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Abstract. A coupled system of stationary fluid-structure equations in
an arbitrary Lagrangian-Eulerian framework is considered in this work.
Existence results presented in the literature are extended to show dif-
ferentiability of the solutions to a stationary fluid-structure interaction
problem with respect to the given data, volume forces and boundary
values, provided a small data assumption holds. Numerical experiments
are used to substantiate the theoretical findings.
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Introduction

Fluid-structure interaction remains one of the most challenging topics to
date, although many publications have appeared with specific emphasize on
applications, coupling algorithms, and theory. Typical examples are found
in industrial processes, aero-elasticity, and biomechanics. Specifically, fluid-
structure interactions (FSI) are important to describe flows around elastic
structures as for instance in the flutter analysis of airplanes, parachute FSI, or
blood flow in the cardiovascular system, possibly with hyperelastic structure
models, and heart valve dynamics, see, e.g, [34, 42, 31, 18, 39, 35, 28|.
Often, either implicitly or explicitly, the quantity of interest is associated
with calculating derivatives of solutions to FSI problems with respect to the
given data. Such derivatives with respect to given data such as volume forces
or boundary values have been used excessively in numerical papers concerned
with sensitivity calculations or derivative based minimization problems, see,
e.g., [29, 1, 44, 40, 38, 33]. In addition, sensitivity calculations are required for
certain a posteriori error estimation techniques, such as the DWR~method |7,
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8, 5]. Studies with a particular emphasize on FSI problems are carried out, for
instance in [16, 37, 45, 23, 47]. Optimization-related problems subject to FSI
have not been tackled, yet. Some first steps have been done in [9] where the
case of a nonstationary problem with fixed interface was considered. Further,

stabilization of such problems with a lower dimensional structure equations
are considered [13, 36].

In recent years, several attempts have been made to prove existence of
fluid-structure interaction problems. First results were derived for structures
that were modeled as a rigid body, e.g., [14], or given by a finite number of
modal functions [15]. Existence results for three dimensional fluid-structure
interaction, where the structure was described as an elastic material, have
been shown in [20, 21]. The extension to nonstationary problems is far from
being trivial. The well-known problem is the regularity gap of the fluid and
the structure velocity on the interface. Proofs of well-posedness and existence
of nonstationary fluid-structure interaction have been derived in |11, 12, 22|.
Moreover, regularity properties of the FSI solution have been studied in |6,
2]. We emphasize that the important dilemma of non-matching coordinate
systems of fluids and structures has to be overcome. Consequently, in this
work, the well-known arbitrary Lagrangian-Eulerian (ALE) frame of reference
(see, e.g., [25, 27, 32|) is used. Using this method, the fluid equations are
reformulated on a fixed (but arbitrary) reference configuration.

The goal of this paper is to address a specific problem of theoretical
fluid-structure interaction, namely the proof that there is at least one locally
unique solution that is Fréchet-differentiable with respect to the boundary
data and volume forces; supplemented with its numerical verification, to asses
the necessity of the imposed small data assumption. To the best of the au-
thors knowledge, neither results on the differentiability of solutions to F'SI
problems with respect to the data have been shown, nor detailed numeri-
cal studies were conducted. Some work in this direction is contained in [30]
where differentiability of the solution-map for a lower-dimensional structure
was considered. The purpose of this work is to extend the existence theory for
a stationary FSI problem given in [21] to include local uniqueness of at least
one solution under a small data assumption. Then, the main contribution of
this article, differentiability of the solution with respect to the problem data
is proven. These theoretical results are substantiated with some numerical
tests.

The paper is organized as follows. In Section 1, we will describe the
considered setting for the FSI problem under consideration. Then, some re-
sults on the fluid and structure problem will be collected in Section 2. Here,
special emphasis is placed on the fluid problem, which is posed in the ALE
framework, while the structure equation is standard linear elasticity. The pa-
per culminates in Section 3; here the main result, namely differentiability
of solutions to the FSI problem, will be shown. This will be done using a
fixed point argument in combination with several applications of the implicit
function theorem. Finally, numerical experiments illustrating our findings,
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in particular the necessity of the small data assumption, are conducted in
Section 4.

1. Problem Setting

In the sequel, let  C R? with d = 2,3 be a given domain with a C"!
boundary. We decompose (2 into a fluid part {2y and a structure part (25. In
(2 the incompressible Stokes equations and on {2, a linear elastic structure
equation is valid. We denote the interface between the two subdomains by
I, .= Q_f N Q. Boundary parts where we prescribe Dirichlet conditions, are
denoted by I'y and I'y (for fluid or structure, respectively). These boundary
parts are chosen such that 92 = I'y UT's. In order to avoid problems due to
singularities arising from the change of the boundary conditions, we assume
that the interface I'; has positive distance to the boundary 052 of the domain.

We use standard notation for the usual Lebesgue and Sobolev spaces.
On the Hilbert space L?(2), we denote the scalar product by (-,-) and
the corresponding norm by || - ||. The space W™P(Q)) contains those func-
tions whose weak derivatives up to order m are in LP(£2), and we write
H™(Q) = W™2(Q). For any d — 1 dimensional set I' C Q, we define
Wy’ () € W™P(Q) by zero Dirichlet conditions on T', assuming |I'| # 0
in the d — 1 dimensional sense. For vector valued function spaces, we indi-
cate this by adding the image space to the definition, e.g., H™(Q2;R%) for
H™ functions with values in R?. Throughout, we assume p > d and hence
W2P(Q) c Wh>°(Q) by standard embeddings.

