direction suppose d is an equivalence. Then there exists
d 4 d whose unit 1 and counit £ are natural isomorphisms anyway since X
and Y are groupoids by assumption. For fullness suppose i : fz; — fwa. Let

r = d(w1,22,1) and 1z, 0y, = (M,M2) * (X1, 72,1) = dd(z1,22,1), i.e.

fr i’ fx2
fﬁll lfﬁQ
fz fx
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then ¢ = f(n;lnl). For faithfulness suppose a1,as : 1 — x2 with fa; =i =
fao. For k = 1,2 we have (ax,id,,) : (z1,22,7) — dxs. Since d -1 d there exists
a unique vy : & — o With dyinz, 2,0 = (,idy,), i.e. e = o and e =
id,,. But then we have v; = 771_1 = 5 and thus also a; = y11m1 = Y21 = as.

126 Groupoids in the Effective Topos
(Rosolini Spring 2009, talk at PSSL 88 on 4th April)

Let &€ be the effective topos Eff. It is not known although expected that there
is no generic family of separated discrete objects in £. In order to remedy this
situation Pino has suggested to consider the category F of groupoids in £ whose
object of objects is projective and whose hom-sets are modest. Morphisms in F
are internal functors which are considered as equal iff there externally exists an
internal isomorphism between them. The Lemma of the previous Section 125
tells us that monos in F are given by full inclusions of groupoids from which it
follows that the inclusion Eff = € — F is logical.

Now in the topos®® F one may consider the universe el : El — Un which is
defined as follows. Un is the groupoid in & whose object of objects is V(PER)
and whose hom-sets are defined as Un(R,S) = {i : N/R — N/S | i iso} which
is a modest set. FEl is the groupoid in £ whose objet of objects is given by the
partitioned assembly whose elements are pair (R,n) with R € PER and nRn
and where ||(R,n)|| = {n}. The hom-set EI((R,n),(S,m)) is {i : Un(R,S) |
i([n]r) = [m]s}. The morphism el : El — Un is given by the functor sending
(R, n) to R and whose morphism part is given by inclusions El((R,n), (S,m)) <
Un(R,S). A parametric family of modest sets in F is a map which can be
obtained as pullback of el in F. One can show that for X € £ amap f:Y - X
is a parametric family of modest sets, i.e. f = c*el for some ¢ : X — Un in F,
if and only if f : Y — X is a family of separated discrete objects in Eff. Thus
el : El — Un is a generic family for such families which, however, does not exist
within £ but only in its extension F. Thus f : Y — X is a family of modest
sets in the sense of [HRR] iff f = c*el for some ¢ : X — Un factoring through
V(PER). Such ¢ map every iso in X to an identity and thus may be considered
as “locally constant”. The subobject classifier T : 1 — 2 is a typical example
of a parametric family of modest sets which is not locally constant since it is
classified by the inclusion ©Q < Un which does not factor through V(PER) (as
otherwise all monos were ——-closed).

Apparently, the discrete groupoid embeds into Un via an obvious inclusion
i : V(PER) < Un. Pulling back el along this ¢ gives rise to a map in &,

80 As observed by Stekelenburg in June 2012 the category F presumably is not even regular.
Pino suggested that the monos are the full inclusions of groupoids and the regular epis are
the groupoid morphisms which are surjective on objects. This, however, is wrong for the
following simple reason. Let 1 be the trivial group and f,g : A — B different homomorphisms
of abelian groups. The unique group homomorphism e : 1 — A is surjective on objects and
foe=goe but there is no isomorphism between f and g since otherwise f and g were equal
because B is abelian.
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isomorphic to the usual generic family of modest sets in £_—..

Outlook 1t may be expected that replacing modest sets by k-small objects of Eff
one may construct an extension F,;, of &ff containing a generic family of x-small
maps. The idea is that F,; consists of groupoids internal to £ff whose object of
objects is projective and whose hom-sets are k-small.

195



127 Why small maps should be a definable class

Let £ be a (pre)topos. Let S be a class of morphisms in £ satisfying the
conditions

Al) S contains all iso and is closed under composition

A2) S is stable under pullbacks along arbitrary morphism in £

A4

(A1)
(A2)
(A3) if ge= f € S and e is epic then g € S
(A4) if f,ge Sthen f+geS

(A5)

A5) 0 —w1land1+1—1areinS.

One might ask whether S contains all Kuratowski finite maps. In his (un-
published) paper Definability, Finiteness, Projectivity and Choice (from early
1990ies) Jean Bénabou has come up with the following counterexample for
£ = Set. Let S§ be the collection of all maps f : J — I such that there
exists n € N with card(f~1(i)) < n for all i € I. Obviously, this class satisfies
(A), i.e. the axioms (A1) - (A5), but does not contain the generic Kuratowski
finite map k : K — N where K = {(i,n) € N? | i < n} and k(i,n) = n.

However, if £ is a topos and the class S is definable (as a full subfibration
of the fundamental fibration Pe = 0y : £2 — £) then S contains all Kuratowski
finite maps. The reason is that for all X € & there is a generic family of small
subsets of X which can be constructed as follows. Let €x: F(X) — P(X)xX
classify Subg(—xX) and E(X) — P(X) be ex = m o €x: E(X) — P(X).
Then, since S is assumed to be definable there exists a greatest subobjects
mx : S(X) — P(X) of the powerset P(X) such that miex € S and all
r:Y — P(X) with r*ex € S factor through mx. Let us write eg(X) : Eg —
S(X) for the pullback of ex along myx. From the axioms (A) it follows using
Kripke-Joyal semantics that S(X) satisfies the closure conditions

0eS(X)A (Vo:X. {z} € S(X)) A (Va,b € S(X).aUbe S(X))

Since K(X), the object of Kuratowski finite subsets of X, is the least subobject
of P(X) satisfying these closure conditions it follows that K(X) C S(X). Now
if f: X — I is a family of Kuratowski finite sets then the map f~!: I — P(X)
factors through K(X) C S(X) from which it follows that f = (f~!)*ex isin S
as desired.
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128 K-finite and finite sets in (presheaf) toposes

For an object X in a topos & let K(X) be the least subobject of P(X) that is
closed under U and contains all singleton sets and the empty set. An object X
is called K-finite (Kuratowski-finite) iff K(X) = P(X). An object is is called
finite if X is K-finite and, moreover, has decidable equality.

Let us further assume that £ has a natural numbers object. Then there
exists a weakly generic family k : K — N of finite objects where K = {(m,n) €
N2 |m < n} and k((m,n)) = n. It can be shown that a map f:Y — X is a
family of finite (K-finite) sets iff it fits into a diagram

Ve — +K

e

X «+—.—» N

e g

where e is epic, the left square is a pullback and the right square is a pullback (a
quasi-pullback®!). Thus f is a family of finite objects iff it is “locally” a pullback
of k and f is a family of K-finite sets if it is “locally” the quotient of a pullback
of k. Using Kripke-Joyal semantics these properties can be characterised in
logical terms as follows: Y — X is a family of finite objects iff

Vee Xdne N. Y, 2 K,

holds in the internal language of £ and ¥ — X is a family of K-finite objects
iff
Vr € Xdn € N,e € YxK". e epic

holds in the internal language of £. Of course, in general there is no reason
whatsoever why for a family f : Y — X of finite (K-finite) objects there should
exists a map g : X — N such that f 2 ¢g*k (f is a quotient of ¢g*k in £/X).

If C is a small category then an object A in the presheaf topos C = Set® is
K-finite iff all A(I) are finite and all A(u) are surjective. Obviously, the object
A is finite iff all A(]) are finite and all A(u) are bijections.

In the topos 7 = @ of trees the truth value object 27 is K-finite but not
finite. But, what may be surprising, it is not even the case that () appears as
quotient of a finite object since the fibres of {27 can get arbitrarily big (but still
finite). Thus the terminal projection of Q2 cannot be obtained as quotient of
some pullback of k along some 1 — N. R

If C is a groupoid then, of course, in C the notions of “finite” and “K-
finite” coincide since the logic of C is boolean and thus equality of all objects is
decidable. If G is a nontrivial finite group then the representable object G = y(x)
is finite but it cannot be obtained as pullback of k along some 1 — N since the
latter is in the image of A : Set — C whereas G is not. Notice, moreover, that

81y square is a “quasi-pullback” iff the mediating arrow to the pullback is epic
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G does not have a global element although it is finite and well-supported, i.e.
G — 1 is epic.

As A. Blass recently observed (July 2007) the argument above shows that
for a non-trivial finite group G there is no generic family of (K-)finite objects
in G = Set®” which, moreover, is definable in the language of higher order
arithmetic because A : Set — Set®” is a logical functor and thus any such
family would be of the form A(u) and the above argument already shows that
no such family can be generic for families of finite objects.

Notice that in every topos with nno N for a family A — I of finite objects
it holds in the internal logic that Vi:I.3'n:N.4; = K,,. By AUC it follows that
Ff:NT.Vi:l . A; = Ky(;). Thus, there exists also a unique (external) morphism
f I — N with Vi:I.A; = Kj;). However, there is an implicit existential
quantifier in the statement A; = Ky(;) which need not be resolvable by a(n
external) Skolem function g which for every ¢ € I chooses an isomorphism
g(i) € Iso(A;i, Kf(;y). This is illustrated by the terminal projection G = y(*) —
1 for which there does exist a global element n : 1 — N (namely n = |G|)
such that G = K, holds in the internal logic although the existential quantifier
implicit in G = K, is not witnessed by a global element of Iso(G, K,,).
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129 Linear Ordinals may form a set in [ZF

In the 1980ies G. Rosolini (and possibly McCarty) showed that in Friedman’s
realizability model for IZF the linear ordinals form a set. Obviously, linear
ordinals have decidable equality. First one observes that in Eff every decidable
object is modest and thus subcountable.8? Thus, since isomorphic ordinals are
equal in the Friedman realizability model for IZF one can index the class of
linear ordinals by a subobject of P(N?) from which it follows by Replacement
that they form a set.

B. van den Berg has used this as a counterexample to the claim that 1ZF
proves that every inflationary map on a directed complete partial order (dcpo)
has a fixpoint. Let X the set of linear ordinals (in Friedman’s realizability
model for IZF) ordered by C. If D is a directed subset of X then its union
U D is again linearly ordered (for z,y € X pick an a € X with z,y € «a and
conclude using linearity of «). Thus (X, C) is a dcpo but the sucessor map
f:UX = UX :2z— 2xU{z} is inflationary and doesn’t have a fixpoint. This
doesn’t contradict Pataraia’s Fixpoint Theorem®? because f is not monotonic.

Obviously, the union of all linear ordinals is an ordinal but not linear itself
since it is greater than all linear ordinals.

The Friedman realizability model shows that it is consistent with IZF that
all linear ordinals are subcountable. In ZF, however, one easily shows that
there exists an uncountable ordinal (since countable ordinals form a set and
their union thus is an uncountable ordinal) which, of course, is linear (since
ZF proves all ordinals to be linear). Thus, the existence of uncountable linear
ordinals is independent from IZF. This fact has been exploited by Friedman and
Scedrov for showing that IZF lacks definable witnesses for certain existential
statements (unlike I1zF obtained from IZF by just claiming Replacement instead
of Collection).

82]f X has decidable equality then it is, of course, also ~—-separated. One easily sees that
assemblies with decidable equality are modest because different objects cannot have a common
realizer.

83saying that every monotone endomap on a dcpo has a (least) fixpoint
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130 Generic Sets vs. Generic Ultrafilters

Let M be a (countable) transitive model of ZF(C). For every @ € M we write
P (z) as an abbreviation for P(z) N M.
Let P be a poset in M. For every X € P(M) we define8*

=X ={peP|Vg<pIr<qreX}

and observe that ==X € M whenever X € M. A subset D of P is called dense ift
——D = P and a subset C of P is called (——-)closed iff ~—C' = C. We write B(P)
for the set of all ~—-closed subsets of P and Bj;(P) for B(P) N M. One easily
checks that B(P) is a complete boolean algebra w.r.t. C where \/ X = ==X
for all X C B(P). Obviously, Bas(P) is closed under complementation and finite
suprema and infima taken in B(P). Moreover, for every X € Py (B (P)) both
\/ X and A X are elements of By (P). In other words By (P) is an M-complete
boolean algebra.

From now on we assume that the poset P is refined, i.e. |p € B(P) for all
p € P85 Under this assumption {|p | p € P} forms a basis for B(P) and
B (P).

Definition 130.1 An M-generic set is a filter G in P such that GND # () for
all dense D € Pp(P). An M-generic ultrafilter is a filter U in Bpr(P) such
that X NU # O for all X € Py(Bu(P)) with \/ X € U. O

Next we establish a 1-1-correspondence between these two notions.

Lemma 130.1 (J. L. Bell)
If G is an M-generic set then Ug = {C € By (P) | GNC # 0} is an M-generic
ultrafilter and if U is an M-generic ultrafilter then Gy = {p € P | lp € U} is
an M-generic set.

Moreover, these two constructions are mutually inverse, i.e. Gy, = G for all
M-generic sets G andUg,, = U for all M -generic ultrafilters U, thus establishing
a 1-1-correspondence between M -generic sets and M -generic ultrafilters.

Proof: Suppose G is M-generic.

Obviously Ug is a subset of By (P) upward closed w.r.t. C and 0 & Ug.
Suppose C1,Cs € Ug. Then there exist p1 € GNCp and po € GNCy. As G is
a filter there exists p € G with p < py, p2 and thus p € C7 N Cy since the C; are
downward closed. Thus C71 N Cy € Ug. Thus we have shown that Ug is a filter.

$1-X ={pe P|Vq<pq ¢ X}
85Thus, the poset P is refined iff
Vp, q((Vr<gar'<rr’ <p) = q < p)

vp,q((vr<qr L p) = q < p)

vp,q(q £ p— Ir<qr {p) .
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Let C' € By(P). As CU—C is dense its intersection with G is nonempty
and thus C € Ug or -C € Ug. But it cannot be that both C' and —C' are in Ug
as otherwise there existed p € G N C and ¢ € G N —C from which there follows
the existence of r € G with r < p, ¢ and thus » € C N =C which is impossible.
Thus, for every C € By (P) either C € Ug or -C € Ug.

Suppose X € Pu(Bar(P)) with \/ X € Ug. Thus, by the above observation
we have = \/ X € Ug, i.e. GN—\/ X = (. Thus, as |JXU—-J X is dense we have
GNUX # 0 from which it follows that for some C' € X we have GNC # 0, i.e.
C e lg.

Suppose U is an M-generic ultrafilter.

Suppose p € Gy and p < q. Then U > |p C |q from which it follows that
g €U, ie. g € Gy. Thus Gy is upward closed w.r.t. <.

Suppose p,q € Gy. Then both |p and |g are elements of U from which it
follows that JpNlgeU. Let C={re P|relpnlqg}. AsCe M and \/C elU
we have CNU # (). Thus, there is an r < p,q with |r € U, i.e. r € Gy. Thus
Gy is a filter.

Suppose D € Py (P) is dense. Then D = {fp | p € D} € M and \/D =
1, (p) € U. Thus DNU # ) from which it follows that there is some p € D
with |p € U, i.e. p € Gy. Thus Gy is M-generic.

Finally we check that the two constructions are mutually inverse.

Suppose G is M-generic and p € P. Then p € Gy, iff lp e Ug iFGNlp # 0
iff p € G (where the last equivalence holds since G is upward closed).

Suppose U is an M-generic ultrafilter and C' € By (P). Then C € Ug,, iff
CNGy #0if Ip(p e CAlp eU) iff C € U (where the last equivalence holds
sinceC={lp|peC} e M,\C=C and U is an M-generic ultrafilter). O

Now given a refined poset P and an M-generic ultrafilter U« we may construct
a By (P)-valued model of ZF(C) which when factored by U is isomorphic to the
so-called “generic extension” M[Gy] as considered by set theorists following
P. J. Cohen’s original notion of forcing.
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131 Reducing mutual recursive type definitions
to iterated single recursive type definitions

Let C be some category of domains and strict maps between them. Let us sup-
pose that C is algebraically compact in the sense of Freyd. Now given a functor
F :C% x C x C% x C — C it can be augmented to a functor F¥ = (F~ FT):
CPxCxCPxC — CPxC where F* = F and F~(X—, X+, P, PT) =
F(XT,X~,P*,P7). Freyd has shown that C8 = C° x C is algebraically
compact and thus ¥ is a covariant functor form C¥ x C% to C%. Thus, by
a result of Freyd there exists a (covariant) functor H : C¥ — C¥ such that
ip: FS(H(P),P) — H(P) is a free algebra for the functor F¥(—, P): C% — C8.
Thus we have the object part of H. Its morphism part is defined as follows:
given f : P — Q in C% we define H(f) : H(P) — H(Q) as the least map
g : H(P) — H(Q) making the diagram

g
wn
—
K
~
S~—"
Q

commute.
Now given another G : C° x C x C°%® x C — C we may form G% in a way

analogous to the construction of F5. Then by Beki¢’s Lemma the free solution
of
A=F(A A B,B) B=G(A,A,B,B)

is given by the (isomorphic) components of A = H(B) and B = uY.G3(H(Y),Y),
respectively.

Warning Notice that for H(P) = (H~ (P), H"(P)) we have

F(HT(P),H™(P),P",P7)

I
e

i;:F(H‘(P),HJF(P),P) HY(P) ip:H (P)
and not

HY(P) ip:H (P)S F(H (P),H (P),P*,P)

L

it F(H*(P),H(P),P)

for which reason it will in general not hold that H(P) = uX. F(X, X, P)
and H=(P) = uX. F(X, X, P*, P™) as one might hope.

Thus, I don’t see any possibility to extend uX. F(X, X, P, P") to a functor
covariant in P and contravariant in P~.
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132 A Constructive Theory not having the Ex-
istence Property

Usually it is considered as a characteristic property of constructive theories that
they satisfy the following existence property : if F 3z A(x) then there is a closed
term ¢ such that F A(¢). But that this need not be necessarily the case is shown
by the following counterexample due to G. Kreisel.

Let Prf be a binary primitive recursive predicate where Prf(n, A") iff n is a
code of a derivation of A in HA. We define A(z) = Prf(z,” L") vVy-Prf(y," L").
Since HA is consistent it holds constructively that 3z A(x) and thus the theory
HA + 3z A(z) is constructively valid. However, this constructively valid theory
does not have the existence property.

Obviously, we have HA 4+ 3z A(x) F JzA(z). Suppose that HA 4+ JzA(x) +
A(t) for some closed term ¢, i.e. HA - JxA(x) — A(t). Since HA is consistent
we have HA - —Prf(t," L "). Thus HA I~ 3z A(z) — Vy-Prf(y," L"). From this it
follows that HA + Prf(z," L ")VVy—Prf(y, L") — Yy-Prf(y, L") and, therefore,
also HA F Prf(z," L") — Vy—Prf(y," L"). But then HA  Prf(xz," L") — L
and thus HA F Vz—Prf(z," L") which is impossible by G&del’s Incompleteness
Theorem.

133 The n.c.i. of being Cauchy vs. Partial Cauchy
Let (an) be a sequence of rational numbers which is Cauchy, i.e.
Vn.ImVk > mVi, j € [m,k]. |a; —a;| <277
whose no counterexample interpretation is
Vn.¥f >idy.3m.Vi, j € [m, f(m)]. la; —aj| < 27"

i.e.
Vn.Vf > idy.Im. diam({am,...,apmm}) < 27"

pom

m =

which says that for every f > idy the sequence (d%f ))n <y gets arbitrarily closed

to 0. This is weaker than Richman’s notion of (a,,) being partial Cauchy meaning

(f)

that for every f > idy the sequence (dn‘ converges to 0.

)neN
Actually, it suffices to require that for every f > idy the sequence (d%f ))n N
is Cauchy. Consider g : N — N with g(2n) = 2n and g(2n + 1) = f(2n + 1).

Then (d%g ))n en 18 also Cauchy and thus converges. But we have

limd{) =limdy) | =limdy, , =limdf" =0

showing that actually (d%f ))n comverges to 0.

€N
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134 Kreisel’s No Counterexample Interpretation
vs. Godel’s Functional Interpretation

First observe that for every formula A in prenex normal form its Dialectica
interpretation AP gives rise to the Skolem normal form A of A where existential
quantifiers are replaced by Skolem functions. Kreisel (in 1951) defined the no
counterexample interpretation (n.c.i) of A as A¥ = =(=A4)° (where negation of
formulas in prenex normal form is achieved by & la de Morgan). Notice that for
119 formulas A = VoIyR(z,y) we have A¥ = A whereas for X)) formulas 4 =
JaVyR(x,y) its n.c.i. is AT =Vf3zxR(x, f(x)). If A is classically provable then
one can exhibit a type 2 functional F' such that A(F(f), f(F(f))) is provable
constructively. Such an F is said to witness A7,

Alternatively one may consider for every formula A the translation
i.e. the Dialectica interpretation of AN, the negative translation of A. Recall
that if AP = 3zVyAp(z,y) then we have

(AP = 3fVz-Ap(a, f(z)) (=—A)P = 3IFVFAD(F(f), f(F(f)))

ND
ANE,

Thus (=—A)P claims the existence of a witness for the n.c.i. of AP. One easily
sees that if A is a ITJ or a X9 formula then ANP claims the existence of a witness
for AH.

However, already for 39 formula these two translations give different results.
Consider A = 3xVyIzR(z,y,2). Then A =V {3z, 2R(x, f(z), z) whereas ANP
claims the existence of a witness for VF3x, fR(x, F(z, f), f(F(z, f))) where F
ranges over type 2 functionals.

As emphasized by U. Kohlenbach Kreisel’s n.c.i. is not modular (there are
severe problems with interpreting modus ponens) whereas (—)™? is modular but
one has to pay the prize of taking higher type functionals into account. Since
(==A)P = 3FVFApR(F(f), f(F(f))) claims the existence of a witness F for the
n.c.i of 3xVyAp(r,y) one may say that (—)V? provides the correct modular
version of Kreisel’s no counterexample interpretation.

Kreisel introduced his n.c.i. in 1951 whereas Gddel found his functional inter-
pretation already around 1940 though it was published first in 1958 (i.e. almost
20 years later). It is surprising that apparently Kreisel did not know about
Godel’s functional interpretation when he invented his n.c.i. because Kreisel
had intensive contact with Godel.

A typical example of a I statement is
1
A= Vkﬂme(m >p = |gm — gpl < %)

stating that (a,) is a Cauchy sequence (of rational numbers). The n.c.i. of A is
given by A# = —=(=A)°. We have

1
—A= EIkVpEm(m > DA Gm — gp| > %)
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and thus its Skolemization is

1
(~4)% = 3k (F(p) > P Aldar) — a0l = 7)

and thus

1
AF = (= 4)5 =k f3p(F () > p = las — sl < 7)

Finally notice that in resolution style automated theorem proving a formula
A (in prenex form) is proved by proving the ¥; formula A" = —(-A4)° =
37A0(f, %) (Ao quantifier free) for which by Herbrand’s Theorem there are
finitely many instances t1,. .., %, such that

Ao(Fi ) V-V Ag(frtm)

is a propositional tautology.
Thus Kreisel’s no counterexample interpretation lies at the heart of modern
resolution style theorem proving.
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135 Functional Interpretation vs. Modified Re-
alizability combined with Friedman’s Trick

When unwinding proofs of IIs statement in PA,, one can use either

(1) Godel-Gentzen negative translation (G-translation) followed by Godel’s
functional (“Dialectica”) interpretation or

(2) Friedman’s R-translation followed by Kreisel’s modified realizability inter-
pretation.

in order to obtain a constructive proof in HA . U. Kohlenbach has observed
that for this purpose method (1) is in various respects better than method (2).
It is the aim of this note to illustrate this claim by considering some examples.

If the classical proof uses just Markov’s principle then one can apply Godel’s
functional interpretation immediately since it validates

——3x:0.P(x) — Jx:0.P(x)

for all primitive recursive predicates P and all types o. From this one sees that
the functional interpretation of Markov’s principle cannot be simply unbounded
search as it is the case for Kleene’s number or function realizabilty interpretation
of Markov’s principle for base type ¢. This is impossible with Kreisel’s modified
realizability since it (intentionally so!) does not interpret Markov’s principle
(even) for base type.

Next we consider the case where the classical derivation uses some lemmas of
form Yo (or II3 which is the form of convergence statements in analysis) which
can be proved only classically

When applying the G-translation then all premisses are translated to the
negative fragment where realizers (in the sense of modified realizability) do not
carry any computational information.®® This is dramatically different when one
applies Friedman’s R-translation and applies Friedman’s trick, i.e. instantiates
the generic propositional constant by the desired ¥; formula.

We will see in the following examples that it requires quite some effort i.e.
computational complexity, to realize these R-translations of the lemmas in 35
form. The examples also show that this effort is much less for the functional
interpretation of the G-translation of these lemmas.

This difference does not show up when considering classical proofs of >
statements form axioms of the form IT; (or IIy) where modified realizability
is somewhat simpler. Thus, one might conclude that the certainly more com-
plicated functional interpretation pays off only when applied to proofs using
lemmas of the from Y5 or Ils.

86 As opposed to functional interpretation where interpretations of negative formulas in
general does carry algorithmic information, e.g. in case of —=Vn —P(z),
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135.1 Drinker’s Theorem
Let P(x) be a prime formula. Then

Af :Va: N.—gVy: N. (—~r—rP(x) = ~rrP(Y))
FO0(Ay:N =g rP(0).\:mrP(y).
fy(Az:NXk:imgp—rP(y). k' :mrP(2). kg))

S —\RVLC:N.—!RVyZN. (ﬁR—\RP(:C) — _‘R_‘Rp(y))
i.e. we have constructed a proof term for the R-translation of Drinker’s Theorem
JaxVy (P(x) — P(y)) which is the typical example of a ¥y statement which can
be proved classically but in general not constructively.8” Notice that this realizer
will not get simpler when instantiating R by L.

Now let us look at the functional interpretation of the G-translation

vz =(P(x) = P(y))

of Drinker’s Theorem. For this purpose one has to come up with a functional
® such that

VS (P(R(f)) = P(f(2(f)))
which can be achieved easily by defining

®(f) =if P(a)—=P(f(a)) then a else f(a)

where a is any constant of base type (e.g. 0). This ® does the job since (even
constructively) it holds that (P(a) — P(f(a))) V (P(f(a)) — P(f(f(a)))) as
can be seen easily by case analysis on P(a) and =P(a) (which is admissible since
P is decidable).

Obviously, this ® is much simpler than the above somewhat lengthy A-term.

135.2 Proving Jz Vy (f(z) < f(y)) using the Least Number
Principle

Applying the Least Number Principle
(LNP) Jz A(z) — Jz (A(x) AVy (A(y) = = <vy))
to A(z) =3z x = f(2) gives rise to
Jr (3zz = f(z)) = Fx (Bzz = f(2)) AVy ((Fzy = f(2)) >z <))

from which it follows that 3z Vy (f(z) < f(y)).

87Consider a prim. rec. predicate P such that Vn P(n) is true but not provable, e.g. P(n) =
—Prf(n, 0=1"). Now if JaVy (P(x) — P(y)) were constuctively provable then Vy (P(n) —
P(y)) is constructively provable as well for some n € N. Thus, since P(n) is constructively
provable we obtain a constructive proof of Vy P(y) which is impossible by assumption.
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135.3 Realizing the G-translation of the Least Number
Principle

Let A(x) be an arbitrary predicate. We write A for the Gédel-Gentzen negative
translation of A.
By induction we can prove intuitionistically that

Va((Vy (y < — ﬂAG(y))) — ﬁAG(z)) — Va ﬂAG(:c)
From this it follows that
vV ((Vy (A%(y) = = < y)) = =A% (x)) = Vo —A%(z)

since y < x — —A%(y) is intuitionistically equivalent to A%(y) — z < y
(because < is decidable and z < y is intuitionistically equivalent to -z < y).
Thus, by contraposition we get

=V =A% (x) = =V ((Vy (A%(y) = = < y)) = ~A%(2))
equivalent to
Va2 A%(x) = = Ve ~(A%(@) A (Vy (A%(y) — = < y)))

which is the G-translation of LNP,, i.e. the formula 32 A(x) — 3z (A(x) A

vy (A(y) = = < y)).
If Ais a X1 formula then the formula

Ve (Vy (y < x — ﬂAG(y))) — —\AG(ac)) — Vo —|AG(:E)

is negative and its uniquely determined modified realizer carries no algorithmic
information.

135.4 Realizing the R-translation of the Least Number
Principle for }; predicates

Let A(x) be an arbitrary predicate. We write A% for the Gédel-Gentzen negative
translation of A which is defined like the G-translation but replacing — by
- = (=) = R and defining P = ~p—gP for prime formulas P.

By induction we can prove intuitionistically that

Vo ((Vy (y <z — —rA%(y)) = ~rAR(2)) — Vo ~pAf(z)
From this it follows that
Va ((Vy (AT (y) = ~rre <y)) = g AT (2)) = Vo ~AT(2)

since y < x — ~r AR (y) is intuitionistically equivalent to A%(y) — ~r—gx <y
(as one easily sees by analysis of the cases y < x and = < y). Thus, by
contraposition we get

~r Vo rAT(2) = ~r Ve (VY (A%(y) = ~r-r 2 < y)) = A ()
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equivalent to
—r Ve ~pAT(z) = g Yz —r(A(2) A (Vy (A% (y) = ~r-r T < Y)))

which is the R-translation of LNP 4, i.e. the formula 3z A(z) — 3z (A(x) A

Yy (A(y) = = <y)).
If A and R are %; formulas then for showing that the formula

Vo (Vy (y < z — —pAR(y))) = ~rA%(2)) — Vo ~rA%(2)

is modified realizable one has to apply the primitive recursor of Godel’s T at
type level 3 which is the type of potential realizers for g Agr (after reducing
—gRrR to —g) if both A and R are ¥, formulas.

135.5 Functional interpretation of (LNP4)¢ for ¥, predi-
cates A

If one derives using classical logic a ¥; formula 3n P(n) from an instance of LNP
where A(x) is a 31 predicate Jy R(z,y) then when unwinding such a proof via
functional interpretation one can totally avoid the R-translation since functional
interpretation validates Markov’s principle at all types.

Applying the G-translation to such a classical proof we obtain an intuition-
istic proof of (LNP4)¢ — —=3xP(x). Since under functional interpretation
——3Jx P(z) is actually identical to 3z P(x) it suffices to give a functional inter-
pretation of LNP 4.

As we have seen in section 3 it suffices to give a functional interpretation of

Vae((Vy (y <z — ﬂAG(y))) — —\AG(a:)) — Vo ﬂAG(x)

Since A%(z) = -3y ~R(x,y) <= —Vy —R(z,y) <= —Vy R(z,y) for func-
tional interpretation of the induction principle for A%(x) we need the primitive
recursor just at type 1.

Thus we conclude that

unwinding classical proofs of 31 sentences from LNP 4 with A of form
331 functional interpretation is much more economical than modified
realizability.

135.6 Functional interpretation of (32Vy (f(z) < f(y)))¢

Now we consider the case where a ¥; sentence has been derived from Ay =
JaxVy (f(z) < f(y)) using classical logic. When using Friedman’s trick followed
by modified realizability we need primitive recursion at type level 2 as we have
seen in sections 2 and 4. We show now that when using functional interpretation
it suffices to employ the primitive recursor just at type level 0.

Suppose we are given a classical proof of

vy (f(x) < f(y)) — 3z P(x)
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where P(z) is primitive recursive. Then by G-translation we get an constructive
proof of
Bavy (f(2) < f(¥))9 = ——3z P(x)

For undwinding this proof via functional interpretation we just have to come up
with a functional interpretation of the premiss, i.e. of —=Va =Vy (f(x) < f(y)),
which amounts to exhibiting a type 2 functional ® such that

Vg (f(2(9)) < f9(®(9)))
Such a ® can be defined as ®(g) = ¥(g,0) where

U(g,n) =if f(g(n)) < f(g(g(n))) then g(n) else ¥(g, g(n))

Although not given in prim. rec. form it can be easily turned into such since
U(g,n) terminates after < n+1 unfoldings of the recursive definition of ¥. Thus
¥ and consequently also ® can be define in the fragment of Godel’s T' which
employs the primitive recursor at type level 0.

135.7 Modified Realization of (IzVy (f(z) < f(y)))“

Suppose one has classically proven a 3; statement JzP(z) from JaxVy (f(z) <

f(y)).

Applying the R-translation of section 4 one arrives at a constructive proof
of (JzP(x))" from (J2Vy (f(z) < f(y)"* = ~rV2-rYy-r-r(f(z) < f(y)).
The latter formula cannot be further simplified since ~g—g(f(z) < f(y) is not
equivalent to f(x) < f(y).

Thus, it is better to first apply the G-translation giving rise to a constructive
derivation of (3zP(z))¢ from (FaVy (f(z) < f(y)))¢ which is equivalent to
—Vaz—Vy (f(z) < f(y)) since < is a decidable predicate. Now to this latter
derivation one can apply Friedman’s original R-translation, i.e. to replace any
occurrence of a prime formula @ by @ V R and L by R. Thus, it suffices
to come up with a constructive proof of the original Friedmann translation of
vy (f(z) < f(y)), i.e. "grVz-rYy (f(z) < f(y)V R) which is certainly simpler
than the previous = gVa—gVy—r-r(f(z) < f(y)).

For proving —gVz—rVy (f(2)<f(y) V R) assume that

(1) Vz-rVy (f(2)<f(y) V R).
We will now prove by induction that
(2) Vavy (z < f(y) V R)

Obviously, we have Vy (0<f(y) V R). Suppose as induction hypothesis that
Yy (x<f(y) V R). We have to show that Vy (z+1<f(y) V R). For arbitrary
y € N if not already x+1<f(y) then we have to consider the following two
remaining cases

Case z = f(y) : from (1) we know that —gVz(f(y)<f(z) V R) and thus
—rVz(z<f(2) V R) from which it it follows by induction hypothesis that R
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Case f(y) < z : since by induction hypothesis we have < f(y) V R it follows
that R and thus z+1<f(y) V R.

Now having established (2) we instantiate « by f(0)+1 and y by 0 and thus
get f(0)+1<f(0)V R. Since the first clause of the disjunction is wrong it follows
that R.

Thus, since our proof for the original Friedman translation of (3xVy(f(z)<f(y)))¢
involves induction just for a Ils predicate we can conclude that there is a mod-
ified realizer for it using the primitiv recursor only at type levels < 1 (which is
2 levels better than what one might expect from section 4).

For sake of concreteness we exhibit a modified realizer for =gVz—rVy(f(x)<f(y)V
R). Suppose ¢ mrVe—gVy(f(z)<f(y)VR). We now construct a 1) mrVaVy(z<f(y)V
R) by putting

0 = Az:N.0
and
0 if x < f(y)
Pla+1)(y) =S o) () +1 ifz = f(y)
¥()(y) if f(y) <=

where somewhat nonstandardly for prime P and @ we define x mr PV JzQ(x)
as (z=0A P) V (>0 A Q(x—1)). Finally, putting

®(¢) = »(f(0)+1)(0) -1
we arrive at a modified realizer for ~gVz—gVy (f(2)<f(y) V R) as desired.
We now construct a slightly simpler modified realizer for
“rVzoRVY (f(2)<f(y) V R)

where R = JuP(u) for some primitive predicate P. In order to simplify things
let us say that amr@Q V R iff Q V P(x).
Suppose

(1) emrVz-grVy (f(z)<f(y) vV R).
We now show that for ¢ : N—-N—N with

P(0) = Ay:N.0  Y(z+1) = Ay:N. py(¥(z))

we have ¢ mrVaVy (x<f(y) V R). We proceed by induction on z. For z = 0 we
have 0 < f(y) and thus 1(0)(y) = 0 modified realizes f(0(<f(y) V R. Suppose
as induction hypothesis that

(2) Y(z)mrvy (z<f(y) V R)

We have to show that ¢(z+1)mrVy (z+1<f(y) V R). If 2+1 < f(y) then
any number and thus in particular ¢(z+1)(y) modified realizes z+1<f(y) V R.
Assume x+1 > f(y), i.e. f(y) < x. We show that ¥(z) mrVz (f(y)<f(z) V R)
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from which it follows by (1) that ¥ (z4+1) = ¢(y)((x)) modified realizes R and
thus also z+1<f(y)V R. If f(y) < f(z) then any number and thus in particular
P(x)(z) mr f(y)<f(z) VR. Otherwise we have f(z) < f(y) and thus also f(z) <
x from which it follows by induction hypothesis (2) that ¢(x)(z) mr R and thus
also (x)(z) mr ()< f(2) V R.

Since ¥ mrVaVy (z<f(y)V R) we get that ¢(f(0)+1)(0) mr f(0)+1<f(0)VR
and thus 1 (f(0)4+1)(0) mr R since f(0) < f(0)+1.
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136 A Modified Realizer for PHP,

Let f be a variable of type N — 2 and R a propositional variable. Then the
binary pigeon hole principle is

where A; =Vn(Vk(k >n — f(k)=i— R)) = R.

Suppose pgmr Ag — R and p; mr A; — R. We will construct a term ¢t with
tmr R. For this purpose it suffices to construct a term t; with ¢; mr A; because
then

(1) t=p1(t1) mrR.

Suppose m € N and g1 mrVk(k > n — f(k) =1 — R). We now construct a
term to with o mr Ay because then

(2) t1 = Am.Ag1.po(te) mrAy.

Suppose n € N and gomrVk(k > n — f(k) = 0 — R). We now construct a
term t3 with t3 mr R because then

(3) ta = An.Ago.tzmr Ap.

Now if f(max(n,m)) = 0 then go(n) mr R (since max(n,m) > n) and if f(max(n,m)) =
1 then g1 (m) mr R (since max(n,m) > m). Thus we have

(4) tz =if f(max(n,m)) =0 then go(n) else g1 (m) mr R.
Sticking these partial solutions together we get that

(5) t = p1(Am.Ag1.po(An.Ago. if f(max(n,m)) = 0 then go(n) else g1(m))) mr R.
Thus, a modified realizer for PHP; is given by

APo-Ap1.-p1(Am.Ag1.po(An.Ago. if f(max(n,m)) = 0 then go(n) else g1(m)))

where go,91 : N — R and po,p1 : (N - (N — R) — R.
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137 Storage Operators for Natural Numbers

Let Int(z) = VX [Vy(X (y) — X (sy)), X(0) — X(x)]. Then its negative transla-
tion Int*(x) = VX [Vy(—=X (y) = X (sy)), 7 X(0) = =X (x)]. We want to show
that T = AfAnn(Ag gos) fO (with 0 = AfAz x and s = MkAfAz kf(fz)) has type
Vz(—Int(x) — —Int*(z)).

For that purpose suppose f : =Int(n) and n : Int*(n). Consider the predicate
F(z) = VX [Vy(-X(y) = =X (sy)) = =X (z) = =X (n)]. From n : Int*(n) it
follows that n : Vy(=F(y) — —F(sy)) — —F(0) — —F(n). Obviously, we
have 0 : F(n) and f : =F(0) since F(0) = Int(n). Thus n(\ggos)f0 is of
the desired type L if we can show that Aggos is of type —F(x) — —F(sz).
But for that purpose it suffices to show that s : F(sz) — F(z). For that
purpose suppose k : F(sz) = VX [Vy(=X (y) = =X (sy)) = ~X(sz) = =X (n)],
f o Vy(=X(y) — - X(sy)) and z : =F(x). But then fz : -X(sz) and thus
kf(fz) : =X (n). Thus, we have s = AkAfAz kf(fz): F(sx) — F(x) as desired.

There is another storage operator for Int which has the following simpler
derivation. Suppose f : —Int(n) and n : Int*(n). Instantiating X by —Int
we obtain n : Vy(—=—Int(y) — ——Int(sy)), »—Int(0) — —-—Int(n). Since s :
Int(y) — Int(sy) we have AgAh g(hos) : Yy (-—Int(y) — ——Int(sy)). Moreover,
we have Ahh0 : ——=Int(0). Thus n(AgAh g(hos))(Ahh0)f : L and, therefore,
we have TV = Afann(AgAh g(hos))(ARRO)f : Vn(—Int(n) — —Int*(n)) from
which it follows that T” is a storage operator for natural numbers. Though the
derivation of T” is simpler it is slightly more complicated than T

138 Krivine’s Classical Realizability

Terms are defined inductively as
tu=a|tt] At | cc| ke

where 7 ranges over the set IT of stacks, i.e. finite lists of closed terms. We write
Ag for the set of closed terms. A position is a pair (¢,7) € A xII usually denoted
as txm. Let > be the least reflexive and transitive relation on A x II such that

ts*m =t * 8.7
Azt * 8.7 = t[s/x] x 7
ccxt.m = tx ko

ke xt.m = txm

A set L C A x1IIis called saturated iff p = q € L impliesp € L. Aset L C AxII
is called strongly saturated iff I is saturated and 1L > p > ¢ implies q € L.

A model M is given by an underlying set nonempty set M = | M| and a
mapping fM : M™ — M for every n-ary function symbol f. For every closed
term t we denote its interpretation in M by t™M.

With every formula A we inductively associate a subset ||A|| of II as follows
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Tl =0
IR(tr, ... t)]] = R(EM, ... tM)

n

|A=B[| = {(t,7) | p € |A] and 7 € || B[}

V2 A(@)]| = Usenr [1Aa)]]
VXA = Urepaum [[AR)|

where R € P(IN)M" and |A| = {t | Vxr € ||A|| t 7w € 1}. Notice that |T| = A.
For L =VXX we have ||L|| =II and thus | L| = {t |Vr e T t x 7 € L}.

We always have |[A—B| C |A|—|B| = {t € A | Vs € |A| ts € |B|} since
by saturatedness of I from ¢ x s.m € L it follows that ts x # € L. However,
for strongly saturated L we also have |A|—|B| C |A—B| since in presence of
this stronger assumption from Vs € |A|Vr € ||B]|| tsx 7 € L it follows that
Vs € |A|Vr € ||B|| txs.m € L.

One might ask whether ||A—B|| contains all stacks = such that ¢t x 7 € L
for all ¢ € |A—B|. This, however, will not be the case in general when L is the
empty set of configurations. If both |A| and ||B|| are nonempty then ||A—B||
is nonempty but does not contain the empty stack e although ¢ x e € L for all
te|A—B|=10.

138.1 Realizing Krivine’s Axiom
Countable choice can be proved®® from Krivine’s Axiom
(KA) SV [V A(z, Sy) — VX A(z, X))

For realizing (KA) we have to introduce the following extension of our pro-
gramming language. For every t € Ag let ny be a Gédel number for ¢, i.e. 7, =t
where (7,,) is some Godelization of Ag. We introduce a new language construct
x* with evaluation rule

X" xtm = txng.m

and will show that x* realizes KA.

Let P,(II) ={mr e |y xnm &L} forn e N. If P,(L) N||VXA(z, X)|| is
nonempty then then there exists a predicate S with P, (L)N||A(z, S)|| nonempty.
Thus, by countable choice on the metalevel there exists a predicate S such that
from P, (L) N||VXA(z, X)|| # 0 it follows that P, (L) N [|A(x, Szl # 0.

We now show that x* realizes Va [Vn™ A(z, S5 ) — VX A(z, X))]. For that
purpose suppose € N and ¢ IF Vn(Int(n) — A(z, Sz.»)) and 7 € ||VX A(z, X)||.
We have to show that x* xt.w € 1. Let n := ny. Thus 7,, = t. Since L is
saturated and x* % t.m = 7, % n;.7w it suffices to show that 7, x n.m € L. We
argue by contradiction. Suppose 7, xn.m ¢ L. Then 7w € P, (L)N||VXA(z, X)|/.
Thus there exists 7’ € P, (L) N ||A(x, Sg.»)||. But by assumption on ¢ we have
txn.m’ € L in contradiction with " € P, ().

88

since it allows one to reduce ACq,;1 to ACo,0 and the latter holds by the least number
principle provable in classical second order arithmetic
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139 An Axiomatic Account of Krivine’s Classi-
cal Realizability

Let A and II be sets of “terms” and “stacks”, respectively. We assume that
A contains the elements K, S and cc. Moreover, there is a binary application
operation on A denoted by juxtaposition ts, a push operation A x II — II
denoted as t.m and a unary operation IT — A denoted as k.. Such a structure
is called a realizability structure.

A subset L of A x II is called saturated iff its complement 1°= AxII \ L
satisfies the following closure conditions

S1) ts*m in 1¢ implies ¢ * s.7 in 1L¢

S2) Kxt.s.min L¢ implies ¢t x 7 in L°©

(
(
(
(54

)
)
S3) S*t.s.u.m in L€ implies ¢ * w.su.7 in L€
) ccxt.min 1€ implies ¢ x k.7 in 1€

)

(S5) kyxt.m" in L€ implies ¢ x 7 in L°.

A proposition A is given by a subset [|A|| C II. The set of realizers for A is
given by |A| = {t € A | Vr € ||A]| tx7 € L}. Logic is interpreted as follows
1A= B]| = |ALIBI| = {t.x | t € |A], 7 € |BII} and |MzA@)]| = U, |Aa)]|

J.-L. Krivine thinks of this as “generalized Cohen forcing”. Let P be a poset
(of so-called “forcing conditions”) which we assume to have finite infima and a
least element 0.89

Such a poset P gives rise to a realizability structure in the following way.
Put A = II = P, interpret both application and the push operation as binary
meet A, interpret k as the identity on P and the remaining constants K, S and
cc as 1, the greatest element of P. One easily checks that for every downward
closed subset D of P the set Lp= {(p,q) € P x P | pAq € D} is saturated.

Since D is downward closed for arbitrary ||A|| C P the set

|Al={pe P|Vqe|lAll (p,q) elp}={peP|Vqel|lAl|pAqeD}

is always downward closed and contains D as a subset. Moreover, for ||L|| = P
we have |L| ={p € P |Vq € PpAqé€ D} =D where the latter equality holds
since P has a greatest element (and thus p =pA1 €D iff Vg€ P (pAgq € D)
since D is downward closed).

For propositions A and B we have

p € |A—B| iff Vg€ |A|Vr € ||BllpAgAT €D
iff Vg € |AlpAq € |B|
iff  Vg<p(qgel|Al—qe|B])

89Usually, one doesn’t assume such a least element 0 but one may always add it putting
p A q if p and q don’t have a common lower bound in the original poset.
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showing that implication works like in forcing over posets, i.e. like in the Heyting
algebra of downward closed subsets of P. Thus, we get, in particular, that
|—mAl={peP|Vge|AlprqeD}={peP|VYq<p(qel|A] - qecD)}
since " A=A — L.

Thus, this interpretation of logic is a particular instance of Girard’s phase
semantics where the monoid is (P,A,1) and L = D. As usual one defines for
X C P its orthogonal as X+ = {p € P | Vg € X p L ¢} where p L q iff
pAq € D. It is easy to show that X C X+ and Y+ C X! whenever X C Y
from which it follows that X+ = X114+, Since |A| = ||A||* and |-A4] = |A|*
we have [-=A| = [A[£L = [AJI-HE = [|A]IE = |A]

If P is a meet semilattice and D = {Op} then sets of the form |A| are in
1-1-correspondence with subsets a of P = P\ {0} such that p € a whenever
Vg < p 3Jr < qr € a. The latter arise as interpretations of propositions in forcing
over the poset P'. It is in this sense that J.-L. Krivine considers his classical
realizability as a generalization of Cohen forcing over (nonempty) posets (with
conditional finite meets).

We will now characterize those realizability structures induced by a A-
semilattice. First of all A has to be a A-semilattice w.r.t. the binary operation of
application, i.e. applications has to be associative, commutative and idempotent
and there is a neutral element 1 for application. Secondly the map k : IT — A
has to be bijective. Thus w.l.0.g. we will consider k as an identity. Accordingly,
we write P for A = II. Thirdly, the application and the push operation coincide,
ie.ts=t.sforallt,s € P.

Under these assumptions for a saturated set L we may define D = {t € A |
(t,1) € L}.

Lemma 139.1 Ift € D then (t,s) € L for all s.

Proof: Suppose t € D, i.e. (t,1) € L, and s € P. Then by (S5) it follows that
(1,¢.s) € L and thus (¢, s) = (1¢,s) € L by (S1). O

We get as a consequence that D is downward closed (where z < y iff zy = x).
Lemma 139.2 D is downward closed, i.e. y < xz € D implies y € D.
Proof:  Suppose x € D, ie. (z,1) € L. From Lemma 139.1 it follows that
(z,y.1) € L. From (S1) it follows that (zy,1) € L, i.e. y =ay € D. |
Lemma 139.3 For all t,s € P we have (t,s) € L iff ts € D.

Proof:  Suppose (t,s) € L. Since s.1 = s by our third assumption it follows
that (¢,s.1) € L. Thus by (S1) we get (ts,1) € L, i.e. ts € D.

Suppose ts € D, i.e. (ts,1) € L. Then by (S5) it follows that (1,¢s.1) € L.
Since by our third assumption we have ts.1 = ts = t.s it follows that (1,¢.s) € L.
Thus (¢,s) = (1¢,s) € L. |

Thus, under our three assumptions we have established a 1-1-correspondence
between saturated sets | and downclosed subsets D given by (¢, s) € Liff ts € D.
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Thus we have shown that the above three assumptions characterize those
realizability structures corresponding to Cohen forcing.

140 Krivine’s Thread Model is “Nonstandard”

For the models considered in section 138 if the pole L is nonempty, i.e. contains
a process t x w, then the term k,t € |L| because for every 7’ € II we have
k.t*7' = txm € .. For this reason it is crucial to restrict attention to proof-like
term, i.e. terms not containing any occurrence of k. We write PL for the set of
closed proof like terms. We say that A holds in the realizability model iff |A|
contains a proof like term, i.e. |A| N PL # 0.

But there is still the problem of finding a pole L such that | L| is not inhabited
by a proof like term, i.e. V¢ € PL.3r € II. txm ¢ 1. This is not so easy to achieve.
For this purpose Krivine has introduced a countable set Iy = {7, | n € N} of
so-called stack constants from which stacks are constructed by pushing terms
on them. Let {¢,, | n € N} be an enumeration of PL. The n-th thread is defined
as ¥, = {t*7 | &, * 7, = t xw}. Now, when defining I as the complement of

U ¥, we have &, xm, & L, ie. &, & |L].
neN
Like for any pole we may consider for this particular one the associated

classical realizability model for ZF, called the thread model. For every set I of
the ground model we may consider J(I) corresponding to I in traditional set
theoretic notation and V(I) in (categorical) realizability. In forcing over a cBa
B, Jis (the object part of) A left adjoint to I" : Sh(B) — Set. Since A preserves
colimits it follows that A preserves ordinals.

