Supplementary material for the paper

Convergence of numerical adjoint schemes arising from optimal boundary
control problems of hyperbolic conservation laws

by P. Schifer Aguilar and S. Ulbrich

Proof of Lemma 3.2, Theorem 3.3 and Lemma 3.5.

Proof of Lemma 3.2. The first assertion holds by [7, Lemma 3.1] and (3.6).

To show (ii), set o7 = v}, w} = w? for j > 0 and v} = w} = 0 for j < 0.
Then we have by [9] with the scheme (3.5) ||H(0X) — H(@R)[1,r < [|[0X — @R ]1ir =
VR — WX, [—Aw/2,00[- We obtain with (3.6) [|[Hp(vR) — Hp(wi )1, jae/2,00] < VX —
WR ||1,[=Az/2,00[ and it follows

IHBWR) = He(WR)lh [-ac/2,00 < VA = WAllL[- a0 /2,000 + Afg ™ —wp ™.

Now, set v}’ = v for j < 0 and denote by ﬁ;‘“ the corresponding grid values
obtained by the scheme (3.5). Then f)}”’l = 1)5-”’1 for j > 1, f);-”'l = for j < -1
and by (i) the resulting scheme is monotone. To verify (iii) set w} = vX (- + Ax),
then by using again ||H(vX) — H(wR)[1,r < ||V — wik]|1,r, see [9], we deduce

1T Il viac /2,00 + 107+ = 55 + |56 = vp] < [[vAllTv

and using the triangle inequality we obtain

[ox ™ ey = 10K 17v)ac 2,000 + 07T — 0ET
< wRllry — [P+t = 55 = |55 — vl + Jop T — ol
< Noxllry = [t = oB| + [op T — o < R llov + T — vl O

Proof of Theorem 3.3. First assume that ug € BVj,.(Q) and up € BV(0,T).
Lemma 3.2 yields y7 € [l — T||glloo,” + T|lglloc] and yx € BViec(Q2), since g €
L'(0,T; BV(2)). We extend the boundary data and source by y} = yg, G} = 0
for j < 0 and apply the operator H(yx )+ Atgx with H in (3.5). For monotone fluxes
with Lipschitz constant Lp it is known that [[H(yR) — yX |1 < 3AtLp|lyX| v, see
e.g. [9, Prop. 3.5]. We have yl;”rl = (H(yx) + AtgR); for j > 1 and H(yR); —y; =0
for j < —1. Hence, we obtain [yx™ — YR [l1.[-az/2,00) < 3ALLE |y [ By + Atluft —
uy| + At|lgx |1 Since yx are uniformly bounded in BVj,. and by using the equicon-
tinuity in time, there is a subsequence converging in L°°(0,7T; L} (Q)) to a function

loc

y € L2(0,T; BVi,.(Q))NC([0,T]; L1, .(2)). We still have to show that y is an entropy

loc
solution of (1.1). For monotone fluxes the discrete entropy inequality holds

At
(4.1) U(y; ™) < Us(y) = AT Qr(y-1,97) + AU )G

with Ug(u) = |u — k|, Qx(u,v) = F([uv kh—v[vvkh—) - F([u’k}—v [ka]—)v U,/c(u) =
sgn(u — k), for any k € R and [«, 8]+ = max{a, 8} and [, 8]- = min{a, 8}. In fact,
since H is monotone increasing w.r.t. all arguments and k = H (k, k, k), we thus have

[y;l+17 k]+ < H([y;'l—h k]+7 [y;'Lv k]+7 [y?+17 k]Jr) + Atl{y;‘+1>k}G?7
[y?+17 k}* > H([y?—h k]*a [y;n7 k]*a [y?+17 k]*) + Atl{y;‘+1<k}G?'
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Taking the difference yields the discrete entropy inequality (4.1). Let #7 > 0 be grid
values of a test function ¢ € CL([0, T[x[0,0]), ¢ > 0. We obtain

> Az (Un(yp ) — Unlyy)) — AtUL (TG + AT Qu(y) 1, y))) <0

§>1,n>0

and summation by parts yields

> Az (Unly ™) (0] — o) = AT P Qu(y) y) — AT UL (v )G

(4 2) 7>1,n>0
=Y AwUi(y)e) — Y AtQr(uf, yi)et < 0.
j=>1 n>0

Doing the same for the original scheme instead of the discrete entropy inequality yields

S Aw(yTHOY - 01— AXTGIF (R u ) — ALGIGY)

(43) i>Tn>0
= Axy)d) = Y AtF(ulh,yi)ér = 0.
j>1 n>0

Now y¢ = u'y and with @ = y{f — ﬁ—;(F(y(’}, y) — F(yd, yd)) we obtain as above

Uk(n) < Us(yy) — E(Qk(%a%) - QrYo,90))
and by the convexity of Uy, (note that sgn(u — k) € U (u))