Due to the coupling of fluid and structure equations, the domains ¢
and €2, are unknown a priori. Under the assumption that the overall domain
Q) is fixed, we will reformulate the coupled system on a fixed domain Q=0
with boundary 9€2 = I'fUI's. To do so, we introduce a reference configuration

by denoting (Alf C Q and ﬁs =Q\ Qf C ). The interface fl = E)ﬁf N 8§s is
assumed to be of class C'1'! with positive distance to dQ. Then, the problem of
finding the domains €2y ; is equivalent to finding a transformation A Q=0
such that ./Zl\(ﬁf) Qf, A A©Q,) = Q,, and A(T;) = T;. This transformation
is called the ALE map [25, 27, 32]. A natural choice for €, is the domain
initially occupied by the structure, and hence A: Q= Q, cQis given by
the displacement g, e.g., .A’A = I + 1, where I denotes the identity on

S

R?. To obtain its values on the fluid domain, one has to choose an arbitrary
continuation, e.g., of harmonic type [49, 27|, to obtain a displacement 4 =

A — T on the fluid reference domain € ¢ that satisfies the following geometric
coupling condition:

I+a(2) = A(#) = I +as(&) onT;.
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For the extension of boundary values, we introduce the following spaces
Wi = Ws_l/p’p(fi;]Rd), s=1,2,
Wg = WP(QpRY) 0 Hyp (Qp5RY),

together with their respective norms || - ||; s and || - || &.

Let £ : W; 2 — Wg be a continuous (linear) extension operator. Then, the
ALE map on €2 is determined as a function of i by

Al = A(ay)

Qy

~ =1+ 5(71@25))7
Qf

where v; denotes the trace operator over fl This leads to iy = U on fl For
reasons that will become clear later, it is desirable to choose the continuation
& such that HA“WLoo(ﬁf;Rdxd) is small. For more details on the ALE regularity
condition, we also refer the reader to [17].

For later purposes, we define the deformation gradient F' and its deter-
minant J, related to the ALE map, that we will use quite frequently, by

F:=F(a)=VA, J:=J(a)=det(F). (1.1)

The existence proof is based on a fixed point argument. Hence, we begin

by stating some properties of the fluid and structure problem.

Remark 1.1. Note that, by Sobolev embeddings and the assumptions on &,
we have for any a5 € W2P(Q4;RY) and 45 = A(is) that

sl @, ey S Narlle S Nalliz S 1y, g,

where < indicates that the inequality holds up to a constant independent of
the relevant quantities, in this case i, and .

In particular, J > 0 if ||1l$||v[,27p(§2 gay is sufficiently small and we see
that this implies A and A~1 € W1oo(Q; RIxd),

2. Properties of the subproblems

The fluid problem reads (in Eulerian coordinates):

Problem 2.1. Given a domain Qf with a C L1 houndary, and boundary val-
ues gy € W2=1/PP(T';;RY) with the compatibility condition, see, e.g, [43,
Theorem 2.4|,

/ g -nyds=0. (2.1)
Ly

To abbreviate, we write g € W?2~1/PP(T';; R?)/R. Denote, again by g; the
continuation of gy in W2?(Qz;RY) N Hy (Qf;R?). Then we need to find
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(vf,py) € Hé,rfuri(Qf;Rd) X L2(Qf)/R—|— (gf,0) such that

~div(o;) =0 in Qy,
d/i:fvf=0 in Qf,
vy =0 onl},

Vf =gy OI Ff.

Here, the constitutive tensor o is given by
op = 05(vy,py) = —prl +vp(Vug + Vup),
where vy describes the kinematic viscosity of the fluid.

The existence and regularity of solutions to Problem 2.1 is studied in [43]
under the assumption of a regular domain 2. Unfortunately, since the do-
main )¢ is given by the unknown mapping i, i.e., 0y = /Zl\(ﬁf), this can not
be asserted a priori.

In order to proceed in the reference domain, we transform the fluid
equations to a fixed arbitrary reference configuration:

Problem 2.2. Given a displacement 4, € W2, and g5 € W2_1/p’p(Ff;Rd)

satisfying (2.1). Define F and J by (1.1), and the transformed constitutive
tensor as

6'\f = Ef(@f,ﬁf) = —prl + I/f(@f)fﬁ_l + ﬁ_Tﬁf)?)
Find (0f,p7) € Hpop, (3 RY) x L2(Qf)/R + (gy,0) such that
~div (6;JFT)=0 inQy,
(ﬁ:/(jﬁ_lf)f):o in f:l\f, (22)
vy =0 onlY},

f)f =gr oOn Ff.
Under the assumption of W?2? regularity for 5 = E(uy), with suffi-
ciently small norm, the solutions of the Problems 2.1 and 2.2 coincide by
setting 95 = v o A~ and py = py o A1, Since I'y = I'f the boundary data

gy do not need to be transformed.
The structure problem (in Lagrangian coordinates) is defined by:

Problem 2.3. Given forces fs cLP (ﬁs; R?) and g, € Wi 1. Find vector-valued
displacements i, € W2P(Q,; RY), such that

>

—&i\V (is) = ]Es in 687
r=0

Yighg = gs on 1,
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with the Piola-Kirchhoff stress tensor 3, and the (linear) Green-Lagrange
tensor E:

~ ~ ~ ~ ~ ~ 1 ~ ~
Y= 3, (ts) = Mr(E) +2uE, E:=E(i,) = 5(vas + Val),

where the constants A and p denote the Lamé parameters, and I the identity
matrix R4,

For better readability, we introduce the following spaces for the data of
the fluid and structure problem as well as the respective solutions:

Wp,s := LP(Qy; RY),

Wp = W2 VPP RY) /R,

W o= LP(QpRY) x W2TYPP(D 5 RY) /R x WP () /R,
Ws := W2P(Q RY) N HY b (953 RY),
Wp = W?P(QpRY) x WP (Q) /R,

WO = W2P(QpR )mH;FfUF (@ RY) x WHP(Q) /R,

together with their norms || - [|p.s.|| - [|p,7, || - |lp. 7+, || - |ls, and || - || 7. Here,
the notation g; € W2=Y/PP(T';;RY)/R means the compatibility condition
frf grngdr =0 while P € WHP(Qy)/R stands for fﬁf Pdx =0.

