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Abstract. We study the convergence of discretization schemes for the adjoint equation arising
in the adjoint-based derivative computation for optimal boundary control problems governed by
entropy solutions of conservation laws with source term. As boundary control we consider piecewise
continuously differentiable controls with possible discontinuities at switching times, where the smooth
parts as well as the switching times serve as controls. The derivative of tracking-type objective
functionals with respect to the smooth controls and the switching times can then be represented by
an adjoint-based formula. The main difficulties arise from the fact that the correct adjoint state is
the reversible solution of a transport equation with discontinuous coefficient and that the boundary
conditions lead in general to discontinuous adjoints. We prove that discrete adjoint schemes of
monotone difference methods in conservation form such as the Engquist-Osher scheme in combination
with the Godunov flux at the boundary converge to the reversible solution of the adjoint equation.
We also allow that the state is computed by another numerical scheme satisfying certain convergence
properties.
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1. Introduction. We consider optimal initial-boundary control problems for
entropy solutions of scalar conservation laws
yt+f(y)r =g on Qr ::]OaT[X]O7OO[a

y(0,-) =up on Q:=]0,00[, y(-,0+)=up on]0,T[in the sense of [3],

where f € C?,.(R) with f” > mg» > 0 and sonic point o, i.e. f'(c) =0, and g is a

source term satisfying for an e, > 0

(1.1)

(1.2) g€ C¢Qr)NLY0,T;(L* N BV)(Q)), g(t,z)=0fort<e,orz<e,.

For k € Ng, 2 C R™, we denote by C*(() is the set of k-times continuously differen-
tiable functions and by CF(Q) the subspace of C* with bounded C*-norm. Cf(Q)
is the subspace of CF(Q) where all derivatives admit a continuous extension to Q.
Ck(Q) is the space of C*-functions with compact support. C**(Q), CF*(Q) are
the corresponding Hoélder spaces. B() is the space of bounded functions with the
sup-norm. BV (Q) is the space of functions of bounded variation.

We consider controls u = (ug,ug) € (L' N BV)(Q) x (L' n BV)(0,T). It is
well known that in general weak solutions of (1.1) develop discontinuities after finite
time and that uniqueness holds only in the class of entropy solutions (see [3]). By
definition y = y(u) € L>(Qr) is an entropy solution of (1.1), if for all convex functions
n € C%1(R) with corresponding fluxes ¢(y) = foy 7'(s)f’(s) ds the entropy inequality

) +q)z <n'(y)g in D'(Qr)
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is satisfied and the initial data are attained in L', i.e. for arbitrary R > 0 it holds

limo L [ [ly(t,-) — uoll1jo,rpdt = 0. To obtain well-posedness, it is standard to

T

impose the boundary condition in (1.1) in the sense, see [3],
(1.3) sen(up —y(- 04))(f(y(-,04) = f(k)) = 0, VEk € I(y(-,0+),up) a.e. on |0, T

with I(«, 8) := [min{a, 8}, max{a, $}]. This ensures that the boundary data are only
attained at inflow regions. We consider objective functionals of the form

(1.4) J(y) = / V@) (y(T, 2), ya()) da

with 1 € CH(R?), desired state yg € BVioe(R) N L®(R) and a weight v(z) € CL(Q).

As initial and boundary data, we consider piecewise continuously differentiable
functions ug € PCY(Q;z1,...,2,,) and ugp € PC*([0,T);t1,...,tn,) with possible
discontinuities at 0 < z; < -+ <z, and at 0 < t; < --- < {,, <T, respectively. To
this end, we set as control

w = ((uf)1<j<n,+1, (U i<j<nrts ()1 <n, (E)1<i2n,)
€ Gy ([0, 00" x Gy ([0, )™+ x R™ x R™ = W

and define with zo =0, z,,4+1 =00, t0 =0, tp,41 =T

ng+1

ny+1
(1.5) uo(x;w) = Z u?(x)l]mj_l’x].], ug(t;w) = Z

B
=1 ui (@)1, 1)

j=1

Moreover, we define the jumps

[uo(z;)] = u) (x;) —udyy (z5), [up(ty)] =uf (t;) — uly,(t)).

In [24, 26] it was shown that at a control w, for which ug(-;w) and up(-; w) satisfy a
generic non-degeneracy assumption (see (ND) below), the mapping

we W = J(y(uo(w), up(:;w)))
is Fréchet-differentiable. Now let

Waa = {((t)1<j<n, 11, (WP 1<jcn, 41, (@) 1<j<n,» (E)1<j<n,) €W

0<@y < <@y, 0<ty < oo <t <T, f'(u))>0,1<j<ny+1}.

The boundary condition remains unchanged, if we assume f'(ug) > 0, see [23].

As shown in [24, 26], the gradient of the objective functional (1.4) admits an
adjoint representation. Let dw = (dug, dup,dx,0t) € W be an arbitrary variation
of w In this paper, as in [24] the smooth control parts u? and uf as well as shock
generating switching locations x; or switching times ¢; can be controlled, i.e.,

(1.6) dx; =0 if [ug(x;)] <0 and dt; =0 if [up(t;)] > 0.

In this case, the adjoint representation reads

T A
(1.7) dyJ(y(u)) - du :/ (0, z)dug(dx) —|—/O p(t+,0+) f'(y(t,0+))dup(dt)

Q
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with f/(y(t,0+4)) = fol (1= Ny(t+,04) + Ady(t—, 04)) d\. Here, p is the reversible
solution of the adjoint equation (see Definition 2.9)

pe+ f(Y)ps =0  on Qp,

(18) p(T,)=p7 onQ, p(-,04+)=p"on {t€)0,T[: f(y(t,04)) < 0}.

with constant boundary data p? € R. The adjoint formula (1.7) requires the data

Y(@) Yy (y(T, ), ya(z)) if y(T,-) continuous at z,

V(if)w if y(T,-) discontinuous at x.

(1.9) pP=0, p'(2) {
We note that the adjoint formula (1.7) can also be extended to the case, that rarefac-
tion centers can be controlled (then (1.6) does not apply). In fact, then (1.7) holds
with a particular definition of p(0,x;) and p(t;,0+) at rarefaction centers obtained
by a weighted average of the adjoint state over the rarefaction wave, see [26]. Due to
space limitations we will assume (1.6) for the convergence analysis of discrete adjoint
schemes and will not treat the shift of rarefaction centers.

Hence, objective functions (1.4) lead to discontinuous end data (1.9), if y(T, -) has
a shock in the support of «v. The computation of adjoints with discontinuous end data
requires care, since the correct value has to be propagated in the shock funnel. This
requires an increasing numerical smoothing at the shock location or an appropriate
modification of the end data of the adjoint scheme, since otherwise the discrete adjoint
may converge to wrong values in the shock funnels [4, 13, 14, 25].

In this paper, we will restrict the analysis to Lipschitz end data p? € C%1(Q).
The developed convergence results can then be applied to objective functionals using
smoothed states, e.g., by convolution, or can be utilized when using the method from
[25], where a suitable approximation of the discontinuous end data p? is proposed.

As discussed in [8] the solution of (1.8) is not unique if the state contains a shock.
Therefore, it requires an appropriate characterization of the ”correct” adjoint state,
which is for the Cauchy problem , i.e., = R, the reversible solution introduced in
[6]. Moreover, [6] develops a characterization of reversible solution by a monotonicity
criterion, which is also well suitable for numerical approximations. For the case of
Cauchy problems this approach was already used in [15, 29]. In this paper, we will first
develop a similar monotonicity criterion for reversibility in the setting of transport
equations with boundary conditions of the type (1.8). This criterion will then be used
to prove convergence of the adjoint scheme.

There are only few publications discussing the discretization of the related optimal
control problems. For the case of initial control problems, [15, 30, 31] considered first
order approximations of transport equation having a coefficient satisfying at least a
weak one-sided Lipschitz condition and sufficiently smooth end data. Moreover, the
authors in [17] propose a second order Roe-type scheme whereas using total variation
diminishing Runge-Kutta (TVD-RK) methods for the time discretization, a second
order adjoint approximation is developed in [16]. For discontinuous end data p?,
[13, 14] propose a convergent modified Lax-Friedrich-scheme with sufficient viscosity.

The case of boundary control poses several additional challenges. Boundary con-
ditions (1.3) [3, 21] lead to a free boundary problem, since the determination of the
outflow region is part of the problem. While the state attains the boundary data on
the inflow boundary, the adjoint attains its boundary data at the outflow boundary.
After discretization, this requires a careful convergence study of the discrete state
and the discrete adjoint on the first grid cell at the boundary to the correct values
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(boundary data or values of the state / adjoint propagated from the interior). More-
over, also the characterization of reversible solutions of the adjoint equation in a way
suitable for the convergence analysis of adjoint schemes is more involved. We will
show a convergence result, if the Godunov flux is used on the boundary cell.

The paper is organized as follows: In Section 2 we recall some facts on the state
equation and introduce a convenient characterization for the reversible solution of
the adjoint equation. In Section 3 we consider monotone difference schemes and the
corresponding adjoint scheme. For a modified Engquist-Osher scheme that uses the
Godunov flux at the boundary we show the convergence of the discrete adjoint to the
correct reversible solution.

2. Continuous problem. We collect some important properties of entropy so-
lutions and analyze the behavior at the boundary.

PROPOSITION 2.1. Let f € C%(R) with f" > my >0, g € C}(Qr) and M, > 0.
Let Uyq := {(uo,up) € (L NBV)(Q) x (LN BV)(0,T) : ||uglloc + [[up]lco < My}.
Then for all w € U,q there exists a unique entropy solution y = y(u) € L®(Qr).
After modification on a set of measure zero, one hasy € C([0,T); L}, .(Q)). There are

loc

M,, L, > 0 such that for all u, @ € Uyq and all t € [0,T] the following estimates hold
ly(t, s u)lloe < My,
ly(t, s u) — y(t, 5 @)[1,0,0) < Ly(lluo — Qolly,ja—trr, pren,) + llup — @l o),

where a < b and Mp = MaX|s|<max(|ul|oo, ] ) |/ (5)|. Moreover, y € BV (Qr).
Finally, for any interval [10,71] C [0,T] such that uz|iz, - > —Cp with some
constant C'g > 0 there exist constants ¢, C > 0 such that

1
2.1 =t x) <
A RV ETT (TR
Moreover, for any e > 0 there is C = C(e) > 0 such that (2.1) holds on ]0,T] X [e, o0].

Proof. See, e.g., [3, 21, 24]. BV-regularity and one-sided Lipschitz condition follow
by combining results in [8, 19, 18, 27], see [23]. (2.1) follows also from Lemma 3.5. O

+ C, (t,(E) 6]70,7'1] x ).

Let us first consider the case where the controls only generate shocks, i.e., ug(z—) >
ug(z+) for all z € Q and up(t—) < ug(t+) for all t €]0, T, this assures that the
one-sided Lipschitz condition (OSLC) is satisfied on Q¢!, see [24], meaning that

(2.2) (f'(y(t,))e < aft) for ac LY0,T).

If the initial control has upward-jumps or the boundary control has downward-jumps
generating rarefaction waves then only a weak OSLC is satisfied and a OSLC (2.2)
holds by (2.1) outside of any neighborhood of the rarefaction centers. In any case,
we have y(t,x+) < y(t,z—) for almost all ¢ and all x € Q. This allows us to apply
Dafermos’ theory of generalized characteristics [10].

DEFINITION 2.2 (Generalized characteristics). A Lipschitz curve [a, 8] C [0,T] —
Qr, t— (t,€(t)) is called (generalized) characteristic on [«, 5], if

E(t) € [f'(y(t.&(O+). ['(y(t.£()=))]  ae. on o, B].

A characteristic is called genuine on [a, B, if y(t,&(t)+) = y(¢,&(t)—) for a.at €
[, B]. A characteristic is called minimal/maximal, if for almost every t € [a, ] it

holds £(t) = f/(y(t,€(t)-)) respectively £(t) = ['(y(t,E(t)+)). We write € = €, if €
is mazimal and & = £_ if £ is minimal, respectively. A generalized characteristic is
called extreme, if it is either minimal or maximal.
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It is known that generalized characteristics travel either with classical speed or with
shock speed. Moreover, extreme backward characteristics are genuine. Moreover, if £
is genuine, i.e., y(¢,&(t)—) = y(¢,&(t)+) for almost all ¢ € |a, B[, then

§(t) = C(1), y(t,&(1) = (D), t €la, b,

where ((,v) is a solution of the characteristic equation

(2.3) ) = F(o(t) and o(t) = g(t, (1),
We refer to [10], [22], and [24, Prop. 2.4, 2.5].