This, however, is not the case for the thread model. Krivine has shown that
for the predicate P(z) = = # 0 Az # 1 the thread model validates JzP(x),
—-P(0) and —P(1).9° Moreover, for a (non-syntactical) predicate P on J(N)
validates 3!z P(z) and —P(n) for all n € N. Thus, in the thread model I(N) has
global elements which do not correspond to elements of the underlying set N.91
The set N of natural numbers in the thread model is isomorphic to a subobject
of J(N). Krivine has constructed a function § : N — 2 such that

(1) Vzel2)(z # 0 — IneN0 £ 6(n) < z)

holds in the thread model when adding a further language construct. From this
it follows that in any Tarski model for the theory validated by the thread model
there must exist a nonstandard natural number. Let u € 3(2) different from
0 and 1 for which (1) guarantees the existence of n € N with §(n) = u which
must be nonstandard since otherwise u were equal to 0 or 1 contradicting the
assumption on u.

90Tn boolean valued J(2) also has nonstandard global elements but nevertheless it holds that
[3z:3(2) P(z)] = [P(0) v P(1)].
91This, however, also happens in boolean valued models of ZF where global elements of the
set of natural numbers correspond to countable partitions of the cBa and there are always
nontrivial ones if the cBa contains more than two elements. However, in boolean valued
models on has [Fz€IN A(z)] = V [A[n/z]].
neN
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141 Classical Realizability Model for ZF

Let .# be the ground model for set theory (ZFC) and (A,II,...) a classical
realizability structure and 1L a pole for it both living in .#. We consider the
induced classical realizability model Vf-[) which has the same underlying set as
A . For sets a and b we define

lbd all = {m € 11| (b,7) € a}

and by transfinite recursion we define the relations C and ¢ as

lacol=[NVz(zgb—=ada)ll= |J legbllcdal

c€dom(a)

lagbl=IVe(@CaszCa—agbll= |J laCelleCalllessl
cedom(b)
where as usual we write |A| for [|A|[*. Thus, the model of ZF depends on the

choice of I for which reason we write .#/ JJ(_H) for it.
With every natural number n € w we associate a name n defined inductively
as follows .
0=0 and n+1=nU{nr}x {@}.I)

where 7 is the Church numeral A\zAs s"z for n. TNhe set of natural numbers in
///j_n) is then given by w = J n. Writing 0 for 0 and s for the endo map on

new
& with s(7)) = n + 1 one observes that the following sentences are realized (by
proof-like objects)

(1) Vo (z¢0)
(2) 0ew

(4) (Vzew)s(z) ew
(5) ¢(0) = (Veew) (¢(x) = d(s(x))) = (Voew) ¢(x)

where ¢ may contain the non extensional predicate ¢. Given a sequence
(an)new of elements of .# we write @ for the endomap on .# mapping 7 to
an and b € A \ dom(®) to 0.

Now for every predicate ¢ with parameters in //{j_n) we will construct a
sequence a in .# such that the sentence

Vn (¢(a(n)) = ng @) = Vo -o(z)

92As opposed to A. Miquel T think that (1)-(4) hold also when replacing & by €.

) v
)
(3) (Vo € @)Wy (yes(z) < yexVy =ux)
)
)

92
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is realized by the proof like term Axy. quote y (xy) where quote is a new constant
satisfying the reduction rule

quote x t.u.m > U *x T T

where n; is the Goedel number of term ¢ (we write ¢,, for the closed term with
Goedel number n). Thus, there is a proof like term realizing the sentence

Jrp(x) — In My(n)

where

My(n) = ¢(a(n)) A (Ymew)(p(a(m)) — m¢ n)
states that n is the least number m with ¢(a(m)). Now let A = |J dom(a,)

and new
a=J({o} x [I(¥ne®)My(n) — b a(n)]])
beA
Thus dom(a) = A= |J dom(a,) and

16 all = ||(¥ne@)My(n) — b ¢ a(n)]|
Thus, the sentence
Vo (zea < (3new)My(n) Axea(n))
holds in . in) and thus also
(Vnew) My(n) — a(n) = a

where x ~ y stands for  C y Ay C z, i.e. x and y being extensionally equal.
Accordingly, in .# ™ it holds that

Jzg(z) = Fz (z = a A ¢(z))

and thus also
Jz¢(z) — ¢(a)

provided ¢ is extensional, i.e. built up from 3 and ~.

Maps tracking functional relations in /(!

Every clement a of V™ may be considered as an object of the classical real-
izability topos when endowed with the restriction of the equality predicate on
VD to dom(a). Under this identification VOEE)l is isomorphic to P(V(SH)) which
is a weakly complete object of the classical realizability topos.

Suppose a € VI and Vin) validates Vo € a3'y F(x,y). Then for some
ordinal « we have VmEaHlyEVOEE)l F(x,y). Since P(VOEH)) is weakly complete
there exists a map f : dom(a) — VOEE)l tracking the functional relation F.
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142 Cohen Forcing over a Poset of Conditions

Let P be a poset or, slightly more general, a preorder which typically has a
greatest element 1. In most cases IP is a conditional meet-semilattice, i.e. when-
ever 7 < p,q then p A g exists in P. For such a P one may consider the com-
plete Heyting algebra Q = dcl(P) of downward closed subsets of P ordered
by subset inclusion. Then B = Q__ is a complete Boolean algebra. Cohen
forcing amounts to considering the B-valued model V(5) of ZFC. In topos-
theoretic terms it corresponds to the interpretation of ZFC in the localic topos
Sh(B) ~ Sh(dcl(P))- ~ P__ = Set”". For A € dcl(P) we have p € =—A iff for
all ¢ < p exists r < g with r € A. We have ——]p = |p iff for every q with ¢ £ p
there exists an r < ¢ such that p L r, i.e. p and r do not have a common lower
bound. Such a poset P is called regular.
One may embed V into V(5) by sending z € V to

r={@1) |y e}

in V(B (i.e. we define the operation = by transfinite recursion over €). Appar-
ently we have ) = ) and 1 = {(0,1)}.

The set of truth values in V(#) is given by Q = {({(0,b)},1) | b € B}. If
P is regular then I' = {(p, |p) | p € P} is called the generic set.”® In the topos
B-Set of B-valued sets € is given by the object whose underlying set is B and
where a =g b] = a <> b and T is given by the object with underlying set P and
where [p =r ¢] = {r € P| r < p = ¢q}. In Sh(P)-- the object  is given by
Q(p) ={a € B|aClp}and Qg < p)(a) =anlg and the object I' is given by
11 y(p), i-e. the sum of representables. Thus T is obtained by (——-)sheafifying
p€EP
the presheaf G where G(p) = tp and G(gq < p) is the inclusion of Tp into 1q, i.e.

G is isomorphic to [] y(p) in presheaves over P.
peP

143 Q vs. Generic Set in Sh(A)

Let A be a complete Heyting algebra. The truth value object in A-Set is given
by (A, [ ~q ‘]) where [a ~q b] = a <+ b. The corresponding Q € Sh(4) is
given by Q(a) ={b€ A|b<a}.

The generic set I' in A-Set is given by (A, [ ~r -]) where [a ~p b] = a
if a = b and [a ~r b] = L otherwise. A partial element of T' is (given by) a
function p : A — A such that for all a,b € A it holds that

i) p(a) < a and

ii) p(a) A p(b) = L whenever a # b.

93gince for a generic ultrafilter G on P we have I'¢ = G where for z € V(B) the set
zg ={y|3be B (y,b) €z and bNG # 0}
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The extent of pis E(p) = V p(a). If p(a) = p(b) and a # b then p(a)Ap(b) = L
acA

€
and thus p(a) = p(b) = L. Accordingly, if p(a) = p(b) # L then a = b. Thus,
partial elements of I' can equivalently be given by partial one-to-one functions
f:A— A such that

i’) the domain of f is a partition of an element of A and
ii") a < f(a) for all a € dom(f)

Thus, the corresponding I' € Sh(A) can be described as follows. For a € A the
set T'(a) consists of those partial elements f with \/dom(f) = a and for b < a
the restriction® f | b is defined on all ¢ A b with ¢ € dom(p) and ¢ A b # L
and sends those elements to f(c). Apparently I' is isomorphic to [],. 4 y(a) in
Sh(A).

144 The home of the generic set in Sh(A)

Suppose A is a cHa. Then in Sh(A) we may consider the sheaf X 4 where X 4(u)
is the set of all maps f : A — A such that f preserves all joins and all binary
meets and f(14) = u, i.e. all frame morphisms from A to | 4(u). For v < u and
f € Xa(u) we define f | u(v) = f(v) Au. The generic element of X 4 picks for
every u € A the function g, : v — u A v which corresponds to the “generic set”
of the A-valued model of I1ZF.

In case of A = O(T') for some topological space T' the sheaf X () is isomor-
phic to the sheaf X7 where X1 (U) is the set of continuous functions from U to
T and restriction to V' C U is given by the restriction of a continuous function
on U to the open subset V. The generic element of X7 picks the inclusion of U
into T for every U € O(X).

I think this makes precise what R. Lubarsky has in mind with his “generic
sets” in topological or Heyting valued models of IZF.

145 Boolean Completions of Regular Posets Ex-
ist and are Unique up to Isomorphism

Let P be poset. Then dcl(P) is the poset of downward closed subsets of P par-
tially order by C. One readily checks that dcl(P) is a complete Heyting algebra
where infima and suprema are given by intersections and unions, respectively,
and implication is given by

A—-B={peP|Vg<plge A= qe€ B)}
for A, B € dcl(P). Since the least element 0 is the empty set we have
“A=A—0={peP|Vg<pq¢ A}

941f partial elements of I' are taken as maps p : A — A then the restriction of p can be taken
as (p [ b)(c) = p(c) A b.
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and
—A={peP|Vg<pIr<qreA}

for A € dcl(P). Then RO(P), the set of regular opens of P, consists of those
A € dcl(P) with =—A = A, i.e. those downward closed subsets of A for which
p € A follows from Vg < par < gr € A. Obviously, for every poset P the poset
RO(P) is a complete Boolean algebra (cBa).

If P is a poset then a boolean completion of P is a pair (B, e) where B is a
cBa and e: P — B\ {0p} satisfying the conditions

(bel) e preserves and reflects the order
(be2) for all x € B\ {0} there exists a p € P with e(p) < z.

One easily checks that | p = {¢ € P | ¢ < p} is a regular opens iff whenever
q £ p then there exists an r < ¢ with » L p, iie. =3s(s < rAs < p). A
poset P called regular if this condition holds for all p € P. Obviously, for a
regular poset P a boolean completion of P is given by P together with the map
1 P — RO(P)\ {0}.

Suppose that P is a regular poset and (B, e) is a boolean completion of P
then it is isomorphic to (RO(P), |).

Lemma 1 For every « € B the set P, := {p € P | e(p) < 2} € (RO(P),{) and
x =\ e[Py].

Proof We first show that P, is a regular open. For this purpose suppose Vq <
pIr < q e(r) < x. We have to show that p € P,. For sake of contradiction
assume e(p) £ x. Then e(p) A ~x # 0p. Thus, by (bc2) there exists ¢ € P
with e(q) < e(p) A ~z. Since e(q) < e(p) it follows by (bcl) that ¢ < p.
Thus, there exists r < ¢ with e(r) < z. Since also e(r) < e(q) < -z we have
e(r) <z A =z = 0p contradicting the assumption 0, is not in the image of e.
Next we show that z = \/ e[P,]. Obviously, we have y := \/ e[P;] < z. Tt
remains to show that y = z. For sake of contradiction suppose y < x. Then
x A -y # 0g. Thus, by (bc2) there exists p € P with e(p) < z A —y. Since
e(p) < x we have p € P, and thus e(p) < y. Since also e(p) < -y we have
e(p) < y A -~y = 0p contradicting the asssumption that Op is not in the image
of e. |

The maps
f:RO(P) = B:Uw \/e[U]

and
g:B—=RO(P):z— P,

are both monotonic. By Lemma 1 we have f o ¢ = idg. If we can show that f
is also injective then from fogo f = f it follows that also g o f = idro(p and
thus f is an iso of posets with inverse g.

Notice, moreover, that f(p) = e(p) and thus also g(e(p)) = {p if g = f~1.
Lemma 2 The map f: RO(P) — B : U — \/ e[U] is injective.
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Proof. We first show that for disjoint U,V € RO(P) we have f(UNV) =
FU)A f(V). Indeed for U,V € RO(P) with UNV = () we have

FOYNFV) =\ e)n ] ela) = \/{e) nelq) [peU,g €V} =035

peU qeVv

where the last equality follows from the following consideration: if p € U and
q € V with e(p) Ae(q) # 0p then there exists r € P with e(r) < e(p) A e(q) and
thus r < p, ¢ contradicting the assumption U NV = ().

For f being injective it suffices to show that f(U) = = = f(P,) implies
U=P,. Let V:=P,N-U. Since U and V are disjoint we have by the above
consideration that f(U) A f(V) = f(UNV) = f(0) = 0p. Since U C P, we
have f(V) < f(Py) =2 = f(U). Thus f(V) = f(U)Af(V) =0p. Nowifpe V
then f(V) > f(Ip) = e(p) # 0p. Thus § =V = P, N U from which it follows
that P, C U as desired. O

Summarizing we have show that every Boolean completion (B,e) of P is
isomorphic to the canonical Boolean completion (RO(P),]). Thus, all Boolean
completions of P are isomorphic.

Every cBa B is of the form RO(P) for some regular poset P

Suppose B is a ¢cBa. The P = B\ {0p} is obviously a regular poset w.r.t the
order inherited from B. Thus, the map i : B — RO(P) : b — PN|b is one-to-one
and preserves and reflects the order. If we can show that it is onto it follows
that 4 is actually an isomorphism of cBa’s.

Suppose U is in RO(P). If U is empty then U = i(0p). If U is nonempty let
p =\ U. We now show that

(%) Vp <pVg<p'Ir<qrel

Suppose ¢ <p' <p. Theng=qgAp=qgA \/ b=\ gAb. Since q # 0p there
beU beU
exists a b € U with r := g A b # 0. Obviously, we have r < ¢q. Since r <b € U

we have also r € U. Thus, we have proven (). Now since U € RO(P) it follows
from (x) that i(p) C U and U C i(p) since U < p. Thus U = i(p).

Thus we have shown that ¢ : B — RO(P) is onto as claimed and, therefore,
an isomorphism.
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146 Forcing an Ultrafilter on N

If the metatheory is ZF (instead of ZFC) with DC (dependent choice) one may
force the existence of a generic ultrafilter on N by considering the poset P
of infinite subsets of N ordered by C. Apparently, maximal filters in P cor-
respond to non-principal ultrafilters on N. We describe the construction of
the generic ultrafilter on N in B-valued sets. First notice that up to iso-
morphism P(N) is given by the B-set whose underlying set is BY and where

[X=Y]= A X(n) + Y(n). A condition p may be considered as a predicate
neN
i(p) on N by putting i(p)(n) = {q € P | n € p}. The generic ultrafilter U is the

given by
[XcU]=TpeTVneN(ne X < neci(p))

for X € BY. One can characterise [X € U] as the ——-closure of the set of ¢ € P
such that there exists a p € P with p O ¢ satisfying the condition

Vn € NVr < ¢(r € X(n) & n € p)

which in turn is equivalent to the requirement that the following two conditions
hold

(1) VneN(n € ¢ = g € X(n)) and
(2) VneN(q € X(n) Vg e ~(ne€ X))
since one may choose p = {n € N| q € X(n)}. We will show now that

Lemma For every X € BY and p € P there exists a ¢ C p in P satisfying
condition (2).

For this purpose, however, we need a certain combinatorial lemma whose
formulation requires the following auxiliary relation on P

X<Y if Imvk>nkeX=%keY) (iff X\Y is finite)

Forcing over the poset P, C) amounts to the same as forcing over the preorder
(P,<)). The reason is that for A € dcl(P) its negation -4 = {p € P | Vq €
A pN g finite} which is obviously downward closed w.r.t. <.

Combinatorial Lemma
Every sequence (A,) in P decreasing w.r.t. < has a lower bound in P w.r.t. <.

Proof. Suppose (A,) is decreasing w.r.t. <. Obviously, for every n the set
B, := (i<, Ak is infinite. Thus, for every n there is a least m > n with
m € B, which we denote by f(n). Let B be the image of f. The set B is
infinite since for f(n) € B we have f(n) > f(f(n)) € B. Moreover, we have
f(k) € A, for all k > n and thus B\ A, is finite, i.e. B < A,,. Thus B is a
lower bound for the sequence A, w.r.t. <. O

Now suppose X € BY. Since B is boolean we have
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(3) Vn € NVpdg < p(g € X(n)Vqe ~X(n))

Moreover, the set {g € P | g € X(n) V¢ € -X(n)} is downward closed w.r.t.
<. Suppose p € P. Then by dependent choice we can define a sequence (p;,)
in P decreasing w.r.t. < such that p > pg and p, € X(n) V p, € =X (n) for all
n € N. By the combinatorial Lemma there exists an r € P with r < p,, for all
n. Since r < p the set 7\ p is finite and thus w.l.o.g. we may assume that r C p.
Notice that Vn (r € X(n) Vr € =X (n)) since r < p, for all n € N. Thus we
have shown the Lemma.

Thesets rg ={ne€r|reX(n)}andri ={ner|re-X(n)} are disjoint
and their union is N. Thus, at least one of them is infinite. Put g := rg if
ro is infinite and ¢ := r; otherwise. Thus ¢ € P with ¢ C p and satisfies the
conditions (1) and (2).

Thus we have shown that [X € YV —-X € U] = 1p for all X € N. Moreover,
one easily shows that [X,Y e Y = X NY € U]. Thus, the set U validates the
axioms for an ultrafilter in B-Set.

B = dcl(P)_-, has no points

One easily shows that points of a complete Boolean algebra B correspond to
atoms of B since if p : B — 2 is a point then a := =\/p~1(0) is an atom
of B. But our B = dcl(P).- has no atom since any |p can be decomposed
nontrivially as |p = {p1 V {p2 where p; and p, are infinite disjoint subsets of p
with p = p; U pa.

N and NV in Sh(B)
The category of B-sets is known to be equivalent to Sh(B) where B = dcl(P) .

Thus Sh(B) arises as subtopos of the presheaf topos Set? where P is the poset
obtained by factoring P modulo the preorder <. The constant presheaf A(N)

with value N is the nno in Set”" whereas the nno N in the sheaf topos looks
as follows: N(p) consists of disjoint covers of |p indexed by subsets of N and
for ¢ < p restricting an element (U;);c; of N(p) to ¢ gives (U; N ]q)ierr where
I'={iel|U;Nnl]qg+#0}. Let us write ny : A(N) — N for the reflection map.
One can show that Y : A(NY) =2 A(N)AMN ., NAM) = NN g dense w.r.t.
the —=—-topology on P.

Using the Combinatorial Lemma this can be seen as follows. Let f €
N2M(p). Let py < p with |py C f(0)g(0). Suppose we have already con-
structed pp, < pp—1 < -+ < p1 < po < p with Ipit1 C f(i+ gy Ndpie
By the Combinatorial Lemma there exists a ¢ with ¢ < p, for all n. If we
now restrict f to ¢ the for all n the restriction of f(n) to ¢ is the non-mixed
{g(n) = lq} in N(q). Thus the restriction of f to ¢ is given by g in A(NY)(q).
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147 Realizability for Analysis with an Ultrafil-
ter on N

In his 2008 paper Structures de réalisabilité, RAM et ultrafiltre sur N J.-L. Kriv-
ine has constructed a realizability model for Analysis with Dependent Choice
and the Axiom that there exists a selective®® ultrafilter on P(N). His construc-
tion is based on the construction of a forcing model for this axiom employing
the poset P of infinite subsets of N ordered by C. Apparently maximal filters in
P are precisely the non-principal ultrafilters on P(N). Krivine proceeds by con-
structing such a forcing model inside his realisability model for classical analysis
with dependent choice.

For this purpose it is better to consider instead of P the (meet semi)lattice
P = P(N) with N as meet operation. For p,q € P we write simply pg instead
of pNq. On P we consider the predicate

C(p) = VYn3Im p(n + m)

expressing that p contains infinitely many elements. We often write I for the
complement of C, i.e. for the property of being a finite subset of N. Notice
that C(pg) may be understood as “p and ¢ are compatible” and I(pgq) as “p
and ¢ are incompatible”. The above poset P can then be recovered as the
set of all p with C'(p). If A C P then its intuitionistic negation is defined as
~A={peP|Vq(qe ADI(pq))} which is obviously downclosed. Subsets of
P of the form ~A are called classical propositions.

Let k-ary X range over predicates on N¥ and X+ range over predicates on
P x N¥. We now define forcing as follows’®

pIH X(t) = C(p) — X (1)

pIH XT(#) = Vq(Clpg) — Xt (q,1)) = Yg(=X T (q,1) = ~C(pq))
pIH F = G=Yq@p- F = pgl- G)

plH VEF =VEpIHf F where € is z, 2™, X or X+

pIF J(q) = ~C(pg) =r(Clpr) — g #7)

Notice that J(q) = {p | I(pq)} = {p | Vr € {q} I(pr)} = ~{q¢} and thus
~J(q) = ~~{q}. Thus ~J is what is usually called the “generic set” in forcing.
Krivine calls J the “generic ideal”.

Now Krivine considers the above construction in some of his classical real-
izability models. Let X € P(I)P*N*. Then we have

95 An ultrafilter % on P(N) is called selective iff for every equivalence relation on N such
that % does not contain any equivalence class there is an element of % choosing one element
from each equivalence class.

96Since p IH Xt (#) iff p € ~{q € P | ~X1(q,1)} it makes sense to write ¢ ¢ XT(#) for
-X*(q,1) and thus ¢ € X*(f) for XT(#). But this notation is still a bit unfortunate since
q € X1 (1) does not entail that p I/ X+ (#).
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EIF(pIH X(6) it €1 Vg (Clpg) — X(q,1))
iff  Vgvr € C(pg)Vr € X(q, 1) ExTm e L
iff  Vo¥m € X(q, V1 € Cpq) ExT.m € L

This observation suggest to consider another realizability structure where A =
AXP,II=1Ix Pand A«IIl = (A xII) x P and

(&,p) x(m,q) = (§*mpg) and  (§,p).(m,q) = (€7, pq)
and I C A = IT defined as
&p)*(mqg el if VreC(pg){xn" €l

where 77 = m.7. If A C II we write (§,p) IIF A for V(rm,q) € A (&,p) * (m,q) € 1L
Now one may introduce new constants x and x’ with reduction rules

X*&mT = ExTm and X xErm = ExnT

Then for X € P(IN)P*N we have

EIF (pIH x(f) iff ¢ - Vg (Clpg) — X(q,1))
iff VovT € C(pq)Vm € X(q, 1) ExTme L
iff Vovm € X(q, 1)Vt € Cpq) Ex T € L
implies  VgV¥m € X(q, )7 € C(pq) x&* 7 € L
iff gy € X(q,1) (X&,p) * (m,q) €L
iff (xé:p) I X ()
and
(&p) - X(5) iff Ygvm € X(q,1) (&,p) * (7, q) €L
iff Vgvm € X(q,t)Vr € Cpq) Ex 77 € L
implies  VgV¥m € X(q, 1)V € C(pq) X' *Emm € L
implies  Vg¥m € X(q, 1)V € C(pq) X'ExT.m € L
iff VgVt € Cpg)Vr € X(q, 1) X'ExTm € 1L
iff X'€IF Vg (Clpg) = X(q,1))
iff Y (pIH X (D))
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148 Comments on van den Berg’s PhD The-
sis Predicative Topos Theory and Models
of Constructive Set Theory (Utrecht, May
2006)

In May 2006 Benno van den Berg (successfully) defended his PhD Thesis on
Predicative Topos Theory and Models of Constructive Set Theory.

As a notion of “predicative topos” he suggested the notion of IIW-pretopos,
i.e. a locally cartesian closed pretopos with W-types. He also considers ML-
categories (Martin-Lof categories) which are defined as locally cartesian closed
categories with W-types and finite disjoint and stable sums and proves that for
every ML-category D its exact completion Dgy is always a IIW-pretopos.

There are plenty of examples of IIW-pretoposes which are not toposes.
The first kind are exact completions Eex of toposes £ without a generic proof.
(M. Menni has shown that for a topos £ its exact completion Eqy is a topos if
and only if £ has a generic proof.) By a result of M. Menni a presheaf topos
C has a generic proof iff C is a groupoid. Thus @ex is IIW-pretopos but not a
topos iff C is not a groupoid. A second kind of examples are (by a theorem of
Lietz and Streicher) realizability models RC(7) where T is a typed pca with
weak W-types but no universal type (as e.g. PER(K}), PER(K>), PER(Pw),
A. Simpson’s QCB,, or a term model of Gédel’s T' with weak W-types instead
of just N).

Van den Berg shows that IIW-pretoposes are closed under taking (pre)sheaves
and under glueing. He uses the latter for showing that in the free IIW-pretopos
£ all finite simple types over N are projective®” but not internally projective.
For this reason £ is not equivalent to Dy, the exact completion of the free ML-
category, where the finite simple types over N are both internally and externally
projective. Since in the category Setoids of so called “setoids” (the exact com-
pletion of the term model of intensional Martin-Lof type theory with W-types)
N7 is neither internally nor externally projective it follows that the category
Setoids is neither equivalent to £ nor to Dey. This is suprising since naively one
might expect all three categories to be equivalent.

If a IIW-pretopos & is endowed with a class S of small maps (satisfying
appropriate axioms) with weakly generic family 7 : E — U then W, modulo
bisimulation gives rise to a model of Aczel’s CZF. (In particular, he identified a
“type-theoretic fullness axiom” (F) for classes of small maps ensuring that the
ensuing model of CZF satisfies the fullness axiom of CZF).

97Tt is not known (BUT see section 150) whether this holds also for the free topos with a
nno. Friedman and Scedrov [FS83] have shown that N is projective in the free topos with
nno satisfying also countable choice. Maybe their result can be used for proving that N is
projective in the free topos with nno ? Phil Scott claims to have an unpublished proof of
this (together with Scedrov) and there is also an unpublished manuscript by M. Makkai. The
logician’s proof employs partial reflection principles (& la Kreisel and Levy). Categorists want
to replace this by inner model constructions (internal categories like in Joyal’s arithmetic
universes).
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Further, he reinvented the so called Lubarsky-Streicher model for CZF which
validates full separation but refutes the powerset axiom since it validates the
axiom that all sets are subcountable. In 2003/04 T constructed the model as
the type (WA : V(PER(K1)))A modulo bisimulation within Asm(K;). Van
den Berg constructed it as W; modulo bisimulation within the effective topos
&ff = RC(K) where 7 is a weakly®® generic family of modest sets (over K7)
which lives within Asm(K;). Exploiting this he showed that the Lubarsky-
Streicher model coincides with the hereditary subcountable sets in the McCarty
model for IZF (which is known to be equivalent to Eff).%°

Moreover, he considered so called ITM-pretoposes, i.e. locally cartesian closed
pretoposes where for every f : B — A there exists an final solution M/ to the
recursive type equation X 2 (Xa:U)E(a). In work together with F. de Marchi
he showed that for IIM-pretoposes £ endowed with a class S of small maps
with weakly generic family 7 : E — U the object M, i.e. (Ma:U)E(a) modulo
bisimulation, gives rise to a model of non-wellfounded CZF, i.e. CZF without €-
induction but instead validating the so called antifoundation axiom AFA (orig-
inally introduced by P. Aczel). For this purpose it is not needed that W-types
exist (though if € is a topos Wy can be carved out from My by an inductively
defined predicate expressing wellfoundedness). But unfortunately one does not
know of any IIM-pretopos which is not also IIW-pretopos. Moreover, it is not
investigated what is the proof theoretic strength of non-wellfounded CZF. (But
this has probably be done by M. Rathjen already!) If T is a typed pca (with
weak M-types) capturing the provably recursive functions of non-wellfounded
CZF then RC(T) might give rise to a IIM-topos which is not a IIW-pretopos.

98Does there exist a generic family of modest sets within Eff ? Maybe this is a bit easier
than the question whether for every strongly inaccessible cardinal x there exists a generic
k-small family.

99This is wrong in general e.g. if w* is not subcountable as e.g. in Set. Thus, he heavily
uses Church’s Thesis together with a kind of Shanin’s Axiom

Vz Jy € P-~(wxV)Vz (z €z <> In €Ew (n,2) €y)

which was used also by Kouwenhoven-Gentil and van Oosten in their JSL paper showing that
the McCarty model in Eff is the initial fixpoint of Ps.

230



149 Partial Reflection Principle for HAS

Let HAS be intuitionistic second order arithmetic formulated as a two sorted
first order theory with the comprehension schema

IXVn (n € X < A(z))

for all formulas A and X not free in A.

Theorem 149.1 For every finite fragment T of HAS we have
HASFPry("A') = A

for all formulas in the language of HAS.

Proof: Let T be a finite fragment of HAS and A a formula in the language of
HAS. Let n be an upper bound on the logical complexity (number of connectives
and quantifiers) of the formulas in 7 U {A}. There is a truth predicate T, in
the language of HAS such that for all formulas ¢ of logical complexity < n we
have HAS - Tn(r(bj) .

First observe that HA proves the cut elimination theorem for intuitionistic
predicate logic. Thus, whenever T + A then HAS proves that there is a cut free
proof of the sequent 7 F A in intuitionistic predicate logic. Thus w.l.o.g. we
may assume that for ¢ of logical complexity < n the statement PrT( o' ) means
that there is a cut free proof of 7 F ¢ in intuitionistic predicate logic. Since cut
free proofs in intuitionistic predicate logic satisfy the subformula property every
formula arising in a derivation of T - ¢ is necessarily of logical complexity < n.
Internalizing the correctness proof we have HAS F Vo (Pry(z) — T, (z)). Thus,
we have in particular that HAS F Pr7—( '_Aj) — Tn(rAj) from which it follows
by HAS - Tn(rAj) < A that HAS - PrT( '_Aj) — A as desired. o
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150 Church’s Rule for HAS
(as in Troelstra’s SLNM 344)

Suppose HA F Vn3X A(n, X). Then there exists a natural number ng which is
an upper bound for the logical complexity of formulas arising in this proof. For
every natural number n there is a proof of 3X A(n, X) all whose formulas have
logical complexity less or equal ng. Thus, there exists a total recursive function
f for which

HAS F v Pr) ("A(n, Sf()) ") (1)

where Pr(") refers to provability in the fragment of HAS where all formulas

have logical complexity bounded by ng and (Si)re. is some Godelization of set
expressions. From (x) it follows that

HAS Y Tr™) ("A(n, Sf () ") (2)

where Tr(") is the truth predicate for formulas of logical complexity bounded
by no for which HAS F V& (Pr(™) (k) — Tr(")(k)). But since for formulas of
logical complexity less or equal ng

HASF Tr()("4") A (3)

we conclude that
HAS +Vn A(n,Yy)

where Y = {{n,m) | Tr("O)(rSf(n) (m)') and Y, stands for {m | (n,m) € Y}.

More details can be found in 4.5.8 (p.321) of Troelstra’s SLNM 344 Investi-
gations of Intuitionistic Arithmetic and Analysis and in his corrections to that
book (http: //staff.science.uva.nl/~anne/Corr/c344.ps) incorporating ob-
servations from S. Hayashi’s paper On derived rules of intuitionistic second or-
der arithmetic Commentarii Mathematici Universitatis Sancti Pauli 26 (1977),
pp. 77-103.
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151 Set Existence Property for HASC

We outline the proof in [FS83].

Let HA be Heyting arithmetic with constants for prim. rec. functions and
HAS its second order extension with the comprehension schema

AXVn (n € X + A(x))

for all A without any free occurrence of the species (i.e. set) variable X. We
write HASC for the system obtain from HAS by adding the countable axiom of
choice

(CAC)  VnaXA(n,X) — IYVnIX(A(n, X) AVk(k € X ¢ m(n, k) €Y))

where 7 is a prim. rec. pairing function.

Our aim is to show the set existence property for HASC, i.e. whenever
HASC F 3X A(X) then there exists a predicate B(n) (containing no other free
variables besides n) such that HASC F A({n | B(n)}) (where the latter is an
abbreviation for HASC - 3X (A(X) AVn(n € X < B(n)))).

Suppose HASC proves the existential sentence 3X A(X). Then there exists
a finite fragment HASC\ which proves 3X A(X).

Working (informally) in HASC+CT (where CT is Church’s Thesis Yn3mA(n, m) —
JeVnA(n,{e}(n))) we define an extension HASC{, of HASCy inductively gener-
ated by the following two clauses

(1) if IXVn(n € X > A(n)) (with X not free in A) is a sentence in HASC},
then C is a species (i.e. set) constant of HASC{ and Vn(n € C4 <> A(n))
is a sentence of HASC;,

(2) if YnIX A(n,X) is a sentence of HASC{, and (T},)nen is a sequence of
HASCj, species constants with index e such that A(n,T;,) is a theorem of
HASC;, for all n then F, 4 is a species constant of HASC{, and

Vn3X (A(n,X) AVEk(k € X <> w(n, k) € Fe 4))

and for all n
Vk(k € Ty, <> m(n, k) € Fe a)

are theorems of HASCj,.

Let HASC{ be the language obtained from that of HASCy by adding species
constants of the form (7,V) where 7 is a species constant of HASC{ and V is
a species. If T = (7, V) we write T~ for 7 and T for V. For each formula A
in the language of HASC{ we write A~ for the formula in HASCY, obtained by
replacing each species term T by T~.

For each sentence A of HASC{ we define R(A) (“A is realized”) by induction
on the structure of A as follows
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)) for every species term T of HASC}

R(t=s) iff t=s
R(te(r,V)if teV
R(AANB) iff R(A) and R(B)
R(AvB) iff (R(A)and HASC{F A~) or (R(B) and HASCy - B™)
R(A— B) iff R(A)and HASC{ F A~ implies R(B)
R(¥nA(n)) iff A(n)) for all n
R(3nA(n)) iff R(A(n)) and HASC{ F A(n) for all n
( (T
(

R(
(
VXA(X)) if R(A
(

X)) iff R(A(T)) and HASCy - A= (T7)
for some species term T' of HASC

Lemma 151.1 HASC + CT proves that for closed formulas A if HASCy - A
then R(A).

Notice that CT is needed for proving the case of instances of CAC.

Lemma 151.2 There exists a unique map ¢ from species constants of HASCy,
to species such that

(1) if HASC{ proves 3XVn(n € X < A(n,S1,...,Sm) then
P(Ca) ={n| An,¢(51),...,6(5m))}

(2) if HASC proves VnIXA(n,X,S1,...,Sm) and e is an index of a re-
cursive sequence of species constants of HASCy such that HASCy proves

A(n,{e}(n),#(S1),...,0(Sm)) for all n then
¢(Fe,a) ={ n|m(n) € o({e}(mo(n)))}

The following lemma requires the partial reflection principle of [KL68] for
HASC.

Lemma 151.3 For closed formulas A and species constants T the system HAS
proves that if HASCy = A(T) then A(¢(T)).

From the assumption HASCy F 3XA(X) it follows by Lemma 151.1 that
HASC + CTF R(3X A(X)). Thus by definition of R it follows that

HASC + CT + 3 species constant 7' with HASC{ - A(T) ()

It is well know that

Lemma 151.4 I[f HASC + CTF A then HASCFnr A for some n.
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Moreover one can show that

Lemma 151.5 For the inductively defined set I of pairs of Gédel numbers for
species constants T and predicates A with HASCy = A(T) it holds that HAS
mr(nel)—nel.

Using these two lemmas it follows from (f) that
HASC I 3 species constant T' with HASCj, - A(T)

from which it follows by numerical existence property for HASC and Lemma 151.3
that HASC = A(B) where B is the species ¢(T').

Countable Choice Rule for HAS
Notice that the proof of Lemma 151.1 can obviously be adapted to a proof of

Lemma 151.6 HAS + CT proves that for closed formulas A if HASy F A then
R(A).

In Lemma 151.3 the implication can be proved already in HAS and the proof
of Lemma 151.2 also does not require CAC (unlike as claimed in [F'S83]) since
¢ can be defined by structural recursion on species constants of HASCY.

Suppose HAS F Vn3X A(n, X). Then HASCj + IXVnA(z, X,,) where k €
X, iff m(n,k) € X. Accordingly, by Lemma 151.6 it follows that HAS + CT
proves R(A). Thus, by definition of R the system HAS + CT proves that there
exists a species term T with HASCj, - VnA(z, T,,). Thus, by Lemmas 151.4 and
151.5 and the numerical existence property for HAS it follows by Lemma 151.3
that HAS F VnA(n, B,,) where B is the species with Godel number ¢(T).
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152 “Neutral” Models for BISH

Most realizability models validate intuitionistic principles like Church’s The-
sis, WC-N or Ishihara’s BD-N which are not available in Bishop’s constructive
mathematics (BISH).

However, the extensional realizability topos Ext (Grayson, van Oosten) re-
futes all these principles. BISH is known to be compatible with classical logic.
However, the topos Ext validates propositions which don’t hold in Set as e.g.

(1) there exist no nonrecursive functions from N to N
(2) there exist no discontinuous functionals from NY to N.

This, however, can be remedied by glueing the functor V : Set — Ext right
adjoint to the global sections functor I' = Ext(1, —) : Ext — Set, i.e. the topos
Ext | V, together with the logical functor d; : Ext | V — Set.

Open Question: Does this topos validate the Fan Theorem?

Another example is the domain realizability topos RC(D) where D is the
category of coherently complete countably algebraic domains and Scott continu-
ous functions between them. It validates the principle that all maps 2" to N are
uniformly continuous but not that all functions from N to N are continuous.
For this reason it cannot validate BD-N (since BD-N together with continuity
of all functions from 2% to N entails continuity of all maps from NY to N). Still
RC(D) validates (1) and (2) in contradiction with classical mathematics. Again
this can be remedied by considering the glued topos RC(D) | V.

Finally, instead of D one may consider the category F of FPC terms modulo
observational equivalence and the realizability topos RC(F) (see A. Rohr’s
Thesis). Using PER(F) instead of PER(N) one may construct a topos which
can be expected to be a synthesis of Ext and RC(D).
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153 How good a model is P(N)?

Let P(N) be the category of modest projectives in RT(K1), i.e. subsets of N
with realizable maps between them. One easily observes that P(N) has finite
cartesian products. As observed by Carboni and Rosolini it is cartesian closed in
the very weak sense that for A, B € P(N) there is an object B* in P(N) together
with a map evy p : B4 x A — B such that for every map f : C'x A — B there is
amap A(f) : C — B with eva o (A(f) x A) = f. One chooses B# as the set
{e e N|Vn € A.e-n € B} where e-n stands for {e}(n) (Kleene’s notation). The
map evy p sends (e,n) to e-n. The operation of A-abstraction is implemented
using the snm-theorem of basic recursion theory. More precisely, if e realizes
f:C x A — B then any Godel number for n — s(e, n) realizes A(f).100

Categorically speaking this very weak notion of cartesian closedness can
be reformulated as the requirement that for all objects A and B the presheaf
P(N)(— x A, B) can be covered by a representable object P(N)(—, B4). The
image of idga under this covering is ev4 g and by Yoneda the covering property
amounts to the requirement that for every map f: C x A — B there is a map
A(f) : C — B4 with evap o (A(f) x A) = f. Notice that even this very
weak notion of cartesian closedness entails the validity of the &-rule since f =g
implies A(f) = A(g). However, for interpreting the simply typed Ag-calculus we
need that for h : D — C we have A(fo(hx A)) = A(f)oh since A-abstraction is
required to commute with substitution. Categorically speaking, this means that
A is a natural transformation splitting the covering induced by eva p. Thus,
for interpreting Ag-calculus in a category C with finite cartesian products for all
objects A and B in C the presheaf C(— x A, B) has to appear as a retract of
some representable object C(—, B4).

Now if P(N) could be organized into such a model then we would have a
surjective ¢ : F' — R where R is the set of unary total recursive functions such
that

(1) there is a partial recursive binary function u such that ¢, (m) = u(n,m)
for all n € F and m € N and

(2) there is a partial recursive unary function s defined on all of F' such that

s(n) = s(m) iff ¢, = Gm.

Since P(N) has a natural numbers object given by N we could interpret Godel’s
T in P(N) which due to (2) would allow us to decide extensional equality of
primitive recursive function definitions which, however, is impossible by Godel’s
first incompleteness theorem.

100Here s is a (primitive) recursive function with {s(e,n)}(m) ~ {e}({n, m)).
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154 Is Church’s Thesis consistent
with Intensional Martin-Lof Type Theory ?

In section 2 of Ch.11 of [TvD] the authors present a system ML{ where propo-
sitional and judgemental equality are identified (via an equality reflection rule)
but where only those conversions are postulated which are needed for computing
weak head normal forms but not the £-rule allowing one to conclude Ax.t = Ax.s
from ¢ = s.

In section 6 of Ch.11 of [TvD] the authors construct a HRO model for ML
where types and contexts are interpreted as subsets of N (but this would actually
work for arbitrary pca’s). A term t of type A in context I' is interpreted as a
natural number e such that en € [A] for alln € [[] and T'F ¢ =3 € A
holds in the model iff e;-n = ey-n for all n € [[] where e; = [T F ¢;] for i=1, 2.
Since [N—N] = {e € N | {e} total} Church’s Thesis is realized (essentially)
by the identity on N. Notice that this model does not validate the &-rule since
A-abstraction'®! does not respect extensional equality. More precisely, from
x: NFt =t €N it does not follow in general that - (Ax:N)ty = (Az:N)te €
N—N. Thus, although HRO certainly is a category (P(N) as in the previous
section 153) it is not a categorical model since it does not allow one to interpret
A-abstraction as an operation on morphisms. Any attempt to remedy this by
choosing Godel numbers when interpreting A-abstraction leads to a conflict with
the Beck-Chevalley condition for A-abstraction (see section 153 above).

Church’s Thesis is certainly consistent with Maietti and Sambin’s minimal
type theory mTT due to its separation of propositions and types which allows
one to interpret types as modest sets (PER(N)) and propositions as subsets of
N, 102

At the end of their paper Maietti and Sambin raise the question whether
Martin-Lof’s intensional type theory ITT (with &-rule!) is consistent with
Church’s Thesis (CT). One knows that already HA, + Ext + AC + CT is
inconsistent. Thus a fortior: extensional type theory ETT is consistent with
CT since already ITT and thus also ETT prove AC. But the absence of Ext in
ITT leaves — in principle — open the possibility that I'TT + CT were consistent.
The HRO model certainly establishes consistency of HA, + AC + CT and — as
observed above — also of ML§ + CT. But HRO cannot be used as a model for
ITT + CT since HRO does not validate the &-rule of ITT as explained in sec-
tion 153. Thus it is not even clear whether HA,+ (§) + AC + CT is consistent.
The literature on constructive mathematics in the tradition of proof theory does
not consider the &-rule at all unless when studying E-HA,, (i.e. HA,, with full
extensionality for functions).

In any case it is still possible that Church’s Thesis is inconsistent with in-

101jy the sense of Troelstra employing the snm-theorem of recursion theory

1021f one just looks at mTT as presented in their paper one might get the impression that
they don’t postulate any congruence rules (like the &-rule) and thus HRO is a model for
their mTT. However, if one reads more carefuly the words before the listing of the rules one
notices that they do have the congruence rules in mind and just don’t list them for the sake
of conciseness.
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tensional Martin-Lof type theory! Actually, I would prefer if things turned out
this way. The reason why I believe it could be inconsistent is that LISP’s quote
construct definitely destroys the validity of the £-rule which can be seen as fol-
lows. Consider the terms t; = Az.x and to = Az.(\y.y)x then due to weak head
reduction quotet; and quotetsy are distinct whereas t; and ¢y are convertible
using the {-rule. (Of course, one might think also of a less separating quote
construct which takes a term ¢, normalizes it and gives back the (Gédel number
of) this normal form.) However, such a quote construct does not behave like a
function since it can be applied only to closed terms.

A realizability model for ITT + CT could be constructed if there existed
a functional programming language £, containing the underlying functional
language of I'TT and a function quote sending objects f of type N—N to a
Godel number quote(f) of f. It is not clear at all whether factoring such a
language by the least congruence ~ (including the crucial &-rule!) containing
all computation rules is nontrivial in the sense that t; ~ t5 does not hold for all
terms t1,ts. The literature on programming languages is not very informative in
this respect one notable exception being [Wa98] where the author shows that for
a simple A-calculus with a (kind of) quote construct the induced observational
equivalence coincides with syntactic equality (modulo a-conversion). T hope that
M. Wand’s theorem extends to the case where one postulates just an operation
quote computing a Gédel number for functions of type N—N.
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155 Axioms for the Alternative Set Theory of
P. Vopenka

The language of Vopenka’s Alternative Set Theory (AST) is the first order lan-
guage with equality and a binary predicate €. Capital Latin variables X, Y, Z, ...
range over classes and small Latin variables z,y, z ... range over those classes
which are sets, i.e. satisfy the predicate Set(X) = 3Y (X € Y). Capital Greek
letters @, W, ... range over general formulas and small Greek letters o, 1, ...
range over so-called set formulas, i.e. formulas where all free variables and quan-
tifiers are restricted to set variables.

Axiom 1. Extensionality: VZ(ZeX < ZeY)—-X=Y

Axiom 2. Comprehension schema: IXVa(zr € X < )
for all @ without free occurrence of X

We write {z | ®(x)} for the class of all sets x satisfying ®(x). Using com-
prehension one defines the usual boolean operations on classes X NY, X UY,
—X, the empty class # and the universal class V = {z | z = z}.

Axiom 3. Existence of sets:  Set(0) A VaVy Set(z U {y})

Axiom 4. Induction: ¢(0) AVzVy (p(z) = ez U{y})) = Vz o(x)
for all set formulas ¢

Using Induction one can show that for every set z and set formula ¢(y)
without any free occurrence of x the class {y | y € v A ¢(y)} is a set which we
denote as {y € = | ¢(y)}. Moreover, using Induction one can show that sets
validate all axioms of ZFg,, i.e. Zermelo Fraenkel set theory without the Infinity
axiom.

The class N of natural numbers is defined as the class
{z] UmeAVsz(yEz\/yzz\/zEy)}

i.e. the class of all transitive sets linearly ordered by €. The class FN of finite
natural numbers is defined as the class

{z |z e NAVX Cz Set(X)}

i.e. the class of all natural numbers which are so small that every subclass is a
set. Subclasses of sets which are not sets themselves are called semisets.

We write X <Y iff there exists an injective class function F' : X — Y and
we write X &~ Y iff there exists a bijective class function F': X — Y, ie. iff X
and Y are equipollent.
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Axiom 5. Prolongation: Fne(F)AF ~FN — 3f (Fne(f)ANF C f)
where Fnc(F) expresses that F is a class function (a functional relation).1%

Consider the class function I = {(z,z) | + € FN}. Then by the Prolongation
axiom there exists a set function f containing I as a subclass. Then by the
remark after Axiom 4 it follows that dom(f) is a set containing FN as a subclass.
But FN itself is not a set since otherwise FN € N and would thus'® contain a
greatest element contradicting the closure of FIN under the successor operation
S(z) =z U{x}.

Thus FN is a semiset since it is a proper class but subclass of a set. Whereas
all sets are formally finite by Induction a set may be called finite iff all its
subclasses are finite. Semisets show how the infinite may appear within the
formally finite which is the basic intuition behind AST.

A class is called real iff all its intersections with sets are sets themselves.
Typical examples of real classes are those of the form {x | ¢(x)} where p(z) is
a set formula (c.f. the classes of GBN set theory). Obviously, a set x is a real
class iff it is finite and a real class X which is not a set cannot be a semiset
either as otherwise X = X Nz is a set (where x is some set with X C z).

Axiom 6. Choice: IR WO(V,R)
where WO(X, R) expresses that class X is wellordered by R.

Axiom 7. Cardinalities: X <XFNVX=xV

Axiom 7. Foundation (or €-induction): for any set formula ¢

v (Yy € x (p(y) — ¢(z))) = Vo p(z)

Let F be a non-principal ultrafilter on the natural numbers. A model Mz
for AST can be constructed from the ultrapower V,,/F of (V,,, €) in the following
way. For every z € M let & = {y € M |y €y, 7 x}. The underlying set of the
model Mz for AST is given by the disjoint union

Vi, /FU{X € P(Vo/F) | ~Fx € V,/F X = &}

where elements of the first component are called sets and elements of the second
component are called proper classes. The relation € is interpreted in M in
the obvious way: a €, b iff either b is a set and a € b or b is a class and
aebCV,/F.

103 At other places (early papers by A. Sochor) the prolongation axiom was stated in the
apparently weaker form

Fne(F) A dom(F) = FN — 3f (Fne(f) AF C f)

where dom(R) denotes the domain of a class relation R.
104y Induction one can show that every element of N contains a greatest element w.r.t. €
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156 Existential Quantification in DN

The Diller-Nahm tripos DN is defined as follows.
Let A€ X! and u: I — J then 3,(A) (according to Bodil BIERING) should
be

(1) Fu(A)] =Uicu105 AT
(2) Fu(A); =Py (nierl(j)[A;r — A7)
(3) Fu(A)j(a,b) =i € u=t(j).Ve € b. A;(a,ca)

where ¢ € b is a shorthand for ¢ € ¢.
For B € 7 we have 3,(A) -; B iff

VjEJ.VaEEIu(A);F, beB; . (Vdee™ (a,b).3icu™"(j).Vced-a.Ai(a, c)) = Bj(eTa,b)

for some
e ﬂ [Af=Bf,]  and e € (\Bu(A)] x By =P;(3u(4);)]
je€Jicu—1(j JjeJ

157 A Unifying Approach to Dialectica Triposes
and Toposes

Let e; be the Set-based tripos giving rise to £ff 5. There is a connected geometric
morphism ¢ : dn — ey with ¢.(U, X, R) = ({x € X | Vy € Y.R(z,y)}, X) and
q*(Ap, A1) = (A1,{0}, Agx{0}). Jaap van Oosten has identified m and e as
(complemented) subtriposes of e;. One may now consider the pullbacks of the
inclusions m < ey and e < e, along the geometric morphism ¢ : dn — e,.