Remark 2.4. We note that in the above setting other boundary conditions
can be considered as well. The only strong requirement we have to enforce is
that the solutions of the problems are sufficiently regular on IA“Z-, ie., 4y and
s need to be in W2~1/ p’p(fi). The choice of the particular boundary values
here is guided by the aim to have as little technicalities as possible. For the
same reason it is possible to replace the equations with appropriate nonlinear
versions, e.g., Navier-Stokes, nonlinear elasticity, etc. However, we refrain
from such generalizations as not much value is added by an additional fixed
point argument to obtain solvability of the (non-coupled) fluid and structure
equations. Similar arguments can be made to incorporate additional volume
forces or boundary values.

We will derive some properties of solutions to the Problems 2.2 and 2.3.
Before these are stated, we recall two assumptions from |21, Page 83]. They

are dealing with the regularity of the transformation F and its determinant
J.
Remark 2. 5 We simplify again notation by setting A “1JF-T and
B:=JFT in the following section.
Following [21], the following assumptions are made on the A and B to
proof existence of the transformed Stokes problem. Assume:
a) Aisa symmetric positive definite matrix whose coefficients are elements
of Whr(Q #). There exists some p081t1ve constant o such that A = a I.
b) B is invertible, with both B and B~ in Wl’p(Qf, RIXd),
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¢) There is C, > 0 such that A and B verify
12 = Al @, e < Co
1= Bllyom @, saee) < Cu
1T = B |l @, gaxay < Cl
As both A and B are given by ﬁ, we remark that the assumptions hold if

A is regular enough, e.g., for small deformations of the fluid mesh meaning
|us]|le < 1, see also our Remark 1.1. Further, we note that the mappings

A, B,B™': Wy — WHP(Qp; R
are Fréchet-differentiable with
”DUA(U)HL(WE’Wl,p(ﬁf;Rdxd)) < Cu,

||DUB(U)||£(WE’W1,p(ﬁf;Rd><d)) < Cu,

”DUB_I(U/)HL(WEJ/VI,p(Qf;RdXd) < Cua
with a constant C,, depending on ||u|,. We note that, in fact, the constant

satisfies C,, < C, s < 00 as long as 0 < p < J and |Julw, < M.

Before we come to the existence and regularity of solutions to Prob-
lem 2.2 we need to introduce a slightly generalized fluid problem that we
need frequently in the following proofs.

Problem 2.6. Given a displacement @5 € W; 2, and problem data (ff, g, ﬁ) €
WE’F. Define F and J by (1.1).
Find (d¢,pf) € W2 + (gf,0) such that
—div(5;B) = f; inQy,
(TRf(ET@f) Iﬁ in ﬁf,
vy =0 on fi,
f}f =grf on Ff,
with B given by Remark 2.5.

It is immediately clear that, Problem 2.2 can be obtained from (F), by
setting fr =0 and P = 0.

Theorem 2.7 (Existence of Stokes in the ALE framework). Let Q 5 C R be
any open domain, with a C' boundary 8§f = ff Ufi with positive distance
between the two boundary parts. Let us € W, o and (ff,gf,ﬁ) € WE’F be
given. Define F and J by (1.1). In addition, let the assumptions a) - c)

hold true, i.e., ||Us|/;2 is small enough. Then, there exists a unique solution
(0f,pf) € W2+ (g7,0) to (F) and it holds the estimate

1@, p0) e S HI(frs 95, P)llp,pe- (2.3)
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The hidden constant depends on the assumptions a)—c) and hence on Us; it re-
mains bounded in terms of Cy, a1 as long as0 < p < J and ||€L8||W2,1/p7p(1:i,Rd) <
M. In particular, it holds

lia < CI(fr,95, P)llp,r+-
Further, the mapping F : Wi o X Wg’F — Wi 1 defined by

loy By

(asaff,gfap) = a-\fBﬁf
1s continuously differentiable.

Proof. The existence of a unique solution
(04, D5) € Hy(Qp3RY) x L*(Qy)/R + (g5,0)

to (F) can be seen by transformation to the physical domain ¢, noting that
the mean value of the back transformed P is preserved, see for instance [43,
Prop. 2.2| (compare Problem 2.1).

The regularity follows as in [21, Lemma 4| with the obvious modifi-
cations for non-homogeneous Dirichlet data and inhomogeneity P. To show
differentiability, it is sufficient to consider the map (s, ff, gt ﬁ) > 8f§ﬁ ¥

In order to show differentiability, we employ an implicit function type
argument. To this end, for given values g, ff,gf, P the solution (Of,Dy) is
given by the equation (F), which we abbreviate as

a(is, f1,95, P, 05, 05) = 0,
where
a: Wip x W o x Wp — LP(Qp; RY) x WP(Qy)/R.
To show differentiability of (0, ps) with respect to the given data, we employ

the implicit function theorem. To this end, we note a is linear in (05, p¢), and
thus

Dy paliss, fr, 95, P,os,by): We — LP(Qp;RY) x WHP(Qy) /R,

corresponds to the transformed Stokes operator on the left of F. Thus, by
what we have seen above, the operator
D, pa(ts, fr,9f,0f,Df) is invertible. This shows the assertion. O

For later purposes, we intend to derive some properties of the derivative
D, F. To do so, we start with a theorem calculating the derivative of (0f,py)
with respect to the domain transformation iy = €.