At

Us(a) > Ur(ygy) — Esgn(yél — k) (F(yo,y1) — F(vo,v0))-

By combining the last two inequalities, we obtain

Qr(ye > vt') — Qu(ya vo) — senlye — k) (F(yg, y1') — F(yg, v5)) < 0.
Inserting this in (4.2) yields with F(y3, ) = f(yd)

(4.4)
> Az Uy} ™) (6] — 0 = AAT G Qu(y] yly ) — AT ULyl THGY)

j21,n20

= AxU(y)e) — > At(Qu(yg, ui) + senug — F)(F(yi, 1) — i) @7 < 0.

j>1 n>0

Taking test functions max{0,1 — 2/5}¢(t) with ¢ € C1(]0,T]), ¢ > 0 in (4.3) yields
for Az = At/X — 0 and 6 \,0

f(y(t,0+))g(t) dt = Alim F(up,a(t),ya(t, Az))p(t) dt.
(0,77 =0 Jj0,1[

Which verifies the first statement (3.9). By continuity this also holds for test functions
¢ € L'(0,T). Inserting this in (4.4) with the same test functions such that for all k
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the set {up = k} has measure 0 yields
/[ O‘T[(sgn(y(t’ 0+) = B)(f(y(t,0+)) — f(k)) — sgn(up(t) — k)(f(up(t) — f(K)))
—sgn(up(t) — k)(f(y(t,0+)) — f(us(t)))o(t) dt <0,
and thus
(4.5) /[OyT[(Sgn(y(t, 04) — k) +sgn(k — up(t)))(f(y(t,04)) — f(k))é(t) dt < 0.

This is equivalent to

sgn(k —y(t,04))(f(y(t,04)) — f(k)) =0,

min
kel (y(t,04),up(t))

thus the limit function satisfies the boundary condition in the BLN sense. Now, let
¢ € CH[0,T[x[0,00[), ¢ > 0 be arbitrary. Using test functions min{1,z/5}¢(t, ) in
(4.2) the limit Az = At/A — 0 and § N\, 0 results in

/ (—ly — Klér — sen(y — K)(F(y) — F(k))bs — dsenly — K)g) dadt

Qr

- / sen(y(t, 0+) — k)(F(y(t,04)) — F(k))(t,0) dt — / o) — k|(0, ) dz < 0.
Q Q
Including (4.5) yields the weak formulation of the entropy inequality
/Q (—ly — ke — sgn(y — k)(F () — £ (K))dw — b sgnly — K)g) dedt
- / sen(us(t) — K)(F(y(t04)) — F(k))(t,0) dt — / o () — k|(0, ) d < 0
Q Q

see also [3, 20]. The limit limy0 [|y(¢,-) —uollz1 (o) = 0 follows from the equicontinu-
ity in time and ug A — ug in Lllo .(Q). Consequently the limit function y is the entropy
solution of (1.1). By a subsequence-subsequence argument the convergence holds for
the whole sequence A. Using an approximation argument as in [9] the same holds for

controls in u € (L' N L*°)(Q) x (L' N L*®)(0,T) without the additional BV-bound. O

Proof of Lemma 3.5. In [30] the assertion was proved for Cauchy problems, see
also [28]. We proceed similarly, but take the boundary data into account. Let without
restriction 79 = 0. Define E? = % We analyze first £, n =1,..., N, i.e., the
behavior at the boundary. By assumption, f'(ug) > f'(y) = > 0 on [0, 7] holds for
some 7y > o, hence we have yj > o for allm =1,..., Ny. Moreover, g = 0 for z < ¢,
and thus G = 0. We have to distinguish the following cases:

Case 1: y} > 0, y§ > 0. The mEO-scheme reads y7 = y2 — A(f(y?) — f(y2)),
which yields v — g5 = g — 95" +yi —vi — M) = F(v5)). Now, since
f" > myn» > 0 holds, we obtain

FO=1E) = £ W) Wi = v8) + =2 — )™
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Hence,

I <o O - ) (100 - 250t )
<yb =y = u0)+ (L= A ()
Thus, we have

v =g < w0 = )+ (L= A ()

Case 2: y > o, y& < 0. Then the mEO-scheme reads y7 =y — A\(f(y}) +
f(ys) = f(o) = f(yg))- This yields

yP =y <y — e ol — g - M) = )

and we can proceed as in Case 1.
Case 3: y}' < 0, y¥ > 0. The mEO-scheme is given by yi™' = y7 — A\(f(0) —
max{f(yy), f(y7')}) and we obtain

T =g = — ety = wh — M f(o) — max{f(yh), F(uD)})-

Y Y

The grid points y;' are bounded, so f has a Lipschitz constant L. Therefore
—A(f(o) = max{f(yg), f(y1)} < ALymax{yg — 0,0 —yi'} < ALs(yg —y1)-
Hence, under the CFL-condition ALy < 1 it holds
i =y <wg —we T+ (g —u) (=1 ALy) < g —wp T