DEFINITION 2.3 (Transition points). We call a point 6; €10, T transition point,
if for all sufficiently small & > 0 the sets {t €]6; — 0,0;[: f'(y(t,0+)) < 0} and
{t €]0:,0;+5[: f'(y(t,0+)) > 0} have positive measure. If the extreme (i.e., maximal)
backward characteristic & through (0;,0) ends at some point (¥;,0) with ¥; > 0, we
call ¥; return point. The set of transition points is denoted by T.

Note that the maximal backward characteristic through a transition point exists due
to [22], see also [24, Proposition 2.5].

LEMMA 2.4 (Structure at the boundary). Let f € C?(R) be strictly convex and
let y = y(u) be the entropy solution of (1.1) for u = (ug(w),up(w)) given by (1.5),
w € Waq. Assume that essinfy. o, 4)2y 0031 f (uB(t)) — f(y(t,0+))] > 0 holds, then
the set T is finite with |T| = ny. Moreover, it holds that 0 < 0 < 03 < -+ < Oypp1 <
On,. < T. In addition, each 8 € T is a shock generating point with ug(0+) > up(0—).

Proof. A proof is given in [23, Lemma 3.1.17] and [24, Lemma 2.7]. |

DEFINITION 2.5. In the setting of Lemma 2.4 we define:

(i) We call a transition point 0; € T secondary, if there exists j € {1,...,nr}
with j # i such that 0; €9;,0;]. Otherwise, the transition point is called
primary. We write TP C T for the set of primary transition points.

(1t) If outflow occurs at T, i.e., limy~o f'(y(T,z)) < 0, we denote by & the
extreme backward characteristic through (T,0), which either ends at some
point (T—,z) with T_ =0, z € Q or at (T—-,0) with 0 < T_ < T. If inflow
occurs T, i.e., limy~o f'(y(T,z)) > 0, we set T_ = T. With the mazimal
backward characteristic & = £(+;0;,0), the outflow domain is defined by

D™= U {(t,z) € Qr:t €]9;,6:[,  €]0,&(H)[},
i=1,.np+1,
GjETp

where we set Oy, 41 =T, Vypr1 :=T- and &npy1 = Er.
(iii) Denote by ((+; 0, s,w),v(-; 6, s,w) the solution of (2.3) for the initial condition
€(6;0,5,w)=s, v(6;0,s,w)=w.

We say the transition point 6; € T is non-degenerated, if the extreme back-
ward characteristic & arrives in (0,z) or (9;,0) from the interior of a rar-
efaction wave or ends in a point (0, z) or (9;,0) where ug or ug, respectively,
are continuously differentiable. In the latter case, we require that for some

B > 0 the solution ¢ of (2.3) fulfills

%C(t;O,S,UQ(S)NS:Z Z 6 Vite [0301]7
resp. %C(t;@,O,uB(G)Hg:m <-p Yt e [V, 6;].
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Conwversely, if ¢ ends in the interior of a rarefaction wave, it has to hold

T(LC(t’ 07 s, w)‘wzﬂ) > ﬁv vt € [Oa 01}, w G]UO(E—),UO(E-F)[,
resp. d—‘iy((t;@,O,w)\w:@ > B(t—1v;), Vtev,]

with @ € up(¥;+), up(¥;—)|[.

Remark 2.6. The non-degeneracy condition of transition points according to Def-
inition 2.5(iii) coincides with the one in [24, Definition 4.12] which is:
If 6; € T is non-degenerated, we can as in [29, Lemma 3.5.1, Lemma 3.5.6] or [24,
Lemma 4.2, Lemma 4.4] construct a stripe S; C Q7 around &; of the form

(2.4) Si ={(t,z) : t €)9;,0; +¢]: x € [£(t;0; —€,0),£(E;0; +¢,0)]}

with genuine backward characteristics £(+;0; F £,0) emanating from (6; F £,0) and
€ > 0 small enough (we set £(¢;6; — ,0) = 0 outside of its domain of definition) such
that there exists a local solution Y € C’l? 1(S;) that coincides with the solution y of
(1.1) on S; N ([¢;, ;[ xQ). If n; denotes the shock emanating from (6;,0) then it is
easy to see that also y = Y on S; := {(t,) € S; : t > ¥;, = > n;(t)}. With our
regularity of the source term even Y € C}(S;) holds.

From a geometrical point of view, the description of non-degeneracy in Remark 2.6 is
more convenient as the one in Definition 2.5, so we will mainly work with it.
Next, we define the non-degeneracy of shocks, see [24, 26, 30, 31].

DEFINITION 2.7. A discontinuity T of y(T,-) is called non-degenerated, if it is
neither a shock interaction nor a shock generation point and the corresponding mini-
mal/mazimal backward characteristic through (T, %) ends in some point (0, z) or (t,0),
where ug or ug is continuously differentiable, respectively, or which lies in the interior
of a rarefaction wave that is created either by a discontinuity of uy or up.

Consequently one can construct a stripe ST along the minimal /maximal characteristic
€%, such that y is Lipschitz continuous on {(t,z) € S™: x < n(t;T,7)} and {(¢,z) €
St:x > n(t;T,z)}, where n(-; T, ) denotes the shock through (7', z), see [30].

We will work under the following non-degeneracy condition from [26].

(ND) A control u = (up(w),up(w)) given by (1.5), w € Wy, is called non-
degenerated if the following holds: There is no point « € Q or ¢ € [0, T] such
that ug or up are continuous, but not differentiable. The associated entropy
solution y(T',-;u) has no shock generation points and a finite number of dis-
continuities 0 < 1 < --- < Zx, which are all non-degenerated in the sense of
Definition 2.7. Moreover, essinf . o, t)2y(t,040)} [ f(¥(t,04)) — f(up(t))] > 0
is fulfilled and all transition points 6; € T are non-degenerated according to
Definition 2.5(iii).

It was shown for the initial value problem in [30, Thm. 3.8], that the requirements
of (ND) for y(T,-;u) hold for almost all times T under the slight stronger regularity
assumption f € C3, ug € PC?. Hence (ND) is a generic situation. Moreover, the
following result can be shown.

THEOREM 2.8. Let f € C3(R), f'~' € C*#(R) and " > mys» > 0 for constants
B €]0,1], mgr > 0. Let w € W be such that (uo(-;w),up(-;w)) given by (1.5) satisfy
(ND). Then there is a neighborhood B, w(w) C W of w such that the mapping

w € B, w(w) CW — y(uo(;w), up(-;w))(T,-) € PCHQ; 21 (w), ..., Zx(w))
6



is well defined, the shock positions w € B, w(w) C W — Zx(w), k=1,..., K, are
continuously differentiable and between the shocks

w € Byw (w) CW = y(uo(-;w), up(-30)) (T, )1z (w),zx 1 (w)]

can be extended to a continuously differentiable mapping w € B, w(w) C W —
Yi(w) € C([Zr(w) — &, Fp11(W) + €]) for e > 0 sufficiently small.

Proof. See [26, Thm. 17]. O

2.1. The adjoint equation. We consider the backward problem for transport
equations of the form (1.8) with end data p? € Cl? () and constant boundary value
pP € R. As already mentioned, the solution is not unique if y contains a shock [8]. A
suitable stable solution to (1.8) is the reversible solution defined as in [24, 26]:

DEFINITION 2.9 (Reversible solution).  Let pT be a bounded function that is
the pointwise everywhere limit of a sequence (pl) C C’l?’l(Q), with (pL) bounded in
C(Q) NWEN(Q) and let pP € R. Then the reversible solution associated to (1.8) is
defined by the following requirements:

(i) For all T € Q and all generalized backward characteristics & trough (T, Z) the

solution of (1.8) is given by the characteristic equation

(2.5) %p(tvf(t)) =0 fort €]0,T, £(t) >0 and p(T,&(T)) = p" (2).

(ii) p(t,x) = p? for all (t,z) € D~.

Remark 2.10. In [6], the authors verify that the space of reversible solutions on
Ry =10, T[xR for pT € C%1(R) is a vector space. It is easy to see that the space of
reversible solutions to (1.8) in the sense of Definition 2.9 is a vector space on Qp\ D~
and since they are constant on D~ , then also on Q7.

PROPOSITION 2.11. Let pT € C’g’l(Q) and let (2.2) hold. Then for any t €]0,T|
the reversible solution p of (1.8) according to Definition 2.9 satisfies

T
(2.6) Ipllcc.0rv D~ < IP"loo g2 IPalloo, it mxan - < €/ *llpg lloc,a.

Proof. Set p*(z) = pT(max{z,0}+) and extend the coefficient by a(t,z) =
f'(y(t,x)) for z > 0 and a(t, ) = My for z < 0 with My, == sup, <y, [f'(y)[- Then
a satisfies the OSLC a4 (t,-) < «a(t). Let p be the reversible solution of p, +ap, = 0 on
Rz with end data p? along generalized backward characteristics according to [6, Prop.
4.1.16] analogously to Definition 2.9. Then by [6, Thm. 4.1.5] p satisfies (2.6) and by
[24, Lem. 2.7(ii)] p coincides with p on Q7 \ D™, see also the proof of Proposition
2.12 below. a

This characterization is not well suited for the convergence analysis of numer-
ical schemes. Therefore, we develop a more convenient monotonicity criterion for
reversible solutions of (1.8), which extends the one of [6] for transport equations
without boundary conditions.

PROPOSITION 2.12 (Characterization of reversible solution by monotonicity).
Let f € C?(R) be strictly conver, let y = y(u) be the entropy solution of (1.1) for
u = (up(w),up(w)) given by (1.5), w € Wy, satisfying (ND) and let y fulfill the
OSLC (2.2). Choose end data pT € C%Y(Q) with pL > 0 and boundary data p® € R.
Ifp=p® on D™, pis a Lipschitz-solution on Q7 \ (D) and p, > 0 on Qr\ (D)<,
then p is the reversible solution of (1.8) in the sense of Definition 2.9.
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Proof. We extend p to a Lipschitz solution on Ry and apply [6, Lemma 4.1.8].
First assume that there is only one transition point 8; € |0, 7 in the sense of Definition
2.3 and denote by 91 € [0, 6] the associated return point. Then the outflow domain
is given by D~ = {(t, z) €91,61[xQ: z < £(t;601,0)}, where £(+; 61, 0) is the maximal
backward characteristic through (61,0). By the non-degeneracy assumption, there
exists a stripe S around £(+; 61, 0) such that the entropy solution y is a classical solution
of (1.1) on § = S N (]9 — k,01[xQ) for small x > 0. Set p(z) = pT (max{z,0}+)
and extend the coefficient by a(t,z) = f/(y(t,z)) for x > 0 and a(t,x) = My for
z <0 with My, == sup, <, [f'(y)]- Define the sets

AT = {(t,x) € Ry: My min{t — 91,0} <z <0},
AT ={(t,2) eRp: Mp(t —T) < < My min{t — 61,0}},
A} = {(t,x) € Rp: Mp min{t — 01,0} < 2 < My min{t — 9,0} }.

Let p be a function on Ry with plg,\p- = p and

p(—MLf/ —|—t,0+) for (t,z) € Ay UAT,
p(t,z) = { pT (0+) for < My (t—T),
p(61+,0+) for (t,x) € AAUD~.

We verify that p is a Lipschitz solution of the extended equation p; 4+ ap, = 0 on
Ry for end data p’ satisfying p, > 0. By construction of @, p is a Lipschitz solution
of the extended adjoint equation on AT and on {(t,z) € Ry:a < Mp(t —T)},
see [6]. By the non-degeneracy assumption, y is a classical solution of (1.1) on S,
hence p is a classical solution of (1.8) on S. Thus, there is small ¢ > 0 such that
the solution is constant along the backward characteristics £(-;601,2) for z €]0,¢]
with values p(61+, ). The non-degeneracy assumption and the continuity of p on the
stripe g\D‘ yield limg~ 0 p(t,£(t; 01, ) = p(01+,0+) for all t €], 6,[. By using the
construction of @, we deduce that p(t, -) is continuous on R for all ¢ €]0, T[. Moreover,
we have p = p(f1+,0+) on A U D~. Together with the previous observations, we
deduce that p is a Lipschitz solution of the extended homogeneous adjoint equation.
Next, we analyze the monotonicity of p. To this end, we show the monotonic-
ity of p(-,04) on ]0,9;[U]6;, T[. Denote by ¥ C [0,T] the set of discontinuities of
f'(y(-,04)). As f/(y) satisfies the OSLC, f/(y(¢,-)) € BVi0.(2) holds and we have

flyt,z) = f'(y(t,04)) for 0.