Theorem 2.8. The mapping
G: Wi — Wg +(g5.0)
g (05, Py)
given by (F) with fized (ff,gf,ﬁ) € WEF is Fréchet-differentiable and the

derivative
G'(uy): Wg — W,
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1s given as follows. For any given du € Wg, the pair
(6v,3p) = G'(iiy)du € W
18 given as the unique solution to the problem

—div((—6pI + vy (VovE ' + F~Tvsu™))B)

— div ( —ﬁfDuééu n Qf,
+vy (Vg D, Adu
+ D, F~T6uvil B (2.4)
+ F~Tvo] D, Béu))
div (BT §v) = —div (D, BT 6u)dy) in Qy,
ov =20 on T; U Iy,

where (0, py) = G(uy) and A and B are given in Remark 2.5. In particular,
if |af|| e is sufficiently small (compare Remark 2.5) then

|G (@p)ll cwwey < Cliy),
where C(uys) depends on ||uf||g, and the data (ff,gf,ﬁ) only. Further, it
holds X R
Clag) =0 as |aglle+(fr 97 P)lp,p+ = 0.

Proof. To see that problem (2.4) has a unique solution, we show that the
prerequisites of (F) are fulfilled, which shows the claimed existence using
Theorem 2.7. The regularity requirements for the right hand side are given
by definition of F and (0f,pf) (using that WP and WP are algebras).
Further to see that div ((DugTéu)f)f) € Wl’p(ﬁf) we note that due to the
Piola identity, see, e.g., [10, Chapter I, p 39|, it holds div (j(u)ﬁ’T(u)) =0
for all u and thus also div ((D,BT6u)) = 0. This implies

div (Dy BT 6u)d) = Dy BT 6u : Viy € WhP(Qy).

Thus, the only question remaining is the compatibility condition
[ &y ((DW BT 5u)i;) da = 0,
Q

To this end, one applies the Gauss divergence theorem, which shows the
compatibility condition using vy = 0 on IA“Z and DuéTéu = 0 on I'y; by
definition that A =1 on T ¢ for all u € Wg.

The claimed bound on ||G'(tf)|| z(w,,w,) follows from the stability esti-
mate (2.3) in Theorem 2.7 and the bounds on Duﬁ_l, D, J, U¢, and the data.
For the bounds on Duﬁ_l and Duj the smallness assumption in Remark 2.5
is required. Moreover, because (0¢,ps) in the right hand side of the defining
equations of (dv, dp) tends to zero if (ﬁf,ff,gf,f’) — 0 it holds C(ay) — 0
if all data tends to zero. Note that C,, in Remark 2.5 ¢), and thus C in (2.3),
is non increasing as 4y — 0.
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Now, to show differentiability we define (0¢,p¢) = G(4y) and (v,p) =
G(us + du) where du is sufficiently small to assert the smallness assumption
for @y 4 du following Remark 2.5.

Then, from strong convergence of the coefficients in (F), i.e.,

F(ig +0u)~' = F(as)~" as ||6ullg — 0,

it follows easily, by comparing the defining equations and application of the
stability estimate in Theorem 2.7, that (v, p) — (0¢,0,) in W as ||dul|g — 0.

Now, we show that in fact (v, 0p) given in the statement of the Theorem
is the claimed derivative G’(4s)du. We define the linearization error

(ev,ep) = G(ag + 0u) — G(ag) — G'(4y)ou = (v — 0y — 6v,p — Py — dp).
By the following Lemma 2.9 we obtain

I(ews ep)llr < o([[dulls)-

This shows the asserted differentiability. O
Lemma 2.9. Let iy € Wg be small enough such that the mapping G from
Theorem 2.8 is well defined in y. Further, let € be such that G is well defined
for all 4y + du where ||du||g < €. For any such du, define (0¢,ps) = G(uy),
(v,p) = G(iy + u), and (6v,dp) by (2.4).

Then the linearization error (ey, ep) = (v—0f —0v,p—ps —Op) satisfies:

(v ep)llr S 11w = 7,0 = Bl lul & + o J1dux )

= o(floull ),

with hidden constant depending on C, nr as discussed in Remark 2.5.
Proof. We compare the equation (F) for (0f,py)
—(Ti:/((—ﬁff + Vf(@f}fﬁ_l + F\_Tﬁﬁ}ﬂ))é) = ff in Qf,
(TR/'(ET@f) :ﬁ in ﬁf,
lA)f =0 on fi,
f)f =gr oOn Ff,

where B =
B=JF T
—div ((=pI + vs(VoF ' + FTVT)B) = f; in Qy,
(ﬁ:f(BTU):ﬁ in ﬁf,

JF-T, and (v,p) where F = @/T(@f + du), J = det F and

v=0 onl},

v=gy onlYy,
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with the equation (2.4) for (dv, dp)

—div ((—épl + Vf(V(SUF\_l + F~Tvé6u™))B)
:d/i:/(—ﬁfDué&L in ﬁf,
+vy (V@fDugéu
+ D, F~"6uvil B
+ F~T"vil D, Béu))
div (BT 6v) = —div (D, BT 6u)dy) in Q,
ov =20 on IATL Uly.

Comparing the first of each of the three equations yields, using A=F"'B
and A = F~1B,

—div ((—epl + I/f(Vevﬁ_l + FTvel))B)
= —div ((—pI + I/Jc(ﬁvﬁfl + F-TVoT)B) — I
— div (=py Dy Béu + vV D, Adu
+ Vf(Duﬁ_TéuV@?é + ﬁ_TV@;‘cFDugéu))
= —div ((—pI + v¢(VoF ' + F-TV0T)B)
+ div ((—pl + Vf(%’UF_l + FT90T)B)
—div ((—pI + v§(VoF '+ F-TV0T)B) — f;
— div (—ﬁfDuﬁéu + VfV@fDuA\(SU
+ (D F~"6uvof B + F~TVo] D, Béu))
= —div (—p(B — B) — py Dy Bou)
— vpdiv (Vo(A — A) + Vs D, Abu)
—vpdiv (F~T = F"T)VoT B + D, F~Touvil B)
—vpdiv (F~TVWT(B - B) + F- V4! D, Béu)
=: R;.