Let u = (0,{0}) be a proposition of es. Then the subtriposes m and e of ey
are determined by the local operators vV (—) and (u — (—), respectively. From
Lemma C.1.2.10 of PTJ’s Elephant one knows that the inverse images of m and
e under ¢ are determined by the local operators ¢*u V (=) and ¢*u — (=) on
dn, respectively. Thus, the inverse image of m under ¢ is the subtripos of dn
consisting of those families of propositions (U, X, R) where 0 € U C N, X C N
and RCU x X.

Similarly, one may consider the same task for d instead of dn where d is the
following variant of the original Dialectic tripos. The propositions are triples
(U, X,R) where U, X C Nand R C U x X and (U, X,R) F (V,Y,5) iff there
exist recursive maps f: U — V and F : U x Y — P({0}) such that S(f(u),y)
whenever 7(F (u,y)) = 0 or 7(F(u,y)) = 1 and R(u,n'(F(u,y))). This new d
is an “affine” variant of dn whereas the old d (of Birkedal and Rosolini) is a
“linear” variant of dn.

In her Thesis (spring 2008) B. Biering observed that, alas, ¢ is not
a geometric morphism since ¢* does not preserve finite limits. Nev-
ertheless, the proposition v = ({0}, {0},0) induces appropriate subtri-
poses of the triposes dn and d, respectively.
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158 Typed Diller-Nahm Hyperdoctrine

Let A be a typed partial combinatory algebra (tpca) with a list type £(c) for
all types o in A. A typical example is the HRO like tpca whose types are sets
of natural numbers and where c—7 consists of all e € N with e-n € 7 whenever
neo.

For such a tpca A with list types we want to build a hyperdoctrine Py(.A)
(over Set corresponding as close as possible to Godel’s Dialectica interpretation.
For I € Set the predicates on I are given by triples (A", A=, A) where A* and
A~ are types of A and A € P(A*xA™)! ie. A is an I-indexed family of
relations between AT and A~. On the collection Py(A)! of all predicates on I
we may define a notion of entailment in two different ways, namely

(1) Ab;B iff Jet € At—=BtJe” € AtxB —A"Viel
Va € AT Vbe B~ (Ai(a,e (a,b)) D Bi(eTa,b))

(2) Ab;B iff Jet € At—BtJdem € AtxB —l(A7)Viel
Va € AT Vb€ B~ ((Vc € e (a,b)Ai(a,c)) D Bi(eTa, b))

where e~ (a, b) stands for e~ (a, by and V¢ € e~ (a, b) quantifies over all elements of
the list e~ (a, b). Variant (2) is a generalisation of the Diller-Nahm variant of the
Dialectica interpretation which has the advantage that it does not require the A;
to be decidable which we cannot guarantee when interpreting quantification over
arbitrary sets. Variant (1) is Godel’s original definition of entailment. Birkedal
and Rosolini have shown that one may define implication if all types contain 0
as distinguished element and if the A* and A~ may vary with the index i € I.
As we have decided to stay typed, i.e. that AT and A~ are independent of the
index, we are forced to stick to the Diller-Nahm variant, i.e. to version (2).19°

If we assume A to have weak initial and sum types then P4(A) is a hy-
perdoctrine when defining reindexing the obvious way, i.e. for v : J — I and
A € Py(A) putting u*A = (AT, A=, (A,(j))jes). Conjunction and implication
are defined as usual in Diller-Nahm.

Next we turn to quantification. Let A € Py(A)’ and w : J — I. Then
universal quantification of A along u is given by

Vu(A)F =AT  v,A)" =4~ VY, (Au= ] 4

jeut(4)

105This decision to “stay typed” is also possible for Kreisel’s modified realizability. Grayson
and van Oosten’s modified realizability topos deviates from Kreisel’s original in the respect
that potential realizers may vary with the index of a predicate. A variant closer to Kreisel’s
original idea is implemented by the realizability category RC(HRO) where HRO is the tpca
of subsets of N containing 0. It follows from a result by Lietz and Streicher that RC(HRO)
is not a topos (because HRO does not admit a universal type!). Notice also that both the
modified realizability topos Mod as well as RC(HRO) validate extensionality and Church’s
Thesis which is incompatible with AC for simple types over N (already with ACy ) which
is a distinguishing feature of modified realizability. This problem, however, disappears when
considering RC(HEO) when putting HEO = PER(K). The reason for this mismatch in case
of HRO is that in Kreisel’s modified realizability the type t—¢ is interpreted as A(N—N) and
not as A(N)—A(N) as in case of RC(HRO).
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and existential quantification of A along u is given by
Fu(A)T =AT 3,(A)” = AT—=L(A7) 3(A)i(a,b) = Fjeu ' (i).Vecba. Aj(a, c)

Assuming that A has a terminal type 1 the equality predicate eq; = 35, (T 1) €
Pa(A)1*! is given by (1,1, eq;) where eq;(i,5) = {x € 1 | i = j} for i,j € I.
As usual this gives rise to a functor A : Set — Set(Py[A]) sending I to
A(I) = (I,eq;) and u : J — I to A(u)(j,i) = eq;(u(j),4) representing a func-
tional relation from A(J) to A(I). Following van Oosten we define Asm(P;(.A))
as the full subcategory of Set[P4(.A)] on subobjects of some A(T).

It is unlikely that P4(A) is a tripos since there is no candiate for a generic
predicate. One should be able to make this precise using an argument like
in Lietz and Streicher’s paper. For the same reason it is unlikely that P;(.A)
is a “moral tripos” in the sense of A. Pitts. Thus Set[P;(A)] is logos but
(presumably!) not a topos.

But is Set[Pg(A)] at least (locally) cartesian closed? When constructing
exponentials (Y, By )(X:Fx) in Set[P] for a set based tripos P it is essential that
one has access to X3 *Y since one carves out the exponential as a subquotient
of A(E%{XY). But in case of tpca’s A lacking a universal type this is impossible
since there does not exists a set ¥p(4) of all propositions.

But, of course, this does not prove that exponentials do not exist in general.
In order to get a handle on the problem we consider the case A = HRO and
the exponential NV where N is the nno in Set[P;(HRO)]. Notice that N =
(N, (N, {0}, En)) with Ex(n,m) = {(n,0) | n = m}. The obvious candidate
for NV is (R, (NN xNN, N, Ey~)) where R is the set of total recursive functions
from N to N and Exw(f,9) = {((n.m), k) | {n} = f A {m} = g A f(k) = g(k)}.
Notice that although N is in Asm(P;(HRO)) this is not the case for N since
En~ is not equivalent to the predicate (f,g) — Ex~(f, f)Neqr(f,g9) on RxR.
Thus Asm(P,(HRO)) is not closed under exponentiation already in fairly simple
cases.

Notice that the same phenomenon arises for Set[dn,,,] where dn,, is the mod-
ified Diller-Nahm tripos where En(n,m) = {(n,0) | n = m} and Exn~(f,g) =
({(n,m) | {n} = £ A {m} = g N, {({n,m), k) | {n} = F A {m} = g A F(k) =
g(k)}). Thus, although in Set(dn,,) exponentials exist since it is a topos the
category Asm(dn,,) of assemblies is not closed under exponentiation since N is
an assembly whereas NV is not.

This trouble with exponentials is not unexpected from the point of view of
the usual proof-theoretic treatment of the Dialectica interpretation.As shown
by W. A. Howard in 1973 the extensionality principle

(EB2)  (Vo:N(f(x) = g(2))) = F(f) = F(9)

for type 2 functionals has no functional interpretation via Godel T' functionals.
Moreover, as also shown by Howard in 1973, the Dialectica interpretability the
extensionality principle (E3) for type 3 functionals is independent from ZF,
i.e. ZF does not prove the existence of functionals witnessing the Dialectica
interpretation of (FE3).

244



However, I believe that due to a density theorem!%® for HEO there are
witnesses for the extensionality principles in the whole finite type hierarchy
over N.

159 Isbell Conjugacy

Let C be a small category. Then one may define an adjunction (—)* - (=) :
(Set®)oP — Set™ as

A*(I) = Set® (A, Yc(I))  and  BH(I) = Set®(B, Y (1))
whose unit and counit are given by

((na)r(a))s(r) =7r(a)  and  ((ep)1(b))s(0) = or(b)

respectively. One can show that it restricts to an adjunction (—)* - (—)* :
pro(C) — ind(C) bearing in mind that pro(C) = (ind(C°P))°P) and ind(C) is the
completion of representable objects under filtered colimits in SetC” 107

For more information see Lawvere’s paper Taking Categories Seriously.

106HEO is the total part of the finite type hierarchy over N in effectively given Scott domains
as shown by U. Berger (or even earlier by Yu. L. Ershov).

1071f C is finitely cocomplete then ind(C) consists precisely of the finite limit preserving
functors from C°P to Set and if C is finitely complete then pro(C) consists precisely of the
finite limits preserving functors from C to Set.

245



160 An Observation of P. Hofstra

An exact category £ is equivalent to an exact completion Cey of some finite limit
category C iff projectives in £ are closed under finite limits and every object of
& is covered by some projective.

Suppose £ is a balanced category equivalent to Cex for some finite limit
category C. Then in £ all epis are regular and e is an epi iff P L e for all
projectives P.

Proof: Of course, this condition is necessary. For the reverse direction suppose
e: A — B with P L e for all projectives. Let ¢ : P - B be an epi with P
projective. Since P L e there is a map f: P — A with ¢ = ef and thus e is
epic. O

Lemma
Let £ and F be toposes which are exact completions of some finite limit cat-
egories and F 4 G : € — F. Then G preserves (regular) epis iff F preserves
projectives.
Proof: Since F' 4G we have FP 1 eiff P L Ge.

Suppose F preserves projectives and e is an epi in £. Then for all projectives
P in F we have P 1 Ge since FP 1 e. Thus Ge is epic.

Suppose G preserves epis and P is projective in F. Then for all epis e in £
we have FP | e since P | Ge. |

For this reason many global sections functors I' : £ — Set are not regular,
PN o
i.e. do not preserve regular epis. E.g. if £ is the topos of graphs or G = Set®
for some nontrivial group G.
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161 Iteration of the Tripos-to-Topos Construc-
tion as characterized by A. M. Pitts

Let C be a finitely complete category, £ a topos and F' : C — & a finite limit
preserving functor. Theorem 3.10 of Pitts’ Thesis says that F' : C — & is
equivalent to Ap : C — C[P] for some tripos P over C iff

(1) for all A € & there exists an object A € C and an epi B4 : FA - A
(where 174 : A — A is the partial map classifier for A) such that for every
f: FX — A there exists a (not necessarily unique) map g : X — A with
faoFg=f.

The key idea of the proof is to take for P the tripos F*Subg.

Pitts shows (Lemma 6.1) that for a finitely complete category C, toposes &£
and F and finite limit preserving functors F : C — &£ and G : £ — F with
G regular if both F' and G satisfy condition (i) then the composite functor
Go F : C — F satisfies (1) as well.}%® Thus, if G : £ — F is equivalent to

108Let B be an object of F. Then we have

. 469 B . 469 B
_ _|
m’ nB m ng
G(B) ——» B F(B) — B
By Ps

by assumption on F and G. Let b : G(E) — B classify the partial map (G(ng)m/,¢') as
depicted in

> - > B

_ _ f
GO, a@) 0

_
G(m){ G(Ug)[
Y
GF(B) GG G(B) — B
B

where we have used intrinsically that G preserves pullbacks and epis. Thus, we have also

e/

. > B

_

m’ L}B
G(B) E(TES G(B) —— B
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Ag : & — E[G*Subyx] and regular!® then the composite GF is equivalent to
AC[(GF)*SUb]:] :C — C[(GF>*SUbF]

Again following chapter 3 of Pitts’ Thesis we make explicit the construction
of a generic family for Set[(GF)*Subg] in case C = Set. Let F' = Ap : Set —
Set[P] and G = Aq : £ — £[Q] where P and Q are canonically presented as
P = Set(—,%) and Q = &(—, (A, ~)) respectively. Define Sy : ¥4 — ¥ as
SA(R) =3z € AVa' € A. (R(z) & = ~ 2')]. Consider the diagram

[Sall —— (A, ~)
A
A(ZY)

where i, is the subobject of A(X?) determined by S, and by is determined
by the predicate by(R,z) = [Fz":A. (SaA(R) A R(z') N2’ ~ x)]. A generic
family for the tripos (GF)*Subz is given by 3;, (ba) : A(XY) — (A, ~) where
i, (0A) (R, z) = [32:A. (SA(R) A R(z") A’ ~ x)].

We are interested in contracting the following two steps of construction into
one. Let A be a pca. Put C = Set, £ = RT[A] and F = V : Set — RT[A].
Let further H be a complete Heyting algebra in £&. Put F = Shg(H) and
G = A: & — Shg(H). Then by Pitts’ Lemma 6.2 the topos Shgr4(H) is
equivalent to the topos Set[(AV)*Subx]. Now for a set I the subobjects of
AV correspond to morphisms VI — H in £ and for ¢, : VI — H we have
o b1 iff Vi e V(I). ¢; <g i holds in €.

from which it follows that 8; = bo G(ng). Thus b is epic since 8 is epic. Since G preserves
epis G(Bp) is epic,too. Thus 8% = bo G(B%) is epic. For showing that §7% validates the
requirement of (f) suppose f : GFI — B. Then there exists g : FI — B with f = 85 0 G(g)

and h: I — B with Bg o F(h) =ng og. Then we have

5 0GFh =boG(Bg)oGFh=boG(Bgo Fh) =
=boG(mgog) =boG(ng)oGg=pBpoGg=
=f
as desired.
109For a tripos P the functor Ap is regular iff 3.(T) - T for all epis e in the base.
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162 A Geometric View of (‘Moral’) Triposes

In Chapter 3 of Pitts’ Thesis Tripos Theory (1981) (around Prop. 3.8) one finds
a “geometric” characterization of triposes over a base topos S. The main fact
is that for a finite limit preserving functor F' : S — & between toposes we have

A
S

S[P]
K full and faithful

&

where P is the posetal hyperdoctrine F*Subg, S[P] is obtained from P by adding
subquotients, A is the corresponding “constant objects” functor and K is the
functor which “takes subquotients”. Obviously, the functor K is an equivalence
iff 1 is a bound for F, i.e. every object A of £ appears as a subquotient of some
FI. In Pitts’ Tripos Theory in Retrospect it has been shown that for a posetal
hyperdoctrine P over S the category S[P] is a topos iff for every I € S there
is an object P(I) in S and a predicate €;€ P(IxP(I)) such that for all J € S
and R € P(IxJ) the statement

VjeJIpe P(I)Vie.R(i,j)<icrp

holds in the logic of P. Such hyperdoctrines are called “moral” triposes (fol-
lowing a suggestion of PTJ). Thus, moral triposes over S correspond up to
equivalence to finite limit preserving functors from S to a topos &€ for which 1
is a bound, i.e. “localic geometric morphisms to & without local smallness” (in
the sense of Moens’s Theorem).

If F:S8 — £ is a functor giving rise to a moral tripos then F*Subg is a
proper tripos iff there is a ¥ € S together with a ¢ : F(X) — Q¢ such that for
all p: F(I) — Qg there exists an f : I — ¥ with p =t o F(f), i.e. the fibration
Pp has a generic family of subterminals, namely the subobject of F'(X) classified
by ¢, which, however, in general need not be classifying.

It is an open question whether finite limit preserving functors between toposes
with bound 1 are closed under composition. Well, they are if they are regular,
i.e. preserve (regular) epis. Thus, regular constant objects functors are closed
under composition. This is no restriction in practice since the constant objects
functor corresponding to a tripos is regular if and only if the tripos has “fibrewise
quantification”.

Examples and Counterexamples

For every Grothendieck topos &£ the functor I' = £(1, —) : £ — Set gives rise to
a moral tripos since it preserves finite limits and is bounded by 1.

Let Graph be the topos of (non-reflexive) graphs and G be the representable
graph with two nodes connected by one edge. The global elements functor
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F = Graph(1, —) : Graph — Set is not regular since the epi G — 1 is sent by
F to 0 — 1 in Set. Moreover F' is a ‘constant objects’ functor corresponding
to a proper tripos which can be seen as follows. For a set S let L(S) be the
graph with one node and edge set S and fBs : F(L(S)) — S be the obvious
bijection. For every f : F(A) — S there is a graph morphism g : A — L(S5)
with f = B¢ o F(g). Such a g operates on loops as prescribed by f and is
arbitrary for non-loops (and thus in general not unique!).

The functor I" : Set x Set — Set : (4, B) — A x B preserves regular epis
but does not give rise to a tripos since P = I'*Subget has no truth predicate.
Suppose on the contrary that there is a t : A x B — 2 such that for every
p:CxD — 2thereexist f:C — Aand g: D — B with p=to(f xg).
Now instantiate C' by 223, D by 28 and p by the evaluation map. Then there
exist f:22° — A and g : 2B — B such that for every X € 22” and X € 28 we
have X (X) = t(f(X),g(X)). The map i = AX:22" Ay:B.t(f(X),y) : 22" — 2B

is one-to-one since i(X) o g = X and thus ‘223‘ < ‘23| which is impossible.

163 A moral tripos & over Set such that Set[Z|
is a non-localic Grothendieck topos

Let & be the topos of reflexive graphs which is Grothendieck but not localic.
The functor V : Set — & right adjoint to I' = &(1, —) preserves finite limits and
every object X in & appears as subquotient of some V(I). Thus & = V*Subg
is a moral tripos over Set whose associated topos Set[Z?] is the non-localic
Grothendieck topos &.

Note, however, that £ is not a proper tripos since Py does not admit a
generic mono. Notice also that & is not localic over the Schanuel topos since
objects X in & with decidable equality are those in the image of A, i.e. have no
nontrivial edges.

164 Generalizing Bounded Geometric Morphisms?

One might consider an analogous generalisation of bounded geometric mor-
phisms, namely finite limits preserving functors F' : § — £ bounded by some
B e &, ie. all X € £ appear as subquotients of some B x FI. For such F one
may consider the full subfibration P of Pr = 01 : £LF — S on families of sub-
objects of B which is not posetal unless B is subterminal and try to construct
analogues of S[P], A: S — S[P] and K : S[P] — £.

For such F' : § — & one might also consider the following reformulation
of condition (f) of section 161 : there is an object B € £ such that for every
A € & there is_an epimorphism 84 : B X }/7'\21\ — A such that for every map
f:Bx FI — A there is some map g : I — A with f = 84 o (B x F(g)).

Actually, the following approach based on a direct generalisation of the case
where 1 is a bound seems to be more appropriate. Namely, a functor F: § — &€
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together with an object B € £ such that
(1) F preserves finite limits
(2) B is a bound, i.e. every A € £ appears as subquotient of some B x FT

(3) there is an object Sgp € § and a mono rg : Rg — B x FSp such that
for every subobject r : R > B x FI there exists some (not necessarily
unique) map p : I — Sp such that

R Rp
]
r B
BxFI — BxFSg — B
|7 ] 7
FI FSg > F1
Fp

(4) B x B appears as subobject of B and B has a point.

Notice that by (3) the map gg = mp 0org : Rg — FSp is generic for the full
subfibration of Pr = F*Pg on objects of the form R ~— B x FI 3 FI. This
subfibration is obviously closed under vertical subobjects and by condition (4)
it is also closed under fibrewise finite products. Moreover, from (2) it follows
that gp is a generating family for Pp (see footnote 15 on p.78 of my notes on
Fibred Categories).

In case B = 1 condition (4) holds for trivial reasons and condition (2) just
says that F*Subg has a generic family T' — FX, i.e. for every m : P — FI
there exists a (not necessarily unique) map p : I — ¥ with

P——T

If one wants to show that regular functors F' satisfying conditions (1-4) are
closed under composition one runs into problems with (3). For this reason I
suggest to replace conditions (2) and (3) by the condition

(243) there is an object B € £ such that for every A € £ there is an epimorphism
fa: Bx FA—» Asuch that for every map f: B x FI — A there is some
map g: I — A with f =040 (B x F(g))
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we have considered already above.!'? Notice that this condition entails condition
(2) since we have

C—— A
_l
nA
BxFA —» A
Ba
and it entails condition (3) when instantiating A by 1 since Q¢ = 1 and thus
t =/f1: B x F1— Q¢ is an epimorphism such that for every r : B x F'I — Q¢
thereisa p: I — 1 with r =t o (B x Fp).

Notice that given a B satisfying condition (243) we can extend 4 to a
morphism 4 : Bx FA — A such that 84 = EAO(BXF(ng)) where 75 : Ao A
is the partial map classifier for A. Obviously/\g A 1s epic since 4 is. Suppose
f:BxFI— A. Then there exists a g : I — A with f = f40(B x F(g)). Thus
for g =nzogwehave f = Ba0(BxF(g)) =pac(BxF(nz))o(BxF(g) =
Bao (B x F(g)).

Composition Lemma
Suppose F' : § — £ and G : £ — F are regular functors between toposes
satisfying conditions (2+3) and (4) then so does their composition GF : § — F.

Proof. Since regular functors are closed under composition the functor GF
is regular. Suppose B is a bound for F' and C' is a bound for G. We show
now that C' x G(B) is a bound for GF. Let A € F. Then by condition
(243) and the subsequent remark there exist a D € £ and an epimorphism
va : C % GD — A witnessing condition (2+3). Furthermore there exists an
epimorphism SBp : B X FD — D witnessing condition (2+3) for B w.r.t. F.
Consider the morphism 64 = v4 0 (C x G(B8p)) : C x G(B) x GFD (where we
exploit that G preserves finite products). Obviously d4 is epic since G preserves
epis. Let f: C x G(B) x GFI — A. By assumption on 74 there exists a map
h:Bx FI — G with f =~40 (C x G(h)). By assumption on Sp there exists
amap g: 1 — D with h = 8p o (B x F(g)). Thus we have

f =740(CxG(h)) = y40(CxG(Bp))o(CxG(BxF(g))) = da0(CxG(B)xGF(g))

as desired. Finally we show that C' x G(B) satisfies condition (4). Since C
and B have a point so has G(B) and thus C x G(B). By assumption we have
B x B— B and C x C — C and thus also G(B) x G(B) — G(B) from which
it follows that C x G(B) x C x G(B) 2 C x C x G(B) x G(B) — C x G(B) as
desired. ad

110Condition (2+3) is an obvious weakening of condition (iii) in Lemma 4.42 of Johnstone’s
Topos Theory (1977) which is one of three equivalent conditions for B being a bound for a
geometric morphism F U : £ — S.
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165 Frey’s Generalisation of Triposes (Summer 2010)

The intention is to generalize triposes in such a way that they encompass the
construction of Grothendieck toposes. He starts from the following observation.
Let € be a Grothendieck topos over Set with a small generating family (G;);cr
and C the full subcategory of £ on subobjects of finite products of generators.
Let P : Fam(C) — Set be C fibred over Set and @ = sub(P) : Sub(Fam(C)) —
Fam(C) be the fibration of vertical subobjects of Fam(P). The posetal fibration
@ has universal quantification along arbitrary maps satisfying BCC. Moreover
Q has parametric power objects, i.e. weak power objects (in the sense of triposes)
such that for all vertical U »— A x B there is a cartesian xy : B — PA with
(A xp)* €42 UM Tt can be shown that Fam(C)[Q)] is equivalent to &.

Definition 1

An xyz-fibration is a fibration P : X — C of finite limit categories over a finite
limit category C such that P has a generic family''2 and its vertical subobject
fibration sub(P) has universal quantification and parametric power objects.

Notice that every tripos is an xyz-fibration.

Definition 2
An abc-functor is a functor F : S — £ between toposes such that

(1) F preserves finite limits

(2) Pp = 01 : ElS — S is weakly well powered (i.e. well powered without
uniqueness condition), i.e. for every a : A — FI there is an arrow o, :
So — I in S together with a subobject m, : E, — F(S,) X gy A such that
for all u:J — I in S and subobjects m : P — FJ X p; A we have

P E,

ml_l lma

FJ xpr A_T F(S,) XFr AT A

u*al la a la
(

FJ » F(S,) - FI
Fv Fo,

for some (generally not unique) arrow v : J — S, with o, o v = w.

(3) there is a map c¢: Cy — FIj in € such that the full subfibration P. of Pp
generated by c is closed under finite products and vertical subobjects and

MlFor A = (A;)ier construct PA as (PA)pex with K = {(C,R) | C € C and R; — A; xC}
and PA(C,R) = C and (GA)(i,(C,R)) =R; — A; xC.

112§ e. there is a G € X such that for every X € X there is a cartesian arrow from X to G
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furthermore all A € £ fit into a diagram of the form

A«-+—C— ()
I~
C Co
FI — FI
Fu
Possibly this notion should be replaced by the slightly weaker one I discussed in
section 16/ because it is a more immediate generalisation of triposes. In January
2011 Jonas Frey came up with the following fusion of the tentative definition
above and my suggestions of section 164.

Definition 2
An abc-functor is a functor F' : S — £ between toposes such that

(1) F preserves finite limits

(2) Pp = 01 : ELF — S is weakly well powered (i.e. well powered without
uniqueness condition)

(3) there is a map ¢ : Cp — Fly in & such that the full subfibration P. of
Pr generated by c is closed under finite products and vertical subobjects
and for all X € & there is an a : A — FI in P. and an epimorphism
Bx:A—» X in & suchthat allb: B — FJin P, and f: B — X in & fit

into a diagram
b
9.,
_

FJ — FI
Fu

X
Bx

i
)

for some u:J — Iin S and g in &.

Suppose P : X — S is an xyz-fibration over a topos §. Then the posetal
fibration @ = sub(P) over X is a tripos and the functor F' in

X —A> X[Q]

| A

S

is an abc-functor. Notice that FI =[], 15.

Suppose F' : § — FE is an abc-functor. Then the full subfibration P. of Pg
generated by c: Cy — Flj is an xyz-fibration.

It can be shown that these two processes are inverse to each other.

254



166 Characterization of Realizability Toposes

(J. Frey, February 2012)

For a topos S functors of the form A : § — RT(A) for some pca A in S can be
characterized as functors A : § — £ such that

(1) & is locally cartesian closed and exact

(2) A preserves regular epis

(3) A is full and faithful and has a finite limit preserving left adjoint IT s.t.
(3a) for every X € € the map II; x : £(1,X) — S(II1,I1X) is bijective

(4) there is a map ¢ : M — A(A) such that

¢ is indecomposable projective in Pa
— M is modest w.r.t. A

the subfibration of Pa generated by ¢ is closed under finite meets

every X € & fits into a diagram

X" N— M
_
P o
AB — AA
Fu

In case S is Set condition (2) is automatic and condition (3) can be refor-
mulated as follows

(3) A is full and faithful and right(sic!) adjoint to I' = £(1, —)

in which case A is determined by & (which determines its left adjoint I' =
E(1,—)). Thus, for base Set this gives rise to a characterization of categories £
(and not of functors A : Set — &) that are equivalent to a realizability topos.
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167 Characterization of Realizability Toposes

(J. Frey, April 2014)

Let € be a locally small topos and ' = £(1, —) : £ — Set be the global sections
functor from &£ to Set. If V is a right adjoint of I' then V is necessarily full and
faithful since Idget and I'V are naturally isomorphic via I'V(I) = E(1¢, V(1)) =
Set(I'(15),I) = I.

Suppose now that I' 4V : Set < £. An object X of £ is called separated
iff ny : X — VI'X is a monomorphism. A morphism f:Y — X in £ is called
a family of sets iff

Y X

_

ny nx

VIY — » VIX
VIf

is a pullback. A family of non-empty sets is a (regular) epimorphisms e which,
moreover, is a family of sets. An object X of £ is called discrete iff £(e, X) is a
bijection for every family e of non-empty sets.

In a paper from April 2014 Jonas Frey has shown that up to equivalence a
realizability topos is a locally small topos £ such that

(1) € is the exact completion of its projective objects!!?
(2) the global sections functor T' : € — Set has a right adjoint V factoring
through the inclusion of the full subcategory of projective objects in £

3) there is a separated discrete projective object A in £ such that for ever
J J y
projective object P in &£ there is a family of sets P — A.

One may weaken the assumption that £ is a topos to the assumption that
£ is exact (regular) and locally cartesian closed. The separated discrete objects
are the modest sets. The category P(€) of modest projectives can be thought of
as the category of subsets of the underlying pca and maps between them which
are realized by elements of this pca. From P(€) one can construct an underlying
pca which, however, is not uniquely determined.'*

One obtains a characterization of categories of assemblies if one replaces
condition (1) by the requirement the category is the regular completion of its
projective objects.

113} e. the projective objects of £ are closed under finite limits in £ and every object of £ is

covered by a projective object
114Even in case of Hyland’s effective topos Eff the underlying pca is not uniquely determined
since there are different admissible Gédel numberings of the partial recursive functions.
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Characterization of Categories of Partitioned Assemblies
(J. Frey, March 2017)

In his revised version of his paper on characterization of realizability toposes
J. Frey has come up with the following characterization of categories of parti-
tioned assemblies, namely as locally small categories C with finite limits such
that

(1) the global elements functor I' = C(1,—) : C — Set is faithful and has a
right adjoint V

(2) there is a discrete object A in C such that for every X in C there is a
family of sets X — A

(3) C is weakly locally cartesian closed

where “family of sets” is defined as above but “family of non-empty sets” is
defined as family of sets which, moreover, is split epic (equivalently mapped to
an epi in Set by I').1'® Discreteness of objects is defined as above w.r.t. this
new definition (of family of non-empty sets). All objects are separated since by
assumption I is faithful, i.e. all nx are monic.

168 A characterization of epis in elementary toposes

Let & be an elementary topos. Then f :Y — X is epic iff for every subobject
m: P — X from f*m iso it follows that m is an iso.

Proof. Suppose f is epic and f*m is an iso. Let x : X — €2 be the characteristic
map of m. Then yf is the characteristic map of the iso f*m and thus xf =
Ty = Txf. Since f is epic it follows that x = T x and thus m is an iso.

Suppose m is an iso whenever f*m is an iso. Let f = me with m monic and
e epic. Since in

>I:I

Y i

(& m

X

both squares are pullbacks it follows that f*m is an iso. By assumption on f
the mono m is an isomorphism and thus f is epic. ]

115This ammendment is necessary since categories of partitioned assemblies are typically not
regular categories. However, even in the above case this condition works!
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169 Triposes which are Prestacks

Let S be a topos and & a tripos over S. From A. Pitts Thesis Tripos Theory
we know (see also section 168) that A : & — S[Z?] is regular, i.e. preserves
regular epis, if and only if for every regular epie:J — I in S from T b;e*¢
it follows that T; by ¢, i.e. e* reflects truth. Since &2 is a fibration of cartesian
closed categories (actually preorders) this is equivalent to the requirement that
reindexing along (regular) epis reflects entailment, i.e. for every (regular) epi
e:J — I from e*¢ - e*p it follows that ¢ F; ¥. In more abstract terms this
means that &2 is a prestack w.r.t. the regular cover topology on S.116

If S validates AC, i.e. all epis split in S, e.g. in case S is Set, then every tripos
over S is a stack w.r.t. the regular cover topology. First of all it is a prestack
w.r.t. this topology since if e : J — I is a regular epi and T ; - e*¢ then by AC
there is a section s of e and we have T = s*T ; F; s*e*¢p = ¢. For showing that
2 is also a stack suppose e : J — [ is a regular epi and ¢ € 27 with ki = ki1
where ki,ky : K — J is a kernel pair of e. We have to show that ¢ = e*¢ for
some ¢ € P!, Since S validates AC there is map s : I — J with es = id;. We
put ¢ = s*¢ and show that ¥ = e*¢. Let v : J — K be the unique map with
kiu = se and kou = id;. Then e*¢ = e*s*thp = u* ki) = u*kivp = idj) 2 9 as
desired.

J. Frey has observed that for triposes & over S that are prestacks w.r.t.
the regular cover topology the entailment relation is fully determined by the
collection R of all subobjects r = (rq,rs) of ¥ x ¥ such that 7T F 73T (where
T over ¥ is the generic family for £2).117 Obviously, the collection R contains a
greatest element <y (thought of as the entailment relation on X) iff the tripos
& is a locally small fibration (of preorders). Thus & is locally small iff it arises
as the externalisation of the cHa (X, <y) internal to §. This observation makes
precise in which sense triposes over S are a generalisation of localic toposes over
S, one simply drops the assumption of local smallness (see section 162).

The observation that triposes which are prestacks (w.r.t. the regular cover
topology on the base) are determined by (X, R) has led J. Frey to his notion of
basic relational object. For a regular category £ fibered posets over £ which are
prestacks w.r.t. the regular cover topology on £ and admit a generic family T
over X are uniquely determined by a basic relational object (BRO) (2, R), i.e.
¥ is an object of £ and R is a downclosed subset of Subg (3 x ¥) which contains
the diagonal dx and is closed under composition of relations.

116 This explains why it is natural to assume that A : S — S[Z?] is regular as required for
Pitts’ Iteration Theorem.

17Suppose ¢1,¢2 : I — X. Let (¢1,¢2) = 7 o e with r monic and e a (regular) epi. Then
¢1 b1 ¢ iff e*r1 by e*re iff r1 Fg ro (where R is the source of r) iff r € R.
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170 Iterated realizability as a comma construc-
tion (after P.J.W.Hofstra)

A basic combinatorial object (bco) is a triple ¥ = (X, <, Fy) where < is a
partial order on ¥ and Fy is a set of monotone partial endofunctions on ¥ with
downward closed domain of definition satisfying the requirements

o icFyVreXi(z)<x
o Vf g€ Fndh € FuVax € ¥ h(z) < g(f(x))

where t < s stands for ¢ defined and ¢t < s whenever s is defined.
A morphism of bco’s ¢ : 3 — O is a function between the underlying posets
such that

o It € FoVa < d t(p(a)) = ¢(a’)
o Vf e Fnig € FoVa € X g(¢(a)) = ¢(f(a)).

e write BCO for the ensuing category.

If ¢,9 : ¥ — O then ¢ b ¢ iff there exists g € Fg such that g(¢(z)) < ¥(x)
for all x € 3. This makes the category BCO preorder enriched.

A bco X has binary meets if the diagonal map 3 — 3 x X has a right adjoint
(w.r.t. the enrichment ) and ¥ has top element if ¥ — 1 has a right adjoint
(w.r.t. the enrichment ). A bco is cartesian iff it has binary meets and a top
elements (NB this does not means that ¥ has finite infima w.r.t. <).

Let ¥ and © be cartesian bco’s. Then a morphism ¢ : ¥ — © is cartesian iff
there exists g € Fo with g(¢(a) Ad(b)) < ¢(aAb). This defines a sub-2-category
CartBCO on cartesian objects and morphisms and all 2-cells.

If ¢ : ¥ — © is a morphism in CartBCO then we can define a new cartesian
BCO X x4 © whose underlying poset is the product of the underlying posets of
¥ and O, resp., and a partial endomap h is in Fsx e iff there exists f € Fx
and g € Fy such that

(f(a),g(¢(a) A b)) = h(a,b)

for all a € ¥ and b € ©. We write 7y and mg for first and second projection,
respectively. One can show that

s )

b X ]
o = ¢
('-) pr———— ('-)
is a lax comma object in CartBCO (and in BCO).

One can define the above comma construction also for morphisms of ordered
partial combinatory algebras (pca’s) as introduced by Hofstra and van Oosten.
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Recall that an opca is a triple (X, <,e) where < is a partial order on ¥ and
e: Y x ¥ — ¥ satisfying the following requirements!!®

1. if abl and @’ < a, b’ < b then a’t’| and a'b’ < ab
2. there are elements k£ and s of A such that

e kabl and kab < a
e sabl and if ac(bc)] then sabel and sabe < ac(be).

A map ¢ : ¥ — O is a morphism of opca’s iff there exist u,v € © such that for
alla,be X

1. u¢(a) = ¢(b) whenever a < b
2. vp(a)p(b) = ¢(ab) whenever ab).

Obviously, every opca (X, <, e) can be considered as a bco when putting Fy, =
{a® (=) |aeX}. An opca is called cartesian iff its associated bco is cartesian.
If ¥ and © are cartesian opca’s then a morphism ¢ : ¥ — © of opca’s is called
cartesian iff it is cartesian as a morphism between cartesian bco’s, i.e. if there
isade © with de (¢(a) A (b)) = ¢p(a Ab)) for all a,b e X.

For a cartesian morphism ¢ : ¥ — © between cartesian opca’s the opca the
opca X X 40 has underlying set ¥ x © ordered componentwise and its application
is defined as

(a,b) o (a',b') = (aea',be(d(a') ND))
for a,a’ € ¥ and b, b € ©.

118 we write ab as an abbreviation for a e b
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171 Unifying pca’s and cHa’s (a la P. Hofstra)

Definition 171.1 (Basic Combinatorial Objects)
A basic combinatorial object (BCO for short) is a triple (3, <, Fx) iff £, <) is
a poset and Fx, is a class of partial endofunctions on ¥ such that

1. for f € Fx and a € dom(f) from b < a it follows that b € dom(f) and
fb) < f(a)

2. there is a “weak identity” i € Fx, with dom(i) = ¥ and i(a) < a for all
ac€X

3. we have “weak composition” is the sense that for f,g € Fx, there exists
h € Fo such that from f(a) € dom(g) it follows that a € dom(h) and

h(a) < g(f(a)).

Given a BCO X = (%, <, Fyx) we can construct another BCO DX as follows:
the underlying set of DX is {A C ¥ | A downward closed} and ordered by C
and Fpy is the set of all ' : DY — DY whose domain of definition is downward
closed and on which F' preserves C and which, moreover, is uniformly realizable
in the sense that there exists an f € Fx such that for all A € dom(F) it holds
that Va € A. f(a) € F(A). It can be shown that D gives rise to a monad on the
category of BCOs.

Definition 171.2 Every BCO (%, <, Fx) induces a Set-indexed preorder [—, Y|
as follows: for I € Set let [I,%] = X!, the set of all functions form I to %,
preordered by

o1y dff 3f € FeViel f(¢(i) < (i)
On morphisms [—, 3] acts by precomposition.
Typical examples of BCOs arise from ordered pca’s.

Definition 171.3 An ordered pca (OPCA for short) is a triple (3, <, e) where
< is a partial order on ¥ and @ : L x X — X satisfying the following conditions''?

1. ifabl and a’ < a, V' < b then a’'V'| and o'V’ < ab
2. there are elements k and s of A such that

e kabl and kab < a
e sabl and if ac(bc)l then sabcl and sabe < ac(bc).

An OPCA (X, <, e) gives rise to the BCO (A, <, Fy) where Fx; consists of
all f: A — A such that there exists a € A with f(b) ~aeb for all b € A.

Notice that every pca (X, ) gives rise to the (discrete) OPCA (X, =, o) (also
denoted by ¥). If (X, <,e) is an OPCA then one may construct a new OPCA

119

we write ab as shorthand for a e b
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DY whose underlying set consists of the non-empty downward closed subsets of
>, which is ordered by C and on which e is defined as follows: ce 5] iff aeb |
foralla€caandbe fandif ve B | then cvef={aeb|aca,bec f}. If ¥is
a pca then the indexed poset associate with DY coincides with the realizability
tripos induced by the pca X.

Another class of examples of BCOs is given by complete Heyting algebras
(cHa’s) : if (X, <) is a cHa then (X, <, {ids}) is a BCO.

These two classes of examples can be unified by considering OPCAs with
filters.

Definition 171.4 Let (X,<,e) be an OPCA. A filter on this OPCA is a subset
O of ¥ such that @ is closed under o and contains (some choice of) k and s.

Any such pair (X, ®) where ¥ is an OPCA and ® is a filter on X gives rise
to the BCO (X, <, Fx) where Fx, = {ae(—) | a € ®}.

Obviously, it does not change the induced Set-indexed poset [—, Y] if we
assume @ to be upward closed which justifies the name “filter”.

If ¥ is an OPCA then ® = ¥ is a filter and the associate OPCA coincides
with the one associated with X. If (2, <) is a cHa then (X, <, o) with aeb = aAb
is an OPCA and ® = {T} is a filter on (X, <,e). Then the BCO associated
with ((, <,#), {T}) is (%, <, {ids}).

Thus OPCAs with filters generalize both cHa’s and order pca’s.
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172 Strong AKS’s as total OPCA’s

Suppose we are given an abstract Krivine structure (see section 139) where
1 C L x P satisfies the following strengthening of (S1)

(SS1) tsxmel iff txsmel

Such structures we call strong abstract Krivine structures (SAKS’s).

With every SAKS we may associate the total OPCA (see section 171) whose
underlying set is Py(L) = {z+1 | z € P(L)} ordered by C and with application
defined as

aeb=(a b)‘t

where a-b={ts |t € a,s € b}.

Obviously, the operation e is monotonic since it preserves C. The required
elements k and s are given by {K}++ and {S}++, respectively. For seeing that
the so defined s and k satisfy the requirements of a total OPCA we need the
following considerations.

For z,u € P(L) let -y ={ts |t € z,s € y}.

Lemma 172.1 For z,y € P(L) we have (z*++ - y)*+ = (z-y)*++.

Proof: It suffices to show that (z++-y)* = (z-y)*. That (z++-y)* C (z-y)*
is immediate from z -y C 1 - y.

For the reverse inclusion suppose 7 € (z-y)t, ie. Vit € x,s €y ts*x7 € L.
Thus, by (SS1) we have Vs € y,t € ¢ txsm e L, ,ie Vs ey z C {s7 |
s € y}+, from which it follows Vs € y 21t C {s.nr | s € y}+. Thus, we have
vVt € 2+t s €y t* s € L from which it follows by (S1) since L is saturated
that Vt € zt+ s €y tsxm € L, ie. 7 € (z+t - y)t as desired. o

The following corollary allows one to simplify reasoning about e.
Corollary 172.1 Forn > 1 we have
)J_J_

are..0a, =(ay .. a,

forall ay,...,a, € Pu(L).

Proof: For n = 1 the claim is obvious since a; = aj .
Suppose as induction hypothesis that a; e ... e a,, = (aj - ... - a,)*+. Then
for an41 € Pu(L) we have
aje..ea, 00,11 = ((a;e..0a,) "t a, )t = (by i.h.)
= ((ay - ap)*t - ap)tt (by Lemma 172.1)
= (a1 ap - apyr)t
as desired. a

Suppose a, b, c € Py(L). Then we have
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1) ot S ({K} a-b)*
(2) (a-c (b))t C({S}-ab-ot
as follows from (S2) and (S3), respectively, using (S1) and the assumption that
L is saturated. But then using (1) and (2’) we get
(1) keaeb=({K}-a-b)*+ Catt=a
(2) seasbec=({S}-a-b-e)tC
Cla-c-(b-c)tt=aece((bec))

as desired.
This concludes our argument that (P, C,e) is actually a total OPCA.

Since non-empty subsets are closed under - and a-b C (a-b)** = aeb
the non-empty elements of Py(L) are close under e. Since k = {K}+1 and
s = {S}++ are non-nempty elements of Py(L) it follows that the non-empty
elements of P (L) form a nontrivial filter ® in the total OPCA Py(L).
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173 AKS’s as total OPCA’s

There are interesting I C A x II which are saturated but not closed under re-
duction. For example Krivine considers a system where for every quasi-proof'2°
t there is a stack m; but no reduction rule for ¢ x m;. Let 1L be the set of all
processes which do not expand to a process of the form ¢ * 7;. Of course, this
set is closed under expansion but not under reduction. Thus for every quasi-
proof t we have t € | 1| since ¢ *x m; ¢ L. Thus, no quasi-proof realizes the false
proposition L.

Thus saturated sets L which are not reduction closed are important, i.e. we
cannot assume in general that (SS1) holds. We investigate now whether one
can associate an opca also with general non-strong aks’s. For this purpose we
have to replace condition (S3) by the requirement that

S« a.b.cm € L° implies ac(be) x w € L°

which entails the old (S3) by (S1).
The underlying set is again Py(L) = {z*++ | z € P(L)}. But for z,y € P(L)
we now define

rey={recP|VacaVbecyaxbmc L}

which is necessarily in Pu(L). We order the set Py(L) by C which is obviously
preserved by . Again we define k and s as {K}** and {S}++, respectively. We
have to show that

(1) kexey Cx and
(2) sexzoeyezCreze(yez)

Notice that for showing x e y C z it suffices to show that if ¢ x 7 € L for all
ce€zthenaxbrmelforallaexandbey.

Moreover, we have 2 ey = x e y which can be seen as follows. Suppose
axbmclforallacazandbc€y. Then also axb.m € L for all a € z++ and
b € y. But this condition entails that in particular also a * b.w € 1L for all a € z
and b € y.

ad (1) : Suppose a *w € L for all a € z. We will show that ¢* b.m € L for all
cekexandb € y. Since c € kex we have cxn’ € I for all 7’ with Kxa.7’ € L
for all a € x. Thus, since K* a.b.m = ax 7 € I for all a € x we have cxb.wm € 1L
as desired.

ad (2) : Suppose for all u € x @ z and v € y o z it holds that uxv.w € L. We
will show that for all u € sez ey and ¢ € 2z it holds that u *x c.m € L.

Suppose ¢ € z. For showing that u * c.m € L holds for all u € se x ey it
suffices to show that v+ b.ccm € Lfor allv € sex and b € y.

Suppose b € y. For showing that v x b.c.m € L for all v € s e x it suffices to
show that S x a.b.c € L for all a € z.

Suppose a € z. Since Sx*a.b.c.w = acxbe.w it suffices to show that acxbe.w €
1. But this follows from the assumption on 7 since ac € z e z and bc € y o 2.

120§ ¢. a term without subterms of the form ki
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A more elegant proof of (1) and (2) suggested by Benno van den Berg

We define propositions as subsets of P. If x is a proposition then |z| = {t €
L|Vre€xtxax € L}, We write z < y for |z] C |y|. As usual we have
x—y={tr|te|z],m €y}. We (re)define application as

xey={meP|Vtec|aV|s| € |btx*smecl}
Before showing (1) and (2) we prove two auxiliary lemmas.

Lemma 1
From x <y — 2z it follows that x e y < 2.

Proof. Suppose © <y — z,1e. Vt € |z|Vs € |ylVm € ztxsmre L ie. zCx ey,
from which it follows that = e y < z since (—)L is antitonic. g

Lemma 2
If t € |z] and s € |y| then ts € |z o y|.

Proof. Suppose t € |z| and s € |y|. Let 7 € z ey. Then ¢t * s.r € L. Thus
tsxme L. O

Now we can show that (1) and (2) hold for k = {K}+ and s = {S}+.

ad (1) : For showing that k e z ¢ y < x it suffices by Lemma 1 (applied twice)
to show that k < x — y — x. But, obviously, we have K € |t — y — z| and
thus k = {K}*t C |z — y — 2|

ad (2) : For showing that sez ey ez < xeze(yez)itsuffices by (multiple
applications of) Lemma 1 to show that s Cax -y — 2z — (zeze(yez)). Thus
it suffices to show that S € [t - y — 2z — (v @ z e (y ® 2))|. For this purpose
suppose t € |z|, s € |y|, u € |z| and 7 € z ez e (yez). Applying Lemma 2
iteratively we have tu(su) € |z @ z o (y @ z)| and thus tu(su) x 7 € L. Since L is
closed under expansion it follows that S % t.s.u.m € 1 as desired.
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174 Hoare triples for continuation semantics
(after L. Birkedal and H. Yang)
Let S be a type/domain of states and ¥° the type of continuations. For P,Q C S
and f : S — S we write {P}f{Q} as abbreviation for Vs € p f(s) € ¢. Define
Pr={Uex%|PCU} Let Q= {s €S |n(s) € Q+t}. Then we have
{PIHQ) = {Qpp/{Ph}
which can be seen as follows
{15/ {P+}
iff VU (UeQ@t—X/(U)ePh
iff YUVx e P (UeQ+—xeXf(U))
iff Vaoe PYU (U €@t — f(z)el)
iff Voe PVU (UeQ+—Ucen(f(z))
it Vo€ P QL Cn(f(x))
iff Voec Pn(f(x)) cQtt
iff VeeP fz)eQ
iff {p}f{Q}

where U ranges over %7,
Notice that for discrete S all 7(s) are maximal in %2(S) and thus in this

case we have ) = @

Partial correctness means that as pre- and postconditions we allow just
(Scott) closed subsets of S. To obtain an equivalence { A} f{B} <= {B*+}%/{A+}
we have to redefine (—)* as At = {U € % | UN A = 0}. (Notice that A+ is
Scott closed for arbitrary A C S.) Then for Scott closed subsets A and B of S
we have (where U ranges over ¥°)

{BH}n/{AY}
iff YU (U € B+ = 2f(U) e AY)
iff VUVz e A(Ue Bt —zgx/(U))
iff Vae AVU (U € B+ — f(z) €U)
iff Voe AVU (U € B+ - U ¢ n(f(x)))
iff VzeABtnn(f(x)) =10
iff Voec An(f(z)) € B+t
iff Va:eAf(a:)€§
ift {A}f{B}
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175 Hereditarily majorizable functionals do not
arise from realizability models over pca’s A

with |A| < 3,

The hereditarily majorizable functionals form an extensional type structure over
N which is defined as follows. For base type 0 we put My = N and n maj, m =
n >m. For F*, F : M, — M, we define F* maj,_,. F' as

VG*, G € M, (G* maj, G — F*G* maj, F*G A F*G* maj, FG)

and My, ={F : M, = M, |3F*M, = M,. F* maj F}.

Obviously, for all types o all maps M, — {0,1} are majorizable (by the
constant 1 functional) and thus |M,_o| > 2lMol - Thus for pure types n we
have |[M,| > 3,,. Now if M were isomorphic to the finite type hierarchy over
N in Mod(A) for some pca A then for all n we have |A| > |[M,| > 3,, from
which it follows that |A| > 3.