Let t ¢ ¥ and f'(y(f,0+)) > p for some p > 0, thus there exists § > 0 such that
f'(y(-,04)) > p/2on [t —d,t+6]. Let 0 < h < 4. Choose € > 0 and multiplying (1.8)
with él{zgg} (z) and integration over [t,t + h] X  leads by using p, > 0 to

€ e pt+h
D[ s na) —pade === [ [ o)t
t+h e
< - /t % /O min{f'(y(t,2)),0}ps(t, z) dz dt.

Now L [~ min{f"(y(t,

T [ and con-
verges to zero a.e. on |

))J Q}px (t, 17) dz is bounded by ”f/(y)pa:Hoo,]E,q»h[x]O
i1 "(y(t,0+)) >

+ Ah[ for € \, 0, since lim,\ o f'(y(t,z)) = f
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p/2 > 0on |t —h,t+ h|. Hence, the Lebesgue dominated convergence theorem yields

_ _ 1 /¢ _ _
p(t+ h,04+) — p(t,04) = h{% — | p(t+h,x)—p(t,z)de <0, Vhe€|0,d]
€ € 0
and we conclude that p;(¢,0+) < 0 in all points of differentiability £ € ¥ and thus by
Rademacher’s theorem in a.a. £ € 3. Since X is countable, we have shown that

(2.7) pi(t,04) <0 for a.a. t €]0,9;[U]0;, T

and thus the Lipschitz function p(-,0+) is monotone decreasing on ]0,9;[U]6;, T'.

Since p = p on Qr \ D™, we have p, = p, > 0 a.e. on Qp \ D~. Moreover, p is
constant on AYU D~ and on {(t,x) € Qr: 2 < Mp/(t —T)}. Let (t,21), (t,22) € AT
with 21 < 29, then (2.7) yields

p(t, 1) = p (— ol t,0+) <p (— it t,0+) — plt, z2).

As this holds for all (t,z1),(t,22) € AT, it follows that j, > 0 on A]. The same
arguments are applicable on A] .

Together with the previous observations we obtain p, > 0 on Ry. Now [6, Lemma
4.1.8] shows that p is the reversible solution of p; + ap, = 0 on Ry and therefore p
is the reversible solution on Qr \ D™, since on this set the definition of reversible
solutions along generalized backward characteristics according to Definition 2.9 and
for reversible solutions on Ry, see [6] and [30, Def. 7.5], coincide. As p = p® on D~
holds, p is the reversible solution of (1.8) on Qg in the sense of Definition 2.9.

If there is more than one transition point, we have to consider the sets

Af = {(t,z) € Rp: Mp min{t — ¥;,0} <z <0},
A7 ={(t,z) € Rp: Mp min{t — ¥;41,0} <z < My min{t —6;,0}},

AY = {(t,x) € Rp: Mp min{t — 6;,0} < x < My min{t — 9;,0}}

fori=1,...,np and ¥n, 41 = T. Choose
D (—MLW +1, 0—|—) for (t,z) € U7, Aii,
p(t,x) = p7(0) for o < My (t—1T),
p(0;+,0+) for (t,2) e AYUD;, i=1,...,np

whereby D, = {(t,z) €]0;,0;[xQ: x < £(t;0;,0)}. By the same arguments as before,
P is a Lipschitz solution of p; + ap, = 0 on Ry with $, > 0 and applying [6, Lemma
4.1.8] yields the desired result. O

THEOREM 2.13. Let the assumptions of Proposition 2.12 hold, pT € C%(Q),
p=pP €R on D~ and p be a Lipschitz-solution on Qr \ (D7), Then p is reversible
if and only if there exist Lipschitz-solutions p; on Qr\ (D7) and values p? € R such
that Ozp; > 0 on Qp \ (D7) fori=1,2 and p = p1 — pa.

Proof. We proceed partially as in [6]. We write p? = pT — pl" with p] € C%1(Q)
satisfying 9,p! > 0 and choose pP, p? € R such that p? = p —pZ. Let p be reversible
and let p; be the unique reversible solutions for end data p! and boundary data p? for
i =1,2. Then p = p; — ps, since the unique reversible solutions form a vector space.
As the end data are propagated along the generalized backward characteristics, we
deduce d,p; > 0 on Q7 \ (D7) for i = 1,2.

The converse follows directly from Proposition 2.12 and the fact that the unique
reversible solutions of (1.8) form a vector space on Qr, see Remark 2.10. d
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LEMMA 2.14. Let a € CY(R) and pT € COL(R). Then a function p € BVje(Rr)

which solves
pe+apy =0 on Ry, p(T,)=p" on R

in the sense of distributions is unique.

Proof. Tt is sufficient to consider the case p” = 0. Let p € BVio(R7) be a
function, which solves (1.8) for p = 0 in the sense of distributions.

Let 7 € [0,T] be arbitrary and for 0 < § < (T — 7)/2 let o5 € C°(]7,T[) with
0<ys<landyps=1lon|r+0,T -4

Let ; < 2, be arbitrary and denote by ;/,.() the forward characteristics starting
in (0,2;) and (0,2z,). Now consider any 7 € [0,T], let ¢7 € C(|&(1),&- (7)) be
arbitrary and denote by ¢ the classical solution of ¢; +a¢, = 0 on |7, T[xR for initial
data ¢(7,-) = ¢7. Then the support of ¢ is compact, since it is confined by the forward
characteristics & /.. The product rule for BV-function gives by using ¢; + a¢, =0

(Vs (t)pp)e + a(vs(t)pp)e = V5(t)(dp) + 1s(t)d(pe + aps).

After integrating over |7, T[xR the last term vanishes, since 15(t)¢(t,x) is C' with
compact support and p; + ap, = 0 in the sense of distributions, leading to

_/TT/R%(IS)(%az)(t,x) dedt = /TT/R(%(t)(aﬁp)(t,x) A d.

Since p admits traces at t = 7 and t = T and p(T—,-) = pT =0, § \, 0 yields

_/TT/R‘W% dzdt = /R(W(fﬂ)p(ﬁhx) — (¢p)(T—,2)) da = /R¢T($)p(7+7:r) dz.

By taking the supremum over all ¢™ € C°(]&(7),&-(7)]) with [¢7| < 1 we obtain

T
100 Moo Jer(oe (o < / las(t, )

T

Lla .6 IPE oo 0).¢. 0 At

and the Gronwall lemma implies |[p(t,-)|lo,je,().6.t)) = O for a.a. ¢ €]0,T[. Since
x; < x, were arbitrary, the proof is complete. 0

3. Discrete approximation. For the discretization of the state equation (1.1)
we consider conservative finite difference schemes. Let A > 0 be fixed and set for a
grid size A > 0 with Az == A

At = MAz, t, =nAt, z;=jAz, R; = [xjfé,x]qr%[, QY = [tn, tar1[x Ry

For grid values y7, vj, w™, n, j € No we associate piecewise constant functions by
ya =Y yilor, yA(x) =ya(tn,x), va =Y viln, wa=Y w'ly 4
4n>0 §>0 n>0
and use the convention (ya)? =47, (yA); = ¥}, (va); = vj, (wa)" = w". Given a

function v € L}OC(R) we obtain a grid function by the averaging operators

Tav(z) = Aix /Rj v(€)d¢, z € R; and TRou(t) = Ait -/t:n+1 v(s)ds, t € [tn,tnt1].
Finally, we define the difference operators for arbitrary functions v € L'(Q7) by
ATt z) =t o + Az) —(t,z), A Y(t,x) =Yt z) — Ptz — Ax).
Let Nt such that T € [tn,., tn,y+1] (analogously we define N, for any 7 €]0,T1).
10



3.1. Analysis of the discretized state equation. To discretize (1.1) we con-
sider conservative finite difference schemes of the form

y;'):uo,ja ]Zla yg:u%7 n:17'--aNT+1;
(1) vt =y = A(FW), i) — Flyj_1,v)) +AtGY, j>1, n=1,...,Nr,

=H(yr_ Y7y )
with consistent numerical flux function F: R x R — R satisfying

(3.2) Fe OV (R?*) and F(y,y) = f(y) forall ycR.

For abbreviation we define the finite difference operator

ATF(yi_y,y7) = F} yi) — Fyi-0 7).

For (ug,up) € (L®°NLY)(Q) x (L>*NLY)(0,T) we approximate the controls and source
term by cell averages

n

uo,; = (Taug);, upp = (TRup)", G} =galtn,x;), ga:=TRTag, j =1, Gi =
and as shown in [9] it holds (note that g vanishes for x <4 by (1.2))
(3.3) woa —ug in Lj.(Q), upa—up in LY(0,T)), ga —g in B(Qr).
The discrete control-to-state mapping is given by

(uo,a,uB,A) = YA

where ya denotes the grid function corresponding to y7 determined by (3.1). As
discrete approximation of the objective functional (1.4) we choose for example

Ia(ya) = /Qm(x)l/)(:lm(ﬂ ), ya,a(z)) dr = 2321 Az (YT yaj)

with v; = (Tav); and yq; = (Taya); and associated grid functions ya and yg .

DEFINITION 3.1. The difference approzimation (3.1) is called monotone on [l,r],
if H : [l,7]> — R is nondecreasing in each argument. If the numerical Fluz (a,b)
F(a,b) is differentiable on a neighborhood of [I,r])? and F,, Fy denote the partial de-
rivatives with respect to first and second argument, respectively, this is equivalent to

(34) Fu(e,d) >0, Fy(e,d) <0, 1—AUFy(d,e)— Fy(e,d)) >0 Ve, d,e€l]l,r].
By H(yX) we denote the corresponding difference operator for the grid function
(35) H(yg)J = H(y?—17y?>y?+l)

which we will also use for y} defined on R. The difference operator Hp(yR) for the
scheme (3.1) with boundary condition is then given by

H(yR) + Atgh  on [Aw/2,00],
36 n+l _ ey n Atg? = A A
(3.6) YR B(YA) + Atgx {u%“ on [—Ax/2,Ax/2].

In the following analysis, it will sometimes be convenient to extend the difference
scheme (3.1) on R by setting y}' = yg for j < 0.
11



LEMMA 3.2. Let the difference operator Hp be monotone on [l,r]. Then for grid
functions va, wa with initial and boundary data vo,wo € (L' N L>)(Q), vp,wp €
(L' N L>)(0,T) with | < vy, wq,vp, wp < r it holds forn=0,..., Np.

(1) minge(—1,013 074y < Hp(vR); < maxge(—1,0,13 V4 for all j > 1,

(it) [Hp(vR) — Hp(i)l < [vR — will +AAtE™ —wit,

(iii) [|Hp@R)lrv < WK lrv + [T —vp].

Proof. (i) holds by [7, Lemma 3.1] and (3.6). (ii) and (iii) can be shown as in [9],
see the supplementary material in the appendix. 0
Now let ug € (L' NL>)(2) and up € (L' NL>)(0,T) with |[uol|oc, ||up|le < M, and
let the scheme g be monotone on [—M,, M,]. Then there exists M; > 0 such that

(3.7) [yalloe < M, and lyalls < M.

We recall the convergence of monotone difference schemes to the entropy solution of
(1.1). Similar results and proofs for higher dimension can be found in [5, 7, 32].

THEOREM 3.3. Consider data ug € (L' NL>®)(Q) and up € (L' NL>®)(0,T). Let
I,y € R such that | < ug,ugp < r, let F be a consistent numerical fluz and let the

scheme (3.1) be monotone on [l =T||gl|oc, 7 +T||gl|sc]. Then the approzimate solutions
of (3.1) converge to the entropy solution of (1.1)

(3.8) ya =y in L(0,T;Li,.(Q)) as AN\ 0

and for the trace of the flux function F the following weak convergence holds
69 [ Flunal.ustA0)s0d > [ f4000)00d as Ao
[0,

Proof. The proof extends standard arguments and is given in the supplementary
material in the appendix. See also [7, 32]. d

In the continuous case, the entropy solution satisfies the OSLC (2.2) which is needed to
guarantee the existence of a reversible solution to (1.8). To obtain a discrete analogue
of this condition, we consider OSLC consistency of the numerical approximation ya
as proposed in [29]. To this end, we define for an interval I C Q
Lip{ (ya(t,-); I) == Az~ supmax{ya (t,z + Ax) — ya(t, z),0}.
zel

DEFINITION 3.4. A family of grid functions (ya)o<a<a, s called OSLC consis-
tent on [79, 71| C [0,T] if there exist constants ¢,C > 0 such that with N,, such that
T; € [tNri—lvtNTi [, i=0,1, it holds for N, <n < N,

(310)  Lipk(yaltn,); Q) < (e(tn — ) + (Lipk(yalrn,,, ) ) "+ C.