(2.5)

Noting that WP is an algebra, we see that R, € Lp(f\l 7;RY) and by Frechét-
differentiability of

A\,E,ﬁ:WE—)Wl’p(ﬁf;]RdXd); and j:WE%Wl’p(Qf),
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in a neighborhood of 7 ¢; we can estimate the LP-norm of R; as follows, with
hidden constants depending on C, given in Remark 2.5:

IRl o @y, ey < IPlwro@, ) ellB = B = DuBoully b, gasa)
+ [Ip _ﬁf”Wl,p(ﬁf)/]RHDUE(SUHI/I/'lm(ﬁf;RdXd)
+ V5[ V0l o @y, ey |14 = A = DuASully o, e
+ VfH@(U - ﬁf)HWLP(Qf;]RdXd)||D’LLA\5U’HWLP(ﬁf;Rd><d)
+ VA1Vl @, maxey | Bllwro @, maxa)
IF=" = F~" = DuF " ullyyr,p, )
+ vV (0 = 00 lyrio @, o) [ Bl @, maxey (2.6)
||Duﬁ_T5u||W1,p(§f;Rdxd)
+VfHF_TﬁvT”Wl,p(ﬁf;Rdxd)
1B = B = DuBbul| 1 5y, ey
+ v |V = FTTVOT @, anay
1D Boul| 1.0
S =50 = pe)lrlloulle + o([|6ull ).

QpiRéx4)

Now, we compare the second of each of the three equations; with the
Piola identity, as in the proof of Theorem 2.8, we obtain
div (B"e,) = div (B"v) — div (BTv) + div (BTv) — P
+ div (D, BT 5u)dy)
= div (BT — BT)v + (D, BT 6u)iy) (2.7)
= (BT = BT): Vv + DB 6u : %@f
=: R».

Further, we have the compatibility condition
/ Rodx = / div (BT — BT)v + (DUETéu)@f) dx
Qy Qy
= /A (ET — BT)Uﬁf + (DuET(M)f)fﬁf ds

i

+ / (B" — BTy 4 (D BT 6u)osis ds = 0
Ly

since v,0y = 0 on IATL and BT = BT on I'y and thus DuéTéu =0on I'y.
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Again, using the algebra properties of W1 and the properties of B , We
assert Ry € W1P(Qy) and we calculate

|Ro s,y < IBT = BT = DyB"6ullyr b, maxe [0 lhwan @, men
+ v - @f’|W27P(§f;Rd)|’Du§T5uHW1yp(ﬁf;Rd><d) (2.8)
S v - @fHsz(ﬁf;Rd) ||5U||W2,p(§f;Rd)
018l g2 1, )

Combining the above calculations asserts that (e,,e,) solves the problem

—div ((—epI + Ve, ' 4+ (Ve , F-HYT)B) = R, in ﬁf,
d/i:f(ETev) = Ry in (Alf,
e, =0 on fz ULy,
with bounds on R; and Rs given by (2.5) and (2.7). From the estimates (2.6)
and (2.8) the assertion follows by Theorem 2.7. O

Now, we can state the next preliminary result concerning the derivative
of the ‘Dirichlet-to-Neumann’ map given in Theorem 2.7:

Theorem 2.10. For the mapping F given by Theorem 2.7 it holds that for any
given constant € > 0, one can assert that

| DuF (s, fr.97. P)l| <.
where the norm s taken with respect to
Dy F(its, f1,95, P): Wia — Wiy,
provided that (ff,gf, 13) € WEF, and us € W; o are sufficiently small.
Proof. We note that F is given as a composition of the following three maps:
E: Wia— Wg
Us — E(Us) = Uy,
G: Wg — Wr,
Ug — (05, py) solving (F) with fixed data (ff,gf,ﬁ),
T Wg xWp — W1,
(tip, 05, ps) > Jo s F Ty,
Here, for fixed f ¢ and gy the operator G is defined as in Theorem 2.8.
This means

Flis, fr.9r, P) = 7(£(0.), 6((@.)) ).

Noting that £ is linear and bounded, and thus has no influence on the differ-
entiability, we neglect the influence of £ and write 4y € Wg instead of £(us).
By the chain rule, we get for any direction du € Wg that

Dy F(iiy, fr, g7, P)ou = Dy (iiy, G(iiy))ou + Dy pr(tiy, G(1y))G' (i) du.
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Because 7 is linear in v and p, it follows

D, F(ay. fr.g5. P)Su = Dyr(ag, G(ag))du+ (s, G ()u).

(i) (i)

We take a closer look on the summands on the right hand side.

(i) For the first term D, 7, we note
T(ty, Gliy)) = iy, o5, p5) = (—pp + vy (Vo F~H 4 (Vi F~HT)) By

Consequently, its derivative with respect to the first argument is given
as

Dyr(ig,Gliyg))du = (—psl +vp(Voy F~ 4+ (Vi  F~HT)) (D, Bou)iy
+ (v (VoD F Y 6u + (Viy D, F~ou)T)) Biry.
From this, using that W, ; is the trace space of Wl’p(ﬁf;Rd), and an
algebra for p > d, we calculate:
[ Dur(iy,G(as))oullw, ,
< |G ¢ (DuBsw)irs||w, ,
+ (s (Vo DuF~ ou + (Vo DuF ' 6w)™)) Birgllw,
N ||af||wl,p(§f;Rdxd)||Du§5U||W1,p(§f;Rdxd)
+ H@waz,p(ﬁf;Rd)HEHWl,p(ﬁf;Rdxd)HDuﬁ_léu”Wl,p(ﬁﬁRdxd)-

Using the definitions of J and F~7, we get that for ||a 7|l & sufficiently
small, there is a constant, depending on the size of this norm only, such
that

HDUB6uHW1aP(§f;]RdXd) + HDuF_lM”Wl,p(ﬁf;Rdxd) < C||éullg-

Hence, for ( ff, gt ﬁ) sufficiently small,

[Dur (i, Glap)leowewiny =0 (4 —0)
uniformly in ||du|lg <1 since H&}HWLP@f;Rd), |0l — 0.
(ii) Now, we come to the second term

T(ig, G (tg)ou).
By the definition of 7 it holds with (dv,dp) = G'(us)du
I7(as, 0v,0p)[ls1 S 16" (ag) || 10w &
Thus, by Theorem 2.8, we get

I (ay, G' (g )ou) i

—0 ir, f P) = 0).