This observation renders it unlikely that M appears as finite type hierarchy
over N in some (realizability) model of system T

176 The Classifying Topos for Boolean Algebras
and the Object Classifier

Let FinSet be the category of finite cardinals and arbitrary functions between
them and S the full subcategory on nonempty finite cardinals.

The presheaf topos SetFinSet™ ig the classifying topos for Boolean algebras
since by Stone duality FinSet is equivalent to the opposite of the category of
finitely presentable boolean algebras which are of the form 2" for n a finite
cardinal. The generic boolean algebra is given by Yrinset(2) = FinSet(—, 2).

The presheaf topos SetS” is the classifying topos for nontrivial boolean
algebras since by Stone duality S is equivalent to the category of finitely pre-
sentable nontrivial Boolean algebras which are of the form 2" for n a finite
cardinal different from 0. The generic nontrivial boolean algebra is given by
Ya(2) = S(—,2)

Notice that boolean algebras correspond to finite limit preserving functors
from FinSet to Set. A functor from S to Set is flat iff it preserve finite products,
i.e. it appears as the restriction to S of a finite limit preserving functor from

FinSet to Set which, moreover, preserves the empty set.

The presheaf topos Set¥ ™5¢t is known as the object classifier since FinSet®?

is the single sorted algebraic theory with no constants and no equations. Ge-
ometric morphisms from & to Set¥ ™S correspond to finite limit preserving
functors from FinSet® to £ which up to isomorphism are of the form AF(-)
where A is an object of £ and F' : FinSet — & preserves finite sums and the
terminal object. The generic model of the algebraic theory FinSet®? is given
by YFinseter (1) = FinSet°®(—,1) = FinSet(1, —) isomorphic to the inclusion
of FinSet into Set.
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177 Gaeta topos (of Lawvere)

The classifying topos for rings is Set™ where R is the category of finitely pre-
sented rings, i.e. rings of the form Z[ X, ..., X,,|/(Py, ..., Py,) where Py, ..., P, €
Z[X4,...,X,]. The generic ring object in Set™ is given by the forgetful functor
U : R — Set. The Gaeta topos is the subtopos G of Set™ consisting of the finite
product preserving functors from R to Set.'?! It can be shown that this topos
is classifying for rings satisfying the geometric axiom 22 =z -z =0V az =1
where again the forgetful functor U is the generic ring object.

Notice that R°P is a category with finite stable sums. For any such category
C one may consider the category of finite product preserving functors from C°P
to Set which is the topos of sheaves on C w.r.t. the topology on C given by finite
disjoint covering families of subobjects. Lawvere calls this topos the Gaeta topos
for C.

Notice that the topology on R°P generated by finite disjoint covering families
of subobjects is contained in the Zariski topology on R°P which consists of sieves
containing a family (A — A[s;l])izlw,n where {s1,...,8,} is not contained in
a proper ideal of A, i.e. >  a;s; = 1 for some ay,...,a, € A. Sheaves on
R°P w.r.t. the Zariski topology are the classifying topos for local rings, i.e. rings
satisfying the geometric axiom (z invertible) V (1—z invertible).

For background information on R, the category of finitely presented rings,
see the book M. Demazure & P. Gabriel Groupes algébriques I (1970).

For example one can show that R is closed under finite limits taken in the
category of commutative rings with 1. Let A and B be elements of R thought
of as O(X) and O(Y), respectively. Then A x B is thought of as O(X +Y)
containing the characteristic functions Z; and Z; of X and Y, respectively.
These validate the equations Zi2 = Z;, Z1Z9 = 0 and Z1 + Z, = 1. More-
over, for P € A we have Z1P = P and Z;P = 0 and similarly for Q@ € B
(here we think of A as the observable on X + Y which behaves on X as pre-
scribed by X and is constantly 0 on Y). Thus, for finitely presented rings
A=17Z[X1,...,Xp)/I and B = Z[Y1,...,Y:y]/J their product A x B is isomor-
phic to Z[ X1, ..., X,, Y1,..., Y]/ K where K is obtained from I U J by adding
the equations!'??

Z2=07; D1Zy=0 Zi+Zy=1 Z)Xi=X;, Z,Y;=Y; Z,Y;=0=2X;

having the effect that they equate every polynomial in Z[ X7, ..., X,,,Y1,...,Y,,]
with a unique polynomial of the form Z; P, + Zo P, with P; € Z[X,..., X,]
and Py € Z[Y1, ..., Y]

Notice that the Z; are examples of so-called projections which make sense
for any ring: a projection in a (commutative) ring A (with 1) is an element
p € A with p?> = p. If p is a projection then 1 — p is a projection, too, because

121R. Gaeta took notes of Grothendieck’s Buffalo lectures in 1973 on A Functorial Approach
to Algebraic Geometry. There it was emphasized that R°P is an extensive category.

1221f A and B are thought of as O(X) and O(Y), respectively, then A x B is thought of as
O(X +Y) and the elements Z; and Z> are thought of as the characteristic functions of X
and Y, respectively, which motivates the equations postulated for them!
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(1-p)2=1—p—p+p?=1-—p. Moreover, we obviously have p+ (1 —p) =1
and p(1 —p) = p—p> = p—p = 0. Thinking of A as O(X) projections
are thought of as those observables on X which are characteristic functions.
If p is the characteristic function of X; € X then 1 — p is the characteristic
function of X5 = X — X;. Thus X being indecomposable can be expressed
by the requirement that every projection p € O(X) is either 0 or 1, i.e. every
part of X is empty or X itself. The ring A[p~!] obtained by freely inverting
the projection p, i.e. adding the equation p = 1 or equivalently 1 — p = 0,
corresponds to the ring O(X;) and the canonical homomorphism A — A[p~!]
corresponds to the projection O(X) — O(X;) obtained by precomposing with
inclusion X7 — X7 + Xo = X.

I think it is these considerations which motivated Lawvere’s definition of
Gaeta topos on a category with disjoint stable finite sums since the classifying
topos for 22 = 2 - 2 = 0V 2 = 1 is obtained by applying the Gaeta topos
construction to the category R°P of loci, i.e. formal varieties and polynomial
functions between them.

Models of SDG are obtained by considering instead of rings so-called C*°-
rings, i.e. algebras for the theory of smooth functions on R. This was suggested
by Lawvere as a generalisation of the account in the book of Demazure & Gabriel
(which he seems to have studied very carefully) and worked out in detail by
E. Dubuc. A comprehensive account can be found in the book by Moerdijk &
Reyes on Models of Smooth Infinitesimal Analysis.
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178 Some constructions of frames and preframes
by generators and relations

Let S be a meet-semilattice. A precoverage is a set R of pairs (C,a) with a € S
and C' C la. A coverage is a precoverage which is also pullback stable in the
sense that for every (C,a) € R and b < a the pair ({z Ab | x € C},b) is also
in R. Of course, for every precoverage R there is a least coverage containing R
(which may be obtained predicatively by taking the downward closure).

If R is a coverage of S an R-ideal in S is a downclosed subset I of S such
that for every (C,a) € R with C C I it holds that a € I, too. In Johnstone’s
Stone Spaces (1982) it has been shown that R-ideals ordered by C form the free
frame over S qua meet-semilattice satisfying all relations in R. We denote this
free frame by Fr(S qua A -semilattice | R).

In his “quantales” paper with Samson Abramsky Vickers shows that the
same construction via R-ideals gives the free \/-lattice over S qua poset satisfy-
ing the relations in R. It’s shown there also that this construction goes through
without assuming S to be a meet-semilattice.

A preframe is a dcpo with finite meets where directed suprema distribute
over A, ie. y A \/T T; = \/Ty A x; whenever (z;);es is directed. For meet-
semilattices S we call R a directed (pre)coverage iff for all (C,a) € R the set
C' is directed. As shown by Johnstone and Vickers (1990) the free preframe
generated by S and a directed coverage R is given by the least sub-preframe of

(STR).

The lower power locale Pr(A) for a locale A has been defined (by Vick-
ers'?3) as the free frame over QA qua sup-lattice. For this purpose one needs
a left adjoint F' to the forgetful functor U from frames to sup-lattice. Given a
sup-lattice L one may consider L*, the set of finitely generated upward closed
subsets [z1,...,2,] = Tz1,...,2,} of L ordered by reverse subset inclusion.
Obviously L* is a meet-semilattice. On L* we may consider the least coverage
Ry, containing all pairs of the form ({[z1,...,2n,y] |y € X}, [21,. .., Tn, V X])
for some z1,...,z, € L and X C L. Then the free frame over L is given by
(L* | Rr) as shown by R. Borger in an unpublished report and recalled in Bunge
and Funk’s Constructive Points of the Lower Power Locale.

The upper power locale Py (A) is the free frame over QA qua preframe, i.e.
set of all Scott closed subsets of A ordered by C.

Vickers and Johnstone in their 1990 paper have shown that PPy = Py Pr.
The ensuing functor P is called the double power locale. One can show that
P(A) can be obtained as (A | R) where R is the coverage generated by all pairs
(D,V D) where D is a directed subset of A. Moreover, as shown by Townsend
and Vickers P(A) is isomorphic to S5 in the category of presheaves over Loc,
the category of locales. Notice that S* need not be representable unless A is
exponentiable, i.e. a continuous lattice.

123 actually, he observed how to decompose Johnstone’s “Vietoris construction” into the lower

and upper powerdomain construction
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179 Funayama’s Theorem

Let A be a cHa. Let A = A4l be the |A|-fold product of A which is again a
cHa. Let B C A consist of those families XS A where (¢ = 1) = 1 < ¢ forall
r € |A]. Obviously, B is a complete boolean algebra since B = {¢ € A | (¢ —
id) — id < ¢}. There is an embedding t : A = B :a + ((a > 1) — ?")TE‘A‘
which has a right adjoint p : B — A : ¢ — /\re\A| ¢r. Obviously, we have
pot=1idy and thus O =10 p: B — B is a modal operator on B since one can
show that ¢ preserves A (and p as a right adjoint preserves A anyway).

Flagg (and H. Friedman) have considered a version of Funayama’s Theorem
internal to &ff (or Asm(K7)) giving rise to a realizability semantics of epistemic
arithmetic.

There is also a topos variant of Funayama’s Theorem (Prop. A.4.5.23 of
PTJs Elephant). Let £ be an elementary topos and the topology j on £/Q
be given by j(p) = Auw:Q.(p(u) — u) — u. Then Sh;(£/N) is boolean and the
geometric morphism

&

Sh;(£/Q) — £/Q

is surjective, i.e. its inverse image part reflects isomorphisms.

180 Combining Continuation with Algebraic Ef-
fects - A Definitional Approach (Plotkin ’07)

Let C be a cartesian closed category with 0 and T" a strong monad on C repre-
senting an algebraic effect and v : P x TR — R a P-indexed family of T-algebra
structures on R € C. For X € C we write =X for RX and ~ X for Px RX. Then
X — =~ X is a monad on C with unit nx : X —» -~ X : 2 — A(p, k).k(x)
and for f: X — = ~ Y its lifting f# : = ~ X — = ~ Y is defined as Rf~ where
7= (m Ak Az f(2)(k)) i~ Y =~ X, de fE()(p k) = v(p, Ax.f(2)(p, k).
Given f: X - ~~Y and k €~ Y put (k)f = f~(k) Define - : ~ X x R~X —
R~V as (p,k) -v = A — .f(p, k) (notice that ~ 0 = P). The control operator
C: (R~~X — R~X is defined as C(6)(p, k) = 6(p, k)(p,ir) where i : 0 — R.
Define d : R~X — (R™)~X as d(y)(p,k)(p',ir) = 7v(p,k). Then, obviously
Cod= idR~X .

A P-indexed family o : P Xx TR — R of algebra structures on R induces
a monad morphism m : T = — ~ where mx(7)(p, k) = a(p,T(k)(y)) and a
monad morphism m : T' = — ~ induces a P-indexed family a: P x TR — R of
T-algebra structures on R where a(p,c) = mg(c)(p,idg)

Given a monad morphism m : T' = — ~ elements ¢ € TX gives rise to P-
indexed families of X-ary operations mx(c) : Px RX — Randano:Y — TX
gives rise to a P-indexed family of maps RX — RY whose p-th item is given by
Mk dy.mx (o(y))(p, k) or equivalently to a P-indexed family of maps ¥ — RE®
whose p-th item is given by Ay.Ak.mx (o(y))(p, k)
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181 Synthetic Account of Control as an Effect

R. Mggelberg and A. Simpson in their paper at MFPS’07 have presented a
categorical account of control as an effect using ideas from SDT, namely R-
replete objects. They work in (a model of) IZF postulating a small complete
full subcategory C of Set and a small complete internal category A together
with a forgetful functor U : A — C which preserves limits and reflects iso. Thus
for all A,B € A the collection A(A, B) of algebra morphisms is a set A—B.
Concretely, they take for C the full subcategory of Set on R-replete sets (where R
is an object of some small complete full subcategory C of Set as e.g. the modest
sets in a realizability model for 1ZF), for A the small category C°P which is
internally complete since C is also internally cocomplete and for U : A — C the
functor R(~) : C° — C which is left adjoint to U = R(=) : C — (C°P.

Notice that for A, B in A their homset A(A, B) = C(B, A) is canonically
isomorphic to the subset A—B of C(U(A),U(B)) = C(RA, RE) consisting of
those maps f € (Rﬁ)(Ré) such that its transpose f : B — R2(A) factors
through na : A — R%A, ie. Vy € B.3'x € A.Vk € RA. f(k)(y) = k(z). Since
N4 is monic the g : B — A with f = RY is uniquely determined by f.

Using this framework Mggelberg und Simpson interpret their'?4 calculus PE
(Polymorphic Effect calculus) as follows. With every value type A they associate
an element C[A] of C and with every computational type A they associate an
object A[A] of A in such a way that C[A] = U (A[A]).

Now sequents of the form x1:A41,...,2,:A, F t: C are interpreted as func-
tions C[A1] x - -- x C[A,] — C[C] and sequents of the form z1:41,...,2,:4, |
y:B Ft: C are interpreted as functions f : C[A1] x --- x C[A,] x C[B] — C[C]
such that for all v € C[A;1] X - -+ x C[A,] the function f(vy,—) € C[B—(], i.e.
is an algebra morphism from A[B] to A[C].

Since A[R] = 1 we have C[A—R] = A(A[A4],1) = C(1, A[4]) and thus also
C[(A—R) — R]] = RAIAl = C[A] from which it follows that the interpretation
of na = AzmANf:A—R.f(z) : A - (A—R) — R is an isomorphism whose
inverse we may denote by €4 : ((A—R) — R) — A where € is a constant of
type VX. ((X—R) - R) —» X.

For constructing relationally parametric models of PE we first have to de-
fine an appropriate notion of admissible subobjects of objects in C and A, re-
spectively. For A € C let Sube(A) = {C C A | C € C} and for A € A let
Subs(4) = {R°|e: A — P an R-epi} where e is an R-epi if R® is an iso in
C, i.e. e is epic in C. For a @ € Subc(A x B) the map n4 X np preserves and
reflects Q to (@—Agr) = Ar iff Q = (na x 7p) " (Q—~ARr) = Ar) = Q"7
where

Q" ={(f,9) € (A—R) x (B—R) |V(z,y) € Q. f(z) =g(y)}
QT ={(z,y) eUA) xU(B) |Y(f,9) €Q". fz) = g(y)}

and thus e4 x ep preserves (Q—Ag) — Ar to Q.

124hased on P. B. Levy’s Call-by-Push-Value calculus but considering computational types
as a subset of value types
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182 Continuation semantics for Girard’s LC

We sketch how to interpret Girard’s LC in a distributive category C with a
baseable object R € C.125.

Positive formulas P of LC are interpreted as objects [P] of C and negative
formulas N = ~P are interpreted as ~[P] where ~X stands for RX. If T =
Aq,..., A, then [I] stands for [A;] x --- x [An]. A sequent T' - denotes a
morphism [['] — R in C and a sequent I' - P denotes a morphism [I'] — [P]
in C. The meaning of deriliction is to introduce ~~ since if I' = P denotes
f : [T] — [P] then the sequent I', P I obtained by deriliction denotes the
function f : [I] x ~[P] — R defined as f(v,k) = k(f(7)).

Despite sequences being interpreted as certain morphism in C it is not the
case that cut can be simply interpreted as composition in C. Moreover, there is
not just one cut but two different kinds of cuts, namely positive and negative
ones.

Interpretation of positive cuts : if T = P is interpreted by f : [I'] — [P] and
T, P 11 is interpreted as g : [I'] x [P] — [II] then ' k- II is interpreted by the
function h : [I'] — [II]] where h(y) = g(v, f(7)).

Interpretation of negative cuts : if T', P F is interpreted as f : [I'] x [P] — R
and I', =P F II is interpreted as g : [I'] x ~[P] — [II] then I - IT is interpreted
as the function h : [T'] — [II] where h(v) = g(v, A\x.f (v, x)).

Interpreting LC in control categories is only superficially more abstract
since every control category K is equivalent to one of the form R where C
is distributive and R is a baseable object in K. Recall that RC is the op-
posite of the Kleisli category for the double negation monad RE™ oncC. It
nx : X — RE .2 Ak.k(x) is always monic then C arises as subcategory

of the Kleisli category consisting of those morphisms f : X — REY factoring
through ny. Every control category K arises this way where C is the opposite
of the center of K. Notice, however, that from K ~ RC it does not follow that
C is equivalent to the center of k.26

Girard’s interpretation of LC in coherence spaces amounts to the interpre-
tation of LC in R¢ where C is the category of commutative ®-comonoids in the
category Coh of coherence spaces and linear maps and R =!1 where !X is the
free commutative ®-monoid on X in Coh, i.e. C(M,!X) = Coh(U(M), X) where
U(M) is the underlying coherence space of M. In the following we will omit U for
sake of readability. Notice that, in particular, we have C(M, R) = C(M,!L) =
Coh(M, 1). Binary products and sums in C are given by ® and @, respec-
tively. Since C(M,!N1) = Coh(M,N+t) = Coh(M ® N, 1) =2 C(M ® N,!1) =
C(M ® N, R) the exponential RY in C is given by !N+ and R" by !h* for

125 R baseable means that all presheaves C((—) X X, R) over C are representable by an object
RX incC

126GQee e.g. P. Taylor’s Abstract Stone Duality where he replaces C by the opposite of the
category of Eilenberg-Moore algebras for the RR<_) monad on C. In a recent paper by Gru-
enhage and Streicher QCBg is not closed under sobrification (2006) it has been shown that
when taking for C the 3-replete objects in ExPery; (Pw) then this construction gives something
different from C.
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h:M — NinC.

Accordingly, the control category RC has the same objects as the cate-
gory C and R¢(M,N) = C(RM,RN) = C(IM+,IN+) = Coh(!lM+,Nt) =
Cohy(M+, N+) where Coh, is the Kleisli category for the comonad ! on Coh.
Notice that M+ and Nt are commutative *-monoids and thus our construc-
tion of RC is in accordance with that of O. Laurent and L. Regnier in their paper
About translations of classical logic in polarized linear logic from LICS’03 where
they define a control category IC whose objects are commutative *@-monoids and
K(M,N) = Coh(IM, N).

For convenience we explicitate the binoidal functor '® : R¢ x R¢ — RC.
We write ex : !X — X for the counit of the monad ! at X. For commutative
®-comonoids M and N let evpy n : RM®N @ N — RM be the ®-comonoid
homomorphism h : (M @ N)* @ N — |M~* such that ey o h : (MP9N+) ®
N — M is the transpose of ey gyt @ [(ME2NL) — MLoNL. Now for
f € C(!Mi-,!Mj") and N a commutative ®-comonoid the map fgN : RM®N
RM28N s the unique ®-comonoid homomorphism & : |(M; @ N)* — (M, ®
N)* such that e(agn)e 0 h : (M ® N)& — (My ® N)*= = M3"g N+ is the
transpose of €)1 o f oevay, . The map Ngf : RN®M: _y RN®M: ig defined
symmetrically.
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183 Translating Jy to LL,

(after observations by Curien and Munch-Maccagnoni 2010)

Let Jo be the fragment of intuitionistic logic based on negation and conjunction
and LLyo be polarized linear logic, i.e. the fragment of linear logic consisting of
formulas of positive and negative polarity which are given by the following BNF
syntax

P:=X|PP|P@&P|IN N:=X'|NeN|N&N |?P

For positive P we put =+ P = P+ and for negative N we put =~ N = (IN)=.
There are two translations of Jy to LLy, a positive one (=)' and a negative
one (—)~. The positive translation is given by

Xt =1xt (mA)t=-TAT (AAB)" =ATeBT
and the negative one by
X =Xt (A" =-"A4" (AAB)" = A &B~
By induction one easily shows that
At =1A"

holds for all formulas A in Jy. By recursion on derivations in Jy one can show
that whenever I' ), [A] then

I by, [A]

pol
and

T~ by, [A7] and thus also T~ by, [1A7]

pol

Since A* = !A~ holds for all formulas in Jy we conclude that the positive and
the negative translation coincide coincide on Jg.

When adding disjunction to Jy the positive and negative translation can be
extended as well by putting!2”

(AVB)* = A* & BT and (AVB)” =NA" 9B~

127Tn order to make the negative translation work one has to formulate the left rule for
disjunction as

A+ T,BF IAF T,BFII
_—— andnotas _—
LAV BF LAV BFII

because from !I'",!A~ F and 'I'",!B~ F we can derive I'",!A~®!B~ F and thus
T, ?2(lA=®!B7) F, ie. I, NNAT9?IB~ I as desired. Here we have used in a crucial way
I, C +

that which would be impossible in presence of a nonempty II right of the turnstile.

IT, ?C +
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This, however, violates AT = !A~ which can only be remedied by putting
(AvB)t =12(AT @ BT)
in the positive translation.??
We briefly recall the Lafont-Reus-Streicher cps-translation (—)* from classi-
cal logic to Jy defined as follows

X =X (A— B)" =-A"AB* 1*=1
One can show that if I' - [A] is derivable in classical logic then
T [, A% -
is derivable in Jy. Then in LL,g one can derive the sequents
(la) (=I*)* [, (A*)+] H
(2a) (-T")~[,(4*)" ]| +
which are actually equal. Thus, one can derive the sequents
(1b) (T F [((49)0)4]
(2b)  1(=0) 7 [(1(A%) )]
which are again equal. Thus one can derive the sequents
(1) (T (A4
(2) @)t A )]
which are again equal. N
Curien and Munch-Maccagnoni have observed that for A = ((A*)*)1 we

have _
X=XHt=(xHt=7X

and
(A= B) = ((=4° A B*))E = (A ) (B ) ) - = 1A—-B

and, therefore, the translation (’;/) coincides with the Girard translation of the

Krivine translation??, i.e.

Krivine

CL IL

LRS l lGirard

JO —— LLpo|

where the bottom line is (=) =!(—)".

128since ?(AtT @ Bt) = ?24T9?BT = A= 9?1B~ = (AV B)~

129For the translation A = (=A*)~ = (1(A*)7)L we have X = (I(X*)7)L = (1x1)L =
?7X and (A— B) = (((A = B)")7)* = (A" A B)7)h = (((-A")"&(B")7)* =
((~A*)~®!(B*)")L = 1(~A*)~—(I(B*)~)+ = !A—B and, therefore, the translation (—)

coincides with the Girard translation of the Krivine translation. _
However, this can be seen more easily by observing that A = A since (1(A*)™)+ = (4*)*.
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184 Continuation Semantics for System L of Curien
and Munch-Compagnioni
Our aim is to provide a continuation semantics for Curien and Munch’s system

L, a proof term assignment for a polarized system of (propositional) logic.
The types of system L are given by the following grammar

P:::X|A®B|~N N:::L|A—>B

where A and B range over the union of P and Q.

Let C be a category with finite products and a distinguished object R in C
which is baseable, i.e. R¥ exists for all X € C.

Formulas A will be interpreted as objects [A] of C where

[P2Q] = [P]x[Q] [MoQ]=RMIx[Q] [PeN]=[P]xRM [MeN]=RM xRN

and
[~N] = [N]
and
[L] =1
and

[P=Q] = [P]xRI®l [P=N] = [P]x[N] [M—Q]=RMxRICl [M—N]=RMx[N]

Terms of type P will be interpreted as elements of REY and terms of type
M as elements of RIMI. Values of type P will be interpreted as elements of [P].

Environments of type P will be interpreted as elements of RIFI and envi-
ronments of type M will be interpreted as elements of RE™  Stacks of type M
will be interpreted as elements of [M].

Variables of type P range over [P] and variables of type M range over R
Covariables of type P range over RIPl and covariables of type M range over

(M7,

184.1 Verification of the Correctness of the Rules of L

We will discuss for every rule of L how to interpret its conclusions given the in-
terpretation of its premisses. For sake of readability we will neglect the ambient
contexts I and A.

184.1.1 Variable and Covariable Introduction
The introduction rules for variables and covariables are

(F ax) (ax F)
Fz:AFz:A|A Fa:AFa:AA

If A is positive then (- ax) is interpreted as npay : [A] — RE™ g s Ap.p(z)
and if A is negative then (- ax) is interpreted as the identity on RII.
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If A is positive then (ax F) is interpreted as the identity on RIAI and if A is
negative then (ax ) is interpreted as np4j.

184.1.2 Focalisation Rules

Using the binding constructs j1/p one can put a formula into focus left /right of
the F via the rules
c:Tyx: AFA) c:(Tha:AA)

- -
PN TF e An M

which are interpreted by A-abstraction in C.

184.1.3 Cut Rule

The cut rule
FHt: A A I'le:AFA

(tle) : (' A)
is interpreted by application as follows. If A is positive then
[(tlle)] = [el(lel)

i.e. t is applied to e. If A is negative then

[{tlle)] = TeD([2D)

(cut)

i.e. e is applied to t.

184.1.4 Implication

The right and left introduction rules for implication are

Fz:AFt:B| A FFt:A|A I'le:BFA

(F—=) (—F)
'FXxt: A= B|A I'te:A— BFA

The interpretation of Ax.t is obtained by currying [z : A - t] in C.
For interpreting ¢-e we proceed by the following case analysis.
If A= P and B = Q then'?

[t-e]k = [t z:[P].[e] \n:RIC) (2, )
and if A= P and B = N then
[t-e]k = [t]Ax:[P].[e] \h:[N].k(x, h)
and if A= M and B = Q then
[t-elk = E([¢], [el)
and if A= M and B = N then
[t-e]k = [e]Ah:[N].E([t], k)

alternatively, one could evaluate e before ¢

130
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184.1.5 Conjunction

The right and left introduction rules for conjunction are

THt:A|A 'kFs:B|A c:(T,x:Ayjy:BFA)
(= ®) = (®F)
Ik (ts):A®B|A |z, y).ck A

The interpretation of fi(x,y).c is obtained by currying [z : A,y : B+ t] in C.
For the interpretation of pairing we proceed by rhe following case analysis.
If A= P and B = Q then'!

[(¢, )]k = [t]Az:[P].[s]Ay:[Q] -k (z, y)
and if A= P and B = N then

[(t, $)k = [t]Ax:[P].k(x, [s])
and if A= M and B = Q then

[(t, )]k = [s]Ay:[Q]-E([t]. v)
and if A= M and B = N then

[, $)Ik = K([t] [s])

184.1.6 Negation of Negative Formulas

The right and left introduction rules for implication are

Tle:NFA Ft:NJ|A

(F~)

- — (~h)
F'kle:~N|A I|[t]: ~NEFA

Notice that [~N] = [N]. Thus [e] € RE™ = RE™Y and we put [lell = [e]-
We also have [t] € RINT = RI™NT and we put [[t]] = [1].
184.1.7 TFalsity
The right and left introduction rules for falsity are

It ptpc| A Iltp: Lk
The interpretation of utp.c is Az:1.[c] and tp is interpreted as Af:R'. f(*) (where
* is the unique element of 1).

We have considered here tp as a constant denoting the unique element of 1.
However, in Munch’s work dealing with an untyped variant of the calculus P

131alternatively one could evaluate s before ¢
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the expression tp is considered as a variable ranging over all possible top level
continuations. In other words he considers ptp.c as a genuine binding construct.

This untyped version of L can be interpreted in any type U which at the
same time is isomorphic to U x U and to UY. In domains, using a “hack” due
to Dana Scott, such a U can be constructed as follows. Let R be some domain
with L. Then the domain V' = R“ is isomorphic to V x V' (since w is isomorphic
to w4+ w). Now define U as the bifree solution of U = VV. Then we have

UxU2VYx VU (vxV)VxyUxy

and thus also
UU ~ (VU)U ~ VU><U ~ VU ~ [

as desired. Notice that since (R*)Y = (RY)“ we have U = (RY)“ and thus
may be constructed as the bifree solution of the domain equation U = (RY)«.
This has to be seen in contrast with the domain equation D = RP” whose
bifree solution is isomorphic to R.,. Both domain equations are obtained from
X = RX by inserting (—)* at different places. Whereas from X = R¥X we
cannot derive X = XX whereas from D = RP” we can derive D = DP. From
D = RP” we cannot derive D 2 D x D whereas from U = (RY)“ we can derive
both U 2 U x U and U = UY.
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185 A. Joyal’s Arithmetic Universes (around 1973)

An arithmetic universe is a pretopos A with parametrized list objects, i.e. for
every object A in A there is an object L4 and morphisms e4 : 1 — A and
ca:Ax Ly — Ly such that for every f: X — Y and g: A XY — Y there
exists a unique map h: L4 x X — Y making the diagram

X X
Ix X A2 LixX AxIix X A5 LixX
o h Axh h
X Y AxY Y
f g

commute. In particular, one gets a parametrized natural numbers object N =
Ly and for a graph s,t : G; — Gy internal to A one may construct the free
internal category C over G where Cy = Gy and Cy is the subobject of Lg
consisting of all lists e; ... e, with t(e;) = s(e;41) for i < n.

The logic of A is sufficiently strong for constructing the initial arithmetic
universe Ag. This can be done in particular inside the free arithmetic universe
Ao and then we get A(1, Ag) = Ao which fact A. Joyal used for proving (his
variant of) Godel’s First Incompleteness Theorem.

186 Quasicategories and simplicial homotopy

Let A be the category of finite nonempty ordinals and monotone maps between
them. We write [n] for the ordinal n+1 = {0, 1,...,n}. There is an embedding I
of A into Sp, the category of topological spaces and continuous maps, sending [n]
to the n-dimensional simplex A(n) = {# € [0,1]" ™! | 3" jz; =1} and f:n —
m to the continuous map A(f) : A(n) = A(m) with A(f)(Z); = D2, -1 @i
We write sSet for the (presheaf) topos A = Set®” of simplicial sets. The
functor S : Sp — sSet obtained by currying the functor Sp(I(—1), —2) : A°P x
Sp — Set has a left adjoint R : sSet — Sp where R(X) is the colimit of

Elts(X) — A EN Sp. For a space X the counit ex : RSX — X gives rise to a
simplicial approximation of X via the space RSX which is obtained by glueing
together simplices (a so called CW-complex). We call X a CW-complex iff ex
is a homeomorphism. One can show that ey is always a weak equivalence (see
section 187). A map ¢ : K — L is sSet is called a weak equivalence iff R(¢)
is a homotopy equivalence in Sp. Thus factoring'3? Sp and sSet modulo weak
equivalences gives rise to the same homotopy category H.

Now one wants to characterize the simplicial sets in the image of S within
sSet. For this purpose we need some technical preliminaries about simplicial
sets. First of all we identify [n] € A via Yoneda with the simplicial set A[n] =

132in the sense of calculus of fractions
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A(—,[n]). For i € [n] let 9;A[n], the i-th face of A[n], be the subobject of Aln]
consisting of all maps ¢ : m — n s.t. i € im(¢) (geometrically speaking 9;A[n]
is the face opposite to corner 7). For 0 < k < n let A¥[n] = Uiz, 0:A[R] € Aln].
Simplicial sets of the form A¥[n] are called horns and inner horns iff 0 < k < n.
A simplicial set K is called a Kan complex iff for every horn ¢ : A¥[n] — K
there exists a (typically not unique) map ¢ : A[n] — K such that ¢ | A} = ¢.
All simplicial sets of the form S(X) are Kan complexes and every Kan complex
is weakly equivalent to one of this particular form (via nx : K — SRX).

Kan complexes may be understood as weak higher dimensional groupoids. A
notion of weak higher dimensional categories which are groupoids for dimension
n > 11is given by weak Kan complexes or quasi-categories, i.e. simplicial sets K
such that all inner horns ¢ : A¥[n] — K can be extended to maps ¢ : Aln] — K
whose restriction to A} coincides with ¢. A. Joyal prepares a 2 volumes treatise
on quasi-categories investigating their properties as weak higher dimensional
categories.

n-cells in quasi-categories

Suppose X is a quasi-category. The n-cells of X will be certain elements of
X (n). All elements of X (0) are 0-cells and an f € X(1) is a 1-cell from fd; to
fdo. Suppose a,b € X(n) are n-cells and f,g € X(n+ 1) are (n + 1)-cells from
a to b then oo € X(n + 2) is an (n + 2)-cell from f to g iff the following two
conditions hold

1) adi = fand ady =g

2) ads = asy.

187 Higher Homotopy Groups

Let I = [0,1] with the Euclidean topology. Let X and Y be topological spaces
with distinguished subsets Xy € X and Yy C X, respectively. We write f :
(X, Xo) — (Y,Yp) for the claim that f is a continous function f: X — Y with
f[Xo] € Yy. Functions f,g : (X,Xo) — (Y,Yy) are homotopy equivalent, for
which we write f ~ g, iff there exists a continuous function h : I x X — Y such
that h(0,2) = f(z) and h(1l,z) = g(x) for all z € X and h(t,—) : (X, Xo) —
(Y,Yp) for all t € I. Obviously, the relation ~ is an equivalence relation on the
set [(X, Xo) = (Y, Y0)].

For a pointed space (X, ) and n € N we write m, (X, o) for the equivalence
classes of [(I",0I") — (X,{zo})] modulo ~. For n > 1 on [(I",0I") —
(X, {z0})] we may define composition as follows

f(2517527"-55n) if51 € [07%]

g(2s1 —1,89,...,8,)) if s € [%,1]

(@) (511 50) = {
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Apparently composition is compatible with homotopy equivalence in the sense
that gf ~ ¢'f’ whenever f ~ f’ and g ~ ¢’. The inverse of f is defined
as f1(s1,82,...,5,) = f(1 — 81, 89,...,5,) which operation again respects ~.
Thus 7, (X, zo) forms a group w.r.t. composition (modulo homotopy equivalence
~) and is called the n-th homotopy group of (X,xq). For n = 0 we have 9I° = ()
and thus mo (X, xo) consists of path-connected components of X. Since mo (X, o)
does not depend on the base point z¢ we write simply 7 (X).

A continuous function f : X — Y is called a weak equivalence iff for all x € X
and n € Nthe map f. : 7, (X, z) — 7, (Y, f(z)) sending [g] to [fog] is a bijection
(and thus a group isomorphism since f, is always a group homomorphism).
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188 Group Extension Problem

is discussed in E.Weiss Cohomology of Groups and much shorter also in Ch. Weibel’s
book Homological Algebra. Let G be a group and A an abelian group. Then an
extension of G with coefficients in A is an exact sequence

i p

0 - A - F > G > 1

i.e. p is a surjective group homomorphism and A is the kernel of p. Every
g € E induces a group homomorphism ¢(g) : A — A : x +— gwg~'. Suppose

p(g) = p(h), i.e. =g € A, then for z € A we have (since A is commutative)
gr = hh~tgr = hah™ g
and thus
grg~t = hah™!

i.e. ¢(g9) = ¢(h). Thus ¢ : E — Aut(A) factors along p which we again denote
by ¢ : G — Aut(A).

If G acts on A via a ¢ : G — Aut(A) we call A a G-module. For such a ¢
we obtain a split extension

p

0 v A— ' GxA

G——1

where p : G X A — G is obtained from ¢ via the Grothendieck construction.
The surjective homomorphism (fibration) p is split by the homomorphism s :
G — GxA:gwr (g,0) where 0 is the neutral element of A. But there may
be other group extensions of G by A inducing the same ¢. How many there are
(up to isomorphism) is the so-called group extension problem.

Consider e.g. the constant ¢ : Zg — Aut(Z) with value idz. This Zs-module
is e.g. induced by the paradigmatic non-split fibration p : Z — Zs : n — n
mod 2.

189 Group Cohomology (Old Style)

As described in E.Weiss’ book Cohomology of Groups Eilenberg and MacLane in
their 1945 paper (introducing category theory) formulated group cohomology
as follows. Let G be a group and A : G — Ab, i.e. A is an abelian group
acted on by G from the left. Let C, be the set of all maps ® : G —
A satisfying ®(ggo,991,---,99n) = 9®(g0,91,---,9n). Obviously, all C,, are
abelian groups under pointwise addition. For every natural number n let the
group homomorphism d,, : C,,_1 — C}, be defined as

n

0 (®)(g0s -+ 92) = S (1 D(gor- ., G- . 90)
k=0
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where g, means that the argument gy is omitted. We define n-cocycles as the
elements of C,, which are in the kernel of d;, 4.

For computational purposes it is better to replace C, by the isomorphic
set Cp = AG" . One might be tempted to associate with ® € C,, the element
¢ € C, with ¢(g1,...,9n) = ®(1,91,...,9,). But the following at first sight
less intuitive choice turns out as more appropriate

?(g1,---59n) = 2(1, 91,9192, - - -, G192 - - - Gn)
The inverse of this correspondence is given by
®(1,h1,...,hy) = ¢(hi, hi  ho, ho—1ho, ... h b hy)
since gx = (g1 ... 9x—1) 19192 - .. gx. Thus, from ¢ we get ® back as follows

®(ho, hi, .- hn) = ho®(1,hg tha, ... hg the) = hod(hg tha, hy thay .. bt hy)

We write (AS :Cp — 6’\; for the function mapping ® to ¢ as defined above. Now

we look for an explicitation of the unique map d,, making the following diagram
commute

6 e G,
O O]
Cpt Cn
[small] n
(o a00) 200G 0 e
(

([
A
—a OM

1,9192,---,9192 - - - Gn)+

D01, g1,...,9192 - Gk—1,9192 - - - G 19k Gkt 15 - - -+ G192 - - -

(

k=1

(71)’“(1)(1791; - 9192 - - 'gn—l)
1

S

= gl¢(g27 e agn) + (_1)k¢(gla vy 9k—15, 9k 9k+1, 9k+25 - - - 7gn) + (25(917 e agn—l)

k=1

Thus, in particular, for n = 3 we have

d3(8)(91, 92, 93) = 916(g2, 93) — 3(g192, 93) + $(91, 9293) — D(91. go)

and thus ¢ is a 2-cocycle iff

910(92, 93) + é(91, 9293) = ¢(91, g2) + (9192, 93)
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This latter equation characterizing 2-cocycles is analogous to the following co-
herence condition for pseudo-functors B — Cat (where we write gy for the value

of the pseudo-functor on g)

Pg1 g2,
(919293)1 —— 22— (g191)1(g3):

Pg1,9295 ®g1,92 (93)r

(91)1(g293) m (91)1(g2)1(g3)1

(Notice that in the case of groups or monoids the (g3) in ¢g4, 4,(g3): can be
omitted since its object part is trivial.) That is the reason why in some places
this coherence condition is refered to as “cocycle condition” (not only for pseudo-

functors but also for “descent data”).
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190 Stability of Universes in AST

Let C be a Heyting category with stable and disjoint sums and S a class of
small maps satisfying some basic axioms. Suppose further that there exists a
covariant power class functor Ps. For any object X of C we can extend Ps to
the slice C/X as follows: if f: Y — X then PX(f) is the first projection of

{(z,0) € X xPs(Y) | Vy € a f(y) = «}

on the first component. The subobject €p— f xx Ps(f) is given by the pro-
jection of

{(z,9,0) e X xY xPs(Y) | fy) =xAVy€a f(y) =z ANy €a}

on X.

One can show that i : Ps(U) — U is an initial Ps-algebra iff every subalgebra
m : P U is an is0.!33 Notice that quantification is here understood in the
external sense.!34

Suppose i : Ps(U) — U is an initial Ps-algebra and X is an object of C. Then
X*iis given by X x i : X x Ps(U) — X x U over X using that X*P,(U) is
isomorphic to PX (X*U). For showing that X*i is an initial Ps-algebra suppose
m: L — X x U is a subalgebra of X*i, i.e.

X
PX(L) Pi(m) % P,(U)
iL X X1
L X xU
m

The subobject Vx(m) : M » U is given by M = {u € U | V2: X (z,u) € L}.
If a € Ps(M) then for all x € X we have (x,i(«)) € L and thus i(a) € M.
Thus M is a sub-Ps-algebra of ¢ from which it follows that Vx(m) is an iso,
i.e. Vu:UVz:X (z,u) € L, i.e. m is an iso. Thus X*i is an initial PX-algebra in
C/X.

133The functor Ps preserves monos and m being a subalgebra of i means that

Po(U) —— U

v

Ps(P) — P
ip

Ps(m)

commutes for some unique map ip.

134 This follows from a proof (of their Th.1) in the JSL paper of van Oosten and Kouwenhoven-
Gentil. Their proof makes sense also in a predicative setting and €-induction is used only in
the empty context, i.e. with Z = 1. Thus it suffices to state their principle of €-induction
only for the empty context. Obviously, the principle of €-induction for Z = 1 is equivalent to
having no proper Ps-subalgebra.
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191 Categorical Distributors

A categorical distributor from A to B is a span A L X2 Bwhere Pisa

cofibration and @ is a fibration such that
(1) P-cocartesian liftings can be chosen as @Q-vertical
(2) Q-cartesian liftings can be chosen as P-vertical

(3) for every commuting diagram

vx Y x

"

if o and ¢’ are Q-vertical, ¢ and )’ are P-vertical, ¢ is P-cocartesian and
1 is Q-cartesian then ¢’ is P-cocartesian if and only if ¢’ is Q-cartesian.

One can show (as usual) that categorical distributors from A to B correspond
to pseudo-functors A x B°® —— Cat.

Composition of categorical distributors works as expected. Suppose (Py, Q1)
is a categorical distributor from A; to Ag and (P», Q2) is a categorical distributor
from Ay to Az then its composite is given by (P; P, Q2Q) where

Q Qo

X3 — Xg —5 Aj

P l
Ay

taken in Cat. It is clear that PP and Q3@ are cofibrations and fibrations,
respectively. It is also easy to show that (P; P, Q2Q) satisfy conditions (1) and
(2). For (1) suppose u : I —— J and X is an object of X3 with Py P(X) = I.
By assumption there exists a Pj-cocartesian arrow ¢ : P(X) — Z above u
which is @Qq-vertical. Due to the construction of pullbacks in Cat there is a
cocartesian arrow ¢ : X —— Y above ¢ with Q(¢) = id. Thus, the arrow
¢ : X — Y is a Py P-cocartesian arrow above u with Q2Q(¢) = id. The proof
of (2) is analogous by symmetry.
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192 Delimited Continuations

In an unpublished paper from 1989 Danvy and Filinski came up with a denota-
tional semantics for delimited continuations using the predomains

Val = BVal+ Fun (Values)

Sctr = Val — Ans (Surrounding Contexts)
Ctn = Sctz — Sctz (Continuations)

Fun = Ctn — Cin (Functions)

where BVal is a predomain of basic values and Ans is some domain of responses,
e.g. Val,. Notice that Fun = Val — Ctn — Sctr — Ans. Meanings of terms
will be elements of Den = Ctn — Sctx — Ans, so-called denotations, and
accordingly Fun = Val — Den. An environment is a function p from variables
to Val. We let v range over Val, f over Fun, v over Sctx and k over Ctn.

Syntactic values are variables or functional abstractions. The meaning of a
syntactic value V' in environment p is an element of Val and denoted as [V],p.
We put

[2],p = p(z) [Az.M], pryv = [M]plv/z]ry

The semantic equations for general terms are

[VIpry = &v([V],p)
[MNJpry = [M] p ()\’y.)\v. let Funf = v in [N]p(fk) ’y) ~
[shift z in M pry = [M] p[A&" Ay.6(&"y) /] idsetz ¥
[reset M]pry = [M]p idsctz (k)
In a paper by Danvy and Filinski from 1990 the authors rearranged this

semantics in such a way that it looks more like ordinary continuation semantics.
It is based on

Val = BVal+ Fun (Values)

MCtn = Val — Ans (Metacontinuations)
Ctn = Val = Ctn — Ans (Continuations)
Fun = Val = Ctn — MCtn — Ans (Functions)

where the semantics of syntactic values is given by

[al,0 = pl)  Da.M],p = . [M]p[v/a]
and of general terms by

[Vlpr = w([V],p)

[MN]pr = [M] p (Av. let Funf = v in [N]p (Av. fvk))

[shift z in M]px = [M] p[Av.A&" Ay.kv(Av.&"vy) /z] (Av.Ay.q0)
[reset M]pry = [M]p (Av.Ay.yv) (Av.kvy)

290



193 Can one embed NV into N, constructively?

Even constructively, one can show that there is no surjective function from N
to NV. Suppose v : N — N¥ is surjective. Then there exists an n € N with
u(n) = dm.u(m)(m) + 1. But then u(n)(n) = u(n)(n) + 1 which clearly is
impossible. Thus, we have shown that

(1) Yu: N = NN 3f: NN =3In: N. f = u(n)
Classially, from this one concludes that
(2) VE : NNsNVf,g: NN F(f) # F(g) — 3n: N. f(n) # g(n)

since if F': NV =N is injective then one can find a surjective function v : N —
NY which is impossible by (1). However, for obtaining a surjective u from an
injective F' one uses AUC and decidability of the image of F'. Alternatively, one
could use countable choice and the assumption that the image of F' is countable.

In June 2011, however, A. Bauer has constructed a realizability topos vali-
dating countable choice where there exists an injective function F : NV — N.
His construction is based on a pca structure on N based on Hamkins’ Infinite
Time Turing Machines (ITTM) which is different from any notion of relative
computability as given by an oracle.

Notice, however, that a constructive proof of (2) has been obtained by
P. Oliva by unwinding the classical proof of (2) using Gdédel’s Dialectica in-
terpretation and bar recursion. Thus, A. Bauer’s model does not validate bar
recursion.
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194 Scott Model of Linear Logic (T. Ehrhard)

For every poset P let D(P) be the set of downwards closed subsets of P ordered
by C and Dy(P) the subset of compact elements of D(P), i.e. subsets of P of
the form (J;_,, {p; with po,...,pn—1 € P. Up to isomorphism posets of the form
D(P) are precisely the complete prime algebraic lattices.

On the other hand with a poset P one may associate the set Z(P) of di-
rected downward closed subsets of P again ordered by subset inclusion. Up to
isomorphism posets of the form Z(P) are precisely the algebraic predomains.

Lemma
Up to isomorphism complete prime algebraic lattices are of the form %4 for some
algebraic lattice A, i.e. negated predomains in the sense of Reus and Streicher.

Proof. For every algebraic predomain A the cpo ¥4 is isomorphic to D(K(A)°P)
and thus a complete prime algebraic lattice. For every poset P we have Z(F) =~
D(P°P). Thus, for every poset P the complete prime algebraic lattice D(P) is
isomorphic to XT(P™). O

Let C be the category of complete prime algebraic lattices and Scott con-
tinuous maps and £ the luff subcategory of C of sup-preserving maps between
complete prime algebraic lattices. These are the Scott continuous maps which
are linear in the sense that they preserve finite sups. The inclusion [ : £ < C
has a left adjoint ! sending a prime algebraic lattice L to Py (L), i.e. the poset
of Scott closed subsets of L ordered by C, and a Scott continuous f : L — K
to the linear continuous map !f : Py (L), — Pu(K), sending a Scott closed
subset A of L to f[A], the Scott closure of the image of A under f. The counit
er : |L—oL is the linear map sending a Scott closed subset A of L to its supre-
mum | | A. From the bijection

L(L,K)=C(L,I(K)) = C(L, K)

natural in L and K it follows that C is equivalent to the Kleisli category £, where
! stands for the endofunctor o on £. Notice, moreover, that D(P°P) = D(P)°P
by taking complements. Thus £ is a model of classical linear logic as originally
observed by M. Huth. Th. Ehrhard has recently (2009) shown that this model,
the so-called Scott model of Linear Logic, can be obtained as the extensional
collapse of the relational model of linear logic.

From the point of view of linear logic it is more convenient to describe £
as a category whose objects are posets and whose morphism from P to ) are
downclosed f C P°P x ). The induced sup-preserving map D(P)—D(Q) also
denoted by f sends a € D(P) to f(a) ={q€ Q| 3Ip €a (p,q) € f} € D(Q).
Vice versa a sup-preserving map f : D(P)—D(Q) is identified with its (Scott)
trace {(p,q) € PxQ [ q€ f(Ip)}

From this point of view the category L is a x-autonomous category with
Pt = P and P®Q = PxQ. Thus P—Q = P°" x @ which is in accordance
with D(P—Q) = L(D(P),D(Q)). The unit for ® is given by 1 = {*}. Thus
1 =1+ =1 and we have D(L) = X. Notice that P?Q = P®Q and thus in this
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respect the model is degenerate. The category £ has also finite products given
by T = 0 and P&Q = P+Q. The model is also degenerate in the sense that
0=T"=0and PQ = P&Q = P+Q.
Explicitating the adjunction ! - I : £ < C gives rise to the comonad !
L — L sending a poset P to the poset !P = (Dy(P),C) and f : P—oQ to the
morphism
'f ={(a,b) €'Px!Q |VYqg€bIpcalpq) € f}

from !P to !Q. The comonad structure is given by
ep ={(a,p) €'PxP|p€E€a}:P—-oP
called “deriliction” and
op ={(a,A) € \Px!IP || JA Ca}: PP

called “digging”. Moreover, the ®-comonoid structure on !P is given by

wp=!Px1:!P—-l
called “weakening” and

cp = {(a,(a1,a2)) € \Px(IPx!P) | a; Uas C a} : |P—!PQIP

called “contraction”.