3.2. Suitable numerical flux functions. The Engquist-Osher scheme (EO-
scheme) has the numerical flux function

n

FEO(yo, 1) = f(7) + yof’(y)+dy+/ fy)-dy

Y Y

with f/'(y)+ = max{f'(y),0}, f'(y)- = min{f'(y),0}, and § € R is fixed, see [11].
FFO is indepent of 7 and for convenince we choose the sonic point § = o, i.e. f/(c) =
0, which exists in our setting. The Godunov scheme (G-scheme) has numerical flux

FC(yo, y1) = f(w(At,0)),
12



where w solves the Riemann-Problem

w + f(w)e =0, w(0,7) =y11>03(®) + Yoliz<oy ()

Both fluxes are monotone, cf. Definition 3.1, if the CFL condition

A sup [f'(y)| <1—p, pe0,1]
lyl<M,

is satisfied. In the considered case, where f is strictly convex, the G-flux coincide
with the EO-flux except for the transonic case y; < o < yo where

FE(yo,y1) = f(yo) + f(y1) — f(o) and  F(yo,y1) = max{f(yo), f(y1)}.

Note that F'¢ € C%1(R?) is not everywhere differentiable. Later, we will use a modified
Engquist-Osher scheme (mEO-scheme), which applies the Engquist-Osher flux in the
interior and the Godunov flux at the boundary. This yields the scheme

yr =yl = MFEO (., ys) — FO(ye, yi)),

(3.11) n n n n .
ijrl =yj — )\A+FEO(yj—17yj )7 Jj=2,

forallm =0,..., Ny —1. We call this scheme modified Engquist-Osher scheme (mEO-
scheme). The choice of the Godunov flux on the boundary will be critical to show the
critical convergence results (3.13), (3.14) and Lemma 3.7 on the boundary cells and
to obtain the correct coefficients in the adjoint scheme at the boundary.

LEMMA 3.5. Let f € C%(R) be strictly convez with f" > mg» > 0, let ug € L>(Q)
and let ug € L*(0,T) with f'(up) > > 0 on [0,T]. Moreover, let Ly be a Lipschitz
constant of g with respect to x. Let the CFL-condition

]__
(3.12) X swp [f(y)l < —F, pelo]
|y|§M’y

hold and the solution of (3.11) fulfill |yallce < My for all A < Ay and some M, > 0.

Finally, let 1o, 71] C [0,T] be an interval with u'g|(r, -1 > —Cp for a constant Cp > 0.
Then for all 0 < A < Aq the solution ya of (3.11) satisfies with some ¢ > 0 and

C= max{%g, «/Lg/c} the OSLC' consistency (3.10).

Proof. The proof refines arguments for initial value problems and is given in the
supplementary material in the appendix. 0

LEMMA 3.6. Let the assumptions of Theorem 3.3 hold and assume that the bound-
ary control up satisfies f'(ug) > B for small B > 0. Let the CFL-condition (3.12)
hold and ya (-, Az) be determined by the mEO-scheme from (3.11). Then it holds

(3.13) Fupa,ya(-, Ax)) = f(y(-,04)) in L*0,T) as A —0
and one has on the outflow boundary Tp = {t €]0,T[: f'(y(t,04)) < 0} for A — 0
(314) FaG(uB,AayA('vAx)) - Oa FI)G(UB,A7yA('7AI)> - f/(y(,0+)) in LI(TB)

Proof. Let Ag > 0 be sufficiently small and denote by ¢ the sonic point of f, i.e.,
f'(o) = 0. Under the given assumptions the Godunov flux reads

fyr)  for yi <o, f(yr) > f(up),
fu) else.

13
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Let M C [0,T] be a set where LipX (ya(t,-); Q) < L with some L > 0 for all t € M
uniformly in A < Ag. This is the case, if M has distance > « from rarefaction centers
with arbitrary x > 0.

Since y is a BV function, we have limg~ o ||y(-,0+) — y(-,z)||1,ms = 0. Let 6 > 0
be arbitrary and define the set M1 (0) = {t € M : ya(t, Azx) < y(t,04+) — }. Then

ya(t,z) <y(t,04) —9/2, V(t,x) € My (8)x]0,6/(2L)].

We show that

(3.15) 1y (-, 0+) = ya(; Az)) 1 = 0
where (a)4 = max{a,0}, a € R. If not, there exists (A;) — 0 and £ > 0 with
(3.16) 1y 04) —ya, (- A)) 1l =&, V.

Since |lya —yll1,ax]0,5/(22)) — 0 by Theorem 3.3, we find a subsequence again denoted
by (Ag) and (zx) — 0 with ||ya, (-, 2x) =y (-, 2x) |1, x]0,6 /2] — 0 as A — 0. Hence,

Iy(404) = 9 m)larg o) + 19 2) =y a0llags o
>y 04) =y (sl g ) = AME, ()02

and the left hand side tends to 0 for Ay — 0. Here A(-) denotes the Lebesgue measure
on R. We conclude that A(My, (0)) — 0 for Ay — 0 and thus

1y 04) = ya, (5 Ara)) 4 llar < GA(M) + A(My, (6))2M, — SA(M)  for Ay — 0.

Since § > 0 was arbitrary, we conclude that ||(y(-,0+) — ya, (-, Axz))4]]1,m0 — O as
Ay — 0, a contradiction to (3.16). Hence, (3.15) is shown.

Let A= {t € M: y(t,0+) = up(t)}. By our assumptions on up we find 6 > 0
with up > 0 4 6 and thus also up A > o + J. Hence, we have

f(up,a(t)) if t € A\ M, (9),
€ {f(upa(®)), f(ya(t,Ax))} ift € ANM,(S).

Now (3.15) implies A(M4 (6)) = 0 as A — 0 and we conclude that

FG(UB)A(t), yA(t, ACC)) = {

(3.17) FCupa,ya(-, Ax)) = f(ug) in L'(A) as A — 0.

It remains to study the convergence on M\ A. If the boundary control is not attained
in the BLN sense then y(¢,0+) < o and f(ug(t)) < f(y(t,0+)). The non-degeneracy
assumption yields € > 0 such that f(up(t)) + ¢ < f(y(t,0+)) is satisfied. Consider
ME(8) = {t € M :ya(t, Az) > y(t,04) + §} for arbitrary § > 0. We will show that

(3.18) AML(E)\A) =0 as A —0.

Since § > 0 is arbitrary, this implies with (3.15) that

(3.19) Iy, 04) = ya (s AD)lana =0 as A =0

and since F¢(up,y(-,0+)) = f(y(-,0+)) and FC is Lipschitz on [—M,, M,]?,

(3.20) Fup a,ya(-, Az)) — f(y(-,04)) in LY(M\ A) as A —0.
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Now (3.14) follows immediately, since f(ug) +¢& < f(y(-,0+)) on M \ A.
We still have to show (3.18). For Ay > 0 small enough we have f(upa)+¢/2 <
f(y(-,04)) on M \ A and for all A < Ag it holds

f(ya( Az)) on My a =My (0)\ 4,
Flya(, Az))  on Mz = (ML(0)\ A)

N{ya( Az) <o, flya(:,Az)) > f(up.a)},
flup.a) on the remaining part Ms A of M \ A.

FG<UB,A7yA('7 A.’E)) =

(3.21) IFC (up,a,yal, Az)) = f(y( 00)llLi(ar, a) = 0
flya(, Ax)) < f(y(-0+)) on Maa,
FC(up.a,ya(Az)) = f(ya(, Az)) < f(y(-,0+)) = "476>  on Mpa N ML (6),
flup.a) < fy(-,04)) —&/2 on Msa.

Now consider (3.9) for arbitrary ¢ € CL(M), ¢ > 0. Then
/M(f(y(t, 04)) — FO(upa (1), ya (t, Az)))o(t) di
- /A ((t.04) = FOup (0.9 A))ol0)

+ / (Fy(t,010)) — Flya(t, A))é(t) dt
(Ma2,aA\MJ (6))U(M2,aNMZ (8))

+ / (POt 04)) — Flup.a(6)o(t) dt
M3 A
> / (F(u(t,04)) — FO(up a(6), ya (t, Az)))(t) dt
AUM A
+/ min{62mn /2,¢/2}¢(t) dt
ML (5H\A

For A — 0 the left hand side tends to 0 by (3.9) and the first term on the right tends

to 0 by (3.17) and (3.21). Since ¢ € C}(M), ¢ > 0, is arbitrary, (3.18) follows.
Hence, the claim is shown on M and M N Tp. Since 0,7 can be exhausted by

sets M and the involved functions are uniformly bounded, the proof is complete. 0O

LEMMA 3.7. Under the assumptions of Lemma 3.6 let ya be computed by (3.11).
Let Ip = [11, 2] C Tp be a subinterval of the outflow boundary that has distance > k
from rarefaction centers with arbitrary k > 0. Then for every § > 0 there is A’ < Ag
such that it holds

ya(t,Az) <o and f(ya(t,A)) > f(up.a(t)) foral A<A', te[r+61)

Proof. Let Ip = [r1,T2] be as above and § > 0 be arbitrary. By Lemma 3.5 for
all 0 < A < Ay the discrete OSLC (3.10) holds with 79 = 7 — & for ya(¢,-) for all
t € Ip. Thus, we find C' > 0 such that LipX (ya(t,-);Q) < C for all t € I5.

We show that possibly after reducing Ag for all 0 < A < A the implication holds

(3.22) tn€lp, Yy <o, fP)>flyy) = y™ -y <L;CAtL.
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In fact, by assumption we have f'(up) > 8 > 0 and thus also f'(y{}) > 5 > 0. Now
let the left hand side hold. Then f'(y§) > 8 > f'(¢) = 0 implies the existence of
e > 0 with y} < 0 —e. Hence, for Ay < ¢/C the discrete OSLC ensures y5 < 0. Now
(3.22) follows, since the scheme (3.11) yields

v =l = =M WE) - ) < ALyp(ys — yi)+ < LyCAL.

Now the non-degeneracy assumption ensures y(-,0+) < o — e and f(y(-,0+)) —
f(up) > € on Ip for small € > 0. From the proof in Lemma 3.6, see (3.19), we know
that ya (-, Ar) — y(-,0+) in L1 (Ig). Therefore the measure of the set

Ean={telp: flya(t,Azx)) — f(up.a(t)) <e/2 or ya(t,Azx)>oc—¢c/2}

tends to zero for A — 0. Hence, for any 0 < ¢’ < § we find 0 < Asr < Ag such
that A(Ea) < ¢ for all A < Ay and thus for any ¢t € [r1 + §,72] there exists
set—4,t] CIp with s € Ig\ FEa for all A < Ag.

Now choose 0 < §' < min{d,e/(4max{1, L;}L;C)}. Assume that the assertion
of the lemma is wrong. Then we find sequences A N\, 0 and (si) C [r1 + §, 2] with
Ak § Ag//g and

(3.23) ya, (g, Agz) >0 or  flya,(sk, Arz)) < f(up,a,(sk)) for all k.