Case 4: y} < o, y& < 0. The mEO-scheme reads y]'™' = y — A(f(v5) —
max{/(yg), f(y7)}). This yields

it =gt < g —ug T+l — ug — Af(0) —max{£(y5), F(v1)})
and we proceed as in Case 3. Altogether, we obtain

(4.6) it =yt <y — et 4 W — )+ (1= AP ()

~ 0 0
Let Cp = max{0, 2%}, Since the boundary data generate by assumption no rarefac-

Ax

n_, n+l

tion centers, we find a constant Cg > 0 with A% Ap— < Cpforn=0,...,Nr — L.
We define a sequence a,, by an+1 < Cp+ma, with ag < Coandm = 1-Mf'(y) €]0,1[.
This yields a,, < m"Cy + Cp Z?:Ol mt <m"Cy + -¥2 and with (4.6) we deduce

1-m

Cp
1—-m

(4.7) & <m"Cy + =:C,, n=0,...,Np.

Let Ly > 0 be the Lipschitz constant of g with respect to z. By extending results
of [30, Lem. 6.5.2] for the EO-scheme to the mEO-scheme, see below, we obtain with
some v > 0 for all 0 < ¢ < v the estimate

(4.8) E;,“rl < E;’fr - Atc(f;"”;r)Q + AtLg, E?”i = k:nizﬁé’l{(ﬂgﬁrk)+}, j>1
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Set ¥(0) := £ — Atel? + AtLg,. We derive now an upper bound for £7. We observe
that £ < 2M,/Ax + Cp/(1 —m) for j > 0. We clearly find a maximal 0 < ¢ < v
such that it holds for all 0 < A < Ag

(4.9) ¢'(0)=1-2cAtl>m VL€ |0,max{2M,/Az+2Cg/(1 —m), Lg/c}] .

The latter interval contains all E?fr ,j > land all (), and 1 has the unique fixed point
¢ = /Lg/c on the interval. With (4.7), (4.8) we obtain E?“ < max{Cn+17¢(€;’f)}
for all j > 0.

Define M,, := sup,>; max{(},Cy}, then the monotonicity of 1 yields E;-H'l <
max{Cp41,¥(M,)} and thus

(4.10) Myy1 < max{Chi1,(M,)}.

Now define
Mn+1 = maX{Cn+1, wg(Mn)}, MO = M()

then the monotonicity of 1 yields M,, > M, for all n > 0. We consider two cases.
Case 1: My < \/Ly/c. Then by (4.8) and the fact that y/L,/c is the unique fixed
point on the interval in (4.8), we have My < ¢(Mp) < \/Ly/c and C1 < Cy £ Mp.
Hence, M; = ¢(My) and we obtain inductively M, 11 = ¢(M,), My4+1 < \/Ly/c for
alln >0
Case 2: My > /Ly/c. Then we obtain similarly as in Case 1 that (M,) is a
decreasing sequence > /L, /c. An elementary investigation of the quadratic function

$(Cn) = Cor = Cn = AteC + AtLy —mCy — Cp =t 4(Ch)

yields that ¢(C) has a minimum at C' = (1 — m)/(2cAt) with value ¢(C) = (1 —
m)?/(4cAt) — Cp + AtL,. Now (4.9) implies M,, < C, n > 0, as well as ¢(C) > 0.
Therefore, ¢ has a unique zero at some some Ca € [(Cp — AtLy)/(1 —m),2(Cp —
AtLg)/(1 —m)] and

H(C) = Cons {2 0 for Cp € [Ca, (1 —m)/(26AL)),

<0 for C, <Ca,
Hence, we obtain M, 1, = ¥ (M,,) until the first n = ny with M,,, < Ca,v(M,,) <
Cp,+1 and from that point on we obtain M, = C,, forn > ny + 1.

In other words, if we define the ' sequence Mn+1 = z/)(M ), M() = M, we obtain
M,, = max{M,, C,}. To estimate M,, we note that (M’rH—l M,) = —cM?. The
solution of the initial value problem é(t) = —ca(t)?, (O) My satisfies a(nAt) > M,
and is given by a(t) = (ct+1/My)~". Hence, we can conclude M,, = max{Cy, M,} <
max {Cp, a(t,)}. Finally, (4.9) 1rnphes easily that ¢ (M,) > mM, and thus M, >
m"™Cy for n > 0 leading to

_ C 1
M, < —E + —.
1—-m Ctn+m

It remains to prove that the modified Engquist-Osher scheme satisfies (4.8) under
the assumed CFL condition. In [30, Lemma 6.5.2] it was shown that (4.8) holds for
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the Engquist-Osher scheme with v = min{m 4 .1/xnr,)}- The mEO-scheme differs
only for j =1 in the transonic case y" < o <y, where

FEO (it ) = f(y) + Fyy) — flo) = max{f(y}), F(vs)} = FC(yi, y1).

Hence, we have (¢71)FO > (pn+t1)ymEO and thus [30, Lemma 6.5.2] holds with j = 1
also for the mEO scheme. ]