Notice that D(!P) is isomorphic to Py (D(P)) 1, the lifting of the Hoare pow-
erdomain of D(P). Accordingly, we have D(P—_1) = D((!P)*+) = £P("), Thus
D(?P) is isomorphic to XPF™). Moreover, we have D(IP—Q) = D(P—Q) =
D(Q)PP) where a Scott continuous map f : D(P) — D(Q) is identified with
its Scott trace trg(f) = {(a,q) € 'PxQ | ¢ € f(a)}. If f1 : D(P1) — D(P)
and fo : D(P;) — D(Ps3) then trg(f2 0 f1) = trg(f2) o ltrg(f2) o dp,. Thus C is
equivalent to the Kleisli category L.

The interpretation of call-by-name A-calculus in £, makes no positive (pun
intended!) use of the !. This, however, is different when considering the call-
by-value interpretation of A-calculus in £ as described in L. Regnier’s Thesis.
As usual base types are interpreted arbitrarily but function types A—B are
interpreted as !A—!B. Sequents z1:A41,...,x,:A, F t: B are then interpreted
as morphism !41® ...®!A4,—!B, i.e. as Scott continuous maps A;x ... xA, —
P (B)L since D(IP—!Q) = [D(P)—Pu(D(Q))1]. Thus A-abstraction can be
interpreted as linear functional abstraction followed by promotion and function
application as

|
(1A—olB)@1A SA= B 4 ipyeia 2 o 1B

where the second arrow is linear application. From the point of view of C this

interpretation can be described as follows. Again base types are interpreted arbi-
trarily and A— B is interpreted as [A—Pg(B)1]. Sequents x1:A1,...,z,: A, b
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t : B are interpreted as Scott continuous maps A; X ... x A, — Pg(B)_,. Func-
tional abstraction is interpreted as currying followed by {-}. Application is
interpreted as ev : (A—!B) x A — IB in C exploiting that in £ we have
I((A—=!B)x A) =2 |(1A—!B)®!A. More concretely, the application of Scott closed
F C A—!B to Scott closed G C A is given by J{f(a) | f € F,a € G}.

It is surprising how different the call-by-name and call-by-value interpreta-
tions of A-calculus are in the Scott model of linear logic. The former gives rise
to the call-by-name continuation semantics & la Lafont-Reus-Streicher and the
latter to the partial correctness variant of the nondeterministic A-calculus where
outputs are arbitrary Scott closed subsets (including the empty one!). In call-
by-name every term is interpreted as element of a '®-monoid of the form ¥ and
in call-by-value every term is interpreted as element of a ®-comonoid of the form
Pr(X)1. This may explain why Hoare powerdomains do not show up in the
call-by-name interpretation though they do in the call-by-value interpretation.
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195 A Connected Type Theoretic Universe

Let C be the category with two objects V' and E whose only nontrivial mor-
phisms are s,z : V — FE. Obviously C is the topos of irreflexive graphs. Let
U be some Grothendieck universe. This gives rise to a universe U in C where
U(V) = U, U(E) is the set of spans sx : X — Xo, tx : X — X; and
U(s)(X) = Xo and U(t)(X) = Xy, respectively.

In this universe isomorphic elements are not necessarily equal. But, nev-
ertheless, the object U is obviously connected since for Xy, X; € U we have
U(s)(wg("’xl,ﬂ'f(”’xl) = X and U(t)(ﬂé(‘)’xl,ﬂf("’xl) = X;. Thus, all maps
from U to A(2) are constant.

This shows that in Martin-Lof type theory with a universe one cannot define
any non-trivial, i.e. non-constant, map from a universe U to Na.

196 () is Connected in Sheaves on Sp(2", 2") and
in Johnstone’s Topological Topos

Let M = Sp(2Y, 2) be the monoid of continuous endomaps on Cantor space 2"
endowed with the Grothendieck topology J generated by finite disjoint coverings
of 2V by basic open sets.!3® The sheaf A(2) consist of all continuous maps from
2N to 2 on which M acts by precomposition.®® The subobject classifier
consists of J-closed sieves on which M acts as follows

Qu)(S)=Slu={veM|uw € S}
for § € Q2 and u € M.

Lemma 1 Every morphism f: Q — A(2) is constant.

Proof: Since for every u € M we have Tlu =T and L[u = L the maps f(T)
and f(L) are constant.

For a € 2V let ¢, = A3.a € M. Obviously, the sieve S, = {c.} € Q. We
have Sylcqa = T and S,lcs = L whenever a # 3. Thus, for a, 8 € 2N with
a # B we have

f(T) = f(Salca) = f(Sa)ea  and  f(L) = f(Salcs) = f(Sa)es

from which it follows that f(T) = f(L) since otherwise f(S,) were not contin-
uous.

Suppose S € Q and a € 2. We have f(S)cq = f(S|ca). Since Slc, is
either T or L it follows that f(S)co = f(T)ca = f(L)ecq. Since f(T) = f(L) is
constant it follows that f(S) = f(T) = f(L1).

135basic open sets are those of the form Us = {a € 2V | &(|s|) = s} for some s € 2*

136Notice that for every set S the map ng : S — I'A(S) is an isomorphism and thus the sheaf
topos is connected. However, by Lemma C.3.3.10 of the Elephant it is not locally connected
since there are covers which are not connected.
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Thus we have shown that f is constant. O

Let N* be the one point compactification of the discrete space N and M the
monoid Sp(NT,N¥) of continuous endomaps on N*. For an infinite subset I
of N let f; be the unique monotone endomap on NT whose image is I U {oo}.
Johnstone in his paper On a Topological Topos has characterized the canonical
topology on Sp(NT,NT) as consisting of those sieves S such that

(1) all constant maps are in .S and
(2) for every infinite I C N there is an infinite J C I with f; € S.

The subobject classifier € consists of all sieves which are closed w.r.t. the canon-
ical topology and on which M acts as Sfu = {v € M | uv € S}. As before the
sheaf A(2) is given by the set of all continuous maps from NT to 2 on which M
acts by precomposition.

Lemma 2 Every morphism f: Q — A(2) is constant.

Proof: Since for every u € M we have Tlu =T and L[u = L the maps f(T)
and f(L) are constant.

For a € NT let ¢, = AB.aw € M. Obviously, the sieve S, = {c,} € Q. We
have S,lco = T and S,lcg = L whenever o # 3. Thus, for o, 8 € N with
o # [ we have

f(T) = f(Soc fCa) = f(Sa)Ca and f(L) = f(Soc FC,B) = f(Sa)cﬁ

from which it follows that f(T) = f(L) since otherwise f(S,) were not contin-
uous.

Suppose S € Q and a € NT. We have f(S)c, = f(S|ca). Since S|c, is
either T or L it follows that f(S)co = f(T)ca = f(L)cq. Since f(T) = f(L) is
constant it follows that f(S) = f(T) = f(L1).

Thus we have shown that f is constant. O

197 A Connected Universe in Johnstone’s Topo-
logical Topos

Martin Escaré has asked whether Lemma 2 of the previous section 196 extends
to universes in the topological topos. In M a universe U is given by the set of
contravariant functors from M/* to a Grothendieck universe Y. For u € M the
action U(u) is given by precomposition with 3. The presheaf E over M has
underlying set {(A,a) | A € U(x),a € A(idy+)} and the action of M acts on it
is given by E(u)((A,a)) = (U(u)(A), A(u : u—idy+)(a)). The universe in M is
given by 7 : E — U sending (A, a) to A. The universe in the topological topos
is obtained by sheafifying 7, i.e. a(w) where a is the left adjoint to the inclusion
of the topological topos into M.
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Lemma In the topological topos the universe a(U) is connected, i.e. every
f:a(U) = A(2) is constant.

Proof:  Since A(2) is a sheaf it suffices to show that in M every map f: U —
A(2) is constant.

For every A € U let A. be the constant presheaf on M/x with value A.
Obviously, for every u € M we have A.[u = A.. Thus, for every A € U the map
f(A.) is constant.

Let A € U and o € NT. Let A, be the presheaf over M/x with A,(c,) = A,
A(u) =0 for u € M\ {co} and A(u : co—rcq) = ida for all uw € M. Obviously,
we have A, ¢, = A, and A, [cg = 0. for 8 # a.

Thus, for o, 3 € Nt with o # 3 we have

f(Ac> = f(Aa fCa) = f(Aa)Ca and f(Q)c) = f(Aa rCB) = f(Aa)CB

from which it follows that f(A.) = f(0.) since otherwise f(A,) were not con-
tinuous.

Suppose F' € U and o € NT. Then F|c, = A, for a unique A € . Thus,
we have f(F)co, = f(Flca) = f(A:) = f(0.). Thus, we have shown that
f(F) = f(0.) for all F € U, i.e. that f is constant as desired. O

198 Reflection of the Universe is Indiscrete
(14/02/13)

In Johnstone’s On a topological topos it is observed that the ——-topology on
M = Sp(N*,NT) consists of all sieves which contain all constant endomaps of
N*. Moreover, the =—-sheaves of M are up to isomorphism all presheaves of the
form V(.S) whose underlying set is SN on which M acts by right composition.
Thus, the subtopos of M of ——-sheaves is given by the geometric inclusion
I' 41V : Set — M where T is the global elements functor M(1, —). For an object
X in M the reflection map Nx : X — VI'X sends an € X to the function
nx(x) : TY(x) = I'(X) : ¢ — x-c (notice that I'Y(x) is the sieve of constant
endomaps on NT). Thus, instantiating X by the universe U (constructed from
Grothendieck universe U) we observe that T'(U) is in bijective correspondence
with U and ny : U — VI'U is epic. For this reason the reflection of U to
Sep__(U) coincides with VI'U (since it is obtained by epi-mono-factorization
of ny : U — VI'U), i.e. is a codiscrete space!

199 Characterization of Non-Connected Universes

(A. Simpson 2012)

Let U be a type theoretic universe. If (ILX:U) =X V-—-X then by first projection
we obtain a map f : U — 2 with f(0) = 0 and f(1) = 1 and which sends
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isomorphic objects of U to the same element of 2. On the other hand when
given a map f : U — 2 with f(A) = f(B) whenever A = B and A,B € U
with f(A) = 0 and f(B) = 1 then we may consider the map h : U — U
with A(X) = (=X x A)+ (X x B). If x € X € U then h(X) = B and thus
(foh)(X)=1. If =X then h(X) = A and thus (f o h)(X) = 0. Thus by
contraposition we get that (f o h)(X) = 0 implies =X and (f o h)(X) =1
implies =X, i.e. (IIX:U) - X V -—X.

Thus (IIX:U) =X V ==X fails to hold iff all iso-preserving maps U — 2 are
constant, i.e. U is connected.
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200 Small Maps are Stable under Localization

Let £ be a topos and F = &; be a subtopos. We write a for the left adjoint
(sheafification) of the inclusion i : F < £. Suppose S is a class of small maps in
& containing all monos. If § is closed under sheafification then S N F is a class
of small maps for F. Most of the desired properties of S N F are immediate.
We only show descent and collection axiom.

For showing descent suppose a : A — [ isin F and e : J — [ is a regular
epi in F with e*a € S. Let e = m o ¢ where ¢: J — K is a regular epi in £ and
m : K — I is a j-dense mono. Consider the diagram

q

R S |

o7 o

e a a a

J—> K »—» ]
C m

in £. By descent for S the map o’ is in S. Since sheafification preserves finite
limits and m is j-dense we have

from which it follows that a € S since a(a’) € S.

For showing collection suppose a : A - ['isin SN F ande: C — Ais
a regular epi in F. Let e = m o c¢ where ¢ : C — D is a regular epi in &
and m : D — A is a j-dense mono. Since collection holds for S there is a
quasi-pullback

sy

LCH»D

<
ﬁl

\

~

in & with b € S and p a regular epi. Since sheafification preserves smallness,
regular epis and quasi-pullbacks and a(m) is an iso by applying a to the previous
diagram we obtain the quasi-pullback

a3 29 oy
a(b)l a
a(J) 0 - ]

in F where a(b) € S and a(p) is a regular epi in F.
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201 Lawvere’s Fixpoint Theorem

Let C be a cartesian closed category and e : A — B4 with I'(e) : T'(4) — I'(B4)
surjective. Then every f : B — B has a fixpoint. Define g : A — B as
Ax:A.f(exz). Then there exists a global element a of A with e(a) = g. Then
we have eaa = g(a) = f(eaa), i.e. eaa is a fixpoint of f.

If C is a topos by internalizing the above argument one can show that for
every epic e : A — B4 it holds that Vf:BZ.3y:B.y = f(y). Thus, if B admits
an endomap not having a fixpoint then there cannot exist a surjection from A
to BA. In particular, there is no object A with a surjection from A to 24 or
QA4 = P(A) (as shown already by G. Cantor in the 19" century).

202 Uncountability of R fails in Sh(R)

as shown by Rosolini and Spitters. Of course, like in a any topos there cannot
exist a surjection from N to P(N) but what fails is the statement

vz € RV.3y € RVn € N3m € N. [z, —y| > %
for Dedekind reals R.

Now if this would hold in Sh(R) by Kripke-Joyal for every open U and x €
RY(U), i.e. any continuous function x : U x N — R, there exists a cover (V;);es
of U and continuous y; : V; — R such that V; IF ¥n € N.3m € N. |z,, — y;| > %
But then for every n € N there exists a cover (W; ;) e, of V; and m; ,, ; € N\ {0}

such that )

[Zn — yi| = ——
,M,]
onV; ;.

But for U = R and = a sequence of functions containing all f,(z) = ¢ + =
and gq(z) = ¢ — z for ¢ € Q this is impossible for the following reason. For all
nonempty open V' C R and continuous maps y : V' — R there is an z,, such
that x,, and y intersect, i.e. have the same value for some argument in V.

The latter claim can be seen as follows. Suppose fq(t) # y(t) and gq(t) # y(¢)
forallt € Vand g € Q, i.e. for all t € V neither y(¢t) —¢ nor y(t) 4+t are elements
of Q. Since by the intermediate value theorem every non-constant continuous
map from V to R attains a rational value there exist a,b € R with y(¢) —t =a
and y(t) +t = b for all t € V. But then 2t = b — a for all ¢ € V which is
impossible since V' being open and nonempty contains infinitely many elements.
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203 Stone’s Representation Theorem

A locale A is called coherent iff it is isomorphic to the ideal completion 1dI(D)
of some distibutive lattice D. A space X is called coherent or spectral iff it is
sober and O(X) is a coherent locale. A spectral map between spectral spaces
is a continuous map whose inverse image preserves compactness of open sets.
The ensuing category Spec is equivalent to the dual of the category DLat of
distributive lattices where for a spectral space X the corresponding distributive
lattice is given by the poset KO(X) of compact open subsets of X ordered
by C. For a distributive lattice D the corresponding spectral space spec(D)
consists of all prime ideals and its topology is given by the base consisting of all
D, ={I espec(D) |a ¢ I} witha € D.

A spectral space X is Hausdorff iff O(X) is a boolean algebra. Such spaces
are called Stone spaces and can be characterized as those compact Hausdorff
spaces whose clopen subsets from a basis for the topology. Obviously KO(X)
consist precisely of the clopen subset of X. Since inverse images of continuous
maps preserve clopen sets the duality between Spec and DLat restricts to one
between Bool and Stone where the latter is the full subcategory of Sp on Stone
spaces.

The duality between Bool and Stone is induced by the “schizophrenic”
object 2 which as an object of Bool is the 2 element boolean algebra and as an
object of Sp is the 2 element discrete space. For a Stone space X the boolean
algebra of clopens is given by Stone(X,2) and for a boolean algebra B its
spectrum is given by Bool(B, 2), the space of points of the locale IdI(B).
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204 Kripke’s Schema

claims that
Ja(A + In(a(n) = 0))

i.e. that every proposition A is equivalent to In(a(n) = 0) for some a € NV,
The idea is that a describes the “creative subject” (i.e. idealized mathematician)
trying to prove A where a(n) = 0 iff he has “proved” A at time n. In other
words KS (Kripke’s schema) says that every proposition is equivalent to a X9
proposition (however « is not required to be primitive recursive). J. Myhill has
shown that KS refutes both Church’s Thesis and CONT,.

From KS (with parameters) it follows that there exists an a € NV such
that {n}(n)t iff Im(a((n,m)) = 0). By Church’s Thesis such an « has to be
recursive from which it follows'3” that K = {n € N | {n}(n)|} is decidable.
Contradiction!

From KS (with parameters) and CONTy there follows the existence of a
continuous operator ® on NV such that

(%) a=An.0 <« Jk(P(a)(k) =0)

for all « € NY. For @ = An.0 there is a k € N with ®(An.0)(k) = 0. By
continuity of ® there is an m € N such that ®(«)(k) = 0 for all a with (i) =0
for i < m. Then for & = 0™1°° we have ®(«a)(k) = 0 but @ # An.0 contradicting

(%)-

1375ee footnote 10 of Kreisel’s Church’s thesis: A kind of reducibility aziom for constructive

mathematics for details
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205 Cartesian Functors to Discrete Fibrations
are Fibrations

Suppose P: X — B and ) : Y — B are fibrations and F' : Q — P is a cartesian
functor over B. If P is discrete, i.e. all vertical arrows are identities, then F' is
a fibration itself.

Proof: Suppose Y € Y and f : X — FY is a morphism in X. Since @ is a
fibration there exists a Q-cartesian arrow ¢ : Z — Y in Y above P(f). Since F
is cartesian F'(¢) : FZ — FY is P-cartesian. We have P(F(p)) = Q(¢) = P(f)
and thus both F(¢) and f are morphism to F'Y over P(f). Since P is a discrete
fibration it follows that F'(¢) = f. It remains to show that ¢ is F-cartesian.
For this purpose suppose g : U — X and ¢ : V — Y with F(¢) = F(p)g.
Then Q(v) = Q(¢)P(g) and thus, since @ is a fibration, there exists a unique
0:V — Z with ¢ = ¢ and Q(0) = P(g). Thus F(p)g = F(¢) = F(¢)F(0)
from which it follows that F(0) = g since P is a discrete fibration. Suppose
0:V — Z with @0 = ¢ and F(f) = g. Then Q(f) = P(F(6)) = P(g). Thus
9 =6 as desird. a

In general F' will not be a fibration. For example if B is nontrivial, Q = Idp
and F is right adjoint to P, i.e. F picks a terminal object in each fibre, then F
is not a fibration unless all fibres are equivalent to 1. In particular, if B is the
ordinal 2 and P is the fundamental fibration Pz of B then 1 : Idg — Pg is not
a fibration. Thus, it is not sufficient to require that P is faithful, i.e. that P is
a posetal fibration, for F' being a fibration, too.
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206 “Generic Set” for Localic Geometric Mor-
phisms

A geometric morphism F 4 U : £ — S between elementary toposes is localic iff
every a : A — F1I in & fits into a diagram

Ad+—C

FI FJ

Fu

where e is epic and m is monic. Every mono m : C' — FJ arises as pullback
of T¢ along a unique ¢ : F'J — Qg. By transposition there exists a unique
v:J — UQg with

C G 1e
_ _
m mg Te
FJ FUQ¢ Q¢
v EQe

where €q, F'v = c¢. Thus, geometric morphism F' - U is localic iff mg : G —
FU(¢ is a generating family for the fibration Pr = 0, : E|F — S.138
Notice that A = UQ¢ is a complete Heyting algebra in & with £ ~ Shg(A).
In case § = Set we have A(I) = [[1g and T'(X) = £(1,X) and thus G =
T

I y(a) and mg = [ !'y@ : 11 y(a) — II le where ! () : y(a) — 1g is the

a€A acA a€A a€A

subterminal object corresponding to a. This G corresponds to the “generic set”

(considered in forcing and Heyting valued models) since eq, : [[ 1lg — Q¢ is
acA

the source tupling of all global elements a : 1¢ — Qg, i.e. eq, (a) = a.

138Recall that F' - U is a bounded geometric morphism iff there is an object S in € such that
Gs

S5

_
9%
X
FUP(S) < FUP(S) x S —— P(S)xS
™ 873(5))(5

gs is a generating family for Pp = 01 : ELF — S.
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Suppose F/ 4U’ : F — & is another geometric morphism. Then we have

F'G
I _

Fllg — 15
]
TF
F'Qe — QF
T

F’mg F/TgI

F'FUQ¢
F/€Q£

Notice that the transpose of the bottom arrow is
U'(toFeq,)onrua:, =U'ToU Fleq, onpua, =U'Tong, ocq, = Foeq,

where ¥ = U'T o ng, : Qg — U'Qr is the lower transpose of 7.13% The further
transpose of 7 o eq, is U7 : UQg — UU'Qr in S which as shown by A. Joyal
(unpublished!4?) is a frame morphism in S. Moreover, for every geometric
morphism f : F — S every frame morphism UQ¢ — f.Qp arises this way
from a (unique up to isomorphism) geometric morphism F’ 4 U’ : F — £ with
f*2F'F (and f, 2 UU").

Font

in meinen Notes on Fibered Categories hétte ich gern gehabt 12 und

207 Cocartesian cartesian functors between Moens
fibrations need not have cartesian right ad-
joints

Let B be the category of countable sets and functions between them. Then
Pz = 0; : B2 — B is a Moens fibrations. Let F : B2 — B2 be the functor
sending

A

o

1

1391f p : X — Q¢ classifies a mono m : P — X in £ then Fop: X — U'Qr is the transpose
of the classifying map for F/m in £ as is obvious from

f,

Sy

S
~

B —_
u

F'P —— F'lg — 15
_J _
F'm F'Te Tr
F'X ?,p» F'Q¢ — QF

10but see Fourman’s Continuous Truth IT (2013)
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to (the outer square of)

where N is an infinite object of B. Since (—)xN : B — B preserves pullbacks
F is a cartesian functor from Pg to Pp which, obviously, is also cocartesian
(since (—)x N like any functor preserves isomorphisms). However, the cartesian
functor F' does not have a cartesian right adjoint since (—)xN : B — B does
not have a right adjoint.

208 1In a locally connected topos every object
is isomorphic to the sum of its connected
components

Let f: £ — S be a locally connected geometric morphism, i.e. fi 4 f* - f, such
that

B—Y9 .4 [y LY
_ _
b a implies b a
A p— J—
ffu U

which condition expresses that fi is a fibred left adjoint to f*.
For a: A — f*I we have

A:A
nA a

fThA —— [
fra
expressing that a is the sum of its connected components. The family of con-

nected components of a is given by n4 which actually is a family of connected
objects since 74 is idy 4.

306



209 Co-Geometric Morphisms
between Finite Limit Categories

As known from Moens’s Theorem for a finite limit category B fibrations P : X —
B of finite limit categories with stable and disjoint internal sums are equivalent
to fibrations of the form Pr = F*Pg = 0; : C/F — B where C has and F
preserves finite limits (notice that FIT = A(I) =[], 1; is determined by P). We
write Ap for the cartesian functor from Pg to Pr which sends v : J — I to Fu.
It is known that F' has a right adjoint U iff Ap : P — Pp has a fibered right
adjoint I'r (which at I € B is given by n7 o U,py).

Thus, geometric morphisms to B are Moens fibrations P over B for which
A : Pg — P has a fibered right adjoint I". One may now ask for the dual notion
of a “co-geometric morphism” which should correspond to a Moens fibration P
over B where A : Pg — P has a fibered left adjoint II, a “connected components”
functor for P. Now if F' : B — C is a finite limit preserving functor to a finite
limit category C then Ap : P — Pp has a fibered left adjoint I1g iff F' has a
left adjoint L such that

L
Bt et A
_ o ~ L
b a implies b a
FJ — FI J——1

Fu U

where ~ stands for taking the upper transpose. This property of the adjunction
L H F is also known as “Funk’s Frobenius Reciprocity” and it is known from
work of Ch. Townsend as “stably Frobenius” since, as one checks easily, it is
equivalent to the requirement that for every I € B the adjunction Ly 4 F; has
the ordinary Frobenius reciprocity property.

Of course, if F has also a right adjoint U then the existence of IIr means
that the geometric morphism F' = U is locally connected. But, of course, for
Moens fibrations P : X — B one may study the independent'*' properties
that Ap : Pg — P has a fibered left adjoint IIp or a fibered right adjoint I'p,
respectively. Of course, the left adjoint IIp is a “connected components” functor
and I'p is a “global elements” functor for P.!42

One can show easily that co-geometric morphisms between finite limit cate-
gories are closed under composition.

41Let £ be the topos of reflexive graphs and A 4 T' 4 V : Set — £ then Py is locally
connected but does not have small global sections. The same applies to I' 4 V : Set — &
where £ is a realizability topos.
Even more well known is the fact that not every geometric morphism is locally connected.
1421f C is locally cartesian closed then Pp is a fibration of cartesian closed categories and
thus existence of I'r is equivalent to Pr being locally small.
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210 Weak vs. Strong Equivalences

A functor F' : A — Bis a weak equivalence iff F is full and faithful and essentially
surjective, i.e. for every Y € B there is an X € A such that Y & FX. A functor
F : A — Bis a (strong) equivalence iff there exists a functor G : B — A
with GF =2 Id4 and F'G = Idg. Such a G is called a quasi-inverse of F. Of
course, every strong equivalence is also a weak equivalence. But the reverse
direction requires an axiom of choice for classes which can be seen as follows.
Let A be an elementary category, i.e. a posetal groupoid. Let B be the discrete
category arising from A by identifying isomorphic objects and @ : A — B the
corresponding quotient map. A quasi-inverse of @ is a section S : B — A of Q.
Obviously, existence of S requires axiom of choice for classes.

Consider e.g. the Sierpinski topos & = 2 and the object A = A(2)in S. Let
E be the equivalence relation on A with Ey = {(4,7) | ¢ € 2} and Ep = 2 x 2.
Let B be the quotient of A modulo FE and e : A — B the corresponding quotient
map which does not have a section s : B — A since otherwise s; = ids and thus
0 = so(x) = 1 where * is the unique element of By, i.e.

2:2

D —
50

in diagrammatic terms, which clearly is impossible. Let A be the elementary
category in S corresponding to the equivalence relation F, B the discrete cate-
gory in S corresponding to B and F' : A — B the internal functor corresponding
to the epimorphism e : A — B. Obviously F' is a weak equivalence internal to
S and any quasi-inverse G of F' in § would give rise to a section s of e which
does not exist in §. Thus F' is a weak equivalence in & which, however, is not
a strong equivalence.

In a mail to the CATEGORIES list in April 2013 J. Bénabou has observed
that “Non evil is essentially evil” because for getting sufficiently many equiv-
alences for replacing the “evil” concept of equality of objects by the “good”
concept of equivalence requires the “very evil” principle of choice for classes.

308



211 Sobriety inside Equilogical Spaces
(Bucalo & Rosolini )

Let (T, 7) be a topological Ty where 7 is the set of open sets of T'. Inside PEqu
the space (T, 7) gets represented as (P(7),dr) where VorW iff 3z € T. V =
N(z) = W.M3 Our aim is to determine the set [(7"7), ] of algebra morphisms
(w.r.t. the continuation monad ZZ<7>).

After some explicitation one observes that the underlying algebraic lattice
of 2(T'7) is ¥P(7) | The equivalence relation on ©7(7) is the kernel of the map

¢: 3P0 M | NF
FeM
F finite
since q(M) = q(N) it Ve € T.N, € M + N, € N.

After some explicitation one observes that an algebra morphism from X
to ¥ is a Scott continuous map h : ¥F() — ¥ with h(M) = h(N) whenever
q(M) = q(N) such that h(M) = M(homn,) for all M € XP(7). Since h has to
respect the equality on XP(7) it is of the form fogq for a unique f : 7 — ¥. This
allows one to further simplify the description of [£(77), X2]. Tt consists of all maps
f:7 — ¥ such that for all™** M € XP(7) it holds that f(q(M)) = M(f~(T)).
Actually, it is a straightforward exercise to show that f : 7 — X is a frame
morphism iff for all M € XP(7) it holds that f(q(M)) = M(f~(T)).

(T,7)

Proof: Suppose f : 7 — ¥ is a frame morphism and M € XP("). Then we have
F(g(M)) = T iff 3 finite F € M. f((F) = T iff 3 finite F € M.YU € F. f(U) =
T iff M(f~4(T)).

For the reverse direction suppose f : 7 — ¥ with f(q(M)) = M(f~X(T))
for all M € XP(). We first show that f preserves finite meets. Suppose
F Cgin 7. Consider M € XP() with M(W) = T iff F C W. Obviously, we have
q(M) = F. Thus, by assumption on f we have f((F) =T iff f(¢(M)) =T
iff M(f~Y(T))=Tiff FC fYT)iff N f[F] = T. It remains to show that f
preserves also arbitrary suprema. Suppose S C 7. Consider M € YP(7) with
MW)=Tif WNM # (). Obviously, we have ¢(M) = JS. By assumption of
f we have f(US) =T iff f(¢(M))=T it M(f~Y(T))=Tif SNfYT)#£0
it JfIS]=T. a

One knows that [Z(T>7)| ¥)] appears as equalizer of the maps N52(T,7) Ez(n(T,T)) :
Y2(T,7) — B*(T,7). In my paper with Gruenhage in the Keimel Festschrift it
has been shown that in wPEqu the equalizer of 7x2(x) and ¥2(nx) does not
always give an object whose ¥-topology is sober. Thus, the result cannot be
generalised to all objects of PEqu (since the embedding of wPEqu into PEqu
preserves all relevant structure).

M3 where P(7) is considered as an algebraic lattice w.r.t. C and Ny = {U € 7 | = € U}
M4gince they automatically respect 61
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212 Taylor’s “Abstract Stone Duality” (ASD)

Let C be a category with finite products and an object ¥ which is basable in
the sense that ©X exists for al X € C. The self adjunction (=) gives rise to
the double dualization monad ¥?(—) on C. Let A be the category of algebras
for this monad. There is a comparison functor K : C°® — A sending X in C to
the algebra (3(X), X(nx)).

One can show that for every algebra (A, «) a map P :Y — Y(A) equalizes
the maps ¥(a), x4y : 2(A) — B3(A) iff its double transpose H : A — X(Y)
is a homomorphism of algebras. Instantiating A by the free algebra (X) with
structure map X(nx) one can show that nx is an equalizer of ¥2(nx) and
Ns2(x) iff every algebra morphism from ¥(X) to X(Y) is of the form X(f) for
a unique f :Y — X. Thus, the functor K is full and faithful iff for all X in C
the morphism 7x is an equalizer of ¥?(nx) and Nx2(x). Moreover, under this
assumption the comparison functor K is essentially surjective iff every algebra
(A, @) is isomorphic to (X(X), 3(nx)) via the double transpose of the equalizer
X — %(A) of X(a) and x4

Alas, the only known (non-syntactic) model of ASD is the category of locally
compact spaces (equivalent to the category of locally compact locales i.e. locales
whose underlying lattice is continuous) with Sierpinski space X.
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213 An Analogy Breaks! - Actually Not!

Generally locally presentable categories are considered as “glorified”, i.e. cat-
egorical, versions of algebraic lattices. As shown in the book by Makkai &
Paré (following Gabriel & Ulmer) every Grothendieck topos is in particular also
locally presentable.

Locally presentable categories can be characterized as reflective subcate-
gories of presheaf categories where the right adjoint is accessible, i.e. preserves
filtered colimits. Grothendieck toposes may be characterized as localizations'4®
of presheaf categories.

The posetal version of presheaf categories are complete prime algebraic lat-
tices, i.e. posets D(P) of downward closed subsets of a poset P ordered by
subset conclusion. The posetal analogon of locally presentable categories are
algebraic lattices since they arise as images of complete prime algebraic lattices
under Scott continuous closure operators. The posetal analogon of Grothendieck
toposes are locales, i.e. complete Heyting algebras, since they arise as localiza-
tions of complete prime algebraic lattices.

However, not every locale is an algebraic lattice, e.g. O(R).

This “riddle” is based on a wrong reading of the statement that “every
Grothendieck topos is locally presentable” as “every Grothendieck topos is lo-
cally finitely presentable”. What Makkai and Paré actually prove is that

every Grothendieck topos is locally k-presentable for some regular
cardinal k

which depends on the size of covers of the site representing the Grothendieck
topos. More precisely, if € is Sh(C,J) then the representing limit sketch T
contains for every cover S in J a limiting cone whose size is that of S. Thus,
for k one may take the least regular cardinal strictly greater than the sizes of
all covers in J.

But for infinite regular cardinals s the posetal version of locally k-presentable
category is not algebraic lattice but a version of it where “directed”, i.e. No-
directed, is replaced by s-directed. Choosing k > |L| a complete lattice L is k-
algebraic since every subset of L is k-directed. Thus, locally presentable posets
are nothing but arbitrary complete lattices and, accordingly, every complete
Heyting algebra is locally k-presentable for an appropriate regular cardinal «.

145§ e. full reflective subcategories where the reflector preserves finite limits
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214 Molecular and Atomic Geometric Morphisms

A geometric morphism F U : £ — § is called molecular or locally connected
iff F has a left adjoint L : £ — S such that

f Lf

B A LB LA
_ _
b a  implies b a
FJ FI J I
Fu U

Notice that a geometric morphism F' - U is molecular iff F' preserves depen-
dent products (because this is equivalent to A : Ps — Pp preserving internal
products which by the fibred adjoint functor theorem is equivalent to A having
a fibred left adjoint II).

A morphism f: B — A is called S-definable iff it fits into a pullback

B ! A
_]
b a
FJ FI
Fu

for some w : J — I. Let u = me with m monic and e epic then

B—Y w4
_] _]
b c a
FJ » FK FI
e Fm

with f =myey. Thus, if f is monic then e; is an isomorphism.
Thus we have shown that m : P — A is an S-definable mono iff

P—"T" .4
_

P a

F FI
@ Fn

for some mono n : QQ — 1.
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Suppose m : P — A is an S-definable mono as above. Thus we have

Lm

LP LA
_
D a
Q I
n
and thus
Pr—"" .4
_J
np na
FL '
FLP " FLA
_J
Fp Fa
Y
F FI
@ Fn

i.e. Lm is monic and m is isomorphic to the pullback of FLm along n4.
On the other hand when starting from a mono n : Q — LA we may consider

m

P A
_]
p A
F FLA
@ Fn

and thus, since F' 4 U is locally connected, we have
Lm
_

LP LA

1%

LA

i.e. n is isomorphic to Lm.
Thus, for locally connected F' 4 U we have established a 1-1-correspondence
between S-definable subobjects of A and ordinary subobjects of LA.
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We show now that F'Tg : Flg — F€Qg is a classifier for S-definable monos
in £. Suppose m : P — A is an S-definable mono. Then we have

L
", 1A
_
X
1 Q
S Ts S
and thus
P 4
_
np na
' FLm '
FLP FLA
_
Fx
Y Y
Fls FQs
S
On the other hand if
P 4
_
™
Fls FQs
S
then
L
P—""", 1A
_
T
1 Q
S TS S

and thus y =7, i.e. Fxyona = 7.
Accordingly, for locally connected F' 4 U all monos in £ are S-definable iff
FTg is a subobject classifier. Locally connected geometric morphism whose
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inverse image part preserves subobject classifiers are called atomic.'*® They
can be characterized as those geometric morphism whose inverse image part is
logical.

By Cor. A.2.2.10 of PTJ’s Elephant a logical functor F' : S — £ has a left
adjoint iff it has a right adjoint. Accordingly, logical functors F': S — £ having
a left or a right adjoint are precisely the inverse image parts of atomic geometric
morphisms between toposes. From considerations above it follows that for such
F for all I € S the functors F; : S/I — £/FI restrict to equivalences between
Subs(I) and Subg(FI) thus providing an alternative proof of Lemma A.2.4.8 in
PTJ’s Elephant.

As shown in Lemma A.2.3.8 of the FElephant up to equivalence functors of
the form I* : £ — £ /I can be characterized as logical functors F' : S — £ having
a faithful left adjoint L (where I = L1). Alternatively, one may characterize
such functors as inverse image parts of localic and atomic geometric morphisms
to S often also called local homeomorphisms.

On the other hand the inverse image parts of connected atomic geometric
morphisms are precisely those full and faithful logical functors F' : S — £ having
both adjoints. These are necessarily hyperconnected since the right adjoint of
F preserves subobject classifiers. Obviously, connected local homeomorphisms
are precisely equivalences of toposes.

215 LF canonically isomorphic to (—) x L1

Let F 41U : £ — S be a molecular geometric morphism, i.e. F' has a left adjoint
L fibered over S. Since

FI ‘FI

_

1%

FI 1

is a pullback (because F'1 is terminal) it follows from F' - U being a molecular
geometric morphism that

L!
LFT —=E 1

_

€I

I 1

is a pullback, too, and thus (¢;, L!pr) : LFI — Ix L1 is an isomorphism.

146 An object C of £ is called connected if LC is terminal. Thus, if S is 2-valued, e.g. if S is
Set, a connected object of £ has only trivial subobjects, i.e. is an atom.
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216 Categorical Semantics of Linear Type The-
ory

A fibration P : X — B is a fibration of categories with terminal objects if P has
a rari (right adjoint right inverse) 1, i.e. P 41 and Pol = idg. Such a fibration
has Lawvere comprehension iff, moreover, the functor 1 has a right adjoint G.147
More explicitly, that means that for every X € X thereisamapeyx : lgx — X
such that for every o : 1; — X there is a unique s : I - GX withexols =0
as depicted in

X
[
oF
1l —— 1
I 1, C;‘X
) S » GX PX
S Px

where px = Pex.

Now if P is a fibred monoidal category over B it is natural to postulate
comprehension as the requirement that the functor F : B — X picking the unit
for ® in each fibre!*® has a right adjoint which we call C (for “comprehension”).
More explicitly, that means that for every X € X thereisamap ex : Ecx — X
such that for every o : £y — X there is a unique s : I - CX withex o E;, =0
as depicted in

X
0
o+
E;I E. EfX
I CX - PX
S bx

147This is not Lawvere’s original formulation but a generalisation which can be found in
Th. Ehrhard’s Thése. Actually, the functor G should be thought of as hom(1, —) when hom
is understood in the sense of Bénabou’s notion of local smallness for fibrations.

1480tice that E is right inverse but typically not right adjoint to P
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where px = Pex.'49

Under this correspondence sections of px, i.e. maps s : PX — CX with
px os =idpx, correspond to vertical maps o : Epx — X (where o = ex o Ey).

On the other hand for X and Y over I € B morphisms f : px — py in B/I
correspond to morphisms ¢ : Ecx — Y over px. If, moreover, P is a bifibration
then we have

Ey
Ecx Eey
Yx o ey
1X Y

where ©¥x : Ecx — !X is cocartesian and ¢ : !X — Y is vertical. For X =Y
and f = id¢x the corresponding vertical map is ready : !X — X. From this
point of view !X is CX - E, i.e. the hom(F, X)-fold copower of the unit E.

It appears as most natural to assume that cocartesian arrows in X of the
form v x satisfy an appropriate version of the Chevalley condition. First observe
that for cartesian maps ¢ : X — Y the square

cx % ey
_
pPx Py
PX PY
Py

is a pullback.'® Since E¢, is cartesian and tx and iy are cocartesian the
Chevalley condition requires that the unique morphism !¢ : !X — Y above Py
making the diagram

Ec
Ecx Y+ Ecy
Px Yy
1X Y
o

commute is actually cartesian.

149Notice that C should be thought of as hom(E, —) where E is the unit for ®.

150Quppose u : I — PX and t : I — CY with Py ou = py ot. We have to show that there is
a unique map s : I — CX with px os = u and Cyp o s = t. The latter condition is equivalent
to ey 0 Ecpos = €y 0 Et. Since ey 0 Egpos = €y 0 Egp, 0 Es = poex o Es it is equivalent
to poex o Es = ey o E;. Since px os = u is equivalent to P(ex o Es) = u it suffices to
show that there is a unique ¢ : £y — X with Po = u and ¢ o 0 = €y o E¢ which, however, is
immediate from the assumption that ¢ is cartesian.
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217 Two Remarks on Models of Set Theory

Consistency Weaker than Existence of a Natural Model

If ZF or ZFC are consistent one may consistently add the formalized statements
of their consistency. Since ZF allows one to prove Goédel’s Completeness Theo-
rem these statements are provably equivalent to the claim that there is a model,
i.e. a set with a binary relation validating the required axioms. A different
story, however, is to require that a natural model exists, i.e. a set M such that
(M, {(x,y) € M? | x € y}) is a model.

As shown by J. Shepherdson if there exists a natural model then there ex-
ists also a minimal'®" natural model M which, moreover, is countable. This
model M can itself not contain a natural model as an element since this would
contradict its minimality.

But since consistency is a I1{ sentence it holds in M iff it holds in the ambient
model. Thus starting from a model of set theory in which formalized consis-
tency holds the minimal natural model Mj still validates formalized consistency
though it doesn’t host a natural model.

Thus formalized consistency is weaker than the claim that there exists a
natural model. This observation is due to P. Cohen.

Countable Transitive Models

Let T be a consistent extension of ZF. Let T be the theory in the language
of set theory extended by a constant c¢ consisting of T', all relativizations ¢° of
¢ € T to c and the sentence claiming that ¢ is countable and transitive. As
observed by J. Shoenfield T is conservative over T' w.r.t. set theoretic formulas
since by the Reflection Theorem for every finite F' C T the theory T proves that
F' has a countable transitive model.

Thus, in particular, the theories T and T™* are equiconsistent. In T one may
construct generic extensions c[G] of the countable transitive model c¢. Notice,
however, that T* does not prove the formalized statement that ¢ is a model of
T. However, this is not needed for the purposes of forcing.

1514 e. least w.r.t. C
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218 Forcing from a Topos Point of View

It is well known that a Grothendieck topos can be characterized as a locally small
elementary topos £ with small sums and a small generating family. Grothendieck
toposes relative to a base topos S can be characterized as geometric morphisms
f:& =S (ie. fu: & — S together with a left adjoint f* preserving finite
limits) which are bounded in the sense that there is a B € £ such that every
X € & appears as subquotient!®? of some B x f*I for some I € S.

Localic toposes are those Grothendieck toposes where subobjects of 1 form
a generating family. Localic toposes relative to base toposes S correspond to
localic geometric morphisms f : £ — &, meaning that 1¢ is a bound, i.e. every
X € & appears as subquotient of some f*I.

One easily shows that bounded geometric and also localic geometric mor-
phisms are closed under composition. This fact amounts to an iteration theorem
for Grothendieck and localic toposes.

A boolean localic topos £ is equivalent to Sh(B) where B is the complete
boolean algebra of subobjects of 1¢. If S is a boolean base topos then localic
boolean toposes over S correspond to localic geometric morphisms £ — S with
& boolean. In the light of the remarks above this gives rise to an iteration
theorem for boolean localic toposes.

Another useful view often adopted is that a localic geometric morphism to
S corresponds to a complete Heyting algebra internal to S. If A is such a cHa
in S then the corresponding localic geometric morphism is A 4T : Shg(4) — S
fibred over S.

As is well known there is an inclusion of £oc¢ into the 2-category BTop
of Grothendieck toposes and geometric morphism between them (which are
necessarily bounded). This inclusion sends a locale A to Sh(A) and a frame
morphism h : A — B to the geometric morphism f : Sh(B) — Sh(A) whose
direct image f, is given by precomposition with A (which can be shown to have
a left adjoint f* given by left Kan extension followed by sheafification). The left
adjoint to the inclusion of Loc into the 2-category BT op sends a Grothendieck
topos € to the cHa Subg(1¢).153

I finish this excursion with a couple of more down to earth remarks. Boolean
localic toposes, i.e. boolean valued models, can be characterized as those Grothen-
dieck toposes where all epimorphisms split. This latter property is known as
EAC (External Axiom of Choice). The weaker IAC (Internal Axiom of Choice)
just says that for all objects X the functor (—)X preserves epimorphisms. EAC
is equivalent to TAC + SS, where SS (support splits) claims that every epimor-
phism to a subterminal object has a section. This implies that true existential
statements (without free variables) are witnessed by global elements (which,
quite surprisingly, holds for boolean valued models of set theory). Toposes of
actions of a non-posetal group(oid) are examples of toposes validating TAC but

152quotient of a subobject

153 As described in Johnstone’s Elephant localic geometric morphism form the right part of
a factorization system in BTop whose left part are the so called hyperconnected geometric
morphisms.
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not EAC.

In Freyd and Scedrov’s book Categories, Allegories in 1.972 they characterize
Grothendieck toposes validating EAC as those boolean Grothendieck toposes
for which 1 is projective (i.e. every epi to 1 splits, i.e. every well supported
object has a global element) and in 1.978 they characterize Grothendieck toposes
validating IAC as those Grothendieck toposes £ which are boolean etendues, i.e.
€ is boolean and £/X is localic for some well supported X in €.

But in any case it is a nice fact that boolean valued models can be
characterized as locally small elementary toposes with small sums where
every epimorphism splits.

As follows from Johnstone’s paper Quotients of Decidable Objects in a Topos
(1983) boolean Grothendieck toposes can be characterized as boolean
toposes localic over the Schanuel topos C(Gy) of continuous actions of
the topological group Go on Set.'®® Thus, boolean Grothendieck toposes may
be considered as boolean valued models over toposes C(G) of continuous actions
of some topological group G on Set for which reason they may be considered
as (mild generalisations of the) symmetric boolean valued models as con-
sidered in set theory e.g. for the purpose of constructing models for ZF refuting
AC as described in Jech’s 1973 book on The Aziom of Choice.

219 Quotients of Decidable Objects in a Topos

(Johnstone 1983)

In Johnstone’s 1983 paper Quotients of Decidable Objects in a Topos he shows
that a Grothendieck topos is localic over the Schanuel topos if and only if every
object appears as quotient of an object with decidable equality. Moreover, he
also shows in this paper that for every Grothendieck topos £ there is a connected
atomic geometric morphism f : F — £ where F is localic over the Schanuel
topos. Recall that f being connected and atomic means that f* : & — F is
full and faithful and logical and has both adjoints. Necessarily, such f are also
hyperconnected, i.e. f, preserves subobject classifiers.

154Here Gy is the group of all permutations of N endowed with the subspace topology induced
by Go C NN where NN carries the Baire topology.
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220 Universes in Presheaf Toposes
(Hofmann and Streicher around 1997)

Let C be a category with pullbacks. A universe in C is a map 7w : E — U. We
write F, for the class of maps in C which can be obtained as pullbacks of m
along some arrow in C. As can be seen from the diagram

U

mo f

generalized elements of E correspond to sections of maps in Fi.

Let C be a small category living in a Grothendieck universe /. We want to
come up with a universe m : E — U in the presheaf topos in C = Set®™ such
that maps in F with codomain Y¢/(I) are the morphisms whose fibres are small
in the sense of U, i.e. are isomorphic to [ A for some A € UC/D™  Thus, by
Yoneda U(I) = UC/D" and E(I) = {(A,s) | A € U(I) and s € A(id;)}. Also
by Yoneda for w: J — I we have

U(u)(A) = Ao XP E(u)(A,s) = (U(u)(A)7 Alu:u > idl)(s))

as can be seen from the diagram

ve() Y2 v
_]
. <
u-s S )ty
u*'A - A - F
_] _
c(J) Vel c(l) " U

where s and u*s are sections of a and u*a, respectively.
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221 An observation by E. Faber (201s)

stated in more general form in Appendix 3 of his 2019 Cambridge PhD Thesis.
Let C be a small category and 7 : F' — Y a cartesian natural transformation
in CC. Since 7 is cartesian for all u : J — I in C we have

Foy 20 e

_]
o |
Ye (1)

and thus also

— Ye(D)(J

ZOrR

for which reason the map iy y : C(J,I) x (TJ);l(idJ) — FO)(J) : (u,b) —
F(u)s(b) is a bijection.

Let A € C with A(I) = (T])I_l(id[) and A(u)(a) the unique b € A(J) =
(TJ);l(id]) with i7 j(u,b) = a. One readily checks'5® that i induces a natural
isomorphism ¢ : YgxA — F putting (L])J =77 and that 7 = 7o v~ where
m: YexA — Y is the componentwise projection.

I have serious doubts that this works! But see Faber’s Thesis!

But if C has a terminal object 1 then the claim is true since we have

Fu F']
FJ_, - FI_, - 1
TJI Tll lﬁ
c(J) Ve Yc(I) r Yc(1)

forall w : J — I in C and thus F' is naturally isomorphic to Y¢ x A with A = F'1
(since Y¢(1) = 15).

Without the assumption that C has a terminal object one has to take for A
instead of F'1 the colimit of F'.

155Suppose u: J — I, v: K — J and c € A(K), b€ A(J), a € A(I) with F(v)xk(c) = b and
F(u)j(b) = a. The we have F(uv)k(c) = F(u) g (F(v)k(c)) = F(u)k (b) = a.
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222 Coherent categories have initial objects

A coherent category is a regular category C where all Sube(A) have finite
suprema which are preserved by f~! : Subc(A) — Sube(B) for all f: B — A in
C. We write 04 ~— A for the least subobject of A and denote 0; by 0. We will
show that 0 is a strict initial object in C.

Suppose there is a morphism A — 0 then

from which it follows that 04 ~— A is isomorphic to id 4 and thus is an isomor-
phism, i.e. id 4 is the least subobject of A. If there is a morphism A — 0 there is
also a morphism A x A — 0 and thus it follows from the previous consideration
that 04 = (ida,ida) : A = A X A is an isomorphism, i.e. A is subterminal.
Thus A — 0 is monic from which it follows that A — 0 is also an isomorphism
(since 0 — 1 is the least subobject of 1). Thus, we have in the diagram

>~

04 —

]

_—

from which it follows that there is a morphism 0 — A. If f,g : 0 — A then their
equalizer e : F — 0 is an isomorphism and thus f = g. Thus we have shown
that 0 is initial (and isomorphis to all 04.

223 A locally small topos is complete iff it is
cocomplete

Let £ be a localy small elementary topos. Following the argument in Freyd &
Scedrov’s Categories, Allegories (1.968) we show that & has small products iff
& has small sums.