Then s € Ea, for all k. As shown above, we find s}, € [sp — ¢'/2, si] with s, €
I\ Ea,. Starting with ¢, = s} we can apply (3.22) iteratively at least up to any
tm > tn, with LyC(t,, —t,) < ¢/(2max{1,L¢}) and thus up to some ¢, > t,, + &'
Hence, ya, (-, Ax) has by (3.22) a discrete one-sided Lipschitz constant L;C on the
interval [s}, s}, + 0’| that contains s,. But since s, € Ig \ Ea,, the discrete one-sided
Lipschitz constant L;C implies that ya, (g, Ax) < ya, (s, Az) + L;CY <y —e/4
and f(ya, (sk, Ak)) = f(ya, (s, Ar)) = LyLpC6" = f(up,a,(sk)) + /4. This is a
contradiction to (3.23) and the proof is complete. d

3.3. Analysis of the adjoint scheme. The adjoint scheme reads

1
_ +1,n+1 ; _
p; = E k:—lBZk p?_,w i>1l n=0,....,Np—1

p;‘VT:(TApT)ja ]217 pg: va n:()a'“aNT
(3.25) B, = )\Fa(y;’,y?+1), B} = —)\Fb(y;-ll,y?), B}y=1-B}

J J,—1

(3.24)

n
- B}y.

with constant boundary data p? € R. A derivation of the adjoint scheme can be
found in [15, 25, 31] using the discrete Lagrangian. Let dua = (dug a,dup a) with
the cell averages dug A = Tadug and dup A = TféuB. Together with standard adjoint
calculus the discrete adjoint formulation of the derivative of the objective J(y(u)) is
given by

dup In(ya(ua)) - dua = / pa(0, z)dup a(x) dz
(3.26) ¢

T—At
4 / palt + At Az)Fy(up.a (1), ya(t, Ax))dupa(t) dt
0

where pa denotes the grid function to p} determined by (3.24) with pB =0.
As in the continuous case, we require the function F' to fulfill a discrete OSLC.
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LEMMA 3.8. Let the flux F satisfy (3.2) and let F,, F, be monotone increasing
with respect to both arquments (this is the case for FPC and F&). If the solution of
(3.1) fulfills (3.10) on [r9,m1] C [0,T] then for all v > 0 there is o € L'(1o + v, 71)
such that the weak discrete OSLC

+ n n —+ n n AI bnt
A Fa(yjayj+1)+A Fb(yj—lyyj) < 7/ a(s)ds
tn

is satisfied for all j > 1 and n = Nry41py..., Ny — 1.
Proof. By (3.10) we find for all v > 0 a v € L'(r0 + v,71) with Aty? <

M thit
At Jt,

Taking the difference of the discrete adjoint state for j + 1 and j leads to

1
n o __ n “+1
(3.27) Atpl = Zk}l AT
(3.28) Cﬁ—l = AFa(y?Hvy;L-s-Q)’CZl = *)\Fb(y?—py?)acﬁo =1- ?—1,—1 - gn-s-l,l-

3.3.1. A priori estimates for the adjoint scheme. Consider end data p” €
C,? 1(Q) and constant boundary data p? € R. Since the discrete end data are given
by cell averages, there are My, L1, Ag > 0 such that for A < Ay it holds, e.g. [9],

v(s) ds. Since F,, F, are Lipschitz and monotone, the assertion follows. 0O

(329)  [IpXlloc < M7, [pX|Lipa) < L7, PA = p' in Bioe(Q) as A —0.

LEMMA 3.9. Let yi € [l,r] and let the monotonicity condition (3.4) hold. Then

n+l n+l _n+l

" is a conver combination Ofqu Py, pjiy - Hence, the linear operator

pPj
A ((PY)jens (08)1<n<ng) € L7+ (D)) jen0<n<ng € £
has operator norm < 1 and values in the convexr hull of the boundary and end data.
Proof. This results from (3.24), the non-negativity of BY; and Sy B}, =10
By this we obtain the following.

LemMA 3.10. Let y} € [l,r] for all j € No,n € {0,..., Ny — 1} and let the
monotonicity condition (3.4) hold. Then the solution of the adjoint scheme satisfies

971 = Ipallpy) < max{llpAllzey). Ipal}
with J}' =] max{0,z; — (Nr —n)Az},z; + (N7 — n)Azx|.
Proof. This follows directly by applying Lemma 3.9.

LEMMA 3.11. Let y7 € [l,r] for all j € Ny and let the monotonicity and CFL
condition (3.4) hold. Then the solution of the adjoint scheme satisfies the BV-estimate

+1 +1
ZjGNo |p?+1 _p?| S ZjGNo |p?+1 _p? |

Proof. If we set p;.”rl = pP and y; = yi for j <0 and denote the corresponding
values obtained by the scheme by p’, we obtain by (3.27), (3.28)

= = +1 +1
ZJ.GZ pj1 —pj| < ZJ.GZ i — o

Now pf = pj} for j > 1 and p} = p” for j < —1. Hence, [p} — pj| = [P} — p™;] <
IpY — pg| + 1D — P™1|- This shows that

S = < =B <Y I e =Y e ot
J€No JEZ JEZ j€No ]
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3.3.2. Convergence of the adjoint scheme. We proceed partially as in [25,
29]. The main difficulty arises from the fact that the Lipschitz bound of the end data is
not transferred to the discretized adjoint state, as it fails to hold near the boundary.
This property was crucial to prove convergence in [15, 25, 29]. We overcome this
problem by using a Lip™-interpolation estimate of [28, Lemma 2.1].

THEOREM 3.12 (Convergence of the discrete adjoint to the reversible solution).
Let pT € C%Y(Q) and pP be constant and let the non-degeneracy condition (ND) be
satisfied. Assume that ya is generated by the scheme (3.11) and let the CFL-condition
(3.12) be satisfied, then the solution of (3.24) based on the mEO-scheme from (3.11)
converges to the unique reversible solution p of (1.8), more precisely,

(3.30) pa —p in B(0,T);L,.(R) as A—0.

Moreover, the convergence is uniform on all bounded sets that have a positive distance
from rarefaction centers, the boundary of D~ and from shock points at {x = 0}.

Proof. Step 1: Convergence to some function p. Under the given CFL-condition
the mEO-scheme is monotone and OSLC consistent by Lemma 3.5. Due to Lemma
3.11 the grid function pa(t,-) is bounded in BV, so by [2, Theorem 3.23] we can
select a diagonal subsequence (A]) such that pa/(t,-) converges for all £ € S in a
dense subset S C [0,T] in L'(0, R) for all R > 0. If we now show that ¢t € [0,7]
pa:(t,-) € L*(0,R) is equicontinuous, (3.30) follows by an Arzela-Ascoli argument.
For arbitrary 0 < t; < to < T it holds

(3.31) j N (tg, x) — PaA; (th .’L‘) = Zn—N
=Ny,

The adjoint scheme (3.24) yields

PI = < AFuly), ) AT+ Fy(y) 1, ) AP
Set I =|z1,2[C Q. Summing the above inequality for {j: A(R; NI) > 0} =
{71 xjq1)2 €]21, 22 + Ajz[} with weights A(I N R;) yields

||p2?1(93) —PAs (@)l < At QMf’”pzz_l||TV(]z17A§z,zz+A;m[)

where we set again p;.”l = pP for j < 0 for all n. Altogether, there is a constant
depending on pA such that |[pa(t + Ajt,z) — par(t, @)1 < const - Ajt for all ¢ €
[0, — At]. With (3.31) we deduce that pa; is equicontinuous in time and by an
Arzela-Ascoli argument (3.30) is satisfied. Moreover, the equicontinuity in time gives
p € B([0,T]; BVioc(2))NBVoe (1) by the lower semicontinuity of the BV-norm under
L'-convergence. To shorten the notation, we write in the sequel A instead of Al

Step 2: Limit p attains end data. In the next step, we prove that the limit
function p is a solution to the adjoint equation (1.8). By the above inequality pa (¢, -)
is equicontinuous, thus for all ¢ € [T — At, T it holds

(3'32) ||pA(ta ) - pA(T7 )|

1,0,r] < const - (|T' —t| 4 At).

Moreover, (3.29) ensures |[pa(T,-) — pAllB(o,r) — 0, thus including (3.30) yields as
required limy 7 ||p(t,-) — p[|1,00,r) = 0.

Step 3: Limit p attains boundary data. The previous statements are satisfied for
arbitrary monotone numerical flux functions. To show that the limit function p attains
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the boundary data in the correct sense, we use the modified Engquist-Osher scheme
from (3.11). Let {61,...,0,,} be the transition points of f'(y(-,0+)), see Definition
2.3, and denote as above the outflow boundary by 7p == {t €]0,T[: f'(y(¢,0+)) < 0}.
By Lemma 2.4 Tp consists of np intervals with endpoints 6;, i = 1,...,np. Choose
an arbitrary interval Ig = [r,72] C Tp having an arbitrary distance x > 0 from
rarefaction centers.

By Lemma 3.5 for all 0 < A < Ag the discrete OSLC (3.10) holds with 79 = 7 —
for ya(t,-) for all t € Ig. Thus, we find C > 0 such that Lip{ (ya(t,-); Q) < C for all
t € Ig. Then by Lemma 3.7 for any § > 0 there is A’ > 0 such that for all 0 < A < A’
it holds f(y}) > f(y}) and 4} < o for n € {N,+s,..., N, — 1}. By assumption we
have f'(ug) > 8 > 0 and thus also f'(yg) > 8 > f'(0) = 0. Hence, by f(y}) > f(y})
and y' < o there exists € > 0 with y' < ¢ — . Since the grid function ya is OSLC-
consistent on [y, 7] x €, there is a sufficiently small p > 0 such that for A < A’ it
holds y? < o and thus f’ ( ") < 0 for all n,j € N with (t,,z;) € [11 + 0,72 x [0, p[.

Hence, FY(yp,y}) = f(yl) and FEO(yJ yYit1) = f(yjy1) and therefore (3.24)
yields p? = (1 + Af1(y7)p] e (v} )p?+11 for j > 1 with xj < pand n €
{N 46,y No, — 1} Since f'(y}') < 0 holds, we obtain with o} = A|f'(y})| that
pj = (1-aj)pj "'H +aj p"‘*‘1 For brev1ty, we set N1 := N, 45, N2 = N,,. Then, since
Py =DPB for all n, we obtam inductively

N Y No N N J
(3.33) P =D w0, Zlo =1,
Jj—l Ngt1
N. .
5 H(am I « ) J

{ni1<...<nj_;}C{Ny,...,Na—1} k=1 n=ng+1
with nj_;41 = No — 1. If now a €]0,07'] and 8 € [a},1] holds for all 1 <[ < j and
N7 < n < N,, the weights can be estimated by
wp < (V2T gL - a)NZ*NI*J‘“, [=1,....j.

Let N = Ny — Ny, fix m > 0 such that — < « and consider j with jm €]N —m, N]
for fixed m such that 1 < a.. Observe that m is independent of the grid size A. We
want to derive an upper bound for Zz Lw?. We have w)"> < (8/a)’~ l( l)oﬂ H1—
a)V=I+! where the right hand side is an integral over the tail of a binomial distri-
bution X with expected value E(X) = aN and variance V(X) = (1 — a)N. As a

consequence of Stirlings formula, one obtains the estimate
(I-BE(X))*
(Na'l -V < =L —c” 2V
27V (X)

for 0 < @ < 1/2 and I < aN, see [12, Thm. VIL.3.1, Prob. VIL.7.13, Prob. VIL.7.15]

and a straightforward extension of the arguments there to the tail % =0(1).
Hence, the substitution s = t\;% leads to
J i (th<X>>2
S < e S, (et - o < ey s [ T
i—E(X) (& -—)N
; vV s2 vV Na @) s2
= (5/(1)]\/% YOO e ds < (@) C / N o=y g

< en(2) 5

R
3

2(L —a)VN 2(5—)VN
/ e‘g ds = \/%/ e_§+1“(§)% ds
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for a constant C' > 0. Now choose m such that o — % > 5 and % ln(g) < 0‘72. Then
for s < 2(L£ — a)V/N < —aV/N it holds —s?/4 < —Na?/4 < —In(f/a) N/m and

1
m

therefore 7% +1In <é> % < f§. Altogether, we obtain

[e%

J . j B Y,
Zl:1wlN2 < (B/a) leo (7)‘“(1 —a)N-l < \/%f_; e1tds =0

as N — oo and together with (3.33), for all x; < p we deduce
J

=1 w (P2 (1) — pP) + (w)? = 1)pP -0 as A —0.

(334) pa'(z) —p” =)

Hence, varying 6 and m we have shown that the limit function p satisfies p =
pp on {(t,z) €]m,7]x]0,p[: z < min{a/2,a?/(41n(B/a))}(m2 — t)}. Moreover, the
convergence is for each ¢ > 0 uniform on

(3.35) {(t,z) €]T1 + 6,79]x]0, p[: © < min{a/2,a?/(4In(B/a))} (12 — t)}.

By varying 71 and 75 we can exhaust the outflow domain 7z up to a set of measure
zero and conclude that the trace of p satisfies p(-,0+)|7, = pp a.e. and thus the limit
function p attains the boundary data in the correct sense.

Step 4: Limit p is the reversible solution. We now prove that the limit function
of the adjoint scheme is actually the reversible solution of the adjoint equation (1.8).
The adjoint scheme yields for (¢,z) € [At, T[x[Ax/2, 00|

xT)— — xr + xr
pa(t,z) ZAt(t At, )+(Fa(yA(t,x)7yA(t,m+Ax))Ap+m(t’)

At pa(t,z—Acx)

(3.36)
+ Fb(yA(tvx - Ax)vyA(t7z))T) =0

Since Lemma 3.11 implies that Agff is bounded in L} .(€Q7) uniformly in A, we

conclude that also 2AL)=PALZAL) s hounded in L},
the convergence (3.30) yields p € BVi,.(2r) and

(Qr) uniformly in A. Hence,

(3.37) %(;_At“) — D, A;’;A — pe in D'(Qr) and L}, (Qr)-weak* as A — 0.