This yields the assertion.
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Theorem 2.11 (Existence of the structure problem). Let f, € Wp.s and
Gs € Wi 1. Then, there exists a unique solution iy € Wg to (S). Further, it
holds the estimate:

lslls < [ fsllp.s =+ [19sllin

In addition, the mapping S : Wp g x Wi 1 — Wg defined by

(fs,9s) = s
s continuously differentiable.

Proof The proof can be found in Ciarlet [10, Theorem 6.3.6] noting that

[; has positive distance to FS; and thus no singularities from non-matching
boundary conditions may arise. ([l

3. Existence of a solution to the fluid-structure problem

In this section, the coupled FSI problem is formulated and results regarding
a locally unique solution and differentiability of the solution map are estab-
lished. Due to the employed fixed-point arguments it is not surprising that
we obtain existence, local uniqueness and regularity of a solution under a
small data assumption only.

We are prepared to show that there exists a (unique) solution to the
coupling of the Problems 2.2 and 2.3. Here the principal unknowns are the
fluid velocity 97, the fluid pressure ps, the structure displacement 4, and
the fluid domain displacement (mesh motion) @s. For the convenience of the
reader, we recall the coupling conditions on T;. The first one is the geometric
coupling condition (to specify the ALE map /T) such that the unknown fluid
domain follows the interface. The next is a velocity condition for the fluid
problem and finally, the stress balance on the interface. Thus, we have

af = S(Vz(as)) = Vi(ﬂs) on I';,
b =0 on I;, (3.1)
/Z\]sﬁs—ja’fﬁ_Tﬁf =0 on fl

It can be inferred from the third condition that gs = jafﬁ “Ths in the
structure Problem 2.3.

Then, the coupled problem reads:
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Problem 3.1. Given g € Wp r and f, € Wp.g, find (05,py, 1) € W x
Ws + (gf,0,0) such that

—div (64B) =0 in Q,

div (BT05) = 0 in Q,

vy =0 on fm

f)f =gy on Ff,

—div (Xs) fs in ﬁs,
A . (FS1)

Uy = on I,

iy = E(vi(a))  on Oy,

Uy = v;(ts) on fi,

vy =0 on fi?
S — JoF Ty =0 on T;

with o4 given by Problem 2.2, is given by Problem 2.3 and F and J are
defined by (1.1).

The following proof of existence for the FSI problem is provided in [21].
However, a major extension is the differentiability of the solution map.

Theorem 3.2. Let gy € Wp r, and fs € Wp.s be given with 3 < p < oo.

Assuming that gf, and fs are small enough, then there exists a solution U=
(0f,pf,10s) € WExWs+(gr,0,0) to the coupled Problem (FSI). Furthermore,
there is a constant M, such that there is a locally unique solution satisfying
the additional condition:

1(0f, D)7 + [[s]ls < M. (3.2)
In addition, the herewith defined mapping
FSL: Wp.rp xWps— Wgr xWs+(g¢,0,0),
(97, fa) = (07, By s),
is continuously differentiable in a neighborhood of (0,0).

Proof. The existence of a solution satisfying (3.2) for some sufficiently small
value of M can be obtained by the arguments in [21], in particular Theorem 1.
Hence all we need to show is differentiability of the thus defined mapping
FST.

To do this, we note that

(@ﬁﬁfaas) = ‘FSI(gfafs)
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if and only if the displacement s satisfies
is = S(fs, F(E(1s),0,g7,0)). (3.3)

The velocity and pressure (0, p¢) depend continuously differentiable on (s, g5)
by Theorem 2.7. Thus, it is sufficient to show differentiability of the mapping

(gfafs) = 7:Ls

given by the above fix point relation (3.3). To see that this defines a differ-
entiable mapping, we employ the implicit function theorem. We note that

DgS(fs,f(c‘:(ﬁs),O,gf,O)): Wi,l — WS

corresponds to the solution operator for S and is thus bounded, see Theo-
rem 2.11. The second part

D, F(E(iis),0,g5,0)): W2P(Qg;RY) — WI—L/PP(T; RY)

corresponds to the shape derivative of the flow and from Theorem 2.10, we
know that ||D,F|| can be made arbitrarily small by choosing the data pos-
sibly smaller. Thus, I + D,S o D, F is invertible. The implicit function the-
orem yields the asserted local uniqueness of (0¢,py, Us) and differentiability
of FST. O

4. Numerical experiments

This final section substantiates our theory with the help of numerical tests.
These tests build upon well-known benchmark configurations [26]|. This set-
ting is perfect (because of many existing computational results) to illustrate
several features of our theoretical work. Specifically, in the first set of tests,
it is shown how the fluid mesh deformation depends on the regularity of A
and consequently on the quality of the chosen moving mesh operator. Here
the biharmonic operator provides higher regularity than standard Laplace or
elasticity based mesh-motion. This has been demonstrated in an earlier work
for nonstationary fluid-structure interaction in [46, 48]. An indicator for the
mesh quality is J (that is related to a sufficient small ||is]|s and C, as re-
spectively) which has already been used in that previous work. In the second
test, we are interested in the sensitivity analysis of the solution map FSZ
and numerical demonstration of its differentiability. As quantities of interest,
we observe the deflection and stresses of an elastic beam immersed in an
incompressible fluid (see Figures 1 and 7). The tests are computed with the
open-source project DOpEIib [19] based upon the finite element library [4, 3].