Suppose € has small sums. Let (4;);c; be a small family of objects in £ and
S its sum. Then [] S is given by S4U) where A(I) = [[;1. For every i € I

T
consider the pullback

P

IIs

TG

_

S

Lg
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and let P = (] P;. Then the family (P — P, — Ai)ie[ is a product cone.
i€l

Suppose € has small products. Let (4;);er be a small family of objects

in £. Consider the product [[(A4; + 1). For every i € I we have a map
iel
u; : A; = [](A4; + 1) such that w;u = ida, and u;uj = 0 for i # j. Let S be
i€l
the union of the images of the u; and ¢; : A; — S be the pullback of w; along
the inclusion of S into [](A; +1). Then the family (Li A — S)iel exhibits S
iel

as sum of the A;.
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224 Splitting Ehrhard’s Dictoses (13/10/2015)

Let C together with pprop : Prf — Prop be a dictos. Let Uy be a Grothendieck
universe in Set such that C lives in Uy and U be a Grothendieck universe in Set
with Uy € U. ~

Then C = Set®” is a locally cartesian closed category and Y : C — C
preserves the locally cartesian closed structure. Let sety(C) be the presheaf
over C with sety(C)(I) = {4 € UC/D™ | A representable}. Then pset,(c)
FEset, (c) — sety/(C) exhibits C as a full internal subcategory of C.

Notice that the representable presheaf P/r(;a = Y¢(Prop) : C°P — Uy is an
element of 4§~ and thus P/r(;) is a global element of sety;(C). For similar reasons
Ye(pprop) is a morphlsm in the full subcategory represented by sety (C) making
it a dictos internal to C which, moreover, is a full subcategory of C.

This allows us to use Voevodsky’s method of universes for splitting the orig-
inal dictos within Set®” .

225 Splitting Ehrhard’s Dictoses (7/1/2016)

A most natural notion of model for the Calculus of Constructions (CC) is
T. Ehrhard’s notion of a dictos, a locally cartesian closed category C together
with a map pprop : Prf — Prop such that the class P of maps in C which can
be obtained as pullback of pp,op are closed under dependent products in C, i.e.
II,a € P whenever a : A — J in P and v : J — I in C. However, in order to
interpret CC in a dictos we have to “split” it for the sake of interpreting the
syntax of CC.

As is well known the Yoneda functor Y¢ : C — Set®” preserves finite limits
and dependent products. Moreover, if U is a Grothendieck universe such that C
lives in U, i.e. C is internal to the category U, then the Yoneda functor Y : C —
Set®” factors through the inclusion U€” — Set®”. We also write Ye : C — UC™
for the corresponding corestriction of Y¢ : C — Set® and notice that it also
preserves finite limits and dependent products.

If we choose U big enough for C belng internal to & we may consider C as
a small full subcategory of C = Set®” as induced by a certain representable
morphlsm pv : By — U in C which can be described as follows. For I € C
let U(I) = {A€U®/D” | Arepresentable} and for u : J — I let U(u) =
U, We define py via its corresponding presheaf E;; over Elts(U) as follows:
Eu(I,A) = A(id;) and EU(u TutA — A) = A(u U — idI). Notice that py
is universal among the class S of representable morphisms in C. This class S
is stable under pullbacks along arbitrary morphisms in C and is it stable under
dependent products in C (since Y¢ preserves II).

We always can choose U so big that there is a Grothendieck universe Uy € U
with C internal to Up. Let Up be the subpresheaf of U where Up(I) consists of
all presheaves A : (C/I)°® — Uy representable by a map in P with codomain I.
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Then the map pp in
Ep — Ey
_
bp pu
Up —— U

is universal for the class Sp of P-representable morphisms, i.e. morphisms f :
Y — X which for all z: Y(I) — X fit into a pullback diagram

Y(A) — Y

for some a € P.
Notice also that the terminal projection of Up is in §. NO! and that is a
serious problem!

Lemma 225.1 If f:Y = X isin S and g : Z — Y is in Sp then Ilyg is in
Sp.

Proof: By assumption on f and g for all = : Y;(I) — X we have
Y(A) — Z

Y

X

<
=
*]

forsomew:J —-IinCanda:A— Jin P.
Since Yoneda preserves IT we have 2*I1yg = Ily(,) Y (a) = Y (II,a) from which
the claim follows since Il a is in P. O

Now we can apply Voevodsky’s “method of universes” for splitting the orig-
inal dictos within Set®". Dependent products for representable morphisms are
dealt with as in loc.cit.

For impredicative universal quantification we proceed as follows. Consider
the generic context

IT'a=A:Up: UEU(A)

and the families

ag=TgFA and pg=Tg,a: A+ Ep(P(a))
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in § and Sp, respectively. By Lemma 225.1 conclude that II,.pg is in Sp.
Thus, since pp is generic for Sp there is a morphism V : I'¢ — Up such that

Ep
_
Maepc pp

' —U
G v P

and allows us to interpret impredicative quantification.

226 Can one split dictoses? (February 2016)

A most natural notion of model for the Calculus of Constructions (CC) is
T. Ehrhard’s notion of a dictos, i.e. a locally cartesian closed category C to-
gether with a map ppop : Prf — Prop such that the class P of maps in C which
can be obtained as pullback of pp.op are closed under dependent products in C,
i.e. IIya € P whenever a : A — J in P and u : J — [ in C. However, in order
to interpret CC in a dictos we have to “split” it for the sake of interpreting the
syntax of CC.

As well known the Yoneda functor Y¢ : C — Set®” preserves finite limits
and dependent products. Moreover, if U is a Grothendieck universe such that
C lives in U, i.e. C is internal to the category U, then the Yoneda functor
Yec:C — Set®™ factors through the inclusion 4" — Set®™. We also write
Y¢ : € — UT” for the corresponding corestriction of Y¢ : C — Set®™ and notice
that it also preserves finite limits and dependent products. Most of the time,
however, we will simply write Y for Yc.

If we choose U big enough for C belng internal to U we may consider C as
a small full subcategory of C = Set®™ as induced by a certain representable
morphlsm pv : By — U in C which can be described as follows. For I € C
let U(I) = {A€UC/D” | Arepresentable} and for u: J — I in C let U(u) =
U=, We define py via its corresponding presheaf Ey; over Elts(U) as follows:
Ev(I,A) = A(id;) and Ey(u: u*A — A) = A(u : u — id;). Notice that py
is universal among the class § of representable morphisms in C. This class S
is stable under pullbacks along arbitrary morphisms in C and is it stable under
dependent products in C (since Y¢ preserves II).

We always can choose U so big that there is a Grothendieck universe Uy € U
with C internal to Uy. Let Up be the subpresheaf of U where Up(I) consists of
all presheaves A : (C/I)°P — Uy representable by a map in P with codomain I.
Then the map pp in

Ep — Ey

_

pp pu
Up ——U
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is universal for the class Sp of P-representable morphisms, i.e. morphisms f :
Y — X which for all z : Y(I) — X fit into a pullback diagram

Y(4) Y
|
Y(a) f
Y(I) X

for some a € P.

Lemma 226.1 If f:Y = X isinS andg: Z — Y is in Sp then Ilyg is in
Sp.

Proof: By assumption on f and g for all = : Y;(I) = X we have

HZ

Y

X

=
~
g

for someu:J —ITinCanda:A— Jin P.
Since Yoneda preserves IT we have 2*I1yg = Ily(,) Y (a) = Y (II,a) from which
the claim follows since Il a is in P. O

Now, if Up were in U we could apply Voevodsky’s “method of universes” for
splitting the original dictos within Set®”. Dependent products for representable
morphisms are dealt with as in loc.cit. For impredicative universal quantification
we proceed as follows. Consider the generic context

Tg=A:Up: U
and the families
ag = FG - EU(A) and PG = Fg,a : EU(A) - EP(P(CL))

in § and Sp, respectively. By Lemma 226.1 conclude that Il,,pc is in Sp.
Thus, since pp is generic for Sp there is a morphism V : I'¢ — Up with

Ep
_
My pc pp

' —U
G v P
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which allows us to interpret impredicative quantification.

Unfortunately, the presheaf Up is not representable as opposed to Y(Prop).
But one can define a morphism |S| : Y(Prop) — Up in C sending a : I — Prop to
the presheaf |S|;(a) over C/I with |S|;(a)(u) = {f : I — Prf | ppropo f = aou}
and |S|r(a)(v : uwv — uw)(f) = fov. Obviously, every A € Up(I) is isomorphic to
|S|1(a) for some a : I — Prop in the category Z/lé(c/l)op. Let us write Sp for the

split fibration sending I € C to the full subcategory of Z/léc/ D* on representable
presheaves. Obviously, we have Up = |Sp|. Let sSp be the split fibration where
sSp(I) is the category whose objects are morphisms from I to Prop and where
sSp(I)(a,b) = C(|S|1(a),|S|7(b)). Obviously, we have Y(Prop) = |sSp|. We
write S for the split cartesian functor from sSp to Sp whose object part is
given by |S|p and which is the identity on morphisms. Then in the category
Sp(C) of split fibrations over C we have

S|
s8p] 2 |55
SSP — Sp
where the vertical arrows are the canonical’®® maps |sSp| — sSp and |Sp| —

Sp, respectively, and S is a weak equivalence, i.e. all Sy are weak equivalences
in the ordinary sense.

The reason why we can’t work with Y (Prop) instead of Up is that the latter
is closed under the respective type forming operations up to equality and not
just up to isomorphism as the former is.

If we start from a situation where £ is some finite limit category, S is a
pullback stable class of maps closed under composition and II, contains all
regular monos and a generic family py : Ey — U then we can use Voevodsky’s
“method of universes” for obtaining a split model (using global choice). If,
moreover, we have a pullback stabe subclass Sp of S such that

(P1) IIfa € Sp whenever a € Sp and f € S

P2) there is a subobject mp : Up — U with m%bpy generic for Sp and the
J pPU &
terminal projection Up — 1¢ in S

then the above splitting of S restricts to one of Sp. The attempt described in
this note was motivated by establishing such a situation with £ = C. It “only”
failed in the respect that we couldn’t get Up — 1¢ in S.

Quite generally, there arises the question whether for a finite limit category
C together with a map py : E — U in C there does exist a splitting Sc of the
fundamental fibration Pc = 0 : C* — C such that the cartesian equivalence F :

156including its presheaf of objects into a split fibration
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Pr =5 Sc restricts to an equivalence between the full subfibrations generated
by py and Fy(pu), respectively.

Well, we may achieve something quite close to this even for general Grothen-
dieck fibrations P : X — B using the left adjoint splitting L(P) of P. We
consider the variant of L(P) used by Lumsdaine and Warren making use of a
normalized cleavage Cartp of P. For X € X let P|X be the full subfibration
of P on those objects from which there exists a cartesian arrow to X and
L(P)|X the full split subfibration of L(P) on objects of the form (u, X) where
the codomain of u is P(X). Notice that for (u,X) there is a unique v with
(u, X) = v*(idpx, X), namely u. One may find a non-split equivalence Ex :
P|X — L(P)|X such that the diagram

P L(P)

PIX —— L(P)|X
Ex

commutes up to isomorphism in Fib(B).

330



227 A question by V. Gregoriades

Let 2¢ be Cantor space which we identify with P(w). For A € P(w) its Turing
jump A’ is defined as {n € w | {n}*(n)l}. If z € 2¢ is the characteristic
function of A we write «’ for the characteristic function of A’.

There is a recursive function o : w — w such that

neA iff o(n)eAd

for all A € P(w). Let 7 : 2¥ — 2% with (x)(n) = z(o(n)). Then for all z € 2¢
we have
a(z’)(n)=1 iff 2'(oc(n))=1 iff z(n)=1

ie. o(z') =z, ie (-) :2¥ — 2¥ is a monomorphism split by &. Thus, a map
¢ : 2% — 2¢ factors through (-) : 2¢ — 2¥ iff () 05 0 ¢ = ¢. Vassili’s question
now was whether for every continuous monic ¢ : 2¢ — 2% with (-)) oG op = ¢
the map ¢ o (-)" is continuous, too.

Instead of starting from continuous monic ¢ : 2 — 2% with () ocg o = ¢
one could equaly well start from o o ¢, i.e. a continuous monic map 6 : 2% — 2«
such that (-)’ o @ is continuous. Vassilis’s question then amounts to asking
whether then 6 o (-)" is always continuous, too.
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228 'Toposes Fibered over a Topos

(12. March 2016, Correction 17.-24. April 2017)

Let S be a topos and P : X — § a fibration. Then P is a fibration of toposes,
i.e. all fibers are toposes and all reindexing functors u* are logical, if and only
if X is a topos and P is a logical functor.

Since for a topos £ the family fibration Fam(€) : Fam(E) — Set is a fibration
of toposes the category Fam(&) is a topos and the functor Fam(€) is logical.

This is WRONG! On can show that (see sections 75 and 46) if P: X — S
is a fibration of toposes with X a topos and P logical (or just preserving the
cartesian closed structure) then P has internal sums. By Jibladze’s Theorem
if P has internal sums then P is equivalent to Pr = 91 : XA1JA — S where
A:S— E: 1w~ ]],1;. Thus, a fibered topos P : X — S has internal sums iff
X is a topos and P is a logical functor.

Let £ be the free topos (with nno) or any other elementary topos not having
small sums (as e.g. a nontrivial realizability topos) then Fam(&) is a fibration
of toposes but even if Fam(€) were a topos it does not preserve the cartesian
closed structure since £ does not have small sums.

P. Hofstra in his Thesis proved (Th.6.2.3) that Fam(C) is a topos iff C is
an atomic category (in the sense of Johnstone’s 1977 book on Topos Theory,
exercise 12 on p. 257). But in atomic categories all morphisms are epic. Thus,
for a topos &£ the category Fam(€) is a topos iff all maps of £ are epic iff £ is
trivial. But, as pointed out by Menni Hofstra’s result is wrong! since
for Grothendieck toposes £ the category Fam(€) is equivalent to EJA which is a
topos because A : Set — £ : I — [[; 1¢ preserves finite limits (Artin glueing).

From discussion with PTJ on 24th April 2017 we obtained the following

Theorem 228.1 For an elementary topos £ the category Fam(E) is cartesian
closed iff £ has small sums.

Proof: If € has small sums then Fam(€) is equivalent to £]A which is a topos
and thus cartesian closed.

Suppose Fam(€) is cartesian closed. Since it has a subobject classifier any-
way it is also a topos. The fibration Fam(&) is equivalent to U* : Fam(E) —
Fam(€)/U for U = (1,(0)) since every morphism to 0 is an iso in £. Thus
Fam(€) is logical since U* is logical. Thus, by the considerations above Fam(E)
has internal sums from which it follows that £ is cocomplete, i.e. has small sums.

O

Thus Fam(&) is not cartesian closed if £ is the free topos (with nno) or a
nontrivial realizability topos though Fam(&) certainly is a fibered topos.

On 22nd April 2017 Peter Johnstone came up on the CATEGORIES list
with a proof of the following theorem which was a precursor of Th. 228.1.

Theorem 228.2 If & is an elementary topos such that Fam(E) cartesian closed
then € has copowers of 1.
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Proof: Suppose Fam(€) is cartesian closed. First we show that Fam(€)(1) is an
exponential ideal in Fam(&). One easily sees that (1, (A4))(B) is isomorphic to
(1, (AP)) in Fam(&). Moreover (1, A)!+(B)) is isomorphic to [, (1, A)%F)
since (I, (B;)) is isomorphic to [],c;(1,(B;)) in Fam(€). Since Fam(&) has a
left adjoint (picking initial objects in each fiber) the functor Fam(E) preserves
products. Thus [, (1, A)(1(B9) i in the fiber over a terminal object for which
reason we can choose (1, 4)(:(B) as an object in the fiber over 1. Thus, in
particular, the exponential (1, 4)>(1) is isomorphic to (1,C) where C' is an I-
fold power of A in €. So £ has arbitrary set-indexed powers. But £° is monadic
over &, so it also has set-indexed powers, i.e. £ has set-indexed copowers. O

229 Sp(B) as a reflective subcategory of Cat/B

The obvious forgetful functor from Sp(B) to Cat/B has a left adjoint S assigning
to every F': A — B a split fibration S(F') which is obtained via the Grothendieck
construction from the presheaf of categories sending I € B to the category I|F
and v : J — I to the functor v* : I|F — J|F operating by precomposition
with w. The underlying fibration of the split S(F') is 9y : IdgF' — B and whose
split cartesian arrows are those of the form

v

J——1

o

FA=—FA

The unit of the adjunction at F is given by Er : F — S(F) sending X to idpx
and g : Y — X to (F(g),g). Its universal property can be seen as follows. Let
P : X — B be a split fibration and G : A — X with F' = PoG. Then there exist
a unique split cartesian functor G : S(F') — P with G = G o Ep. An object
u: I — FAis sent by G to u*GA and a morphism

v

J—1

FB —» FA
rf

is sent to the unique cartesian arrow ¢ : w*GB — u*GA over v with Cart(u, GA)o
» =G foCart(w,GB), ie.

w*GB u'GA
Cart(w, GB) Cart(u, GA)
GB GA

Gf
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where Cart is the split cleavage of P.

I think this construction can be found in J. Gray’s old paper “The Categor-
ical Comprehension Scheme”.

230 Fibrations with internal sums a la Gray

With every category B one may associate the span B & B2 2 B which is a
monoid M(B) in Span(B,B). A fibration over B with internal sums is a functor
P : X — B together with an action of the monoid M(B) on P where (f,g)- X is
[1; 9" X. Notice that the isomorphism s - (£ - X) 2 (s - t) - X correspond to the
Chevalley condition of internal sums.

I think this can be found in J. Gray’s book Formal Category Theory.
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231 Fibrations in Bicategories a la Bakovi¢ (Feb. 16)

Let 28 be a bicategory. Then a 1-cell P : X — B in ‘B is called a fibration iff
for all 1-cells F' : C'— B there exists a lax square

P*F
X — X

EpléP

C B

e

such that for all lax squares

G
Yy —» X
Hl £ P
C —+B
F

there exists unique K : Y — F*X and ¢ : P*Fo K = G such that Epo K = H
and Py oeK = ¢ as depicted in the following diagram

This is ok when B is a 2-category but when ‘B is a genuine bicategory one should
weaken the requirement by just claiming Fr o K = H instead of Ep o K = H.

Explicitate what it means to be a fibration in the bicategory ®ist of small
categories and distributors.

The intuition is that ¥ p has right adjoint P* but for “lax” slices 8 /X where
morphism from G’ : Y — X to G : Y — X are pairs (K,v¢) with K : Y/ - Y
and ¢ : GK = G’. That’s adapted from Johnstone’s 1993 paper Fibrations and
Partial Products in a 2-Category.
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232 Grothendieck Toposes from Moral Triposes

“Moral Triposes” over a base topos S are those posets fibred over S which
give rise to a topos by “adding subquotients”. Up to equivalence they can be
characterized as finite limit preserving functors F' : § — £ where &£ is a topos
such that 1¢ is a bound for F', i.e. every object of £ appears as subquotient of
some F'I. Thus, moral triposes may be understood as “weakly localic geometric
morphisms” from £ to S.

Triposes over S as originally introduced by Hyland, Johnstone and Pitts in
the late 1970s in [HJP] are moral triposes F' such that the fibred poset F*Subg
has a generic family 7: T — FX.

We give examples of moral tripos over Set whose associated toposes are non-
localic Grothendieck toposes. Let £ be the topos of reflexive graphs or the topos
Set®” of simplicial sets and F' = V, the right adjoint of T' = £(1, —) : £ — Set.
One can show that every objects of £ appears as subquotient of F'I for some
set I. But in both cases F*Subg is just a moral tripos. Nevertheless, this is
somewhat surprising since moral triposes over Set are “weakly localic geometric
morphisms to Set”. It is an open question whether non-localic Grothendieck
toposes may arise from genuine triposes over Set.

233 Are Set-based triposes determined by their
associated toposes? (June 2016)

Triposes over a base topos S correspond to finite limit preserving functors F
from S to some topos £ such that (1) every A in £ appears as subquotient of
FI for some I in S and (2) F*Subg admits a generic family 7 : T — F'3, i.e.
every mono m : P »— FI fits into a pullback diagram

P— T

I_, I

m T

FI —» FY.
Fp

for some p: I — ¥ in S typically not unique with this property. Such functors
F' are called constant object functors and the corresponding tripos is F*Subg.
For a tripos & over S the corresponding constant objects functor is denoted as
A% or simply A when & is clear from the context.

For the case where the base topos S is Set it has been shown already in
Th. 4.1 of [HJP] that the tripos F*Subg is localic, i.e. locally small as a fibration,
iff F' preserves small sums (of 1s). But it is not clear whether any constant
objects functor from Set to a localic topos £ does preserve coproducts of 1 and
thus is uniquely determined by £. What if F' is a constant objects functor from
Set to a Grothendieck topos &, does it necessarily preserve coproducts of 17 If
this were the case then £ were automatically localic. But as can be seen from
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the counterexamples of section 232 there are at least moral triposes over Set
giving rise to non-localic Grothendieck toposes.

Quite generally one may ask whether all functors from Set to £ correspond-
ing to triposes (all necessarily giving rise to the same topos &) are necessarily
isomorphic? For moral triposes the answer is negative at least when £ is Set.
For natural numbers n > 0 the functor F,, : Set — Set : S +— S™ gives rise to
a moral tripos since F), preserves finite limits and F,(S) covers S for all sets
S. But for n > m > 0 the moral triposes corresponding to F, and F,, are
not equivalent (since 2™ # 2™) although they both give rise to the same localic
topos Set. Thus, there are infinitely many non-equivalent moral triposes over
Set all giving rise to the same localic topos Set.

Of course, whenever £ is a (nontrivial) localic tripos over Set then besides the
unique geometric morphism A 4 T" : £ — Set for every natural number n > 0
there is a moral tripos F,, : Set — £ sending I € Set to F,,(I) = A(I)™ = A(I™)
(since Fy, clearly preserves finite limits and every A € £ appears as quotient of
some subobject m : P — A(I) and thus also of (m);=1..n : P — A(I)" =
F,(I)). Obviously, for n > m > 0 the functors F,, and F},, are not isomorphic
though they both induce the same topos €.

337



234 Summary of van Oosten and Zou (2016)

Let D be the downset monad on the 2-category BCO of basic combinatorial
objects (BCOs). It is a KZ-monad and thus being a D-algebra is a property of
BCOs.

With every BCO X there is associated a preorder [—, X] fibered over Set.
Hofstra has shown that a BCO X is equivalent to a filtered opca (A, A’) iff
[, DXY] is a tripos. Triposes of the form [—,D(A, A")] are called relative re-
alizability triposes and their associated toposes are called relative realizability
toposes.

In [vOZ16] (Cor.1.17) it has been shown that triposes of the form [—, X] for
some BCO X arise as subtriposes of relative realizability triposes. In Th.1.21
they have given a characterization of those BCOs ¥ for which [—, ] is a tripos
as pre-implicative opcas.

[It follows from a result of Hofstra that toposes arising from such triposes
are Grothendieck iff they are localic. But see section 233!]

It would be nice to have a characterization of those subtriposes of relative
realizability triposes which are of the form [—,X] for some BCO X. It would
be nice to see at least an example of a subtripos of a relative realizability tripos
which is not of this form.

The main result is that classical realizability triposes are precisely the boolean
subtriposes of relative realizability triposes.

[They are all induced by a filtered opca and thus by a BCO from which it
follows that classical realizability toposes which are Grothendieck are already
localic. NO! see section 233! Thus one cannot use any of the Grothendieck
toposes refuting countable choice for showing that not all classical realizability
triposes validate countable choice.]

The triposes obtained by booleanization from (generalized) relative realiz-
ability triposes are not localic. Alas, we don’t know whether this holds also for
the induced toposes. Nor do we know that they are not Grothendieck since by
section 163 triposes over Set may induce Grothendieck toposes.

Another important result of their paper is that a prominent ordinary rela-
tive realizability tripos, namely the one inducing the Kleene-Vesley topos KV,
contains a lot of boolean subtriposes which are not localic. More precisely, they
show that the subtripos induced by —y—y is not localic iff U is a subset of Baire
space containing no computable elements such that all elements of U are isolated
in the subspace topology. Typical such examples are finite (non-empty) sets of
non-recursive functions as e.g. U = {7} where 7 decides the halting problem.
It is an open problem whether the boolean subtopos of KV induced by this U
validates countable choice.
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235 Preservation of ICC under Booleanization

Let £ be a topos with a nno N. Then &£ validates Internal Countable Choice
(ICC) iff €V is epic whenever e is epic.
In all Grothendieck toposes £ a natural numbers object N is given by []1
N

for which reason (—)¥ : & — & is isomorphic to (—=)N =[(=)oN*: £ = €. As
N

observed by A. Simpson (Jan. 2018) all presheaf toposes validate ICC since in
them morphisms are epic iff all their components are onto and this property is
preserved by (—)N which is isomorphic to (—)". Since there are Grothendieck
toposes not validating ICC sheafification does not preserve ICC in general. Since
there are boolean Grothendieck toposes not validating ICC booleanization of
Grothendieck toposes does not preserve ICC.

Analogously, generalized relative realizability toposes all validate ICC but
presumably their booleanizations, i.e. classical realizability toposes, do not all
validate ICC.
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236 Tribes via Representable Morphisms

Let B be a category with pullbacks. A class of display maps or tribe (recent
terminology of Joyal) in B is a class D of morphisms in B stable under arbitrary
pullbacks in B. For any tribe D one can find a representable morphism pp :
FEp — Up in B such that w : J — I is in D iff there is a pullback

Y(J) Ep
_
Y (u) 2]
Y(J) Up

in B. Such a pp can be obtained as

Ep ——— Fget (B)

_

pbp Pset(B)

Up — set(B)

where Up is the subobject of set(B) (c.f. section 92) consisting of all presheaves
over some B/I which are representable by a map in D with codomain I.

As observed independently by Fiore and Awodey a model of dependent type
theory over B is given by a representable morphism p : £ — U in B together
with a choice of a pullback

Y(I.A) E
_J
bA p
Y(I) —— U

for every A € U(I). For every u:J — I in B let

v(Au) LA,y
_

PAu paA

YO) !

with g4 o g(u, A) = qan (Where we write Au for Ao Y(u)).
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A predicate on U is given by a subpresheaf P of U giving rise to

Ep— F

_

pp b

P——U

where for A € P(I) the chosen pullback is

Y(I.4) A, By
|

pa pp

P

giving rise to a submodel in a very strong sense.

The characteristic predicate of P C U is the map p : U — Q with p;(A) =
{v:J —TI|Au € P}. Wesay that P C U is definable (in the sense of Bénabou)
iff for all A € P(I) the subobject pr(A) of Y(I) is representable, i.c. there is a
subobject m 4 of I in B such that

(1) Ama € P and
(2) uw:J — I factors through m4 whenever Au € P.

Obviously P C U is definable iff the inclusion P < U is a representable mor-
phism. Let w C € be the subpresheaf consisting of representable sieves. Then
T : 1 — w classifies representable monomorphisms. Thus P C U is definabe iff
its characteristic map p factors through w.

A model of dependent type theory is called small iff U is representable, i.e.
p: E — U is isomorphic to a map in B. Thus, a small model of dependent type
theory amounts to a map p : £ — U in B together with a choice of pullbacks
for all morphisms in B with codomain U for which reason a small model is
traditionally called a universe (in B). Submodels P of small models U need not
be small in general but they are iff they are definable.
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237 An Observation by I. Orton

(Summer 2017)

In extensional type theory we consider universes Uy and U; which are nested
in the sense that Uy € U; and Uy C U;. We further assume that there is a
proof irrelevant universe Prop with Prop € U; and Prop C Uy. Let N; be the
unit type containing precisely one element . We assume Ny € Up. In presheaf
toposes C we get such universes Uy and U; from Grothendieck universes Uy and
Uy with Uy € Uy and C € U.

Suppose P € (T'|Uy)(T" — Up) — Prop which is pullback stable in the sense
that there is a P’ in (T,A|U1)(u : A - T)(A: T — Upy) P(A) — P(Aou).
We write PFam : Uy® — U for the functor with PFam(l') = {A : T — Up |
P(A)} and PFam(u)(A) = Ao wu (one needs P’ for defining the morphism part
of PFam since subset types are actually X-types). We further assume that
there is a U € Uy, F : PFam(U) and code € (T'|U;) PFam(I') — ' — U with
E ocode(A) = A for A € PFam(T"). Let PFib € (T'|U1)(A : T' — Uy) — Prop
with PFib(A4) = (z : I')P(A(x)) (where as usual we identify elements of a type
X with functions from Nj to X).

Now the surprising observation of Ian Orton is that

PFib(A) — P(A)

forall A:T" — Uy.

Proof: Suppose I' € Uy and A : T' — Uy with PFib(A). Let AU : I' — U with
AU (x) = code(A(z)). We have E(AU(z)) = E(code(A(x))) = A(z) and thus
by function extensionality that £ o AU = A from which it follows that P(A)
since P(FE o AU) because P(FE) and P is pullback stable (by P’). O

A triple (P, U, E, code) as above may be called an internal universe.

In a recent paper from January 2018 by Licata, Orton, Pitts and Spitters
with title Internal Universes in Models of Homotopy Type Theory the authors
show that there is no internal universe of CCHM'7 fibrations based on an
axiomatically postulated interval object T with two distinct global elements 0
and 1 since otherwise the family P = Ai:I.Idy(0,4) were CCHM fibrant from
which it follows that Idy(0,1).1%8

157stands for Cohen, Coquand, Huber and Mértberg, the authors of the paper from 2015

where they introduce a Cubical Type Theory together with a presheaf model for it. This
model was presented in a more axiomatic way in 2016 by Orton and Pitts.

158Here Id stands for extensional identity types and P is a CCHM fibration by Orton’s
observation since all its items are CCHM fibrant because they all contain at most one element.
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238 Why the universe of small Kan objects is
Kan itself in sSet (Nov. 2017)

If in the topos sSet = Set®” of simplicial sets one wants to construct a universe
of Kan objects then following Yoneda one sees that it has to look as follows.
Let U be a Grothendieck universe. In order to come up with a weak classifier
for Kan fibrations whose fibers have a cardinality living in &/ Yoneda tells us to
construct it as the map 7 : E — U where U([n]) consists of all A € ¢(»/I"D”
such that [ A — A[n] obtained by Grothendieck construction is a Kan fibration,
E([n],A) = A(id},)) and 7 is first projection of [E to U. If p: Y — X is a
Kan fibration whose fibers have cardinality in I/ then p fits into a pullback

Y E
_

p (1) ™

X U

where fr(z)(u:J — I) = p;'(v) and fi(z)(v : wv — w) is the restriction of
Y (v) to a map from fr(z)(u) to fr(z)(uv). We call f the “canonical” weak
classifier for p. Notice that we implicitly identify maps to X with presheaves
over Elts(X), the category of elements of X, as justified by the well known
equivalence C, /X ~ EE(?() for arbitrary small categories C.

Joyal has given an argument why for every anodyne mono i : X — X’ every
U-small Kan fibration p : Y — X fits into a pullback diagram

Y Y’
_, 1
p (2) Y
X X'

where p’ is a Kan fibration. Since in presheaf toposes all monos factor as inclu-
sions followed by isos we may assume that ¢’ in (2) is actually an inclusion.

For showing that U is Kan it suffices to show that given (2) with ¢ an inclu-
sion the canonical weak classifiers f and f’ for p and p’, respectively, validate
the equality

f=foiie YoElts(i)=Y
which can be checked as follows
(ffei)(@)(u:J = 1) =Y'(Ju(i(z)) =Y'(J,i(u"x)) = Y (Ju'x) = f(z)(u)

(f od)(z)(v:uv—=u) = f'(i(z))(v: uwv = u) = Y'(Elts(i) ((wv)*z — u*x)) =
= (Y’ o Elts(¢))(uv)*z — v*z) = Y ((wv)*z — u*x) =
= f(z)(v : vv—u)
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239 “Propositional Truncation” in Set®r

Consider the topos £ = Set®” of reflexive graphs. We have a sequence of
adjoints T4 A 4T 4V : Set — £ where A and V are full and faithful. Like in
every topos the inclusion of subterminals into £ has a left adjoint supp sending
X in & to the image of X — 1. Of course, in the topos £ of reflexive graphs 1
has only two subobjects, namely 0 and 1. Notice that N = A(N) is the natural
numbers object of £.

But for every X € £ we may consider nx : X — VI'X which is the identity
on nodes and where VI'X is the full graph on the set of nodes of X. We may
consider VI'X as the “propositional truncation” of X in the sense of HoTT
since all nodes are considered as equal without really identifying them. Thus
“propositions” are those X for which nx is an iso, i.e. objects isomorphic to
some VI. Notice that there are class many propositions up to iso whereas there
are just two subterminals up to iso.

Let X be the subobject of V(NxN) where there is an edge between (n,m)
and (n/,m') iff n #n’ or m = m and p : X — V(N) be the map with
p(n,m) = n. Every map f : N — N gives rise to a section sy of p with
s¢(n) = (n, f(n)) and every section s of p equals s; for a unique f € N, In
particular, we have the section s = siq, of p. This s may be understood as a
semantic analogue of N. Kraus’s hack allowing to “unpack” elements of V(N).
But notice that p is not isomorphic to 7 : V(N) x N — V(N) although for every
n: 1 — V(N) we have n*p = n*r = A(N). Since there is an edge between
(n,m) and (n’,m’) in V(N) x N iff m = m’ it is rather the case that 7 is a
proper subobject of p in £/V(N).

240 Nerve as Left Kan Extension (p.-A. Melies)

Let i : A < Cat. Then the nerve functor Nv : Cat — A is given by Nv(C) =
Cat(i(—),C). Tt has a left adjoint 71 given by left Kan extension of i along
Ya. But as observed by Paul-André Mellies the nerve functor itself appears
as left Kan extension of Ya along i because Jy : iJC — A is isomorphic to
J Nv(C) : Elts(Nv(C)) — A and Nv(C) is canonically isomorphic to the colimit
of Ya o [ Nv(C).

241 DMorita Equivalence in terms of Distributors

Categories A and B are called Morita equivalent iff their categories of presheaves
A and B are equivalent. Thus A and B are Morita equivalent iff they are
equivalent in the bicategory Dist of distributors since distributors between cat-
egories correspond to cocontinuous functors between the associated categories
of presheaves. Categories where idempotents split are Morita equivalent iff they
are equivalent as ordinary categories since distributors from A to B having a
right adjoint correspond to ordinary functors from A to the “Cauchy comple-
tion” of B obtained by splitting idempotents.
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242 Test Categories

Grothendieck in his Pursuing Stacks asked the question for which small cat-
egories C one may impose a model structure on C which is equivalent to the
canonical model structure on the topos sSet = A of simplical sets.

In this context one only considers model structures where monos are the
cofibrations, i.e. Cisinski model structures. The canonical model structure on
the topos A of simplical is a Cisinski model structure where a map w is a weak
equivalence iff its geometric realization |w| is a homotopy equivalence in Sp.

Let Nv : Cat — A be the nerve functor sending a small category A to the
simplical set Cat(i,.4) where i : A — Cat is the obvious inclusion. The left
adjoint C to Nv is called categorical realization. Thus C - Nv is the adjunction
induced by the inclusion 7 : A — Cat. A functor w in Cat is called a weak
equivalence iff Nv(w) is a weak equivalence in sSet, i.e. iff |Nv(w)] is a homotopy
equivalence of spaces. R

For a small category C let ic : C — Cat be the functor sending X to
Elts(X) = Y¢l X, the category of elements of X. Its right adjoint ¢} : Cat — C
is given by sending A to Cat(C/c, A). Thus i¢c -4} is the adjunction induced
by the functor C/(—) : C — Cat. The class Wa(C) of weak equivalences in C
consist of all maps which are sent by i¢ to a weak equivalence in Cat.

A small category C is called a weak test category iff i; sends weak equivalences
in Cat to weak equivalences in W, (C). This induces a Cisinski model structure
on C called test model structure such that ic - i is a Quillen equivalence
between W, (C) and Cat with the respective model structures.

For C = A the adjunction ian - i} is a Quillen equivalence between the
canonical model structures on sSet and Cat respectively. In particular, a func-
tor w between small categories is a weak equivalence, i.e. Nv(w) is a weak equiv-
alence in sSet, iff i} (w) is a weak equivalence in sSet. Notice that in = i} is
a Quillen equivalence though C - Nv in general is not.

A small category is called aspherical iff its terminal projection is a weak
equivalence in Cat and F' € C is called aspherical iff ic(F') aspherical. Grothendieck
has shown that C is a weak test category iff i,(A) is aspherical for all A € Cat
with a terminal object.

Alas, the notion of weak test category is not stable under slicing. One calls
C a local test category iff all its slices C/c are weak test categories. Finally, one
calls C a test category iff C and all its slices are weak test categories.

Grothendieck has characterized local test categories as the categories C such
that ¥}z is an aspherical presheaf over C/c for all ¢ € C. Notice that the sub-
object classifier Q5 is isomorphic to i3[2] where 2 is the poset 0 — 1 considered
as an object of Cat.

The category FL of finite lattices and monotone maps between them is
known to be a test category. However, it is an open problem iff the test model
structure on cSet = FL coincides with the minimal Cisinski model structure
generated by open box inclusions.
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243 Descent and Stacks

Let P € Fib(B). Then a descent map w.r.t. P is a morphism f : X — Y in
dFib(B), the full sub-2-category of Fib(B) on discrete fibrations, such that

Fib(B)(f, P) : Fib(B)(Y, P) — Fib(B)(X, P)

is an equivalence of (ordinary) categories. We write f L P for f being a descent
map w.r.t. P.

If J is a Grothendieck topology on B then a J-stack is a fibration P € Fib(B)
such that ig : S < y(I) is a descent map w.r.t. P for all J-covers S of I, i.e.

Fib(B)(ig, P) : Fib(B)(y(I), P) — Fib(B)(S, P)

for all J covers S of 1.1 Obviously, a discrete fibration is a J-stack iff it is a
J-sheaf. R

For P € Fib(B) we may consider just the monos m in B ~ dFib(B) with
m 1 P and, actually, for the purposes of stacks it is enough to consider those
sieves S C y(I) for which ig L P.

244 N. Rasekh’s Higher Elementary Toposes

are defined (in his Thesis) as an infinite dimensional variant of the following
1-categorical notion. A category £ is a topos with sufficiently many universes iff
£ is a category with finite limits, disjoint and stable finite sums and a subobject
classifier such that every morphism of £ appears as pullback of some 7 : E — U
which is a small subuniverse of £ in the sense that the full subfibration of Pe
consisting of pullbacks of 7 is locally small, i.e. f —; g is a pullback of w
whenever f and g are pullbacks of .

Notice that for fi,..., f, in £ there exists a small subuniverse 7 : £ — U
of &€ such that all f; appear as pullbacks of m (just take a subuniverse of £ of
which f1 + -+ + f,, appears as pullback).

159Vistoli’s survey paper Notes on Grothendieck topologies, fibered categories and descent
theory (2008) proves this definition of J-stack to be equivalent to the traditional definition in
terms of “descent data” though both Grothendieck and Giraud used the one we have given.
As I understand “descent data” are just a “concrete” way of describing cartesian functors
from S to P in an “elementary” way avoiding the abstract but convenient way it is done using
the language of fibrations and cartesian functors between them.

E.g. in B.1.5 of Johnstone’s Elephant he only gives the formulation in terms of “descent
data”. However, this is already more general than the formulation one finds at many places
in the literature where one just considers the special case of the inclusion of S, = {uv |
dom(u) = cod(v)} into y(I) for w : J — I in B and calls u a descent map w.r.t. P iff the
inclusion of Sy, into y(I) is a descent map w.r.t. P in the original sense of Grothendieck and
Giraud (which is also recalled in Bunge and Paré’s CTGD article). This restricted notion is
not general enough for defining J-stack in general but suffices in case where J is generated by
J-covers of this restricted form as e.g. in case of the regular cover topology which is generated
by the Se where e is a regular epi in B.
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245 Quasicategories inside Bisimplical Sets

The underlying idea of the 2017 Riehl-Shulman paper is to consider a model of
type theory within bisimplicial sets, i.e. bsSet = sSet®” = SetA"*AT,

There is an obvious inclusion F™* : sSet — bsSet where F' : A x A —» A
is second projection, i.e. F'* sends a simplicial set X to the constant functor
in sSet®” with value X. This F* is the inverse image part of a geometric
morphism whose direct image part is given by U* : bsSet — sSet where U is
right adjoint to F, i.e. U : A — A x A sends [n] to {[0],[r]). Thus U* sends
an A € Set®” 2™ to A([0]). Thus, the geometric morphism F* - U* exhibits
bsSet as simplicial sets over base topos sSet.

Of course, there is also a geometric morphism G* 4 V* from bsSet to sSet
where G : A x A — A is first projection and V sends [n] to ([n],[0]). Notice
that V* is TA" : sSet®” — Set®” = sSet where I is sSet(A[0], —). Thus V*
sends a simplical set in sSet to a simplical set by applying I in each component.
The functor G* on the other hand is A2™ : Set®” —— sSet®” where the base
A : Set — sSet left adjoint to I' sends I to [[, 1, the I-fold copower of 1.

Now on sSet®” we may consider the injective model structure whose cofi-
brations are the monos and whose anodyne cofibrations are those monos m all
whose components mj,) are anodyne cofibrations in sSet. Weak equivalences
are all those maps w in sSet®” all whose components wy, are weak equiva-
lences in sSet. A fibration in bsSet is a morphism f with i L f for all anodyne
cofibrations in bsSet. The ensuing Cisinski model structure is right proper for
which reason fibrations are closed under dependent products.

Let i2 be the inclusion of A;[2] into A[2]. A Segal type is a fibrant object
X such that X% is a weak equivalence in bsSet w.r.t. the injective model
structure. The Segal types are thought of as co-precategories.

A complete Segal or Rezk type is a Segal type X such that X7 is a weak
equivalence in bsSet where i : A[0] — E picks the first object of F, the nerve of
the generic iso, i.e. the category with two objects and one iso between them. This
completeness condition may be understood as a univalence condition requiring
isomorphic objects to be equal. The complete Segal types are thought of as oo-
categories, i.e. co-precategories which are univalent in the sense that isomorphic
types are equal.

A discrete type is a complete Segal type X such that all X,, are Kan objects,
i.e. XG'am is a weak equivalence. A better name than “discrete” would be
univalent co-groupoid.

Remark In a sense it would be more natural to refer to Segal types as oo-
categories and to Rezk types as univalent co-categories. But people consider
univalent oo-categories more “natural” since the usual nerve functor N sends
an ordinary category C to a simplicial set N(C) which already happens to be a
quasicategory!

One may understand Rezk types as quasicategories constructed inside
the sSet model of HoTT. Joyal and Tierney have shown that G* - V* is a
Quillen equivalence between quasicategories and Rezk categories.
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One may construct inside bsSet a universe U where U([n], [m]) consist of
all small presheaves A over Aln,m] = A x A | ([n],[m]) such that [ A is a
fibration in the model structure on bsSet. One may further cut down U to a
universe Ug of small Rezk types consisting of those A € U([n], [m]) such that
[ A is a Grothendieck cofibration (necessarily of Rezk types).

A Univalent Universe in Bisimplicial Sets a la [Cis14]

In his 2014 paper [Cis14] Cisinski has shown that for a local'®® and proper!®!
model structure on a presheaf topos C there is a generic small fibration Ey — Uy
obtained by pulling back the universe a la Yoneda E — U along the inclusion
Uy < U where Us(I) consists of all small presheaves A over C/I such that [ A —
Yc(I) is a fibration w.r.t. the model structure under consideration. Moreover,
as shown in [Cisl4] if C is an Eilenberg-Zilber category the universe E; — Uy
is univalent and Uy is a fibrant object.

Since A x A is an EZ-category and the injective model structure on bsSet =
sSet®” ~ Set®*“ is both local and proper we obtain a univalent universe
E¢ — Uy in bsSet in the way described above.

246 UB/MDP vs, Y]

Let iy, : [n]°® — A/[n] be the functor sending & to the inclusion of [n—k] into [n].
For a Grothendieck universe U the change of base functor ¥ : Y(»/I"D)™ — 4"
has a left adjoint L,, sending A : [n] — U to the functor L, (A) which sends
a : [k] = [n] to A(k,) where k, is the greatest k in [n] such that n—Fk is an
upper bound for o and v : 8 — «a to A(ky < kg).

247 N(U) as subobject of U in sSet

Let F,, : A/[n] = [n]°P : @ — «(0). Obviously, we have
b
Af[m] —— A/n]
F, F,

ml®® — )

for u : [m] — [n]. The functor F, has a right adjoint U,, sending k to U, (k) :
[n—k] — [n] : i = k + i. Obviously U, is full and faithful and F,, o U, = Id.

160ie. a map p : Y — X is a fibration iff z*p is a fibration for all maps = to X with
representable domain

161 A model structure is left proper iff weak equivalences are preserved by pushout along
cofibrations and it is called right proper iff weak equivalences are preserved by pullback along
fibrations and it is proper iff it is both left and right proper.
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Thus, for Grothendieck universes ¢ the (full and faithful) functor F : ¢l" —
UL/ID™ has right adjoint U:.
Applying U™ to the diagram above we obtain

U([m)) U([nl)
14 Ey
[m) [l
U e u

for all u : [m] — [n] in A. Thus, the nerve N(U) of U appears as subobject of
U via the natural mono whose component at [n] is given by F;*. But U([1]) is
much more complicated than /!

A similar reasoning applies when replacing A by its subcategory of monos in
Ay. Then U([1]) consists of spans of sets and into which 2/!* embeds by sending
amap f: A — B to the span (id4, f).

248 A natural map from A, B: U +F A — B to
UAM 5 UxU in sSet/UxU

First observe that the source of (the interpretation of) A, B : U - A — B is given
by Fy € sSet with Ey([n]) = UA/D"*M = g ([n))M and Ey(u : [m]—[n]) =
UM = 7 (u). Thus Ey([n]) consists of natural transformations in ¢4 (4/[7")*
and u*r = Xi7 for u: [m] — [n].

Second observe that U2 ([n]) = YEM(ARIXALDT =~ gSet(An|xA[l],U)
and UAM () = yEsAXALD™ for o : [m] — [n)].

Now we define i : Fy — UAM. For B : (A/[n])® x [1] — U let i(B) = BoG,,
where G,, : Elts(A[u] x A[1])°® — A/[n])°P x [1] is defined as follows: for w :
[m] — [n] and p : [m] — [n] we put G,,(u,p) = (u, Fy*(p)) and for v : [k] — [m]
we put G, (v : (uwv,pv)—(u,p)) = (v:uwv — u, FY?(v: pv — p)).

One would hope that ¢ is monic but that is unlikely since the functor G,, is
not surjective on morphism (since (idjgj : v — u,0—1) will not be in the image
of Gy, for any w : [0] — [n]).

Moreover, when restricting to the univalent subuniverse Uy of U consisting
of small Kan fibrations we know that U~ is weakly equivalent to (XA, B :
Us)Weq(A, B) and not to (XA, B : Uy)A—B. This is another evidence for i not
being monic!
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249 Simplicial Sets inside Cubical Sets
(Aug.18-Mar.19)

Let A be the small category of finite ordinals greater 0 and monotone maps
between them and O the small category of finite powers of 2 and monotone
maps between them. Presheaves over A are called simplicial sets and presheaves
over O are called cubical sets. The categories of simplicial and cubical sets are
denoted by sSet and cSet, respectively.

Kapulkin and Voevodsky have observed in 2017 that one may obtain sSet
as a subtopos of cSet in the following way. The nerve functor N : Cat — sSet
is known to be full and faithful and so is its restriction v : O — sSet to the full
subcategory O of Cat. This functor v induces an adjunction uy 4 u* : sSet —
cSet where u*(X) = sSet(u(—), X) and w, is the left Kan extension of u along
Yo : O — cSet. It follows from general topos theoretic results that w - u*
exhibits sSet as a subtopos of ¢Set induced by the Grothendieck topology J
consisting of those sieves in O which are sent by u to jointly epic families in
sSet.

Most type theoretic constructions in the cubical model of type theory do not
lead out of sheaves, i.e. stay within the subtopos sSet of cSet. It remains to
be seen whether the corresponding universe is a J-sheaf itself.

Even more recently Ch. Sattler has given an alternative description of the
situation based on the fact that splitting idempotents in O gives rise to the
category FL of finite lattices and monotone maps between them. Thus cSet
is equivalent to FL = Set™ . The inclusion functor i : A — FL induces an
essential geometric morphism ¢, - ¢* - i, which, moreover, is injective, i.e. i, and
thus also 4; are full and faithful. The inverse image part ¢* restricts presheaves
over FL to presheaves over A (by precomposition with i°?). The direct image
part i, is given by i.(X) = sSet(N(—), X) (since N restricted to FL is given
by i* o Ygr). The cocontinuous functor ¢, is the left Kan extension of Ygr, o ¢
along Ya. It sends X € sSet to the colimit of A}l X % AL FL Y% cSet.

Obviously, a sieve S C Ypr, (L) is a cover iff i*S = i*Ygr(L), i.e. S contains
all chains in L, i.e. all monotone maps c : [n] — L. Thus a sieve S C Yg(2")
covers iff for every maximal chain C' C 2™ there is an idempotent r € S whose
image is C'. Obviously, such an S contains all monotone maps to 2" whose image
is contained in C'. Thus the collection of all monotone maps to 2" whose image
is contained in a (maximal) chain in 2" is the least covering sieve for 27.162

Within cSet and sSet one may consider those monos which are “open box
inclusions”, i.e. subobjects of ({e} x X)U (I xY) < I x X where I is the
interval, e € {0,1} and Y is a subobject of X. Notice that i* reflects open box

162 A concrete take on the topology on O:

As above let O be the category whose objects are natural numbers and whose morphisms
from m to n are monotone maps from 2 to 2". Composition in O is just composition of
such functions. For every n let S, be the sieve of all monotone functions p from some 2™ to
2™ such that the image of p is linearly ordered in 2". We say that a sieve C' on 2" covers iff
C D S,. Since every p : 2™ — 2" sends chains to chains we have pq € S, whenever q € S,
and thus the collection of all S,, provides a coverage of O.
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inclusions in cSet to sSet. Both in cSet and sSet we define fibrations as those
maps which are weakly right orthogonal to all open box inclusions for which
reason a map f in sSet is a fibration iff i, f is a fibration in cSet. Writing F
for the class of fibrations in cSet the class of Kan fibrations in sSet is given by
F N sSet (considering sSet as full subcategory of cSet via i.).