We split p?" in monotone parts p” = p?' — pI with pI € C%1(Q), (p]). >0,1=1,2.
Let ppy < pf(0), I = 1,2, with pg = pp.1 — pp2. Denote by p,p; the reversible
solutions of the adjoint equation for data p”,pp and plT,pB,l, I = 1,2, respectively.
Now let pX = Tap?, pZA = TAplT, [l =1,2, and pa the solution of the adjoint scheme
for data pX, pp and p1,A the solution of the adjoint scheme for data pZA,pBJ, l=1,2,
respectively. Then by linearity pa = p1,Ao — p2,a, we show now that p; o — p; in the
sense of Theorem 3.12. Then pa — p converges in the same sense.

Therefore, we can without restriction consider monotone data p? € C%(Q), pL' >
0 and pp < pT(0). By the previous results there exists a subsequence A; — 0 such
that pa, — p in B([0,77]; L},.(22)). Moreover, p attains the end data and boundary
data in the right sense. Under the CFL-condition we have B;Tik, e =0 for the
coefficients in (3.25), (3.28). Therefore, the monotonicity of pa and pp < pX (0) yield
with (3.24) pa(t,0) = pp < pa(t,z) for (t,2) € Qr and thus by (3.27) % >0
for all (t,x) € Qp. Hence, the limit function satisfies p, > 0.

To prove that the limit function p is a solution of the adjoint equation, we split
the domain Q7 into three parts; 4.1) the domain outside of the shock funnels, where
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y is a classical solution; 4.2) the shock funnels without the closure (D~)° of the
outflow domain; 4.3) the outflow domain D~. By our previous results there exists
a subsequence A; — 0 such that p; o, — p; in B([0,T]; L}, .(Q)). With the CFL-

loc
condition the adjoint scheme is monotone leading to % >0 for all (¢t,z) € Qr,

By the nondegeneracy assumption (ND) the entropy solution y(T',-) has finitely
many nondegenerated shocks at 0 < Z; < --- < Zx and is piecewise C!, see also
Theorem 2.8. Let Zj be a shock location of y(T,-) and 5,:5 the minimal/maximal
characteristic through (7', Zy,).

Denote by Dy, C Qr the shock funnel confined by &;, & and by the lines {z = 0}
and {t = 0}. Similarly, denote for arbitrary 0 < 6 < 1 by Dy, s the domain confined
by & — 0, & + 6 and by the lines {x = 0} and {t = 0}. Let S := Q7 \ (UkK=1 Dy) be
the domain between the shock funnels and set Sy := (]6, T[x]8, £[) \ (UkK:1 Dy,).

4.1) We consider the domain S. By the theory of generalized characteristics
[10, 22], see also [24], S is covered by genuine backward characteristics that end
at {x = 0} or {¢t = 0} and y coincides on S with the solution of the characteristic
equations (2.3) and is thus C! on S outside of any neighborhood of rarefaction centers.
Let 0 < § < 1 be arbitrary. Then y is in C}(S§') and ya satisfies by Lemma 3.5 on
[6,T] x [6,%] D Ss the discrete OSLC (3.10) with 79 = 0. Moreover, Theorem 3.3
yields [|ya — yHB([O,T];Ll(]&%D — 0 as A \, 0. Applying now for all ¢t €]d,T[ the
interpolation inequality [28, Lemma 2.1] for the difference of a one-sided Lipschitz
continuous function and a C'-function, which can be applied uniformly in ¢, we obtain
with a constant C' > 0 and I5 := [§, 3] for A\, 0 with e :==ya —y

1
1 2
(3:38) lleallsszs) < Clleall 3o, ryzr (1)) (t:;pﬂ LipA(ya(t, )i Is) + ||y01(sgl)) — 0.
Now we show that p satisfies the adjoint equation (1.8) on S in the distributional sense.
Let ¢ € C.(S)* be arbitrary. Then there is § > 0 such that supp(v)) C Ss5. For the
Engquist-Osher-flux F, and Fj, are continuous. Therefore, the uniform convergence
on Sys and the continuity of y on Ss yield F,(ya(-, ), ya(, - + Az)) = Fo(y,y) and
Fo(ya(s,-—Ax),ya(:, ) = Fp(y,y) in B(S2s5). This together with (3.37) allows limit
transition for (3.36) in L!(Sas5)-weak* and thus in D’(S) and since Fy,(y,y)+Fy(y,y) =
f'(y), this shows that the limit function satisfies p;+ f’(y)p, = 0 in D’(S). By Lemma
2.14 and p(T),-) = pT, p is thus the unique reversible solution on S.

The convergence pao — p is uniform on Sy5. In fact, p is Lipschitz coninuous
on S5 and pa — p in B([0,T]; L},.(Q)). Moreover, since pa is bounded and pa (Z, )
is monotone increasing and therefore satisfies a discrete OSLC, we can apply the
interpolation result (3.38) with p, pa instead of y,ya (it is easy to check that the C*
requirement can be weakened to C%!). Hence, pa — p in B(Sas) for all § > 0.

4.2) We show now that p is constant on Dy, \ (D). Consider first Dj, such that
& both intersect the line {t = 0}. Then Dy = Dy, \ (D~)°. For g5 > 0 small enough
all backward characteristics &£(; T,z F ), 0 < € < g9, are genuine and travel in S.
Since p is the reversible solution on S, we have

p(t, (6T, 2 Fe) =p" (T F o)
We find 6(c) €]0,e] with (t,&(tT, 21 F €)) € Ss(e) for all ¢ € [5(e),T). By 4.1)
l(pa —p)(-,&(5 T, 2 F )l B((5(e),77) — 0. The monotonicity of pa(t,-) yields
P (@ =€) = [l(pa — )G T @k — )l Bise).r)) < palt,E(GT, T — €)) < palt,z)
<palt,§tT, 26 + ) <p” (Zk +2) + [[(pa — )G T 2+ )l B(is(e) 1)
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for all (t,z) € Dy, with t > d(¢). Now A — 0 and then ¢ — 0 shows that pa(t,z) —
pT(z,) for all (t,x) € Dy, with t > 0. By the equicontinuity of pa in time we conclude
that this extends to ¢t = 0 except possibly to the boundary points 5,:5(0), if these are
rarefaction centers. By using (3.38) and the monotonicity of pa we conclude that
pa(0,-) — pT(Zx) in B([¢, +6,& — 6]) for all § > 0.

Now consider Dy, where £, intersects the boundary in a point (s, ,0) with s, > 0.
Moreover, let 0 < s;: < s;, be the time at which f,j intersects the boundary.

Set s; := 5, . Then we can argue exactly as before with ¢ €]s;,7T'[ instead of
t €]0,T] to show that pa(t,z) — p? () for all (t,z) € Dy with t > s; and also
for t = s1 except possibly the point (s, ,0) if it is a rarefaction center. Moreover,
pa(s1,) = pT(Zg) in B([6, & (s1) — 4)) for all § > 0.

Since the minimal characteristic &, is genuine, (s1,0) is a continuity point of up
or the center of a rarefaction wave generated by ug. Now by assumption up is C!
on an interval ]sy, s1[, where sy = sg or Sp > 52 and (s2,0) is a rarefaction center
or a shock point. Since u/; is uniformly bounded in the smooth regions, we find a
fixed p = p(up) > 0 only depending on up such that for s11 := max{ss,s1 — p} all
forward characteristics £(-;5,0), s €]sq,1,s; [ are classical up to a time t > s; = s,
and cover the region G := {(t,z) : t €]s1.1,51],0 < x < ((t;51,1,0)}. Thus, y is a
classical C'-solution on G and we can argue as for S in 4.1) that ya — y uniformly
on any subset G5 := {(t,z) : t €]s1,1,51],0 < < E&(¢;81,1,0) — &}, & > 0. Moreover,
pa(s1,) = pT(zy) in B([8,& — 6]) for all § > 0. Hence, again as for S in 4.1) we
obtain that the limit p of pa is the unique classical solution of the adjoint equation on
any G5 with p(s1,-) = p? (Zx) on {z : (s1,2) € G5}, which is given by p|¢, = pT (Zx).
Moreover, the convergence is uniform on Gas.

Using now the uniform convergence to p? (Zx) on Gas and on Sas we obtain with
the monotonicity of pa also the uniform convergence pa (¢, ) — p(t,z) = pT (z},) for
all (t,2) € Dy, with t > 517 +6 and @ > §. Thus, § — 0 yields p(t,z) = pT (z}) for
all (t,z) € Dy with t > s11 (where we use the equicontinuity in time) and = > 0.
Moreover, pa(si,1,-) = pT(Zx) in B([6,& (s1,1) — d]) for all § > 0.

Since p depends only on up, we can repeat the argument with s; ; instead of s;
and s1 2 := max{ss, s11 — p} finitely many times until we reach s1; = so and have
thus shown that pa (t,z) — p(t,z) = pT (Zx) uniformly for all (t,z) € Dy with t > so
and x > 6. If s, = s, we are done. Otherwise, (s2,0) is a rarefaction center or a
shock point.

If f'(y(s2—,04)) > 0, then the flow remains incoming and by assumption upg is
C! on an interval ]s3, so[, where s3 = s;r or s3 > s;r and (s3,0) is a rarefaction center
or a shock point. We can now proceed exactly as before on |ss, s3[ instead of ]sa, $1]
to show that pa(t, ) — p(t,x) = pT (Z)) uniformly for all (t,z) € Dy, with ¢ > s3 and
x> 0.

Otherwise, so is a transition point 6;. Let & be the maximal backward char-
acteristic through starting at (s2,0). Then &; ends in a return point (¥;,0) with
0< ¥ < s;r or reaches t =0, i.e., ¥; = s;r = 0. Set s3 := ¢;. Let n; denote the shock
emanating from (6;,0). By Remark 2.6 the non-degeneracy condition of transition
points according to Definition 2.5(iii) we can construct a stripe S; C Qr around &; of
the form (2.4) such that there exists a function Y € C}(S;) that coincides with y on
S;i={(t,x) € S;:t>s3 t <syort>syandz>n(t)}. S;iscovered by genuine
characteristics.

For all 0 < § < ¢/2 we have Gs := {(t,x) : t €]¥; +6,0; + ¢ — [,z € [£(t;0; +

5,0),&(t;0; +& —6,0)]} € S;. Since y is C' on S; and we know already that p(s, ) =
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pT(z1) on ]0,&(s2;0; + ¢,0)], we can argue as above that pao — p? (Z) uniformly on
Gos. Using also the uniform convergence on S5 we obtain with the monotonicity
of pa as above also the uniform convergence pa(t,z) — p(t,z) = p(Zy) for all
(t,z) € Dy with t > s3 + 8 and > §. Thus, § — 0 yields p(t,z) = p(Zy) for
all (t,2) € Dy with ¢ > s3 (where we use the equicontinuity in time) and z > 0.
Moreover, pa(ss,-) — p? (Zx) in B([6, & (s3) — d]) for all § > 0.

Now with s3 instead of so we can continue with the above cases finitely many times
until we reach the time s;. We have thus shown that pa(t,z) — p(t,z) = p(Zx)
for all (t,z) € Dy with t > s + 6 and x > 4. In addition, p(t,z) = pT(z}) for
all (t,z) € Dy with t > s (where we use the equicontinuity in time) and z > 0.
Moreover, pa(si,-) — p? (Zx) in B([6,& (s) — d]) for all 6 > 0

4.3) Finally, we show that p = pg on D~. Let as above 6; be a transition point,
& be the maximal backward characteristic starting at (6;,0). Then & ends in a
return point (¢;,0) with ¥; > 0 or reaches t = 0, i.e., ¥; = 0. Let n; denote the shock
emanating from (6;,0). By Remark 2.6 the non-degeneracy condition yields as above a
stripe S; C Qg around &; of the form (2.4) such that there exists a function Y € C}(S;)
that coincides with y on S; := {(t,z) € S; : t > 0;, t < 6; or t > 6, and = > 1;(t)}.