In order to be able to calculate solutions for which the small data as-
sumption fails, we use a nonstationary formulation of the Problem (FSI) and
calculate a stationary limit.

Remark 4.1. In order to compute biharmonic mesh motion A2y = 0, we
use the Ciarlet-Raviart mixed formulation and (outer) boundary conditions
u = J,u = 0. Although solving the biharmonic equation on the linear sys-
tem level is more expensive than standard Laplace or linear elasticity moving
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mesh techniques, it is too simple to claim that the method is not worth to be
used due its higher computational cost. It is clear from our theory that the
biharmonic mesh motion model provides us with higher regularity and con-
tinuity of the normal derivatives and therefore, results in smoother meshes,
while bounding J away from zero over a larger range of interface displace-
ment values. Consequently, the ALE-Stokes equations are less degenerated
and therefore the Newton solver needs less steps, in our numerical experi-
ence, and converges faster in the biharmonic case.

We perform two different test scenarios:

e Example 4.1 (fluid initially in rest): Comparison of mesh motion tech-
niques with respect to J.

e Example 4.2 (fluid inflow and gravitational force f,): Differentiability
of the solution map FSZ.

The first test case is split into two different sub-cases CSM 1 and CSM 4.
The fluid is set to be initially at rest in #. An external gravitational force
fs (with f; = 2 in CSM 1 [26] and fs =4 in CSM 4) is applied only to the
elastic beam, producing a visible deformation. As mentioned above, the tests
are performed as time-dependent problems (backward Euler), leading to a
steady state solution. For all models, we use the time step size £ = 0.02s.

In the first test case CSM 1, the parameters and reference values are
taken from [26]. We validate the code and compare the different mesh motion
approaches. In the second example CSM 4, only the gravitational force is
increased causing the elastic beam to become much more deformed.

Configuration: The computational domain has length L = 2.5m and
height H = 0.41m. The circle center is positioned at C = (0.2m,0.2m)
with radius » = 0.05m. The elastic beam has length [ = 0.35m and height
h = 0.02m. The right lower end is positioned at (0.6m,0.19m), and the left
end is attached to the circle.

(0,0.41) L wall (2.5,0.41)
— i Js A=(0.6,0.2)
Fin e Q:/ 1—‘out
. Q
(0,0) Cwatl (2.5,0)

FIGURE 1. Configuration with circle-center C' = (0.2,0.2)
and radius r = 0.05.

Control points A(t) (with A(0) = (0.6,0.2)) are fixed at the trailing
edge of the structure, measuring x- and y-deflections of the beam.

Boundary conditions: For the upper and lower boundaries fwa”, the
‘no-slip’ conditions for velocity are prescribed. Moreover, in Example 4.2, a
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parabolic inflow velocity profile is given on Tin by
dy(H —y)
oz v
where € tends to zero, i.e., e = +£107%, i = 0,1, 2, 3. With this, we are able to
study the differentiability of the solution map F in the origin. At the outlet
fout the ‘do-nothing’ outflow condition is imposed which lead to zero mean
value of the pressure at this part of the boundary The displacements are
fixed on all boundaries, i.e, & = 0 on Fwa” U I‘m U Fout
Parameters: We choose for our computation the following parameters.
For the fluid we use vy = 1kgm™'s~!. The elastic structure is characterized
by the Lamé coefficients s = 5 * 10°kgm 1572 and Ay = 2 * 10%kgm 1572,

v§(0,y) =€ 1.5 (4.1)

4.1. Comparison of mesh motion techniques with respect to J

We compare three different mesh motion techniques. First, harmonic exten-
sion with constant diffusion parameter (Harm) [49], then harmonic extension
with Jacobi-based stiffening (Harm(.J)) [41], and finally biharmonic mesh
motion (Biharm) [24]. The deflection of the elastic beam is computed in the
point A = (0.6,0.2). Comparing fixed deflections of the beam, we observe in
Tables 1 and 2 that the biharmonic mesh motion model delivers the most
regular meshes since J remains larger compared to the other two techniques.

TABLE 1. Results for CSM 1: We present different mesh
motion techniques and their influence on the mesh quality.
Here, we compare min(J) when the elastic beam has reached
certain values of its tip deflection u,(A). All mesh motion
techniques (MMT) are able to compute this test case, how-
ever the quality is be;st when using thei biharmonic teAchnique
because mingiharm (J) > MiNgarm (5 (J) > mingarm (/).

MMT uy (A)[x1072m] min(J)

Harm —1.0 0.811
—2.0 0.635
—4.0 0.269
Harm(J) —1.0 0.826
—-2.0 0.673
—4.0 0.426
Biharm —1.0 0.926
—2.0 0.853
—4.0 0.707

It should be noted, that this demonstrates that the smallness assump-
tions made in Section 2, to assert J > 0, depend strongly on the choice of
the extension &.
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TABLE 2. Results for CSM 4: We present different mesh
motion techniques (MMT) and their influence on the mesh
quality. Here, we compare min(j ) when the elastic beam has
reached certain values of its tip deflection u,(A). Here, the
harmonic extension fails for a tip-deflection of —5.8 x 10~ 2m
whereas the other two techniques achieve u,(A) = 13.17 x

107?m and u,(A) = —13.56 x 10~%m before they fail.

MMT uy (A)[x1072m] min(J)

Harm —1.0 0.803
—=5.0 0.082

—-5.8 < 0.0

Harm(J) -1.0 0.814
—=5.0 0.311

—10.0 0.047

—13.17 < 0.0

Biharm —-1.0 0.917
—=5.0 0.629

—10.0 0.255

—13.56 < 0.0

4.2. Differentiability of the solution map FS7

Large Data. In this test, we use the simple harmonic (Harm) and the bi-
harmonic (Biharm) mesh motion technique and each with force f, = —4
(CSM 4). We study the differentiability of the solution map FSZ while keep-
ing the gravity at the same value for all tests and only vary the magnitude
of the parabolic inflow profile as given in Equation (4.1). Specifically, we are
interested in the case € — 0.