If A and B are fibrant in sSet a map f : A — B is a weak equivalence in
sSet iff it is a weak equivalence in cSet which can be seen as follows. One can
show that 4. (hfib(f)) =~ hfib(i. f) and thus ¥m € Mono(cSet)(m L hfib(i, f)) iff
Vm € Mono(cSet)(m L i, (hfib(f))) iff Ym € Mono(cSet)(i*m L hfib(f)) iff*®3
Vm € Mono(sSet)(i*m L hfib(f)), i.e.16% i, f is a weak equivalence in cSet iff
f is a weak equivalence in sSet. But as observed by Sattler there is actually
a simpler argument: in both sSet and cSet weak equivalences between fibrant
objects are just homotopy equivalences and these are preserved by i* and i,
since these functors preserve I and finite products.

One knows that ¢* - ¢, is a Quillen pair but not whether it is a Quillen
equivalence. For that purpose one would have to show that for fibrant B € sSet
and A € cSet a map f : i*A — B is a weak equivalence in sSet iff f : A — i, B
is a weak equivalence in cSet. But, alas, this question is open. For some cubical
sites different from FL a counterexample is given by A = A[2] and B = A[0]
but for FL this does not work since it has connections.

Universes in FL

Given a Grothendieck universe U this induces a universe a la Yoneda 7 : £ — U
in FL which is generic for a class S of U-small maps in FL. As described in
[GS17] there is a universe m. : E. — U, weakly generic for U-small fibrations in
cSet such that U, is fibrant. Moreover, there is a morphism wu. : U. — U which
is full and faithful as a (split) cartesian functor (when considering U, and U as
(split) fibrations and not just as presheaves) with 7. isomorphic to u}m.16%

Since by Sattler’s Theorem (see subsection 249.1) i* preserves small fibra-
tions i* 7. is weakly generic for small fibrations in sSet. As proved by Voevodsky
there is a univalent universe 7, : Es — Ug weakly generic for small fibrations in
sSet. Thus, we have

E - " E, > B
| |
T T, T
Us - *U, > U,
e P

163
164

since the monos in sSet are precisely the sheafifications of monos in cSet
as shown by Voevodsky for fibrant objects A and B a map w : A — B is a weak equivalence
iff hfib(w) is a trivial cofibrations, i.e. m L hfib(w) for all monos m

165 As described in [GS17] Us(L) does not simply consist of U-small fibrations over Ygr, (L)
but rather such fibrations together with a functorial choice of fillers which are forgotten by
Ue.
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and pe ~ idy, (i.e. pe and idy, are homotopy equivalent) since the universe 7
is univalent. Since wu, preserves fibrations, pullbacks and ~ for maps between
fibrant objects we have

i By — 1,0 E, —— 1, Fj

14T 1407, 14T s

1 Us

ix€ 14D
with i,poice =i, (poe) ~ i, (idy,) = id;,p,. Thus i,.i*7, is generic for small
fibrations which are families of sheaves and 4,7, is a univalent such universe.'66
Thus, pulling back i,4*m. along the homotopy equalizer of ¢.e o i.p and id;_;«r,
gives rise to a univalent universe in U, weakly generic for small fibrations which
are families of sheaves.

249.1 Proof of Sattler’s Theorem

claiming that i) 4 ¢* : cSet — sSet is a Quillen pair, i.e. ) preserves monos and
1* preserves fibrations when cSet is endowed with the minimal Cisinski model
structure.

First recall that i1 sends X € sSet to the presheaf #1X over FL where for
A € FL we have i/ X (A) = IIp(A | ipx) where px : Elts(X) — A is the discrete
fibration obtained from X via the Grothendieck construction.

Let f: X — Y be a map in sSet. Then we write p; for the map from px to
py over A as given by Elts(f) : Elts(X) — Elts(Y) which is a discrete fibration.
Considering the diagram

AL

A lipx iprAiilvy4>A¢Z‘_|4>A¢FL

o1 o1 o1 7}

Elts(X) ——— Elts(Y - A - FL
) sy B ;

we observe that the vertical arrows are discrete cofibrations and Elts(f) and
thus also A | ipy is a discrete fibration.

166\e have used here that a : A — I is a family of sheaves iff

A

A 141" A

_

a ixi*a

I —— 4,3%1

nr
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Suppose f is monic. Then Elts(f) is 1-1 on objects and thus a sieve in Elts(Y")
and so is A | ipy.

Since A is elegant Reedy'®” Elts(f) is a cofibration when restricted to de-
generacy maps in A and so is A | ipy. Thus, when considering A | ips as a
presheaf over A | ipy it inverts degeneracy maps. Thus, zig-zag’s in A | ipy
lift along A | ipy to zig-zag’s in A | ipy for which reason IIo(A | ips) is monic.

Thus, we have have shown that i f(A) = IIy(A | ips) is monic whenever f
is. Accordingly, we conclude that 4, preserves monos, i.e. cofibrations.

For showing that ¢* preserves fibrations it suffices to show that ¢, sends horn
inclusions to weak equivalences.

First notice that for every natural number n the map [n] — [0] is a homotopy
equivalence in cSet and thus also a weak equivalence. By 2-out-of-3 we conclude
that Ygr, 07 =4y o Y takes values in weak equivalences in cSet.

We now generalize the claim from horn inclusions to generalized horn inclu-
sions A% — A™ where K C [n] and its complement are nonempty where A% is
defined as the union of all subobjects A®\7} where j ranges over [n] \ K.108

We prove now by induction on n and the size of K that A% — A™ is sent
by 4 to a weak equivalence in cSet. If the complement of K is a singleton
{j}, then A% — A" is the inclusion AlPNMIY <3 A" which lies in the image
of Ya. Otherwise, we pick j in the complement of K and look at the diagram
A"K\{j} — A% — A"™. The composite is sent by i to a weak equivalence by

induction hypothesis. The first map is a pushout of A[;(L]\{] YBAIPNIY which by
induction hypothesis is also sent by 4, to a weak equivalence. Thus, since 4, is
cocontinuous and trivial cofibrations are closed under pushouts it follows that
iy sends A% s A% to a weak equivalence. By induction hypothesis the
inclusion A%\, < A" is sent by 4 to a weak equivalence. Thus, by 2-out-of-3
for weak equiva{ences it follows that 7 sends A% — A™ to a weak equivalence.

Test Category Model Structure on cSet and its Relation to
the “Type-Theoretic” One

The inclusion functor ¢ : A < FL is aspherical, i.e. Nv(Elts(i)) is a weak
equivalence in sSet. Thus by Th.1.2.9 of Maltsiniotis’s book La Théorie de’l
Homotopie de Grothendieck the functor ¢* : cSet — sSet preserves and reflects
weak equivalences of the respective test model structures. Since i* also preserves
monos the adjunction ¢* -4, is a Quillen equivalence between cSet and sSet.

Let ex : 44" X — X be the counit of 7; 44" and nx : X — 7,2* X be the unit
of i* Hi,. These are weak equivalences w.r.t. the test model structure on cSet
since both are sent to isos and thus weak equivalences by applying *.

The “type-theoretic” model structure on cSet is the minimal Cisinski model
structure whose anodyne cofibrations are generated by open box inclusions. We

167 e. every degenerate object arises in a unique way from a nondegenerate one

1681f K = [n] \ {j} then A% < A™ is the j-th face inclusion AN & A I K = {5}
then A% < A™ is the j-th horn inclusion A? — A",
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know that both 4, 4¢* and i* - 7, are Quillen pairs when cSet is endowed with
the “type-theoretic” model structure.

Thus, if the “type-theoretic” model structure on cSet coincides with the
test model structure then all nx : X — ,*X and e€x : 41i* X — X are weak
equivalences w.r.t. the “type-theoretic” model structure on cSet.

But if all ex are weak equivalences w.r.t. the “type-theoretic” model struc-
ture then it coincides with the test model structure which can be seen as follows.
Suppose m : Y — X is an anodyne cofibration w.r.t. the test model structure
then ¢*m is an anodyne cofibration in sSet from which it follows that #;i*m
is an anodyne cofibration w.r.t. the “type-theoretic” model structure on cSet.
But since

.. 2%
'Yy — Y

i;i*ml lm

. €X
wi'X — X

commutes it follows by the 2-out-of-3 property for weak equivalences that m is a
weak equivalence and thus an anodyne cofibration w.r.t. the “type-theoretic”’ model
structure on cSet.

Thus, summarizing the above considerations we conclude that the “type-
theoretic” and the test model structure on cSet coincide if and only if all ex :
11* X — X are weak equivalences in the “type-theoretic” model structure on
cSet.

Some observations

1. For the square S = [1] x [1] the subobject g consists of all generalised
elements L — S whose image in S is a chain, i.e. £g is the “boundary”
of the square S. Nevertheless €g is a weak equivalence in the “type-
theoretic” model structure on cSet which can be seen as follows. The
map p = (0,0) : [0] — S is a point of S which is also in i*S since p
factors through £g. But both points are weak equivalences since idg and
polg are homotopic by (z,z,y) — (zAz, zAy) : [1]xS — S. Thus, the map
€g is also a weak equivalence by their 2-out-of-3 property. Possibly one
can extend this argument to show that e x is a weak equivalence w.r.t. the
“type theoretic” model structure for all representable objects X (actually,
it suffices to show this for X which are finite powers of [1]). Finally, one
might extend this from representable objects to arbitrary objects of cSet.

2. Notice that both ¢* and i, preserve the interval 1. Thus the interval is a
sheaf and since sheaves are closed under limits all representable objects of
cSet are sheaves.

3. The functor 4, preserves the interval I but doesn’t preserve binary products
since I x I is not in the image of ;.
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250 Modal type theories arising from cohesive
toposes £ over S

Let £ and S be toposes and L 4 F HU 4 R: S — & such that FF 4 U is locally
connected, local and hyperconnected. Then we have

ELF SIU
ppl lpU
S——¢&

F

where (the codomain functors) Pr and Py are geometric fibrations and F* Py ~
Ps since UF = Ids. Moreover, by change of base along F' the fibered geometric
morphism A 4 T': Py — Pg¢ over £ is sent to the fibered geometric morphism
I' 41V : Ps — Pf over S.

251 Universes as Stacks?

Following Bénabou a category over a base category C is a fibration P : X — C.
If, moreover, the base category C is endowed with a Grothendieck topology
J one may require P to be a J-stack, i.e. for every S € J(I) the functor
Fib(C)(ig, P) : Fib(C)(I, P) — Fib(C)(S, P) is an equivalence where ig : S —
C/I.

Split fibrations over C correspond to categories internal to C. Coquand
and Mannaa have suggested that in case C is endowed with a topology J the
split fibration over C should also be a J-stack. This, however, does not mean
that the corresponding category C internal to C is also internal to Sh(C, )
simply because Ob(C) € C need not be a J-sheaf. However, we may consider
instead a(C'), the sheafication of C, which is a category internal to Sh(C,J)
since a : C — Sh(C, J) preserves finite limits.

Universes in toposes £ are categories U internal to £ whose externalisation
U is a full subfibration of Pe, the fundamental fibration of £. Thus, universes
in & = Sh(C,J) should be considered as categories U internal to Sh(C,J)
whose externalisation is a full subfibration of Pspc,7) which is a stack as is the
externalisation of U. Thus, we disagree with Coquand and Mannaa’s view of
universes as stacks since we find it too general in the respect that Ob(U) is not
required to be a J-sheaf.

However, Coquand and Mannaa are working in a univalent metatheory w.r.t.
which a sheaf of types is just a sheaf of co-groupoids. They consider the universe
U where U(I) is the type of small presheaves A over C/I such that [ A — Y¢([)
is a family of sheaves in C (in the sense of section 88). For every cover S of
I every A : S — U has an extension @ : Y¢(I) — U which is unique up to
isomorphism and thus up to equality by univalence in the metatheory.
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252 Sheafifying Universes

Let a: & — F be a finite limit preserving left adjoint to a full subcat inclusion
i:F—=& Ifr:FE—Uisauniverse in € then a(r) is a universe in F.

The geometric morphism a - i extends to a fibered geometric morphism
A AT : P, —» Pe whose unit 0, at 7 : E — U is given by

E
\ 7,
g\\\
Y . iak
_]
T'Arm Y
U ialU
nu

Factoring ny = me with m monic and e epic allows one to consider

. - - iaF
_]
T'Arm m*iam jam
U - - ialU

€ m

where m*iar may be understood as an “extensionalized” version of '’Aw. But
both m*iar and '’ A7 appear as instances of iam which I considered in my paper
Universes in Toposes.

But the universes m*iar and I'Axw are not “univalent” in the sense that
isomorphic objects are equal. In this respect it might be more appropriate to
consider stacks as suggested by Coquand and Mannaa which, however, works
only if the metatheory itself is univalent. But on the other hand the external-
izations of iaw, m*iaw and 'Awx also give rise to stacks which are equivalent to
the one considered by Coquand and Mannaa.
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253 Y-continuous objects in RT(K;) (August 2018)

By Schréder’s Theorem X is a QCBg-space iff X € Mod(K3) such that nx :
X — ¥ is a =—mono. We know for arbitrary X € Asm(K) we have X" o
nex = idgyx. This suggests to define subspace inclusions in Mod(KC3) as ——-
monos i for which X is a split epi. Thus X € Mod(K>) is in QCBy iff nx is a
subspace inclusion.

An object X € QCBy is called X-continuous iff it is injective w.r.t. all sub-
space inclusions in Mod(K5). Thus, for X-continuous X the map nx is a split
mono. We now show that this condition is sufficient. Suppose X € QCBj and
e: ¥ & X with eo nx = idx. Suppose i : Y — Z is a subspace inclu-
sion in Mod(K3) and f : Y — X. Then there exists s : ¥¥ — X7 such that
Y0 s = idygy. Thus, we have £° 0 £¥" = id sy . Then for g = eo Y= o %% ony
we have

s . f
eoX¥ oXfonzoi=coX™ oX*oX¥ ony =

got =
:GOZZfony:eonXof:
=f
as desired.

If X € QCBy is a continuous lattice, i.e. injective w.r.t. all subspace inclusions
in Sp, then nx is a split mono and thus X is YX-continuous. But X is also -
continuous if X is injective just w.r.t. all maps in QCBj which are subspace
inclusions in Sp.

One can characterize X-continuous QCBy spaces as retracts of powers of X
in QCBy. Thus N is a Y-continuous QCBy space which, however, is not a
continuous lattice since NV is not locally compact. Countably based continuous
lattices can be characterized as retracts of XN

Finally, we show that all QCBg objects which are continuous lattices are
necessarily countably based and thus retracts of . Suppose X € QCBy is a
continuous lattice. Then X% is a continuous lattice (i.e. X is core compact)
since its QCB, topology is the Scott topology and continuous lattices form a
cartesian closed category. But Cor. 6.11 of [ELS04] says that if a core compact
space is a quotient of a countably based space then it is itself countably based.
Thus X is countably based.

As described in Johnstone Stone Spaces the adjunction between topologi-
cal spaces locales restricts to an equivalence between locales whose underlying
complete lattices are continuous and locally compact sober spaces. Thus, since
continuous lattices are sober w.r.t. their Scott topology continuous lattices in
QCBy are locally compact.

Thus, for every X € QCB, which is sober but not locally compact £¥ is a
Y-continuous QCBy space which is not a continuous lattice. Typical examples
are infinite dimensional separable Banach spaces as e.g. infinite dimensional
separable Hilbert space H.

Finally, notice that Y-continuous QCBg-spaces are precisely those objects
X € RT(K3) for which nx : X — ¥ s a split mono. Thus Y-continuous
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QCBg-spaces are the right notion of continuous lattice within the function real-
izability topos RT(K3).

254 Applicative Morphisms and Geometric Mor-
phisms

Johnstone suggested to call partial combinatory algebras (pca’s) Schonfinkel
algebras. If A and M are Schonfinkel algebras then an applicative morphism
from A to M is an entire relation § C A x M for which there exists a 7 € M
such that from 6(\, u), (N, ') and AN defined in A it follows that Tup’ is
defined and O(AN,7uu'). If 6 and ¢ are applicative morphisms from A to M
then 6 < ¢ iff there exists a p € M such that (A, u) implies ¢(A, pu).

An applicative morphism 8 C A x M is called computationally dense or
quasi-surjective iff there exists a p € M such that for all 4 € M there exists a
A € A such that for all ¢/ € M from (), ') it follows that u = py’, i.e. such
that there is a map r : M — A such that for all p, ' € M from 0(r(p), 1) it
follows that pu = pu'.

As shown by van Oosten, Hofstra and Johnstone quasi-surjective applicative
morphisms § C A x M correspond to geometric morphisms from f: RT(M) —
RT(A) with f*(A) = (A,0) (where A = (A,A(A))). If p witnesses quasi-
surjectivity of 6 then f, is witnessed by the tripos morphism sending p € M to
{ANe A |V e MO\ 1) = u= pu'}. Moreover, if 6 corresponds to f and u
to g then 6 < ¢ iff f* < g* (notice that f and g are necessarily localic).

As noticed on pp.28-29 of van Oosten’s book there is an quasi-surjective
applicative morphism v from Pw to Ko with y(4) ={a € K2 | A={n € w |
n+1€im(a)} for A € Pw and a quasi-surjective applicative morphism ¢ from
K2 to Pw with ¢(a) = {S(«)} where S(a) = {s € w | Vi < |s| s; = a(i)}. One
can show that y¢ ~ idg,, i.e. y¢ < idg, and idk, < ¢, and vy < idp,. Thus
~ gives rise to a full inclusion of RT(Pw) into RT(K3) which has both adjoints
where the left adjoint preserves finite limits.16%

169i e. an inclusion of RT(Pw) into RT(K2) whose direct image has a right adjoint but

typically is not local since this further right adjoint typically is not full and faithful
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255 Fibrations in Quasicategories

A homotopy quasi-pullback in a model structure is a square

¢ — B

|

A— T

such that the mediating arrow C' — A x; B is a weak equivalence. We consider
the category sSet with its classical Quillen model structure.
A map p: F — B is a mid fibration iff

EA[Q] . EA][Q]

.

BARI _, pM2l

is a homotopy quasi-pullback. This expresses the requirement that composition
exists for maps in E above maps in B for which composition exists.
Let p: F — B be a map in sSet. Then f :y — x in E is cartesian iff

L

B/pf — B/px

is a homotopy quasi-pullback.'”™ Informally speaking, this says that for any
2-simplex « in the base B with dp(«) = pf and h : z — x with ph = 91 («) there
is a 2-simplex 8 above « with 9;(8) = h that is unique up to homotopy with
this property as illustrated in

f

from which it is evident in which sense this definition generalizes the usual 1-
categorical one. A map p : E — B is a Grothendieck fibration iff for every
u:j — iin B and z in E with pxr = ¢ there is a cartesian f : y — x with
pf =u.

170Here E/f is an abbreviation for (E/z)/f.
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A map p: E — B in sSet is a discrete fibration iff

d,
prn B2 g
pA[”l lp
BAl . B
Bio

is a homotopy quasi-pullback.

256 Universes of Small Grothendieck Fibrations
in sSet (21.2.19)

In sSet there is a Grothendieck fibration 7 : E — U with small fibers such that
every Grothendieck fibration p : ¥ — X with small fibers arises as pullback
of m along some f : X — U. But, actually, more is true, namely, that the
mapping space hom(X,U) is equivalent to the non-full subcategory of sSet/X
whose objects are small fibrations over X and whose morphisms are carte-
sian functors between them. The reason is that U([n]) is the set of small
Grothendieck fibrations over A[n]. For this reason hom(A[l], hom(X,U)) =
hom(A[1]x X, U) for which reason the paths in hom(X,U) are cartesian func-
tors between Grothendieck fibrations over X.

Points in U correspond to small co-categories and paths in U correspond
to oo-functors from the end of the path to its starting point. Thus U may be
considered as the co-category of small co-categories.

However, for f,g : X — U morphisms from f*7 to g*m are not necessarily
cartesian whereas paths A[1] — hom(X,U) from f to g correspond to cartesian
functors from f to g.

360



257 Hyperconnected Geometric Morphisms

Johnstone proved that every geometric morphisms FF 4 U : £ — S factors as a
hyperconnected geometric morphism followed by a localic one where hypercon-
nected means satisfying one of the equivalent conditions

1) F is full and faithful and its image is closed under subquotients

2) F is full and faithful and its image is closed under subobjects

(
(
(3
(4
(
(

F is full and faithful and its image is closed under quotients
all units and counits of the adjunction F' 4 U are monos

5) U preserves subobject classifiers

)
)
)
)
)
)

6) F)r restricts to an equivalence between Subs (/) and Subg (FT).

Johnstone also characterized the geometric morphisms F' 4 U : £ — S where
all ex : FUX — X are monic as those geometric morphisms for which the
surjective-injective factorization coincides up to equivalence with the hyperconnected-
localic one. For all this see A.4.6 of the Elephant.

From a fibrational point of view F' 4 U hyperconnected means that the
corresponding fibered adjunction A 41" : Pp — Pgs restricts to an equivalence
between Subgs and F*Subg.

Condition (4) can be explained from a fibrational point of view as follows.
For X over I let I'/(X) : G(X) — I. We write ox : 1gx) = [, (x) lax)
for the cocartesian arrow over I';(X) whose source is the terminal object in the
fiber over G(X). Let €x : [, (x) le(x) = X be the unique vertical arrow such
that Ex@x equals ex : 1gx — X, the counit of 1 4G at X. Condition (4) says
that £x is a vertical mono as depicted in

¥

Y Y
cocart.
rr(X)
cocart.
ey — — [ tew = X

' (X)

i.e. objects over G(X) w.r.t. Pp correspond to vertical morphisms to X which
factor through €.

If S is Set then the geometric morphism A 41" : £ — Set is hyperconnected
iff I' preserves subobject classifiers, i.e. iff £ is 2-valued. Recall that a presheaf
topos £ = C is 2-valued iff C is strongly connected, i.e. all homsets of C are
inhabited. This may explain the terminology “hyperconnected”.
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258 Axioms for Cohesion (Lawvere TAC 19, 2007)

Let £ be a topos over a base topos S as given by a geometric morphisme : £ -+ S
which we assume to be essential and local, i.e. ey + e* - e, 4 €' with e* (and
thus also €') full and faithful.

For X € & consider the map e*e, X XXX e*e; X which is of the form
e*fx for a unique 0y : e, X — e X since e* is full and faithful. The ensuing
natural transformation 6 : e* — e, is called the “points-to-pieces” transform. As
shown by Johnstone in his TAC 2011 paper the geometric morphism e : £ — S
is hyperconnected iff all 8x are epic which requirement Lawvere refers to as
“Nullstellensatz” since it claims that “every piece has a point”.

Lawvere calls £ over S precohesive iff the geometric morphism e : £ —
S is essential and local, satisfies the “Nullstellensatz” and ey preserves finite
products. The latter requirement is equivalent to all §/S being exponential
ideals within £/e*S via €.

For every X in £ and S in § consider the morphism

e(X%) xS — e(X¢ %) x ere* S = el(X¢ S xe*S) asv, e X

whose transpose e;(X¢ ) — (e;X)? is called the “pieces of powers to powers of
pieces” transform which one may require to be an isomorphism in which case
the geometric morphism e is called cohesive.

A precohesive e : £ — S is called sufficiently cohesive iff ¢/Q)¢ = 1g, i.e.
Q¢ is connected.

A precohesive e : £ — S satisfies SCC (Stable Connected Codiscreteness) iff
IsVs : §/S — §/8S factors through Subs(S) < §/S for all S € S.

The main result of Lawvere and Menni’s 2015 TAC paper says that a pre-
cohesive e : £ — S validating SCC is cohesive iff S validates TAC in which case
e, e S < & coincides with £, < &.

259 Punctual Local Connectedness
(Johnstone TAC 25, 2011)

In his TAC paper Remarks on Punctual Local Connectedness from 2011 [Joh11]
Johnstone proved that for a base topos & with a natural numbers object for
geometric morphisms f : & — S the following are equivalent

(1) f is connected, locally connected and all fx : f*X — fiX are epic

d171 1172

(2) f is locally connected, hyperconnecte and loca

Such toposes over S are called “precohesive”. He also shows that such f are
totally connected, i.e. fi (4 f*) preserves finite limits, iff all 8x : f*X — fiX

171 Hyperconnected means f is connected, i.e. f* is full and faithful, and all ex : f*f X — X
are monic (from a fibrational point of view £x monic means that “global elements of X are
disjoint” holds in the logic of S).

172j e. f* is full and faithful and f. has a right adjoint f'.
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are isos. Moreover, he shows that for precohesive f : £ — S the functor f
necessarily preserves finite products. As shown a bit later by Lawvere and
Menni (TAC 30, 2015) a connected essential geometric morphism f : &€ — S
is locally connected with f; preserving finite products if and only if f; sends
pullbacks of arrows with codomain in the image f* to pullbacks in S.

259.1 Explaining the Proof of [Joh11]

Let S and & be toposes and FF 4 U : £ — S a bounded geometric morphism
which is locally connected and connected. Moreover, we assume that S and
thus also £ has a natural numbers object. As usual unit and counit of F' 4 U
are denoted by 1 and ¢, respectively. We write L for the left adjoint of F' and
denote unit and counit of this adjunction by a and g, respectively. By Cor. 3.3
of [Johll] the functor U preserves epis iff U has a right adjoint R, i.e. the
geometric morphism F' - U is local. Unit and counit of U 4 R are denoted by
~ and 4. respectively.
In [Joh11] it is shown that

Bu

LFU U

Le Ua

L UFL

nL

commutes. Accordingly, if moreover U 4 R then

€R

FUR R

Fé Rn

F RUF

YF

commutes as well.
Since F' is full and faithful both 8 and n are natural isomorphisms. Let 6 be
the natural transformation making

363



commute. Then the diagram

Fpy

o~

Q%

FLFU FU

FLe FUx

~

FL FUFL

Fnr

commutes as well. From the triangular equalities it follows that

OFU

FLFU

FrU

and thus also
FO =ae

by the naturality conditions for « or €.

Johnstone refers to the requirement that @ is epic as punctual local connect-
edness (PLC). By Cor. 2.5 of [Joh11] it follows from PLC that U preserves epis,
i.e. F 4 U is local.'™ Since F as a left adjoint preserves epis it follows from

173Suppose e : A — B is epic in £. Thus, the map g in

C / A
_|
g e
FUB ——~ B
€B

is epic. Since L being a left adjoint preserves epis the composite

ve %o, po L9 Lpup PUEL g
is epic since the counit 3 is an iso.

Since 7 is an iso and e o F'n = idp it follows that e is an iso. Thus gy is the inverse of
Fny. Since Ue o ny = idy we have FUe o Fyy = idy and thus FUe¢ is the inverse of Fny .
Thus epy = FUe.

Thus we have

BupoLgobc == pupolrupolUg
=BupoLerupoBypypoUg=
=BupoLFUcpoBypypoUg =
=UepoBurus o ByrysoUg
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PLC that F@ is epic and thus « is epic. On the other hand if « is epic and U
preserves epis then 6 is epic since 1y, 0 8 = U« is epic and 7y, is an iso.
Thus PLC holds iff F 4 U is local and « is epic.

Suppose now that F' < U is local. We discuss now equivalents of PLC under
this additional assumption.

First observe that 0x is epic iff Lex is epic iff S(Lex,I)is 1-1 forall T € S
iff E(ex,RI)is 1-1 for all I € S. For f: X — RI we observe that U(f) is both
the transpose of fex (w.r.t. F' 4 U) and the transpose of yprf (w.r.t. U 4 R).
Thus E(X,vrr) is 1-1 iff E(ex, RI) is 1-1. Accordingly, all 6x are epic iff all
YF[ are monic.174

Since F' and R are full and faithful  and ¢ are natural isomorphisms. Let
¢ be the natural transformation making

Fo

FUR F

[as3

commute. Then the diagram

Foy
FURU ~_—~ FU
O
ERU g YFU
RU —— RUFU
nu

commutes as well. From the triangular equalities it follows that

FU~

~

FURU FU

and thus also
ou =ne
=UepoUg=U(egog)=U(eo f)

=UeoUf

and thus Ue epic (since Syp o Lg o O¢ is epic).
174Recall that we call X € £ concrete iff vx : X — RUX is monic. Thus, 6 is epic iff FT is
concrete for all I € S.
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by the naturality conditions for « or €.

If ¢ is monic then so is ¢y from which it follows that € is monic. On the
other hand if ¢ is monic then so is eg from which it follows that ¢ is monic.
Thus ¢ is monic iff € is monic.

Thus F - U is hyperconnected, i.e. € is monic, iff ¢ = Ry~
iff v is monic iff F/ - U validates PLC, i.e. « is epic.'™

Thus, a bounded locally connected local geometric morphism F - U is
hyperconnected iff it validates PLC.

Lo v is monic

Summarizing our considerations we conclude that for bounded geometric
morphisms F' U : £ — S the following two conditions are equivalent

(1) F 4U is connected, locally connected and validates PLC
(2) F HU is locally connected, hyperconnected and local.

Notice, moreover, that for bounded connected locally connected geometric mor-
phisms F' 4 U satisfying PLC the leftmost adjoint L preserves finite products
for which reason F' exhibits S as an exponential ideal in £.

The geometric morphism from the Sierpinski topos to Set is an example of a
locally connected local geometric morphism which is not hyperconnected since
it is localic and not a geometric equivalence. Actually, for all presheaf toposes
over posets with a greatest element and more than one element the geometric
morphism to Set is locally connected and local but not hyperconnected.

Presheaf toposes over strongly connected sites C are locally connected and
hyperconnected but need not be local. Typical examples of such C are nontrivial
monoids with no nontrivial idempotents as e.g. nontrivial cancellative monoids
examples of which are nontrivial groups and monoids like (N, +), (R{, +) etc.

175The argument in [Joh11] is different. His Lemma 2.3 says that ¢ is monic iff U is faithful
w.r.t. morphisms with codomain in the image of F iff 0 is epic. For seeing this first recall that
0 = 7]21 oUa and ¢ = Rnp Y ovp. Now for f : LX — I and g : X — FI the composites
foblx and ¢p o g look as follows

x I x —9 . Fr
nrx nyt X VFI
Y
UFLX — UFI RUA —— RUFI
UFf RUg
) )
+ 72 _
Uax %o@ Z\z R77[ !
Q o
S N T
UX FI

where the only noninvertible step is applying U to an arrow whose codomain is in the image
of F. Thus faithfulness of U on morphisms with codomain in the image of F' is equivalent to
the respective composition operations being 1-1.
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260 Various Axiomatizations of Stably Precohe-
sive Toposes

In their 2015 TAC paper [LM15] Lawvere and Menni show that for an essential
connected geometric morphism p : £ — S the following properties are equivalent

(1) p is locally connected and p preserves binary products

(2) pr preserves pullbacks of cospans whose common codomain is in the image
of p*.

Obviously, a further equivalent condition is that
(3) p* preserves dependent products and p; preserves binary products.

As is well known p is hyperconnected iff p, preserves subobject classifiers and
p is local iff p, has a right adjoint p' and p* is full and faithful.

In [LM15] stably precohesive toposes over a base topos S have been defined
as locally connected hyperconnected local geometric morphisms p : £ — & such
that py preserves binary products.

In his 2011 TAC paper [Johll] Johnstone has shown that for a bounded
locally connected hyperconnected local geometric morphism p : € — S the
functor py : F — S necessarily preserves finite products.

If p is assumed as bounded then

(i) p« has a fibered right adjoint p' iff p is connected and p. preserves co-
equalizers

(ii) p* has a fibered left adjoint p iff p* preserves dependent products.

In the light of the discussion above one may characerize bounded stably
precohesive toposes over S as bounded geometric morphisms p : £€ — S such
that

(1) ps« preserves subobject classifiers
(2) p« preserves coequalizers
(3) p* preserves dependent products.

That p* has a fibered left adjoint p, follows from an appropriate fibered adjoint
functor theorem and preservation of binary products by p follows from [Joh11].
That p, has a fibered right adjoint p' also follows from an appropriate adjoint
functor theorem from (2) and preservation of internal sums by p. (since p hy-
perconnected implies p connected which is equivalent to p, preserving internal
sums).

In a paper from 2019 with title The hyperconnected maps that are local Menni
claims/shows that a hyperconnected geometric morphism p : £ — § is local iff
ps : € = S preserves coequalizers. In Menni’s 2017 paper The construction
of my in aziomatic cohesion he shows in Cor. 3.8 that for a hyperconnected
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geometric morphism p : £€ — § its inverse image part p* : S — & has a left
adjoint p; whenever p* preserves exponentials. Thus, as stated in Cor.3.9 of
loc.cit. for a hyperconnected geometric morphism p : £ — S the subcategory
p* : § — & is an exponential ideal iff p* has a finite product preserving left
adjoint pi. Using Prop. 2.7 of [Johl1] he shows in Prop.3.10 of loc.cit. that if
p: & — S is hyperconnected local and essential then py : £ — S preserves finite
products whenever p* : § — £ preserves exponentials.

Thus a geometric morphism p : £ — S is (stably) precohesive iff p, preserves
subobject classifiers and coequalizers and p* preserves (dependent) function
spaces.

It is an open question whether there exists a hyperconnected local geometric
morphism p : £ — S such that p* preserves exponentials but not dependent
function spaces (equivalently not all (p/I)* = p’; ;2 S/T — E/p*I preserve ex-
ponentials). In Garner and Streicher’s TAC 2021 paper it has been shown that
there exist local geometric morphisms between Grothendieck toposes whose in-
verse image part preserves ordinary exponentials but not dependent function
spaces. Thus the question is whether the additional assumption of hypercon-
nectedness makes a difference, i.e. the inverse image part preserves dependent
function spaces whenever it preserves ordinary exponentials.

As shown in section 284 a local geometric morphism p : £ — S is hyper-
connected iff all the components of the natural transformation ¢ : p* — p' are
monic (where ¢ : p*I — p'I is the transpose of the inverse of the isomorphism
nr : I — p«p*I). For stably precohesive p : &€ — S one can show that for
H,v: P — I in S the dependent function space p*II, v is given by p'Il,v o ¢p.
In Hemelaer and Rogers’s 2021 APCS paper it was shown that this is not the
case in general for hyperconnected local geometric morphisms since their inverse
image part need not even preserve ordinary exponentials.
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261 “Strongly Localic” Toposes

Toposes of the form Sh(B) for a cBa B can be characterized as those toposes
& over Set such that every epi e in £ is split, i.e. es = id for some s. Let
A 4T : & — Set be the structural geometric morphism of €& which is localic.
Thus, every X € &£ appears as subquotient of some A([I), i.e. there is an epi
e : C — A for some subobject m : C — A(I). Let s : A — C with es = idy
then ms: A — A(I). Thus, every object A of £ appears as subobject of A(I)
for some [ in Set.

We call a geometric morphism F' 4 U : £ — S strongly localic iff every
object A of £ appears as subobject of F'I for some I in S. Suppose a: A — F1
then m : A — FJ for some J in § and thus we have

A:A

QG

a (a,m)
FI ~— F(IxJ) —— FJ
Fr Fr’

i.e. a appears as subobject of Fu in £/FI for some u : J — I.

Do there exist strongly localic toposes £ over Set, i.e. every object A of £
appears as subobject of A(I) for some set I, where not every epi splits? No, in
Hofstra’s Thesis it has been shown in Prop. 6.3.5 that for Grothendieck toposes
& over Set it holds that every epi in & is split iff A 4T : & — Set is strongly
localic, i.e. 1 is a strong bound!™®.

1765 strong bound for a geometric morphism F 4 U : £ — S is an object S in £ such that

every object A in £ appears as subobject of S x FI for some I in &
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262 Triposes and Implicative Algebras

A “philosophical” tripos over a topos S is a regular'”” functor F from S to a
topos &€ such that every object A of £ appears as subquotient of FI for some
Iin S. A “mathematical” tripos over S is a “philosophical” tripos F': S — &
such that F*Subg admits a generic family, i.e. there is a t : T — F'X such that
every m : P — F fits into a pullback square

P T
_
m t
FI FY

Fp

for some p : I — 3 typically not unique.

A morphism of “philosophical” triposes from F; : § — & to F5 : S — &
is a regular functor G : & — & with Fy, = GF,. Notice that G is necessarily
a “philosophical” tripos. But there is no reason why G should be a “mathe-
matical” tripos even if Fy and F, are'™®. Thus, for “mathematical” triposes F}
and F5 one defines a morphism of “mathematical” triposes from F} to F5 as a
regular functor G with F» = GF; such that G*Subg, admits a generic family.
Notice that such a GG necessarily is a “mathematical” tripos itself.

Miquel has shown that every tripos over Set is induced by an implicative
algebra. But Miquel’s theorem generalizes to arbitrary base toposes S. Thus,
morphisms of “mathematical” triposes G from F} to F5 correspond to implica-
tive algebras internal to &;.

We do not know whether “mathematical” triposes Fy, Fy : Set — &£ are
necessarily equivalent as triposes. But for “philosophical” triposes we know
that this is wrong since for every natural number n > 0 the functor F;, : Set —
Set : S +— S™ is a philosophical tripos but F,, and F},, are equivalent if and only
if n =m.

For i=1,2 let F; : § — &; be the constant objects functor for the tripos
induced by an implicative algebra A; in S, i.e. & = S[A;]. Regular functors
G : & — & with Fo = G o Fy correspond to cartesian morphism ¢ : Fy'Subg, —
F5Subg, preserving regular logic, i.e. finite limits and existential quantification.
Obviously, such g are uniquely determined by h = g, (id4,) : A1 — A3 since
gr(p: I — A1) =hoo.

Accordingly, a morphism of implicative algebras from A; to A, is a function
h: A; — A such that

(1) the cartesian g : F}'Subg, — F5Subg, given by gr(¢ : I — A1) = hoop
preserves regular logic, i.e. finite limits and existential quantification, and

177].e. preserves finite limits and regular epis

178though it is if G has a right adjoint since then G 4V is a localic geometric morphism
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(2) for the ensuing regular functor G : & — &; the presheaf G*Sub(&) ap-
pears as quotient of a representable presheaf, i.e. there is a t : T »— GX
such that every m : P — G fits into a pullback diagram

P T
_

m t

GI GY

Gp
for some p: I — X

where F; : S — &; is the “mathematical” tripos over S induced by A;.

There is a problem for base toposes different from Set !

The problem is that although from a mathematical tripos F : S — £ we can
construct a fibered poset F*Subg equivalent to S(—, %) the collection

d={p: 1= |pt+ T1}={p:1— X | Fpfactors through t}

lives in Set and not in S. But there need not exist a subobject s : S = X such
that p € ® if and only if p factors through s nor need such an s be unique up
to isomorphism in case it exists!
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263 Toposes of Graphs and of Reflexive Graphs

Let £ be the topos of reflexive graphs and F be the topos of graphs. The
inclusion ¢ of the site for F into the site for £ induces an essential geometric
morphism ¢ -7* Hi, : F — &.

For B in & let S(B) be the full subcategory of £/B on morphisms p : E — B
which (not only preserve) but also reflect distinguished loops. The inclusion
functor Ip : S(B) < £/B not only preserves finite limits but also has a right
adjoint Rp which restricts p : £ — B to the subgraph E’ obtained from E
by removing all edges which are sent by p to distinguished loops but are not
distinguished loops themselves.

One readily checks that p: E — B is an object of S(B) iff

€E

ATE E

AT'p (1) P

AT'B B

€B

is a pullback.'™ From this observation it follows that pullback along u : B’ — B
sends S(B) to S(B’) since in

ATE 2 .Y | E
_
ATy P’ p
ATB’ - B’ - B
1994 u

the left square is a pullback since the outer rectangle is a pullback because

AT
ATE 22U ATE-E . |
| _|
ATp AT'p D
ATB’ + ATB - B
ATy EB

since I and A preserve finite limits and thus pullbacks.
Thus, the collection S of maps p : E — B with (}) a pullback is stable under
pullbacks in £.

L79Thus the geometric morphism I' 4 V is not locally connected!
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264 Countably Presented Locales are Spatial

R. Heckmann (2015) has shown that countably presented locales are spatial
and up to isomorphism are the subpaces of Pw (with Scott topology) which
appear as countable intersections of UCO subspaces of Pw. Here UCO stands
for “union of an open and a closed subset”, i.e. sets of the form U =V = {z €
PulzeU=xecV}=0UUV.

de Brecht and Schroder refer to countably presented locales as “quasi-
Polish” spaces. They can be alternatively characterized as equalizers of pairs
of endomaps on Pw taken in the category Sp of spaces and continuous maps.
As shown in Heckmann’s paper these quasi-Polish spaces are closed under finite
limits (and, actually, even closed under countable products).

Let C be the small category of quasi-Polish spaces and J be the open cover
topology on C. The ensuing “gros” topos F = Sh(C,J) is a model of Brouw-
erian intuitionistic mathematics as shown by M. Fourman in his old paper on
Continuous Truth though he did not emphasize that C is wellpointed since this
requires bar induction on the meta level.

Since Baire space B is Polish and thus also quasi-Polish the monoid of con-
tinuous endomaps of B is a full subcategory of C. Moerdijk in his Thesis inves-
tigated the topos of continuous actions of this topological monoid as a model
for Brouwer’s theory of choice sequences.

Following considerations by Awodey and Bauer in their paper Sheaf Toposes
for Realizability one may consider functors

Y :RT(A) = F: X = RT(A)(J (=), X)

induced by the embedding J : C < RT(A) when A is the pca Pw or K3. In both
cases J factors through the inclusion of QCBy into the respective realizability
toposes since C is a full subcategory of QCBy. Notice, however, that in both
cases Y is not full and faithful.

265 d,s* 4V

Let £ be a topos and (r,s) : R — I x J. For predicates ¢ on I the predicate
Ver*p on J is equivalent to Vi:[.iRj — (i) for j € J. Obviously, a left adjoint
of Vsr* is given by 3,5 which sends a predicate 1 on J to the predicate on I
which is given by 3j:JiRj A (j) for i € T.

In less categorical language this may be rephrased as 3j:J.iRj A (j) F (i)
M iRj A (5) (i) iff Y(5) F iRj — (i) iff ¥(j) F Vil iRj — o(i).

One may write this as O gee < O when defining Q gy as Ji:[.iRj A ¢(i) and
Ogry as Vi:l.iRj — (i) as common in Kripke semantics for modal logic. But
QOr 1 Opg will fail in general unless R is e.g. a symmetric relation on I.
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266 An Essential Local Geometric Morphism which
is Not Locally Connected though its Inverse
Image Part is an Exponential Ideal (jan. 2021)

In [BP80] the authors introduced and studied a property of geometric mor-
phisms they called “molecular” which, however, nowadays is usually referred to
as “locally connected”. One of the various characterizations of this property is
that the inverse image part F' of the geometric morphism F 4 U : £ — S pre-
serves dependent products, i.e. right adjoints to pullback functors. As described
below this requirement is tantamount to F' having a fibered or “indexed” left
adjoint. In loc.cit they also consider the property that F' has an enriched left
adjoint which amounts to F' preserving (ordinary) exponentials and having a
left adjoint.

In this note we will exhibit a geometric morphism F 4 U : £ — § which is
not locally connected though its inverse image part F' preserves exponentials.
Moreover, the functor F' will be full and faithful and have a left adjoint which
preserves finite products and the functor U will have a right adjoint R.

266.1 Preliminaries

A geometric morphism F 4 U : £ — § is called locally connected iff F has a left
adjoint L which is fibered or indexed over S, i.e.

f Lf

B A LB LA
_l _l
b a  implies b a
FJ FI J— T
Fu U

as discussed e.g. in [BP80, Jo02, Str20].

For I (and thus also FI) terminal this condition boils down to the require-
ment that L 4 F validates Frobenius reciprocity, i.e. (w1, Lma) : L(FI x A) —
I x LA is an isomorphism whenever w1 : FI x A — FI and 7y : FI x A = F1I
form a limiting cone. One easily checks that F 41U : £ — § is locally connected
it Ly =eroLpr -+ Fy; = F; validates Frobenius reciprocity for all I € S.
By A.1.5.8 of [Jo02] an adjunction between cartesian closed categories validates
Frobenius reciprocity iff its right adjoint preserves exponentials.

Thus, for a geometric morphism F 4 U : £ — S the following conditions are
equivalent

(1) F AU is locally connected
(2) F preserves dependent products (i.e. right adjoints to pullback functors)

(3) Fr preserves exponentials for all I € S
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as formulated in Prop. C.3.3.1 of [Jo02].

Notice that the above observations remain valid under the weaker assump-
tion that F' : & — & preserves finite limits but not necessarily has a right adjoint.
For obvious reasons (A.1.5.8 of [Jo02]) under such weaker assumptions we re-
fer to requirement (3) above as stably Frobenius. Stably Frobenius adjunctions
L H F with full and faithful right adjoint F' are sometimes called semi-left-exact
reflections because they are reflections whose left adjoint preserves pullbacks of
cospans where one of the arrows is in the subcategory as given by F'.

Moreover, by A.4.3.1 of [Jo02] a full reflective subcategory of a cartesian
closed category is an exponential ideal iff the left adjoint preserves finite prod-
ucts. Thus, for a locally connected geometric morphism F' 4 U : & — S the
left adjoint L of F preserves finite products iff F' is full and faithful and the
corresponding full subcategory is an exponential ideal. As shown in [LM15] for
essential connected geometric morphisms F' 4 U : £ — S the left adjoint L of
F preserves pullbacks of cospans whose common codomain is in the image of F’
iff it is locally connected and L preserves binary products. 8%

266.2 The Counterexample

For an adjunction L 4 F : A — B let Ly 4 L* : A — B be the adjunction where
Ly is the left Kan extension of Y o L along Yp and L* is change of base along L.
Notice, moreover, that L* is naturally isomorphic to F}, the left Kan extension
of Yg o F' along Y, which also preserves representable objects.

Thus, if Ly 4 L* is stably Frobenius, i.e. the geometric morphism L* 4 L,
is locally connected, then L - F' is stably Frobenius as well since L* = F} and
both Ly and F} preserve representable objects.

If B is cartesian closed and L 4 F': A — B is an adjunction where F is the
inclusion of an exponential ideal then so is Ly 4 L* : A — B since L preserves
finite products and this property extends to L, since X preserves (small) colimits
(in each argument).

Lemma 266.1 Suppose B is locally cartesian closed and L 4 F : A — B is an
adjunction where F is full and faithful and L preserves binary products. If the
connected geometric morphism L* - L, : A — B is locally connected then A is
locally cartesian closed.

Proof: Suppose that L* 4 L, is locally connected, i.e. Ly 4 L* is stably Frobe-
nius. Thus, since Ly and L* = F) preserve representable objects the adjunction
L - F is also stably Frobenius. Since F' by assumption is full and faithful the

180 As shown in Prop. 2.7 of [Jol1]if L4 F H4U A R:S — £ with F (and thus also R) full
and faithful then S is an exponential ideal in € (via F') whenever F preserves exponentials and
all components of the canonical transformation 6 : U — L are epic. Here as in [Jol1l, LM15]
04 : UA — LA is the unique morphism whose image under F is FUA =4~ A 14, FLA.

As also shown in [Jo11] for locally connected hyperconnected and local geometric morphims
F AU : & — S the left adjoint L of F' necessarily preserves finite products.
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adjunction L - F is semi-left-exact. Then by Lemma 4.4 of [GL12] it follows
that A is locally cartesian closed. o

In [GL12] the authors consider the following situation. Let B be a small
category equivalent to the category of finite reflexive graphs and morphisms
between them and F' : A — B be the inclusion of the full subcategory of finite
preorders. In Example 6.4 of [GL12] it is shown that A is an exponential ideal
in B and thus L preserves finite products. Moreover, as also shown in Exam-
ple 6.4 of loc.cit. the category A is not locally cartesian closed. Thus, it follows
by Lemma 266.1 above that the geometric morphism L* 4 L, is not locally
connected.

Another class of examples arises from realizability models of Synthetic Do-
main Theory as considered in [LS97] where one instantiates the reflective ad-
junction L 4 F : A — B as follows. For B one takes for the category Mod(A)
of modest sets over some some partial combinatory algebra A and for A the full
reflective subcategory of complete extensional X-spaces where the object ¥ (in-
tuitively corresponding to the so-called Sierpinski space {L < T}) in Mod(.A)
is induced by a divergence structure on A. The category Mod(.A) is locally
cartesian closed and the full subcategory of complete extensional Y-spaces is an
exponential ideal but not locally cartesian closed.

As a summary of our considerations we obtain the following theorem.

Theorem 266.1 The geometric morphism L* - L, : A — B is essential and
local but not locally connected, i.e. L* does not preserve dependent products, al-
though the left adjoint Ly of L* preserves finite products, i.e. the full subcategory
of A as given by L* is an exponential ideal.

Alas, the functor L, does not preserve subobjects classifiers, i.e. the geo-
metric morphism L* - L, is not hyperconnected. But in [HR20] one finds an
example of an essential hyperconnected and local geometric morphism which
fails to be locally connected. Though their and our counterexample are quite
different in nature together they seem to point into the direction that essential
hyperconnected local geometric morphisms need not be locally connected even if
their inverse image part preserves exponentials. This would provide a (negative)
answer to the question raised in the last paragraph of section 10 of [LM15].
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267 Stably Frobenius (bis) (6.1.21)

Let FF4U : B — A be an adjunction between categories with finite limits. For
I'in Blet Uy = U, : B/I — A/UI with left adjoint F;1 = X, o Fyyy.
Consider the following pullbacks

r—% . uynB p—% ,p
_ _
p Ub i b
A Ul FA— ]
a a
Further consider
~ Uag o ~ a
p—% ,up—29, B rp—% ,p__ 9 . p
_ | _
D Up Ub Fp D b
A UFA —— UI FA———FA— ]
na a a

where Uqoa =q and goa = q.
Frobenius reciprocity for F; 4 Uy (in the second formulation of section 79)
requires @ to be an isomorphism, i.e.

rp—%1 . p

Fp b

FA

a

to be a pullback, which is equivalent to the rectangle

F
rp—4, ryp -8 . B
Fp FUb| < b
FA . FUT N,
Fa Er

being a pullback as required by Frobenius reciprocity for F; 4 Uy (in the first
formulation of section 79).