For all 0 < § < ¢/2 we have G5 := {(t,x) : t €]V; + 0,0, — 0[,x € [£(¢t;0;, — e +
3,0),&(t;6;—0,0)]} C S;. Since y is C! on S;, we obtain as above uniform convergence
of yn — y on Gys. Moreover, we know by Step 3 that po — pp uniformly on
[0; — e+ 0,0, —0]x]0, p[ for p > 0 small enough, since this is contained in a set of the
form (3.35). Hence, we can argue as above that pa — pp uniformly on Ggs5. Since also
pa(t,0) = pp, the monotonicity of pa yields as before also the uniform convergence
pa(t,z) = pp on {(t,x) : t €]Y; +26,0; — 25[,x € [0,£(t; 0; — 25,0)]}. Since for 6 — 0
the set D~ can be exhausted by these sets, we obtain that p = pg on D~.

Hence, we have shown that p is the reversible solution on S, is constant on all
Dy, \ (D7)%, continuous on Q7 \ (D7), p=pp on D™, and p(T,-) = p*. Moreover,
pe > 0. Hence, p is a locally Lipschitz continuous solution on Q7 \ (D)%, p, > 0 and
p = pp on D~. Therefore, p is the unique reversible solution of (1.8) by Proposition
2.12. The convergence of the whole sequence pan — p follows by a subsequence-
subsequence argument.

The uniform convergence on all bounded sets that have a positive distance from
rarefaction centers, the boundary of D~ and of the boundary {z = 0} follows from
the fact that the reversible solution p is locally Lipschitz continuous there, po — p
in B([0,T); L,.(9)), the monotonicity of pa and the interpolation inequality (3.38)

applied to p, pa.
Step 5: Uniform convergence up to interior of inflow boundaries. It remains to

show the uniform convergence up to {x = 0} on sets with a positive distance from
rarefaction centers, D~ and shock points of {x = 0}.

Let [11, 2] C]0,T[ with f'(y(-,04)) > 0 on [11, T2] be arbitrary such that [y, 72] x
{0} has distance x > 0 from D~, from rarefaction centers and from shocks. Then
(1.3) implies y(-,04+) = up on [r1,72]. By continuity we find 0 < ¢ < k such that
the same holds for [1; — ¢, 7 + ¢]. Since ug is C* on [r; — &, 79 + €], we find p > 0
such that the characteristics emanating from [ry — €, 72 + €] x {0} cover the region
G = |11, 72 + €] x [0, p] and are classical there. Hence y is C*! on G.

Now let § be the extension of y to [r, 72 + €] X R by setting §(¢,2) = up(t) =
y(t,0+) for z < 0 and analogously ga be the extension of ya by Ja(t,z) = up a(t) =
ya(t,0) for z < 0. Then § is in O ([r1, 7 + €] x] — 00, p]) and C* outside of the line
x = 0. Moreover, §a inherits the discrete OSLC on [ry, 72 + €]X] — 00, p] from the
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OSLC of ya guaranteed by Lemma 3.5 with 79 = 7 — k. Moreover, the convergence
ya — y in B([0,T]; L},.(€2)) implies also that §a — § in B([0,T); L}, .(R)). Now the
interpolation inequality [28, Lemma 2.1], see (3.38), yields ga — ¢ in B([r1, 72 + €] %
[—p/2,p/2]). Since, f'(y) > B/2 > 0on [r1, 72 +¢€] x [0, p/2] after a possible reduction
of p > 0, for Ag > 0 small enough, we obtain f'(ya) > /4 > 0 on 11,72 +¢] %[0, p/2]
for all 0 < A < Ay. Hence, the adjoint scheme (3.36) of the modified Engquist-Osher

scheme has for ¢,, € [11,72 + ¢ — At] and j = 1 the form
Pl =P A s - P,

and consequently the computation of pa on [11, 72 + & — At] x [Az, 0o[ depends only
on pa(me+e,x), x > Ax. Hence, if we set pa(me+¢,2) = pa(ra+e,x) for v > —Az/2
and pa(me + &,2) = pp for © < —Az/2 and determine pa on [r1, 72 +¢ — At] x R by
applying (3.36) with the state ga then we have pa = pa on [r, 72 +& — At] x [Az, oo

Now pa(me +€,:) = p(r2 + &,-)1{z>0} + PBliz<oy =: P™7° and the unique
corresponding reversible solution p is for t € [r1, 72 + €] given by

f)(t,ﬂ?) = p(t,x), T > 07
p(t, f'(up(s))(t —5)) = p(s,04), t<s<m+e,
p(t,z) = ps, z < f'(up(r2 +€))(t — 72 — ),

and is obviously Lipschitz on {(¢,z) : t € [r, 72 +¢], f'(up(re+e))t—T2—¢) <z <
p} D [r, 72 +¢€/2] X [—p,p] for 0 < p < p small enough.

Exactly as in Step 1, BV bound and equicontinuity in time yield for a subsequence
Ay — 0 that pa, — pin B([r1, 2+e¢]; L, (R)) and clearly p = p on [11, To+¢] x Q. As
already observed, y is piecewise C! and Lipschitz on |11, 7o + €] X [—p, p] and ya — y
uniformly on [r1,72 + €] X [—p/2,p/2] (on = < O this is trivial, since up A — up
uniformly). Hence, as in 4.1) above we obtain that p is a distributional solution of
the adjoint equation on [r1, 72 + €] X [—p/2, p/2] and coincides on [r1, 72 + €] X [0, p/2]
with the unique reversible solution p. By an obvious variant of Lemma 2.14 with end
and boundary data we obtain that p = p on 11,72 +¢/2] x [-p/2, p/2]. Thus, p=p
is Lipschitz on this set. By a subsequence-subsequence argument we obtain po — p
in B([r, 72 +¢/2); LY (—p/2,p/2)) for A — 0.

Since p = p is Lipschitz on |11, 72 +&/2] x [—p/2, p/2], we can apply (3.38) with
P, Pa instead of y,ya and obtain pa — p in B([r1, 72 + ¢/2] X [—p/4, p/4]) and thus
pa — p in B([r1, T2 +€/2] X [Az, p/4]). This completes the proof. d

Theorem 3.12 ensures the convergence of the discrete adjoint-based gradient for
a smoothed version of the objective (1.4). For § > 0 and o5 € C}((—d,6)) consider

(3.39) T (y(w)) = / (@) (95 %0 9)(T ), (95 %0 ya) () do.

The adjoint formula for d,J%(y(u)) - du and its discretization d,, JA (ya(ua)) - dua
are given by (1.7) and (3.26) with p? = 0 and end data pT = 1), 5 € C>°(£), where

byo(@) = / os(z — 2y (05 %2 9)(T 2), (95 %2 9a)(2)) dz

and its discrete counterpart ph = ’yAwﬁé := TavYy s, respectively.
LEMMA 3.13. With the assumptions of Theorem 3.12 let § > 0 be arbitrary. As-
sume that no rarefaction center of the initial data ug and no rarefaction center or
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shock point of the boundary data up is shifted. Let the discrete adjoint state pa be
computed by (3.24) using the mEO-scheme (3.11) for end data pk = ’)’N/Jﬁ(; and
zero boundary data pP = 0. Then the discrete gradient adjoint representation of
dun JA(Ya(un)) - Sua converges to the gradient d,,J°(y(w)) - Su of the smoothed objec-
tive (3.39).

Proof. We have to take the limit of

dus T30 (02)) - us = [ pa(0.0)5un2(w) do
(3.40) @

T—At
4 / pa(t + At A2)Fy (up.a (1), ya(t, Ax))duga(t) dt
0

where pa is determined by (3.24) based on the mEO-scheme for end data pk = ’YMbﬁ(;.
By the non-degeneracy assumption ug has no shocks or rarefaction centers in a small
neighborhood of D~ N{t = 0}, thus by Theorem 3.12, the first term on the right hand
side in (3.40) has the correct limit. As we use the mEO-scheme the last term on the
right hand side in (3.40) is equal to

T—At
/ PA(t + At AT)Lyy: flup a(t)> f(min{yat,Az),o )} (WB,A)40uB A dt.
0

By Lemma 3.7 the last term on the right hand side in (3.40) becomes

T—At
/ palt + At, Ax)1yy. priyat.ae)>0r S (up,a)dup A dt.
0

As no shocks or rarefaction centers are shifted, the sensitivity dupg does not include
Dirac-measures and it holds dup A — dup in L'(0,7). Moreover, using the same
arguments as in Lemma 3.6 gives 1. r(ya(t,a2))>0) = L{t: f/(y(t,04))>0} Pointwise
on |0, T[. Now Lebesgue’s dominated convergence theorem yields

||1{t: F'(ya (t,Az))>0} — 1{t: f’(y(t,O+))>O}HLq(R) — 0 for all q e [1,00[ as A —=0.

Together with Theorem 3.12 the last term on the right hand side in (3.40) has the
correct limit which finishes the proof. ]

Remark 3.14. 1. One can extend Lemma 3.13 such that shock positions can
be shifted by smoothing up suitably in a k-neighborhood of shock points and
by using the resulting state ya . in the adjoint scheme. Setting k = k(A) =
A7 for some 0 < ¢ < 1/2 one can take the limit A — 0 in (3.40), see [1].

2. Theorem 3.12 and Lemma 3.13 do not require that the state ya is generated
by the scheme to which the adjoint scheme belongs. ya has only to ensure
(3.7), (3.8), (3.10), (3.14) and the assertions of Lemma 3.7. Hence, also an
optimize-then-discretize approach is covered.

3. Using the post-processing method for the discontinuous end data p” from
[25], Lemma 3.13 can be applied to the original gradient d,J(y(u)) - du.

4. Numerical example. As an illustrating example consider on (0,2) x (0,1)

te
(3

0,

]

Ju(.2

N

5 uB,l(t) - _13

N nof—

Yt + (y2/2)I = 0; y(oax) = _17 UB,O(t) = {

25
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where up o and up are boundary data at + = 0 and z = 1 in the sense of [3].
The boundary data generate a shock at (%,O) with speed % and a rarefaction wave
at (%70)7 which start to interact at (%, %) The corresponding adjoint state, i.e., the
reversible solution of (1.8), can be computed analytically. We choose T' = 2 and

o P o P
o 0s o0s o8 PRTY 02 o+ 06 08 PRTY

Fic. 1. p(-,0) (red) and pa(-,0) (blue) for Az = 1072 (left) and Az = 1073 (right).

pT(x) = z corresponding to J(y) = fol xy(2,z) dz, set A = % = % and apply the

modified Engquist-Osher scheme (3.11) to compute ya and its discrete adjoint scheme
(3.24), (3.25) to compute the discrete adjoint state pa. Figure 1 shows the exact
adjoint state p(-,0) at the left boundary in red (the gradient of J(y(u)) with respect
to up o), and the discrete adjoint pa(-,0) in blue (discrete gradient) for Az = 1072
and Az = 1073, respectively. As shown in Theorem 3.12, the convergence is uniform
ouside of any neighborhood of the two discontinuities located at the boundary of the
ouflow domain D~ (¢t = %) and at the center of the rarefaction wave (t = 7/5).
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Supplementary material for the paper

Convergence of numerical adjoint schemes arising from optimal boundary
control problems of hyperbolic conservation laws

by P. Schafer Aguilar and S. Ulbrich

Proof of Lemma 3.2, Theorem 3.3 and Lemma 3.5.

Proof of Lemma 3.2. The first assertion holds by [7, Lemma 3.1] and (3.6).

To show (ii), set v7 = v}, w} = w} for j > 0 and v} = w} = 0 for j < 0.
Then we have by [9] with the scheme (3.5) |H(DX) — H(@R)|1r < [T — @k |1r =
lvx = wR |1, Az/2,00- We obtain with (3.6) [[Hp(vR) — He(wR)1,[az/2,00] < [VR —
WR ||1,[=Az/2,00] and it follows

IHB(WA) = HeWR) 1,1~ ac/2.000 < WA = WAl [- A0 /2,000 + Azfog T —wp ™.