0.05 ‘ ‘ eps = 00 — eps = 00 — |
eps = 0.001 - eps = 0.001 -~
eps = 0.01 eps = 0.01 1
0 eps = 0.1 eps = 0.1
. eps =0.2 R eps =0.2
\ eps = 0.5 - — eps =0.5 -
[ Q
& . g,
3 -0.05 t 3 £
€
-0.1
0 50 100 150 200 e 0 50 100 150 200
Time Time

FIGURE 2. Function plots for ug and min(J¢) for different e
using the harmonic mesh motion technique (CSM 4).

Instead of monitoring the respective norms on Wg and Wy, we analyze
the behavior of a dependent quantity. Namely, we will compare the deflection
of the tip A of the beam.
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0.05 i . eps:d_o — .
eps = 0.001 v
eps = 0.01 12+
0 eps =0.1 1l
B eps = 0.2 i —
.,\\ eps = 0.5 e — 08 | \'\
g “~ £ o
3 -0.05 2
S

0.4
02t

-0.1
-0.2

‘ ‘ e -0.4 ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200

Time Time

FIGURE 3. Function plots for ug and min(J¢) for different e
using the biharmonic mesh motion technique (CSM 4).

As we monitor in Figure 2, the beam-deflection increases when the in-
flow magnitude gets smaller. This observation is physically reasonable. Cor-
respondingly, the same observation holds for the min(j ) because larger beam
deflection means larger mesh deformation and therefore, degeneration of the
ALE map. Here, the biharmonic mesh motion models yields much better re-
sults as monitored in Figure 3. In comparison, the harmonic mesh motion
technique fails with min(.J) < 0 in time-step 70 while for the biharmonic

mesh motion technique min(.JJ) < 0 is achieved not until time-step 152. In
both cases, even for g; = 0, the tip has not reached its stationary value.

0.08

0.16

eps =0.0001 —— i eps = 0.0001 ——

007 | “eps=0.001 -~ 1 014 - eps=-0.0001 -
0.06 eps = 0.01 1 012 b eps = 0.01
0.05 | eps = 0.1 : eps =-0.01
. eps =0.2 0.1 ¢ eps = 0.1

0.04 eps =05 e 0.08 I eps =-0.1 -

0.03 |
0.02 |
0.01 |
0 b e

-0.01 |
-0.02 |
-0.03

0.06
0.04 -
0.02

(uy - uy(eps))/eps
(uy - uy(eps))/eps

-0.02

L L L L L L L L -0.04 L L L L L L L L
0 10 20 30 40 50 60 70 80 90 0O 10 20 30 40 50 60 70 80 90
Time Time

FIGURE 4. Function plots for CSM 4 using the harmonic
mesh motion technique for 24 —"v

for different positive e. At

€

time step 70 min(.J) becomes negative (at left). At right,
two corresponding negative and positieve € are compared. As
€y,e_ — 0, the functional value uy;uy converges in at time
step 69 (just before the break down).

To check for differentiability of the position of the tip A, we calculate
the y-component u, of the displacement at this point for varying values of the
inflow velocity g; f, =€V #(0,y). In Figure 4 and 5, we observe the difference
quotients between the corresponding values u, = ug (the exact value) and
the e-related ug. For decreasing positive €, the solution converges as e — 0.
However, we notice, that there is a big change in the difference quotient once
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1.2 T T 1.2 . .
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F1GURE 5. Function plots for CSM 4 using the biharmonic

€
Uy —’U,y

mesh motion technique for for different positive e. At

€

A

time step 152 min(J) becomes negative (at left). At right,
two corresponding negative and positive € are compared. As

€y,e_ — 0, the functional value uy—;uy converges in at time
step 152 (just before the break down).

A~

min(J) < 0. In the second subplot in Figure 4, we see that for negative and

A

positive € the limit is identical up to the point min(J) < 0. However, after the

value of min(j ) gets negative the graphs in the two Figures 4 and 5 differs.
This illustrates that the assumption of smallness of the data, in particular

the thus implied condition J=1J (a¢) > 0, can not be dropped and moreover

A

that calculated results with min(.J) are not reliable for the calculation of
sensitivities.

oosf 7 T T 7 eps=00 — | 14 T T T T eps=00 — |
eps = 0.0001 - eps = 0.0001 -
eps = 0.001 12 ¢ eps = 0.001
eps = 0.01 1k eps = 0.01
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FIGURE 6. Function plots for u and min(j ©) for different e
using the harmonic mesh motion technique with small force
fs = —1.0. Here, the right hand side force is chosen small
enough such that the method does not break down.

Small Data. Finally, we consider a CSM test case, where fs = —1.0 is smaller
than in CSM 4. As we observe in Figure 6 the harmonic mesh motion tech-
nique is capable of calculating the stationary limit. The effect of J — 0 is
visualized in Figure 7.
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0.10
0.10 0.20 0.30 0.40 0.50 0.60 0.10 0.20 0.30 0.40 0.50 0.60
FIGURE 7. Snapshot of test case fs = —1.0 at time 220

with the highest deflection of the tip A. The computational
domain (i.e., the reference configuration) €2 is shown left. In
the right subfigure, the physical domain A(2) = 2 visualizes

the impact of J = 0, namely the mesh degeneration close to
the beam tip.
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FI1GURE 8. Function plots for CSM test case with fs =—-1.0

using the harmonic mesh motion technique for @ for
different positive e. The error converges for € — 0.

In Figure 8, the corresponding difference quotients are calculated. We
observe uniform convergence of these difference quotients, highlighting our
derived differentiability results.
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