378



268 Ordinary Frobenius from Stably Frobenius

(6.1.21)

Let F H4U : B — A be an adjunction between categories with finite limits. This
adjunction is stably Frobenius iff

p—2% .uB rp—% . p
_ _
P Ub implies Fp b
A Ul FA — 1
a a
We obtain the ordinary Frobenius property instantiating I by 1
AxUB 2+ UB F(AxUB) >+ B
_ _l

T implies Fm b

A U1l FA

which since U1 is terminal amounts to the requirement that

(Fm,72)

F(AxUB) FAxB

is an isomorphism (where 73 = ep o F(m2)).

269 Locally Connected Geometric Morphisms

A geometric morphism F 4 U : £ — S is called locally connected or molecular
iff one of the following equivalent conditions holds

(1) the fibered functor A : Ps — Pr has a fibered left adjoint II
(2) the functor F preserves dependent products
(3) F/I:S8/I — E/F1I preserves exponentials for all 7 in &

where A is given by applying F' to commuting squares in S. For a proof of the
equivalences see C3.3.1 of Johnstone’s Elephant.

The equivalence of (1) and (2) follows from the appropriate fibered adjoint
functor theorem whereas the equivalence of (2) and (3) is a consequence of the
fact that for a finite limit category all pullback functors have right adjoints iff
all its slices are cartesian closed.
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Theorem 2 of Barr and Paré’s paper Molecular Toposes shows that for a ge-
ometric morphism F 4 U : £ — S the inverse image part F' preserves exponen-
tials iff F' has an enriched left adjoint L, i.e. L 4 F such that U ((FI)*) = 154
naturally in / € S and A € &.

Thus, a geometric morphism F' 4 U : £ — S is molecular, i.e. its inverse im-
age part has a fibered left adjoint, iff all its slices satisfy the weaker requirement
that their inverse image part has an enriched left adjoint.

Garner and Streicher in their 2021 TAC paper have come up with an example
of a(n even local) geometric morphism which is not molecular though its inverse
image part preserves ordinary exponentials.

270 Locally Connected Sites

By C3.3.10 of Johnstone’s Elephant a bounded topos F' 4 U : £ — S is locally
connected iff € is given by site (C, J) internal to S such that every S € J(I) is
connected and inhabited as a full subcategory of C/I.

As observed by Moerdijk in the appendix of his 1986 paper Continuous
fibrations and inverse limits of toposes this condition on a site (C,J) internal
to S is equivalent to the requirement that A : & — ST factors through the
inclusion Shs(C, J) < S®”, i.e. every constant presheaf over C is a J-sheaf.

271 Sites for stably precohesive toposes

Local hyperconnected toposes over a base topos S are induced by sites (C, J)
internal to S where C has a terminal object and is hyperconnected in the sense
that all hom-sets of C are inhabited, i.e. C has a terminal object and all objects
of C have a global element.

Stably precohesive toposes over S, i.e. locally connected local and hypercon-
nected toposes over S, are induced by sites (C, J) internal to S where C has a
terminal object, all objects of C have a global element and all covers S € J(I)
are connected as subcategories of C/T as follows from Theorem C3.3.10 of John-
stone’s Elephant.

What we lack is a characterization of sites (C, J) internal to S where C has
a terminal object, is hyperconnected and, moreover, the inverse image part of
the geometric morphism Shg(C, J) — S preserves exponentials. If we had such
a characterization then we could try to prove from this that all covers in J are
connected.
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272 Every topos appears as subtopos of a totally
connected one (J. Funk, April 2021)

Let F HU : £ — S be a geometric morphism. Then we may consider the string
of adjunctions Pp 41 4G : EJF — S§. Since Pr preserves finite limits and
has right adjoint right inverse 1 the geometric morphism 1 4 G : EJF — S is
totally connected, i.e. locally connected and Pp preserves finite limits. Thus,
this geometric morphism is also connected (since Pp preserves terminal objects).

The identification of £ with the fiber of Pr over lg is the direct image
part of an injective geometric morphism whose inverse image part is given by
80 : Sl,F — &

gD

ELF

S

which observation appears (in a less conceptual way) in the proof of C3.3.14 of
Johnstone’s Elephant.

One may try to characterize when F' preserves exponentials. It certainly is
the case if g : ELF — & does since 1 preserves even dependent products because
the geometric morphism 1 4 G is locally connected. However, we can’t see any
reason why 0y : ELF — &£ should preserve exponentials whenever F' does. But
it does whenever Jy : EJF — £ is the inverse image part of an open inclusion,
ie. 0y : ELF — & is isomorphic to (V ~— F1)* for some subterminal V in £.
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273 Hyperconnected Geometric Morphisms whose
inverse image part preserves exponentials
Suppose FF 41U : £ — § is a hyperconnected geometric morphism such that F
preserves exponentials. Menni has shown that then F has a left adjoint L. We
further assume that L preserves finite products which is equivalent to the full

subcategory S of £ as given by F' being an exponential ideal.
The counit of F' 4 U at (¢ is a subobject of (¢ such that

FUlg — 1g
FUTEI ITg

FUQg — Q¢
EQE

is a pullback. By hyperconnectedness U T ¢ is canonically isomorphic to T s and
thus

Flg —— 1¢
FTSI ITg

FQgs — Q¢
€0

is a pullback for which reason FUT¢ classifies S-definable subobjects as follows
from

P—— FQ — Flg

_] _]
m Fn FTs
A—— FLA — Qg
nA Fq

where ¢ is the upper transpose of the unique map A — FQgs classifying m and
n is the subobject classified by gq.
Since L preserves finite products we moreover have

(Fﬂs)A =~ (FQs)FLA
naturally in A € £ since we have
B — (FQs)*
BxA— FQS
L(BxA)=LBxLA— Qs
LB — QA
B — F(Q§Y) = (FQg)F L4

naturally in A, B € £.
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274 Glueing Change of Base along Distributors
gives rise to Presheaf Toposes

A distributor from A to B is a functor ¢ : B°? x A — Set or equivalently a
functor ¢ : A — B which in both cases is denoted as ¢ : A —— B. We write
o : A IEB for left Kan extension of ¢ along the Yoneda functor Y, : A — A
and ¢* : B — A for its right adjoint sending Y € B to oY = B(¢( ),Y) e A.
We write Dist for the bicategory whose objects are small categories and whose
hom-category Dist(A,B) = Set®" 4, By the considerations above we have

CoCont(j&,@) ~ Dist(A,B) ~ Cont(I/B\B,&)

where ¢ : A —+ B corresponds to the cocontinuous functor ¢ : A — B which
in turn corresponds to the continuous ¢* : B — A.

For ¢ : A —— B its collage is the category C(¢) which is obtained from
the disjoint union of A and B by adding C(¢)(B, A) = ¢(B, A) where for f €
d(B,A),u: A— A" and v: B’ — B the composite uo fouv is given by ¢(v, u)(f).
One easily can see that

C(p) ~ Alg"

since a presheaf C on C(¢) is given by X € A (the restriction of C' to A), Y € B
(the restriction of C' to B) and «(B, A) : ¢(B,A) — Y (B)XW satisfying the
appropriate coherence conditions which amount to ay : X(A) — B(¢(A),Y)
naturally in A € A and thus o : X = ¢*Y.

For F' : A — B we may consider the distributor ¢p = Ygo F' : A — ]B% i.e.
or(B,A) = B(B, FA), and obtain

Clor) ~ ALF*

since ¢7% is equivalent to F™.

We write I and I for the obvious inclusions of A and B into C(¢r), respec-
tively. The inclusion Iy has a right adjoint Cy whose counit at I € A is the mor-
phism e7 : F'I — I in C(¢r) corresponding to idpr € ¢pp(FI,I) = B(FI, FI).
Thus, every morphism f : J — I in C(¢p) factors as f = ¢; ov for a unique
v:J —= FI in B. Obviously, we have F' = Cg o Iy and thus also F* = I;Cj.
/ﬁing the notation introduced in the previous paragraph ﬁe\equivalence
C(op) ~ KJ,F* can be explicitated as follows. A presheaf C' € C(¢) gives rise
to the presheaves A = I;C € Aand B = I;C ¢ B and a natural transformation
a: A= F*B with af = C(eg) for I € A. Vice versa given A € 1&, B € B and
«a : A = F* this induces a unique C € C/((-j;) with A = I;C, B = I;C and
ay = C(eg) for I € A.
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275 Toposes over the Sierpinski Topos

Let S be the Sierpiriski topos 2. A category internal to the Sierpiriski topos S
corresponds to a split fibration C over 2, i.e. a functor C(0->1) : C(1) — C(0).
The corresponding externalization C' of C' to a split fibration over S sends an
X € S to the category Sp(2)(X,C) considering X as a split discrete fibration
over 2.

Cartesian functors from C' (considered as a fibered category over S) to Ps
correspond to split cartesian functors from C to Sp(Ps), the right adjoint split-
ting of the fundamental fibration of §. The latter is equivalent to the ex-
ternalization of the big category Set(2) internal to S where Set(2)(1) = S,
Set(2)(0) = Set and Set(2)(«) is 0%, i.e. the restriction of presheaves over 2
to the fiber over 0.

The category S~ has as objects internal functors F from C° to Set(2),
ie.

C (1) F) gegz

C’(oz)°pl lSetOoP

C(0)%° ———» Set'”
where i : 1 — 2 picks the object 7 in 2. Such F correspond to natural transfor-
op op
mations ap = F(1)(—)(a) from F; = Set' o F(1) to FyoC(a)® = Set” oF(1)
where we write Fyy for F(0). A morphism 7 : F = G in S is given by a pair
of natural transformations m : F1 = G and 7¢ : Fy = G making the diagram

1
Fl = Gl

o] o

F(]C(CV)OP e 7 GQC(CE)OP
70C ()P

commute. Thus, the topos S is equivalent to C'(1)}C()*, i.e. the glueing of

o

the finite limit preserving change of base functor C'(«)* : C(0) — C(1), which by
the observation at the end of section 274 in turn is equivalent to SetC(¢cw@)”,

In the light of this latter observation the geometric morphism A¢ 4 ' -
SY" — S can be explicitated as follows. Let U : C(éc(a)) — 2 be the for-
getful functor sending sending C'(i) to the object ¢ and all morphisms from
objects in C(0) to objects in C'(1) to a. Then A¢ is given by U* and I'c is
given by its right adjoint U, sending a presheaf F' over C(gbc(a)) to the map
Set€@c@)” (1, F) — Set®” (1, Fy)) induced by change of base along the in-
clusion of C(0) into C(¢¢(a))-

Thus, bounded geometric morphisms to the Sierpinski topos S = Set”
correspond to subtoposes of Set€?c@)” for some category C internal to S.
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For this purpose one has to explicitate what are Grothendieck topologies on
C(é¢(a)) and, thus, before what are sieves on objects in C(¢¢(q))-

A sieve on Iy € C(0) in C(é¢(q)) is nothing but a sieve on Iy in the category
C(0) whereas a sieve S on I; € C(1) in C(¢¢(q)) is of the form S =51 Uep, Sy
where S} is a sieve on I; in C(1) and Sy is a sieve on C'(«)(I1) in C(0) such that
C(a)(u) € Sp for every u € Sy, i.e. S; C C(a)1[Sp].18! Since the components
of ¢ are all monic the subobject classifier 2 in SetC(c@)” can be described

—

as follows. The restriction of Q to C'(0) is just the subobject classifier of C(0).
For I; € C(1) the elements of Q(I1) are pairs (Sp, S1) such that Sy is a sieve in
C(0) on C(a)(I1) and S is a sieve in C(1) on I such that S; C C(a)™1[So).
For wy : I{ — I in C(1) we have uj(Sp,S1) = (C(a)(u1)*So,uiS1) and
€1, (S0, 51) = So. The corresponding object in C(1)1C(a)" is (I S, m, 17 )€2)
with I, (So, Sl) = So.

A sheaf subtopos of SetC(®c@)” ig given by a subobject D of  which is
upwards closed. Such a D is a Grothendieck topology if, moreover, for any S
in D(I) a sieve T on [ is in D(I) whenever v*T € D(J) for all w : J — I in
S. As usual Grothendieck topologies correspond via their characteristic map
to natural transformations j : 2 — € which are idempotent and preserve T
(maximal sieves) and A (intersection of sieves).

)

Instantiating the General Scheme

Let C : 2°° — Cat be the unique monoid homomorphism 1 — M where M is the
monoid of continuous endomaps on N, the one point compactification of the
discrete space N. The category C(¢¢(qa)) for which we write C has two objects
0 and 1 with C(0,1) = M = C(0,0), C(1, 1) containing only id; and C(1,0) =
and composition is inherited from M. The presheaf topos C is equivalent to
Set|U where U : M — Set is the forgetful functor isomorphic to M(Yp(*), —)
sending an action of M on a set to this very set.

Let S be the Sierpinski topos 2. The category C' internal to S induces the
geometric morphism A¢ 4 T¢ : S¢” — S which can be explicitated as follows.
The functor A¢ : & — Set]U sends an object f : X1 — X( in S to (Am(Xo), f)
and the functor I'¢ : SetJU — S sends an object (X,g: I — U(X)) in Set{U
to the corestriction of g to global elements of X, i.e. the pullback of g along the
inclusion T'(X) < U(X). Moreover, since S is a presheaf topos over S the
geometric morphism Ags - I'¢ is also locally connected, i.e. A¢ has a fibered
left adjoint II sending an object (X, g : I — U(X)) in SetlU to ¢x o g where
gx : U(X) = U(X)/~x is the quotient map for the equivalence relation ~ x
on the underlying set of X induced by the action of M. R

As is well known Johnstone’s topological topos 7 appears as subtopos of M
via an injective geometric morphism a - ¢ : 7 < M. Moreover, the unique
geometric morphism A 4 I'r: 7 — Set is local, i.e. I'7 has a full and faithful
right adjoint V.

8lhere er, : C(a)(I1) — Iy is the morphism in C(¢¢(a)) corresponding to ide(a)(r;) €
() (Cla)(1), 1) = C(0)(C(a)(I1),C(a)(I1)) as discussed in section 274
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276 A more abstract characterization of Groth-
endieck toposes over the Sierpinski topos

Grothendieck toposes over the Sierpinski topos S = Set?” correspond to bounded
geometric morphism € — S. As is well known inverse image parts of bounded
geometric morphisms from £ to S correspond via left Kan extension along the
Yoneda functor Y to finite limit preserving functors from 2 to £ which in turn
correspond to subterminals in £.

Let U be a subterminal object in £ then the direct image part of the corre-
sponding bounded geometric morphism is given by £(ly, —) : £(1,—) — E(U, —).
The corresponding inverse image part sends an object w : J — I in S to the

object [] S,-1(;) where for a set K the object Sk in £ is the K-fold sum of
il

1¢ amalgamated over U — 1g. One may construct Sk as the quotient of

A(K) = [Iex le by the equivalence relation E : A(K) x A(K) — Q¢ where!®2

E o (g, tk,) is Tg if k1 = ko and the characteristic predicate xy : 1 — Qg of

U — 1g otherwise.

277 Hyperconnected Toposes over the Sierpinski
Topos

Let S be the Sierpiniski topos 2. Then hyperconnected geometric morphisms
€ — § exist iff £ is 3-valued in which case they are unique up to isomorphism.
Such & arise as subtoposes of toposes of the form S¢” where C is a category
internal to S such that both C(0) and C(1) are categories with a terminal object
where every object has a point and C(«a) : C(1) — C(0) preserves terminal
objects.

Does there exists a local hyperconnected geometric morphism whose inverse
image part preserves exponentials but is not locally connected?

One might try to take for £ the topos of presheaves over the category C of
finite ordinals and monotone maps. The inclusion i : 2 < C has a left adjoint r
sending 0 to 0 and all other finite ordinals to 1. By change of base this lifts to a
geometric morphism F =r* 4¢* = U : £ — S which is essential and local since
F has a left adjoint L = r and U has a right adjoint R = 4,. Moreover, this
geometric morphism is hyperconnected since ¢* preserves subobject classifiers
as one easily checks.

One might hope that F' preserves exponentials but not dependent products
but, actually, the functor F is equivalent to Fam(A : Set—sSet) which is the
inverse image part of a locally connected, hyperconnected and local geometric
morphism obtained by applying Fam to the locally connected, hyperconnected
and local geometric morphism A 4 T": sSet — Set.

182here we implicitly employ the canonical isomorphism A(KxK) = A(K) x A(K)
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278 Hyperconnected and Local Geometric Mor-
phisms to the Sierpinski Topos

Let G:C; — C be/g functor between small categories then the change-of-base
functor G* : @) — C; has a left adjoint G and a right adjoint G..

We write £ for the topos aiG*. Let S be the Sierpinski topos 2 where 2 is
the category with objects 0 and 1 and a single non-identity morphism « : 0 — 1.

Let F : S — € be the functor sending A € S to the object (Ac, (A1), 74, Ac, (Ao))
in £ where the components of 74 are given by A(«) : A(1) — A(0).

The functor F' has a right adjoint U sending an object X = (Xl, TX, XO) in
£ to U(X) = (U(X)l,OéU(X),U(X)U) in S where U(X)() = F(CO(XO)7 U(X)1 =
{(80,81) € FCO(Xo) X F(Cl(Xl) | (Tx)[(Sl(I)) = 80(G<I>) forall I € Cl} and
ay(x) : (s0,81) > so.

We assume that both Cy and C; have terminal objects which are preserved
by G, i.e. the category internal to S as given by G : C; — Cy has a terminal
object. Then we have a simpler construction of a right adjoint to F' namely by
sending an object X = (X1,7: X1 - G* Xy, Xp) € Eto U(X) =7 : X1(1) —
Xo(G(1)) = Xo(1).

The functor U has a right adjoint R sending A = (Aj,a4,4p) € S to
the object R(A) in & where R(A)o(lo) = A" R(A) (1) = {(ao,a1) €
A(go(l’c(h)) X Afl(l’h) | ax0a1 = apo Gy} and Treay : R(A)1 = G*R(A)o
is given by first projection in each component. Functoriality and naturality
conditions for these data follow from the fact that

_ Glw) | a

Ci(1,.01) Ci(1, 1)

Ay
Gl,Jl Gl-,Il @A

Ci(1,G()) Co(1,G(I1)) — Ao

Co(l,G(’ul)) ao

commutes for all uy : J; — I7.

We further assume that in Cy and C; all objects have global elements, i.e.
the category internal to S as given by G : C; — Cy is hyperconnected, i.e. all
its hom-sets are inhabited.
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279 Local Toposes over the Sierpinski Topos

Let P : C — 2 be a fibration over the ordinal 2 considered as a category 2 with
two objects 0 and 1 and a single non-identity morphism « : 0 — 1. Using a bit
of choice this is tantamount to a functor G = o* : C; — Cy. We further assume
that in Cy and C; all objects have a global element, i.e. the category internal to
S as given by G : C; — Cy is hyperconnected, i.e. all its hom-sets are inhabited.

We further assume that P is a fibration of categories with terminal objects,
i.e. P has a right adjoint right inverse 1 picking an object 1; in C; and a cartesian
morphism 1, : 1; — 1 over a. R

This gives rise to a geometric morphism ¥ 4U : C — 2 where F is given by
P* and U by 1*. This geometric morphism is local since P* is full and faithful
and 1% has a right adjoint R as given by 1,. Moreover, the geometric morphism
is locally connected since it exhibits Casa presheaf topos over base topos 2 and
presheaf toposes are necessarily locally connected over arbitrary base toposes.
Moreover, the geometric morphism F' 4 U : C—2is hyperconnected iff in the
fibers of P all hom-sets are inhabited iff in the fibers of P all objects have global
elements.

Maybe for obtaining a counterexample separating the conceptually correct
fibered notion and Lawvere’s weak notion of precohesive geometric morphism
it suffices to consider the case where the base topos S is the Sierpinski topos
2. Let P : C — 2 be a fibration of categories with a terminal object where C,
is the terminal category. The induced topos £ over § is given by the geometric
morphism P*—41*:C — 2.183

For explicitating the further ad301nts we employ the fact that Cis equivalent
to Set|I" where T = (Co( -): Co — Set. Then the left adjoint L to F sends
an object X (a) : X(1) — F(X( )) in Set|I" to the map L(X) = Ox(g) o X () :
X(1;) — II(X(0)) where 0x oy : I'(X(0)) — II(X(0)) sends points to the unique
connected component in which they are contained. The right adjoint R to
U sends an object S in 2 to the map R(S) : 2(1,5) — I'V(S(0)) = S(0) :
(s0,51) = so where V(S) € Cy is given by V(S)(I) = §Co(1.1).

183Notice that & is equivalent to the sconing of ((/:B since Set)I" with ' = ((/35(1, —): ((/:\0 — Set
is equivalent to C.
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280 Toposes over the Object Classifier Set"»Set
and the Boolean Algebra Classifier Set¥nSet”

J. Hemelaer has shown in November 2021 that geometric morphisms to the
Sierpinski topos are molecular whenever their inverse image part preserves or-
dinary exponentials. Thus, for exhibiting an essential local hyperconnected
geometric morphism F 4 U : £ — § with F preserving ordinary but not de-
pendent function spaces one has to consider base toposes S different from the
Sierpinski topos.

Let S be the Grothendieck topos Set¥™S¢t Inverse image parts of geometric
morphisms from Grothendieck toposes £ to S correspond (via left Kan extension
along Ypinsetr : FinSet® — SetFinset) to finite limit preserving functors G :
FinSet®® — & which in turn are determined up to isomorphism by A = G(1) as
follows. For every object A of £ there is a unique up to isomorphism finite limit
preserving functor G4 : FinSet®® — &£ with A = G (1), namely G4 = A%¢
where Ag¢ : FinSet — & preserves finite sums and terminal objects. The left
Kan extension F4 of G4 along Ypinseter sends X € Set¥Set 4 the colimit of

Elts(X) f—)f FinSet® 9% £. The right adjoint to F is given by Uy : £ — S
sending X to £(G4, X) : FinSet — Set.

Let S be the Grothendieck topos Set¥inSet™ - Inverse image parts of geo-
metric morphisms from Grothendieck toposes £ to S correspond (via left Kan
extension along Yginset : FinSet — SetFinSEtop) to finite limit preserving func-
tors A : FinSet — &, i.e. boolean algebras A in £. The left Kan extension of A

along Yrinset sends X € S to the colimit of Elts(X) f—)f FinSet 2 £. Its right
adjoint sends X in &£ to £(4, X) : FinSet®® — Set.

281 Grothendieck topology on C with terminal
object corresponding toI' 4V : Set — C

is given by the subobject J of Qg as given by

J VIla
|
VITa
Qa VI

EQE

consisting of all sieves S C Y¢/(I) with homc(1,I) C S (since for presheaves X
over C the counit ex : X — VI'X sends x € X(I) to A\i € C(1,1).X(i)(x)).
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282 Linear Categories a la Lawvere
A category C is linear iff it has finite sums and products such that

(1) the unique morphism 0 — 1 is an isomorphism

(2) the morphism [(id4,04,8), (0B, 4,idB)] : A+ B — Ax B is an isomorphism
for all objects A and B in C

where we write 04,5 for A -1 —0— B.
Typical examples of linear categories are the category of abelian groups and,
more generally, categories of modules over a commutative ring R.

283 Levels in Toposes and “Aufhebung”

A level in a category A is a functor P : A — B having full and faithful left and
right adjoints L and R, respectively, with PL = Idg = PR. It is an Aufhebung
of alevel { 4p-r:C— A iff both ¢ and r factor through R.

284 Characterizing Local Geometric Morphisms
which are Hyperconnected

Let F H4U : £ — S be a local geometric morphism between toposes, i.e. F' 4 U
is a geometric morphism such that F' is full and faithful and U has a right
adjoint R which necessarily is also full and faithful. We write n and ¢ for unit
and counit of F' 4 U, respectively, and v and ¢ for unit and counit of U 4 R,
respectively.

Since F' is full and faithful the unit n; : I — UFI is an isomorphism and
thus has an inverse 77]_1 : UFI — I. Its transpose w.r.t. U 4 R is given by
¢r=Rn; ' oypr: FI — RI.

Since R is full and faithful the counit §; : URI — I is an isomorphism and
thus has an inverse 5;1 : I — URI. Its transpose w.r.t. F' 4 U is given by
Yy =cproFé;' : FI — RI.

The transpose of ¥y w.r.t. U 4 Ris o Uy = dy o Uegy o UF(SI_l. Since
SpoUerroUFs7 ony =droUspronuprod; s = 67007 =id; = n;tons and
17 is an isomorphism we conclude that the transpose of ¢y w.r.t. U 4 R is 771_1
and thus ¢; = ;.

If F 4 U is hyperconnected, i.e. all £; are monic, then all ¥; and thus all ¢;
are monic.

Suppose that all ¢; are monic. Then all ¢; are monic and thus all ey x are
monic. Thus, since U~y is split monic, the map egpyx o FUyx = vx o ex is
monic as well from which it follows that all ex are monic, i.e. that the geometric
morphism F' H U is hyperconnected.

Thus, we have shown that a local geometric morphism F' 4 U is hypercon-
nected if and only if all ¢; : FI — RI are monic.
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285 Which Limits does a Fibration Have? (21/2/22)

This question brought up by M. Anel and J. Weinberger though sounding most
reasonable at first sight turns out as partly ill-posed as we will try to explain.
However, reasonable answers for certain particular reformulations are definitely
possible.

For a fibration P : X — B one may ask the question which limits it has
when thinking of it as a “large” category over B as we have learnt from Jean
Bénabou'®*. Already more than 40 years ago he has given a very clear answer
to the question what it means that P has all small limits namely that P has
internal products and finite limits. For saying precisely what it means to have
internal products one has to require the base to have finite limits since otherwise
one cannot formulate the “Chevalley” condition expressing how products behave
under change of base.'®® Also for expressing that P has finite limits it is most
beneficial to assume that the base category B has finite limits since under this
moderate assumption it amounts to the requirement that X has and P preserves
finite limits.

However, it is a more delicate question whether a fibration P : X — B has
limits of a particular shape. We first discuss why such a notion of “shape” can
be understood in two different ways when working over base toposes different
from Set.

Firstly, let D be a small category. Then one may consider the fibration P(®)
obtained as pullback of PP : XP — BP along the functor B — BP sending an
object I of B to the constant functor with value I. There is an obvious fibered
functor Ap : P — P® sending an object X over I to the constant functor
from D to X;. The fibration P is said to have D-limits iff Ap has a fibered
right adjoint Limp. Requiring this for all small external D is certainly possible
in which case one might say that P has all small external limits.

Secondly, let C' be a category internal to the base C. As explained by
Bénabou this may be considered as a split fibration C' over B. There is an ob-
vious fibered functor A : P — P sending objects to “constant functors from
C to that object”.186 The fibration P “has C-limits” iff A¢ has a fibered right
adjoint Lims. As shown in the respective chapter of F. Borceux’s “Handbook
of Categorical Algebra” a fibration P has C-limits iff P has all internal prod-
ucts and all finite limits. This is the text book version of results by Beénabou
contained in his 1980 Louvain-la-Neuve lectures to which Borceux refers but I
think these results can be already found in Benabou’s 1974 Montreal lectures.

This having all small (internal) limits can be expressed in a most con-
venient way when the base category has finite limits. In any case this notion
appears as much more appropriate and relevant than the more naive one of

184who passed away a few days ago on Friday 11.2.2022 a few months before his 90th birthday

185Clearly P has internal products iff the dual fibration P° over B (sic!) has internal sums.
As convincingly explained by Bénabou in the early 1970s a fibration P over B has internal
sums iff P is a cofibration where cocartesian arrows are stable under pullbacks along cartesian
arrows.

186 For an explanation of undefined notions see e.g. my notes on Fibered Categories.
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“having all small external limits” as discussed previously.

But notice that up to now we just have discussed the question whether a
fibration has limits for all diagrams of a certain shape (be it external or internal).
This is certainly sufficient for most purposes but in contrast to ordinary non-
fibered category theory where one rather (at least at first) discusses the question
whether a particular diagram has a limit. When working over arbitrary base
categories B this appears a bit problematic since they are typically not well-
pointed even when they are toposes.

For sake of simplicity let us discuss the case of binary products. If X, and
X1 are objects in X over 1 in B then I would say their product exists w.r.t.
P iff it exists in X and can be chosen to lie in the fiber over 1. But what if
X; € P(I;) for i = 0,17 Well, it should be a product cone in X which by P is
sent to a product cone in B. Obviously, the answer to the general question is in
accordance with the answer to the particular question.

But, what if the base B does not have binary products? This was the case
considered by Bénabou first under the additional (necessary) assumption that
Xo and X7 both live in the fiber over I. Then their product cone is given by
vertical maps my : Y — Xo and m; : Y — X; such that for fy : Z — X and
f1:Z — Xy in X with P(fy) = P(f1) there exists a unique g : Z — Y in X with
;g = fi for i = 0,1. As shown by Bénabou (and reported in Borceux’s book
and my notes) this latter requirement is equivalent to the former one under the
assumption that B has finite products.

It might be an informative(?) exercise trying to formulate what is the limit
in P of D € PS(I) for some category C internal to B. But is this really
necessary and for which purposes?
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286 Are Fibrations Indispensible? (19/2/22)

When doing category theory over general bases in the fibrational style we have
learnt from Bénabou one has to be sort of inventive, i.e. to guess the general
pattern from analyzing the particular case when the base is Set. Experience
tells us that this is possible in most cases.

But what if we want to do it systematically? I would start with a base topos
S and postulate one or more universes in it to have a notion or some notions
of smallness as is common in ordinary category theory when done in a careful
way following the tradition of SGA4 which, however, with a few exceptions
(Joyal, Makkai and maybe a few others) has been abandoned by most people for
disputable ideological reasons. Notice that one may split a universe 7 : E — U
in a way first suggested by Voevodsky: employing axiom of choice for classes on
the meta-level one chooses a pullback cone for any map I — U.

Armed with these assumptions we may naively try to formulate category
theory in the internal language of S and look how far we can get. Actually, basic
things should be expressible in a straightforward way. But problems would crop
up when considering the notion of equivalence of categories. There is a weak one
as given by full and faithful functors which are essentially surjective. And there
is a strong one as given by functors F' having a “quasi-inverse”, i.e. a functor
G in the opposite direction, such that both composites are isomorphic to the
respective identity functors. But for showing that the weak and the strong
notion of equivalence coincide one needs an axiom of choice for the universe(s)
which typically is not available in sufficiently general base toposes S.

What are ways out of this problem? Well, one may freely invert weak equiv-
alences between split fibrations over S but as shown by Bénabou this leads from
Sp(S) to Fib(S) (see p.13 of my notes on Fibered Categories). From this point
of view an external approach via Grothendieck fibrations seems to be
unavoidable!

286.0.1 Does HoTT provide a way out of this dilemma?

A much more recent attempt of addressing this problem has been suggested
within HoTT (Homotopy Type Theory). It essentially amounts to live with
weak equivalences only and and change the logic in such a way that they ap-
pear as strong. The point is that when considering a weak equivalence as a
relation between categories the reverse relation gives rise to something which
certainly is not a functor but appears as a “functional relation” from the point
of view how logic is interpreted in HoTT simply because weak equivalences
reflect isomorphisms.

Whether such a trick is sufficient for doing category theory over arbitrary
bases has to be seen! In any case, more objectively and freed from quasi-religious
believes, it amounts to the question whether one can do “relative category” using
split fibrations only avoiding to give an ontological status to quasi-inverses of
split cartesian functors.
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287 Does Precohesive Imply Stably Precohesive?

(24/2/22)

Let F 4U : £ — S be a hyperconnected and local geometric morphism, i.e.
U preserves subobject classifiers and has a full and faithful right adjoint R.
Such a geometric morphism is called precohesive iff F' has a left adjoint L
preserving binary products. As already shown in Johnstone’s 2011 TAC paper
it is equivalent to require that F' has a left adjoint and F preserves (ordinary)
exponentials. As shown by M. Menni in 2017 it suffices to just require that
F' preserves ordinary exponentials since this guarantees the existence of a left
adjoint L to F provided the geometric morphism is assumed as hyperconnected
and local.

But, actually, as already shown in Barr and Paré’s 1980 paper introducing
molecular, i.e. locally connected, geometric morphisms the inverse image part
of a geometric morphism to S preserves ordinary exponentials if and only if it
has a left adjoint enriched over S.

A geometric morphism F 4 U : £ — S is called stably precohesive iff
all its slices are precohesive, i.e. F/I : §/I — £/F1I is the inverse image part
of a precohesive geometric morphism for all I in §. Since the properties hy-
perconnected and local are stable under slicing a geometric morphism is stably
precohesive iff it is locally connected, hyperconnected and local.

In Johnstone’s 2011 TAC paper it has been shown that a local geometric
morphism F' 4 U : £ — S is hyperconnected iff U is faithful w.r.t. morphisms
whose codomain is in the image of F), i.e. for f,g: A — FI from Uf = Ug it
follows that f = g. But I don’t see how this fact could help in settling Lawvere
and Menni’s question (from their 2015 TAC paper) whether all precohesive
geometric morphisms are already stably precohesive.

Maybe it helps to look at things in terms of internal sites, i.e. to further
assume that FF 4 U : £ — S is bounded, i.e. £ is equivalent to Shg(C,J)
where J is a Grothendieck topology on a category C internal to S. If & is
hyperconnected and local over § via F' 4 U one may choose C as having a
terminal object and all objects of C having a global element internally to S.
One knows from Theorem C.3.3.10 of the Elephant that £ is locally connected
over S via F 4 U iff the internal site (C, J) can be chosen as locally connected,
i.e. every S € J(I) is connected as a full (internal) subcategory of C/I.

But how can one reformulate the requirement that F' preserves ordinary
exponentials in terms of requirements on the (internal) site (C, J)? Answering
Lawvere and Menni’s question positively (under the assumption of boundedness
of F' 4 U) would amount to showing that these requirements are equivalent to
all S € J(I) being connected as full (internal) subcategories of C/I. But I do
not see how one could show this nor do I have a counterexample!
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288 Precohesive Toposes over a Base Topos S
(2/1/23)
are given by geometric morphisms F' 4 U : £ — & such that
(1) U has a right adjoint R and
(2) for every I in S the functor F/I:S/1 — E/FI

(a) preserves (ordinary) exponentials and

(b) restricts to a 1-1-correspondence between Subs(I) and Subg (FT).

Notice that (2a) is equivalent to the requirement that F' 4 U is molecular, i.e.
F has a left adjoint L fibered over S. Moreover, condition (2b) amounts to the
requirement that F' - U is hyperconnected, i.e. U preserves subobject classifiers.
But inverse image parts of hyperconnected geometric morphisms are necessarily
full and faithful for which reason the geometric morphism F' 4 U is also local.

From Prop. 7 of Johnstone’s paper Remarks on Punctual Local Connecteness
(TAC 2011) it follows that if the inverse image part of an essential hypercon-
nected local geometric morphism preserves exponentials then its left adjoint
preserves binary products, i.e. the inverse image part is an exponential ideal.

Moreover, as already shown in Barr and Paré’s 1980 JPAA paper Molecular
Toposes the inverse image part of a geometric morphism has a left adjoint
enriched over S iff it preserves ordinary exponentials.

Thus, for precohesive geometric morphisms F 4 U : £ — S for all I in S the
left adjoint L; of F/I necessarily preserves binary products, i.e. F/I : §/1 —
E/F1I is an exponential ideal.

289 Characterization of (Stably) Precohesive Ge-
ometric Morphisms as Particular Molecular
Geometric Morphisms (10/2/23)

From section 284 we know that a local geometric morphism F* 4 U : £ — S
is hyperconnected iff for all I € S the morphism ¢; = FI — RI (obtained as
transpose of ;' : UFI — I w.r.t. U - R) is monic.

A geometric morphism F' 4 U : £ — § is stably precohesive iff it is local
and hyperconnected and the functor F' preserves dependent function types, i.e.
F 4 U is molecular.

Thus, alternatively, we may characterize (stably) precohesive geometric mor-
phisms as local geometric morphisms F 4 U : £ — S such that F preserves
(dependent) function types and U preserves subobject classifiers.
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290 An observation on connected molecular ge-
ometric morphisms

Let FHU : £ — S be a connected molecular geometric morphism, i.e. F' is full
and faithful and F/I : §/I — £/F1I preserves exponentials for all I € S. Then
F has a left adjoint L and for every I € S the functor F/I has a left adjoint
L; =%, o L/FI where ¢ is the counit of L 4 F.

Let us further assume that all F'/T are exponential ideals, i.e. all L; preserve
binary products. Since F is full and faithful all e; are isos and thus all L/FT
preserve binary products, i.e. L sends pullbacks of cospans in £ whose common
codomain is in the image of F' to pullbacks in S.

For this reason L sends subobjects of F'I to subobjects of LFI which can
be seen as follows. Suppose m : P — F'I is monic then

P _———— P
Jm
P FI
m
is a pullback and thus
Lm
LP LFI
Lm

is a pullback, too, from which it follows that Lm is monic.

291 Pulling back A 4T along a finite limit pre-
serving functor F

Let F: A — Band G : B — C finite limit preserving functors between categories
with finite limits. Then pulling back A : Py — Pg along F' one obtains F*A :
Pr=F*Pg — F*Pg = Pgp sending a : A — FI to Ga: GA — GFI.

Suppose G has a right adjoint V. Then A has a fibered right adjoint T’
over B. Pulling back A 4T along F' we obtain F*A 4 F*T' : Pap &£ F*Pg —
F*Pg = Pp. The fibered left adjoint sends a : A — FI to Ga : GA — GFI and
its fibered right adjoint sends ¢ : C' — GFJ to n};Ve (where 7 is the unit of
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G 4V). The following diagram

GA ! C A / - VC
Ga c Vvs. a Ve
GFI GFJ FI - ['J ~ VGFJ
u Fu nrJ

illustrates the natural 1-1-correspondence between maps from A(a) to ¢ over u
and maps from a to 1} ;Vc over u establishing the adjunction F*A - F*T.

292 Are hyperconnected local geometric mor-
phisms molecular?

A negative answer has been given by Hemelaer and Rogers in their 2021 ACS
paper.

Let FHU : £ — S be a local and hyperconnected geometric morphism. We
write R for the right adjoint of U and ¢y : F'I — RI for the lower transpose of
5;1 :UFI — I. From section 284 it follows that the ¢; are all monic.

Let A 4T : Pr — Ps be the fibered geometric morphism induced by the
ordinary geometric morphism F 4 U. Then I' has a fibered right adjoint V
where V7 is given by ¢7 o R,;. Since fibered right adjoints preserve internal
products for v : J — I and v : K — J in § we have V(II,v) = p,(V v).
From

FK
Dy
C
= . RK
|
Vv Rv
FJ RJ

oy,

it follows that I p,m : I, Fv »— gy (Vyv) =2 V(IT,0)
But the point of Hemelaer and Rogers result is that the canonical morphism
F(IT,v) — gy, Fv need not be an isomorphism in general!
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293 Presheaf Toposes over Presheaf Toposes

First we observe that a category internal to a presheaf topos S = B is nothing
but a split fibration C' : C — B (which we may identify with the corresponding
presheaf of categories % : B°? — Cat). The presheaf topos S is given by C
and the inverse image part of its structural geometric morphism to B is given
by C* : B — C, i.e. change of base along C, which has a right adjoint C, and
a left adjoint Cy. Moreover, the left adjoint C) is fibered over B since presheaf
toposes over arbitrary base toposes are known to be molecular.

The category C internal to B has a terminal object iff C' is a fibration of
categories with terminal objects, i.e. has a right adjoint right inverse 1¢, in
which case the right adjoint C, is given by 17, and thus itself has a right adjoint
C' = (1¢). which is full and faithful and thus so is C*. If C is a fibration
of categories with terminal objects then the geometric morphism C* - C, is
hyperconnected iff the internal category C' is hyperconnected, i.e. every object
of C(I) has a global element.

Grothendieck toposes over S are given by subtoposes i : £ < S for some
category C' internal to §. The structural geometric morphism from & to & is
given by i* o C* -4 C, oi,. As observed by Moerdijk the topos £ over S is
molecular iff one may choose C and 7 in such a way that C* factors through ..

294 Why Lawvere has abandoned fibered cate-
gories? (10/2/23)

As Martin Hyland suggested presumably because of Lawvere’s notion of “tiny
object”.

If £ is a topos and F : £ — & has a fibered and thus enriched right adjoint
U then we have (UB)4 = B4 and thus UB = BY'. Thus, if F preserves
terminal objects the right adjoint U = Id¢ and thus also F' = Idg¢.

An object A in & is tiny or atomic iff (=) has a right adjoint (—)4 over
Set. This, of course, can be generalized to toposes £ over a base topos S by
requiring that the functor (—)# : & — & fibered over S has a right adjoint
(—)a fibered over S and not over £. This is reminiscent of the definition of a
geometric morphism F' 4 U : £ — S being local where one requires U to have a
right adjoint fibered over S and not over £.

I think the real reason is that Lawvere got “allergic” to fibered categories
because he considered their most prominent proponent Bénabou as “dangerous”
for category theory. But presumably less so than most other North American
category theorists as Marta Bunge thought.
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295 Licata, Orton, Pitts and Spitters on Uni-
verse Construction Using the Amazing Right
Adjoint (2018)

They consider universe constructions in presheaf toposes C where Cis a category
with finite products. Typically C contains an interval object I. We write g for
(=)': C — C and /(—) for its right adjoint (—)j.

Let m : Elg = Ung and 7y : El; — Uny be universes in C such that lUng :
Ung — 1 can be obtained as pullback of m; and 7y can be obtained as pullback

of 71 along some mono Ung — Unj.
Let C: pUng — Uny be a “fibration structure” on Ung and C : Ung — +/Un;
be its transpose w.r.t. p 4 y/(—). Consider

u—"" 0 EnL
_

Pro \/7?1
UnO 46’ \V Unl

then by transposition w.r.t. ¢ 4 /(=) maps ® : I' — U correspond to pairs
(A:T = Ung,a: pI' = Ely) where A = pry o ® and a = pry o ® as indicated in
the following diagram
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296 Reflections with Stable Units

A reflection is an adjunction whose right adjoint is full and faithful. The fol-
lowing terminology was introduced in the 1985 paper Reflective Subcategories,
localizations and factorization systems by Cassidy, Hébert and Kelly. Recall
that a localization is a reflection between finite limits categories whose left ad-
joint preserves finite limits.

A reflection L 4 F : B — A between finite limit categories is called semi-
left-exact iff L sends pullbacks of the form

B ! A

b (1) a

FJ FI
Fu

to pullbacks and it has stable units iff L sends pullbacks of the form

q

P C

P c

A FLA

nA
to pullbacks.
We first show that having stable units entails semi-left-exact.
Proof: Suppose () is a pullback. Consider a pullback

p— .y
|
P1 (1) u
LA — I
a

which is preserved by the right adjoint F. Let q : @ — F'P be the unique arrow
with F'pg o ¢ = b and rendering the diagram

F
B—1 ,pp_ P,y
|
f Fp, Fu
A FLA —» FI
NA a
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commutative. Thus the left square is a pullback which L sends to a pullback
since L 1 F is assumed to have stable units. The functor L sends the right
square to a square which is isomorphic to (1) and thus a pullback. Accordingly,
the functor L sends (f) to a pullback. Thus we have shown that L - F is
semi-left-exact. a

Next we show that a reflection L - F' has stable units iff L sends pullbacks
of cospans with common codomain in the image of F' to pullbacks.
Proof: The backward direction is obvious.

For the forward direction suppose ' 4 U has stable units. We have shown
already that then L - F' is semi-left-exact. Supposea: A — Flandb: B — F1I.
Then their pullback is given by

p p 0 @ B
| _J

Do qo b

A FI

FLA —
na a

since a = Faomny. Since L - F has stable units L sends the left pullback to a
pullback and since L - F is also semi-left-exact L sends the right pullback to a
pullback. Thus L sends the pullback of a and b to a pullback. O

But one may show the forward direction also directly as follows. A pullback

q1 LB

Q
_

qo 3

LA 1

a
in B is sent by the right adjoint F' to a pullback in A. Thus a pullback of
a=aony and b = bonpg may be decomposed as follows
P ~ o - B

_ _
B
v Y F Y
. - FQ — 1 FLB
_ _
Fqo Fb
Y Y Y
A FLA—+ FI
NA Fa
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The functor L sends the rightmost lowermost square to a pullback. Moreover,
since L 4 F has stable units and L inverts units L inverts also all pullbacks of
units. Thus L inverts all maps in the leftmost uppermost square of the above
diagram from which it follows that L sends the outer square above to a pullback.

297 Cavallo and Sattler’s Disjunctive Cube Cat-
egory

Let Oy, be the algebraic theory of (join-)semilattices with a least element 0 and
a greatest element 1. Morphisms from n to m in OY are m-tuples of (join-)-
semilattice morphisms from 2" to 2 preserving 1.

In their paper Relative Elegance and Cartesian Cubes with One Connection
from November 2022 the authors show that presheaves over O/, i.e. “cubical
sets with one connection”, can be endowed with a model structure which is
Quillen equivalent to the canonical one on (spaces or) simplicial sets.

298 Relating Cartesian and Dedekind Cubical
Sets via an Essential Geometric Morphism

Let C the category of finite lattices and monotone maps between them which
may be chosen as small, e.g. as retracts of P(2") where n € N. Let D be
a small category whose objects are (all) finite sets (up to isomorphism) and
whose morphisms from J to I are maps f : I — 2+ J. Notice that D is the
opposite of the Kleisli category of the monad on finite sets corresponding to the
algebraic theory with two constants 0 and 1.

Let FF: D — C be the functor sending v : I — 2+ J in D to the map
F(u) : P(J) = P(I) in C where for i € I and S € P(J) we have i € F(u)(S) iff
u(i) € S or u(i) =1 € 2. Thus, if u(i) € J then i € F(u)(S) iff u(i) € S and if
u(i) € 2 = Q then F(u)(S)(i) = u(i) for all S € P(J).

The topos of Dedekind cubical sets is C and the topos of cartesian cubical
sets is D. Then /™ : C — D is the inverse image part of an essential geometric
morphism from D to C whose direct image part is given by F} right adjoint to
F* and whose further left adjoint is given by F} left adjoint to F™.

D. Frieberg has asked whether F) preserve monos?
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299 Grothendieck Universes, Samuel Galaxies
and Zermelo Universes

A Grothendieck universe (as defined is SGA4) is a set U such that

Ul) U is transitive, i.e. y € x € U implies y € U

U2) U is closed under pairing, i.e. z,y € U implies {z,y} € U

(U1)

(U2)

(U3) U is closed under powersets, i.e. x € U implies P(z) € U

(U4) U is closed under unions, i.e. a € U and f:a — U implies |J f(i) € U.
i€a

One, actually, should also require as an axiom (UO) that the set w of natural

numbers is an element of U. From (U2) it follows that {x} € U whenever

x € U. Thus (U2) and (U4) imply that for a € U and f : a — U the set

{f(@) | i € a} € U, i.e. that U validates a strong form of the replacement axiom.

P. Samuel (in an unpublished paper) has suggested to weaken the notion of
a Grothendieck universe to that of a galazy by dropping the requirement (U4).

It is not clear that galaxies are closed under binary products. Moreover,
it does not seem to be possible to show that galaxies G are closed under big
unions, i.e. | Ja € G whenever a € G. But adding these two requirements gives
rise to the notion of a Zermelo universe. Notice that ZFC proves that V) is a
Zermelo universe for all limit ordinals A > w.

If one looks at MacLane’s alternative but equivalent definition of Grothendieck
universe in his book Categories for the Working Mathematician and drops his
requirement that for a € U and f : a — U its image {f(z) | € a} € U one
obtains the notion of a Zermelo universe.

I think it is indispensible to require closure under binary products. But
closure under | J appears as less demanding since for b € G and a C P(b) we have
P(b) in G and since | Ja € P(b) also | Ja € G. Thus, maybe a good definition of
galaxy is a transitive set which closed under pairing, binary cartesian products
and powersets and contains w as an element.
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300 Pataraia’s Conjecture

claims that every Heyting algebra is isomorphic to the lattice of subobjects of
1 of some elementary topos.

Let A be a Heyting algebra and X 4 be its Esakia space. The underlying set
of X 4 is the set of all lattice homomorphisms ¢ : A — 2 where 2 is the ordinal
0 < 1. For every a € A and i € 2 let U = {o: A= 2| ¢(a) =i}. Obviously,
for a,b € A and i € 2 we have Uél/zb = Uaz) N Ub(l) and Uélv)b = Uéz) U Uéz).
Moreover Ul(l) = |X 4| and Uél) = . The topology on X 4 is the least one
containing all Uéi) as basic opens. Notice that the complement of Uai) is U(gl_i).
Moreover, we may order the underlying set of X 4 by subset inclusion, i.e. ¢ < 1
iff p=1(1) Cy1(1).

Then h: A — O(X4):a— Uél) is a 1-1 map which preserves finite meets
and joins and, moreover, reflects the order. But notice that for this purpose we
could have defined the topology on X 4 as the one generated by sets of the form
U, = Uél). From now on we consider X 4 as endowed with this topology. We
write B 4 for {U, | a € A}.

Thus Sh(X 4) is a spatial and thus localic topos. Thus, in Sh(X 4) every
object appears as subquotient of a small sum of terminal objects, i.e. as quotient
of a small sum of subterminals. Let £ be the full subcategory of Sh(X4) on
those objects A whose support supp(A) is in B 4.

One can show that £ is closed under finite limits taken in Sh(X 4). Let Q¢
be the subobject of Qgh(x,) where Qg(U) = {U, | Uy € U}. Then for A € £
and m : P — A in Sh(X 4) the object P is in & iff the characteristic map y for
m factors through g¢. Since T : 1 — Qgp(x,) factors through Qg — Qgp(x )
the support of Q¢ is 1 and thus Qg is in €. Thus for all X in Sh(X4) the map
TX:121% - QF witnesses that QF has support 1. This would mean that £
is a topos.

But, alas, this does not work since ()¢ is not a sheaf!

301 Jibladze’s Suggestion on the Lawvere-Menni
Problem

Let C be a small category and A : C — Set then 24 is a boolean algebra within
C = Set™ which, however, is not complete.

If A:C — Cat is a presheaf of (small) categories then Set” : C°° — Cat
is a presheaf of toposes sending maps in C to functors having both adjoints,
i.e. inverse image parts of essential geometric morphisms between (presheaf)
toposes.
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