Now, set vi' = v for j < 0 and denote by "D;LH the corresponding grid values
obtained by the scheme (3.5). Then f)?“ = 11}”1 for j > 1, 17;-”1 = v} for j < -1
and by (i) the resulting scheme is monotone. To verify (iii) set wix = vX (- + Az),
then by using again ||H(vX) — H(wR)|1,r < [[vx — wR]1,r, see [9], we deduce

1TA" rviaa/z,eor + 07 =05 + (05 — o] < [lvillrv

and using the triangle inequality we obtain

lox M oy = 108 Irvjac 2,00 + 07 — it
<oxlloy = [optt = a5 = o5 — vl + [Pt — ot
<oxllrv = [opt = oB] + fof = o5 < 0k [lrv + [T — vkl D

Proof of Theorem 3.3. First assume that ug € BVj,.(Q) and up € BV (0,T).
Lemma 3.2 yields y7' € [l — T||glloo, + Tl|glloc] and yX € BViec(2), since g €
LY(0,T; BV (). We extend the boundary data and source by v = vy, Gy =0
for j < 0 and apply the operator H(y% )+ Atgx with # in (3.5). For monotone fluxes
with Lipschitz constant Lp it is known that ||[H(yX) — yX |1 < 3AtLp|lyk || By, see
e.g. [9, Prop. 3.5]. We have y?“ = (H(yR) + Atgx); for j > 1 and H(yx); —y; =0
for j < —1. Hence, we obtain [[yx"" — y% |1, ax/2,00] < 3AtLE|yR || 5v + Atjult —
u'y| 4+ At|lgk ||l1. Since yX are uniformly bounded in BVj,. and by using the equicon-
tinuity in time, there is a subsequence converging in L>(0, 7 L}, .(2)) to a function

y € L>(0,T; BVioe(2))NC([0, T); Li,.(2)). We still have to show that y is an entropy
solution of (1.1). For monotone fluxes the discrete entropy inequality holds

(4.1) Uk(yj +1) < Uk(yj ) — EA+Qk(yjfla Y; )+ AtUlé(yj +1)Gj
with Uk(u) = u — k|, Qr(u,v) = F([u, k], [v, k1) — F([u, k], [v,k]), Ug(u) =
sgn(u—k), for any k € R and [«, 8]+ = max{«, 8} and [, 8] := min{«, 8}. In fact,
since H is monotone increasing w.r.t. all arguments and k = H(k, k, k), we thus have
[y?+17 k]+ < H([y?—la k]+, [yglv k]Jr? [y;‘LJ,-la k]+) + Atl{y?+1>k}G§La
[y;”rl, k- > H([yj_1, k-, [y}, k], [yj41, k=) + Atl{y;+1<k}G2L.
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Taking the difference yields the discrete entropy inequality (4.1). Let ¢ > 0 be grid
values of a test function ¢ € CL([0,T[x[0,00[), ¢ > 0. We obtain

> oAz (U(yy™) = Uny]) — AUy + AT Qu(y)—1,47)) <0

§>1,n>0

and summation by parts yields

> Az (Unlyf ™) (@] — ¢ = AT Qu(y} ) — At ULy TGY)

(4.2) J>1,n>0
= AxUx(y9)) = Y AtQ(ulp, y)dt < 0.
j>1 n>0

Doing the same for the original scheme instead of the discrete entropy inequality yields

Do Aw(yptHep — o) = AATGTF(y), yf) — AtgFGY)

(4 3) 7>1,n>0
= > Awye) = > AtF(up,y)ér = 0.
i>1 n>0

Now y§ = ul and with @ = y§ — 2L(F(yg,y1) — F(y§. yi)) we obtain as above

A
Un(8) < Un(uf) — 5 (Quul 2) — Qu(o o)

and by the convexity of Uy (note that sgn(u — k) € 0Ux(u))

At

Ur(u) 2 Uk(yo) — xsenlyo — k) (F(yg, 97) — Fyg. v0))-

By combining the last two inequalities, we obtain

Qrlye- y1) = Qulgs yo) —senlye — k) (F(yg, v1) — Fyg, 95)) < 0.
Inserting this in (4.2) yields with F(yg,y5) = f(yd)

(4.4)
> Az (Unlyf (@] — 60 — AT Q] yly ) — At UL (v )G

§>1,n>0

= AxUk(y))e) — Y At (Qu(yg,vp) + sen(ys — k) (F(y, vt — f(u)) o7 < 0.

i>1 n>0

Taking test functions max{0,1 — z/8§}é(t) with ¢ € C1(]0,T[), ¢ > 0 in (4.3) yields
for Ax = At/X — 0 and § \, 0

fy(t,0+))p(t) dt = Alim F(up,a(t),ya(t, Ax))o(t) dt.
[0,7] =0 Jj0,7]

Which verifies the first statement (3.9). By continuity this also holds for test functions
¢ € L'(0,T). Inserting this in (4.4) with the same test functions such that for all k
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the set {up = k} has measure 0 yields
/[OVT[(Sgn(y(t, 04) = k)(f(y(t,0+)) — f(k)) = sgn(up(t) — k)(f(up(t)) — f(K)))
—sgn(up(t) — k)(f(y(t,04)) = f(up(t)))e(t) dt <0,
and thus
(4.5) /[0 T[(Sgn(y(t, 0+) — k) +sgn(k — up(1))(f(y(t,0+)) — f(k))é(t) dt < 0.

This is equivalent to

e sk =y 04)(F(9(2.04)) — £(R)) = 0.

thus the limit function satisfies the boundary condition in the BLN sense. Now, let
¢ € CL([0,T[x[0,00[), ¢ > 0 be arbitrary. Using test functions min{1,z/8}¢(t, z) in
(4.2) the limit Az = At/\ — 0 and ¢ N\, 0 results in

|l = ko = seny = B (0) ~ £6)0 — osenly — Ky
—/ngn(y(t,0+)—k)(f(y(t,O—l—))—f( 6(1,0) dt—/ o () — k|6(0, ) dz < 0,
Including (4.5) yields the weak formulation of the entropy inequality
| (= ko= santy — K7 w) ~ S(80)6. ~ osenly ~ )
—/ngn(uB(t) — ) (Fy(t,04)) — F(R))(t,0) dt—/ o () — k|6(0, ) dz < 0

see also [3, 20]. The limit limy~0 [[y(,-) —wol|z2 (o) = 0 follows from the equicontinu-
ity in time and ug o — ug in L}, .(€2). Consequently the limit function y is the entropy
solution of (1.1). By a subsequence-subsequence argument the convergence holds for
the whole sequence A. Using an approximation argument as in [9] the same holds for
controls in u € (L N L>)(Q) x (L' N L*>)(0,T) without the additional BV-bound. O

Proof of Lemma 3.5. In [29] the assertion was proved for Cauchy problems, see
also [27]. We proceed similarly, but take the boundary data into account. Let without
Yiv1 =Y

restriction 7o = 0. Define £ := === We analyze first £, n =1,..., Nr, i.e., the
behavior at the boundary. By assumption, f'(ug) > f'(y) = 8 > 0 on [0, 7] holds for
some 7y > o, hence we have yj > o for alln =1,..., Ny. Moreover, g =0 for z < g

and thus GT = 0. We have to distinguish the following cases:

Case 1: y? > 0, y5 > 0. The mEO-scheme reads 37"t =y — A(f(y?) — fF(})),
which yields y”+1 ng =0 —yot oyl —yd — M) — f(yy)). Now, since
f" > myg» > 0 holds, we obtain

mf”

Fn)=fyo) = (o)Wt — ) + 5 (Ut —u5)*
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Hence,

)\m "
P =yt <yl -yt (- ) <1 = M) - Qf (v} — yé‘))

<yr =yt W =y (1= A (uE).

Thus, we have

it =t < —ur T 4 U —wg) (L= A (7))

Case 2: y} > o, y5 < 0. Then the mEO-scheme reads v = y? — A\(f(y}) +
fyz) = f(o) = f(yg)). This yields

yr et <y — eyl — b — A — fW))

and we can proceed as in Case 1.
Case 3: yI < o0, y§ > 0. The mEO-scheme is given by y?“ =yP — M f(o) —
max{f(yg), f(y1')}) and we obtain

vt —uet =g et - wg = Af(0) — max{f(yg), £(yi)})-
The grid points y;" are bounded, so f has a Lipschitz constant Ly. Therefore
—A(f(o) —max{f(y5), f(y1)} < ALymax{yy —o,0 =y} < ALp(yg — 1)
Hence, under the CFL-condition ALy < 1 it holds
vt T < yg et (e — v (1 ALy) S yp —yp

Case 4: y} < o, y¥ < o. The mEO-scheme reads y™' = o7 — A\(f(y5) —
max{f(yy), f(y7)}). This yields

Ui =y < up —up Tyl — u — A () — max{ £ (y5), F(y7)})
and we proceed as in Case 3. Altogether, we obtain

(4.6) it =y <yl — w0 = ug)+ (1= A (7).

~ 0 0
Let Cy = max{0, ylgfo }. Since the boundary data generate by assumption no rarefac-

n_ ntl
tion centers, we find a constant Cg > 0 with )\% <Cpgforn=0,...,Np—1.
We define a sequence a, by an41 < Cp+ma, with ag < Co and m = 1-Af'(v) €]0,1].
This yields a,, < m"Cy + Cp ZZ:Ol mt < m"Cy + f_—’j’n and with (4.6) we deduce

. C
(4.7) f3 <m"Co+ 5 5 _—.c,, n=0,...,Np.

Let Ly, > 0 be the Lipschitz constant of g with respect to z. By extending results
of [29, Lem. 6.5.2] for the EO-scheme to the mEO-scheme, see below, we obtain with
some v > 0 for all 0 < ¢ < v the estimate

(4.8) g;;+1 < é?f _ AtC(@Z’l"')2 + AtLg, 6;714_ = max 1{(6;?+k)+}, j>1.
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Set ¥ (€) := € — Atel?> + AtL,. We derive now an upper bound for £}, We observe
that ¢} < 2M,/Az + Cp/(1 —m) for j > 0. We clearly find a maximal 0 < ¢ <wv
such that it holds for all 0 < A < Ay

(4.9) ' (f)=1—2cAtl >m Ve |0,max{2M,/Az +2Cg/(1 —m), Lg/c}} .

The latter interval contains all E?j, j > 1 and all C,, and v has the unique fixed point
¢ = /L,/c on the interval. With (4.7), (4.8) we obtain K?“ < max{CnH,w(E;L,’fr)}
for all 57 > 0.

Define M,, = sup;>; max{(7,Cy,}, then the monotonicity of ¢ yields K?H <
max{Cyp11,¥(M,)} and thus

(4.10) Myy1 < max{Cyy1, ¥(M,)}.

Now define
M1 = max{Cy1,%:(My)}, Moy = M

then the monotonicity of 1z yields M,, > M,, for all n > 0. We consider two cases.
Case 1: My < +/L,/c. Then by (4.8) and the fact that /L, /c is the unique fixed
point on the interval in (4.8), we have My < 9 (My) < \/Ly/c and €y < Co < M.
Hence, M; = ¢(M;) and we obtain inductively M, 1 = ¥(M,), M1 < /L g/ c for
alln>0
Case 2: My > +/Ly/c. Then we obtain similarly as in Case 1 that (M,,) is a

decreasing sequence > 4/Ly/c. An elementary investigation of the quadratic function

Y(Cy) — Cpy1 = Cp, — AtcC? + AtL, — mC,, — Cp =: q(Cy,)
yields that ¢(C) has a minimum at C' = (1 — m)/(2cAt) with value ¢(C) = (1 —
m)?/(4cAt) — Cp + AtL,. Now (4.9) implies M,, < C, n > 0, as well as ¢(C) > 0.
Therefore, ¢ has a unique zero at some some Cpa € [(Cp — AtLy)/(1 —m),2(Cp —
AtLg)/(1 —m)] and

>0 for C, €[Ca, (1 —m)/(2¢At)],
Y(Cn) = Cuia {g 0 for G, < Ca,
Hence, we obtain M, = (M,) until the first n = ny with M,,, < Ca,¥(M,,) <
Cp,+1 and from that point on we obtain M, =C,, for n > ny + 1.

In other words, if we define the sequence Mn+1 = 1/)(M ), Mo = My we obtain
M, = max{M,,C,}. To estimate M, we note that (Mn+1 M,) = —cM?2. The
solution of the initial value problem ¢(t) = —ca(t)?, (O) M satisfies a(nAt) > M,
and is given by a(t) = (ct+1/My)~". Hence, we can conclude M,, = max{Ch,, M,} <
max {C,,, a(t,)}. Finally, (4.9) 1mphes casily that o(M,) > mM, and thus M, >
m"™Cy for n > 0 leading to

_ C 1
M, < —F_ 4 —.
1—-m Ctn+m

It remains to prove that the modified Engquist-Osher scheme satisfies (4.8) under
the assumed CFL condition. In [29, Lemma 6.5.2] it was shown that (4.8) holds for
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the Engquist-Osher scheme with v = min{m /4 1/4xn,)}- The mEO-scheme differs
only for j =1 in the transonic case y} < o < yg, where

FEO(yit gty = f(y) + flyy) — f(o) > max{f(y), F(y0)} = F(yg, v}).-

Hence, we have (¢711)FO > (¢7+1)ymEO and thus [29, Lemma 6.5.2] holds with j = 1
also for the mEO scheme. 0
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